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PREFACE. 


JL  HIS  Volume  contiint  AirilhmeiiCt  Geometry ^  Plane  Tri* 
gonomeirjff  tiid  Metisuraiion. 

At  the  Arithmetic  it  principally  doigned  for  those  who  are 
acquainted  with  the  first  rules^  we  have  entered  upon  Fractions 
immediately  after  the  division  of  whole  nunihers :  this  seems 
the  order  which  naturally  presents  itself^  because  fractions 
result  from  the  division  of  integen.  The  examples  therefore 
in  all  the  subsequent  branches,  are  indiiicriminately  in  whole 
numbers  and  fractions. 

A    thorough  knowledge  of  FractionSi    with    the   proper 
management  of   the  Rules  of  t'roportioni    will  enable  the 
student  very  readily  to  comprehend  nearly  all  that  is  necessary 
to  be  acquired  in  Arithmetic :   for  most  of  the  other  branches, 
as  Single  Positiooi  Fellowshipi  Barter,  Rules  of  Exchange, 
Discount,  and  Interest,  are  only  applications  of  the  Rule  of 
Three*    We  therefore  abridge  the  usual  number  of  heads,  and 
give  a  greater  variety  of  examples  under  that  of  Proportion. 
Simple  and  Compound  Interest  however,  are  made  separate 
articles.    But  Permutations,  Combinations,  and  Alligation, 
with  the  exception  of  an   example  or   two,    are  omitted  i 
because  nothing  mora  than  a  partial  and  iniperfecl  know* 
ledge  of  those  rules  can  be  attained  withoot  the  help  of  Al« 
gebia*  • 

At 


IV  PRirAGEt 

•      ■ 

Ii  will  be  peitctfed  that  the  nilet  m  general  era  nol  lytit* 
malically  detached  from  the  deouMiiuatioiisi  thit^  the  tUideiil 
whose  object  ii  real  koowledget  will  not  coniider  aa  a  defect 
ia  methodj'  became  it  may  frequently  prove  the  meant  of  en* 
forcing  the  study  of  principlei.  A  more  commodious  arrange* 
ment  might  therefore  have  been  adopted  for  those  ^  ho  wish  to 
acquire  the  practice  of  arithmetic  only.  That  examples  how* 
ever,  may  not  be  wanting^  wc  have  added  a  great  variety  in 
the  diflcrent  rules,  beginning  with  Vulgar  Fractions.     See 

from  p.  133  top.  139* 

ff  ■ 

Euclid's  Elements  of  Geometry,  in  the  molt  concise  form, 
generslly  make  a  separate  work^  and  arc  therefore  too  Cxtcnsivo 
to  be  admitted  at  length  in  a  volume  of  this  kind.  But  we 
have  endeavoured  to  give  all  the  theorems  necessary  for  the  two 
most  useful  practical  branehi'S,  Trlg'jnowelry  and  Mtusura* 
iion :  the  latter  however^  is  supposed  tci  include  such  figures 
only  as  depend  on  right-liiu4  and  the  circle.  And  with  a 
view  to  facilitate  the  tmnsltiun  from  theory  to  practice^  when 
ratios   or    projvirtiontf    arc   coucernedi    wc    have    sometimes 

* 

abridged  the  demonstrations  by  referring  to  analogous  opera« 
tions  in  the  arithmetic.  This  may  be  deemed  ungeometrical : 
but  it  ouglii  to  be  renicmbercd,  that  many  who  study  Euclid 
do  not  witolly  comprehend  the  doctrine  of  proportion  as  it  is 
laid  down  in.  the  fifth  Book,  without  tracing  the  methods 
of  demonstration  by  means  of  an  arithmetical,  or  algebraic 
process* 

Undtr  Surveying  the  reader  is  not  lo  expect  the  methods 
of  plotting  and  measuring  estates ;  but  only  such  trigonometric 
cal  problems  as  are  generally  applicable  to  surveying.  This 
part  however,  with  the  aiticle^i  on  Heights  and  Distances,  arc 
principally  intended  as  intrciductory  to  the  construction  of  mi« 
litary  maps  and  plans.  And  to  complete,  or  rather  to  render 
the  Trigonometry  independent,  a  table  of  logarithms  sufficiently 
extensive  for  common  practice  is  subjoined. 


PREFACE.  V 

The  tulijectt  which  compote  this  volume  have  to  frequendf 
been  handled  at  full  length  in  separate  publications,  that  new 
principles  cannot  be  expected  in  a  work  which  may  be  con*  • 
siderrd  as  an  abridgement,  or  compilation.    What  originality 
it  is  therefore  entitled  to,  must  principally  consist  in  the  arrange- 
ment*   Most  of  the  examples  however,  in  the  application  oC 
Trigonometry  were  selected  from  actual  operations  during  the 
summer  months  in  the  field.    And  the  practical  questions  and 
problems  in  the  other  parts  of  the  volume,  which  are  adapted 
to  military  concerns,  have  been  furnished  from  the  author's 
manuscript  papers  that  from  time  to  time  were  drawn  up  for  the 
use  and  tnstnictioo  of  the  Officers  im  the  Senior  Department 
ef  the  College*  ^ 

I 

This  edition  is  much  more  correct  thail  the  fcrmer :  end 
teveral  improvements  and  idditioiia  wtH  be  fimnd  in  both  the 
and  Geometryt 
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ARITHMETIC. 


1.     A  RITHMETIC  ii  the  Kieneearnumben,  orthetrtoT 
xA.  codipatiDg  b^  mcuu  oF  the  ten  nimwnl  digitii  or 
fignrci}  0  ciphtr,  1  •lu,  s  (it>#,  S  iknt,  4  fouft  s  /*«, 
6  fix,  fMVffii,  B  tight,  9«iii«. 

.  .  ATI  Bomben  mif  be  denoted  by  tbow  flgurea  Ttriomfy  com- 
bined.  And  the  rale  which  leachc*  their  diflcrent  Ytluei  Kcord- 
ii^  to  their  diSerenJ  plkcet,  it  cilled  Notatiom»  or 

NUMERATION. 

Lit  theaamber  4  44444444444  be  propoeedi  tbcnthe 
diflcfcat  Tilun  of  the  Mttie  figure  4  will  be  u  fbUowi : 


^  I    ^  s    -si 


The  fint  figoR  oa  the  tight  itiodi  fbr/onf  unitti  being  iti 
■fanple  ?ahie|  the  Belt  hrfowr  Itnl,  or/erf]r,*at  Irti  tiiMi  iti 
Cmple  Tilae  |  the  thiid  far/i<r  kiminti,  H  •  kimdttt  lirnt 


AtlTHlftTIC. 


ht  linplf  value)  the  fourtli  foi/cmr  thonufMiSf  or  a  Ihomiand 
, .  iin^f  iu  limple  value^  &c.  and  ibc  fourlogtiher  or  4444  ^Ifoole  * 
four  ihouiandjour  hundred  and /qtH/ four. 

Hence  it  appeare  ibat  ibe  valiica  increaie  from  the  right  to 
the  left  in  a  decuple  prpportiooi  each  figure  itaodiog  (Smt  lea 
timet  the  valufi  of  the  preceding  one. . 

I(  \%  alio  evident  that  in  reading  of  numberi  there  ii  a  con* 
atant  repetition  of  hundreds,  tens,  and  uniU,  at  every  three 
*  figures :  thus,  the  three  first  on  the  right  denote^^r  hundred 
^nd/artj/'/ouri  the  next  ihttt,  four  hundred  and  forly  four 
thousands  g  the  next  three,  Jour  hundred  and  forty  •four  mil'' 
lions  g  and  the  next  three^  four  hundred  and  forijf-four 
thousands  of  millions,  &c« 

Therefore  in  reading  of  large  numbersi  if  «B«  divide  them  into 
periods  of  six  figures  each,  the  first  period  to  the  right  will  be 
units,  tens,  hundreds,  and  tfiousands  /  the  next  period  will  be 
millions  s  the  next  millions  of  millions,  or  bi*millions^  or 
billions  i  the  next  tri-millions  or  trillions,  &g.  &c. 

For  cxjunpltf^  let  12^02410007815104906709  be  a  proposed  number : 


§ 


§ 


i 


•c         3         3       ^     *2      S     '^ 

fi       &        S      F    S    H/  a^ 


/ 


12903  4 1 0007  3131 04  90C    7       0      9  * 

•  Tbco  dividing  ii  Into  periods  as  above,  it  u  ill  be  n»d  tbut  i  tiMke  tkaiumi 
eight  huiidred  mid  ttro  iriiiiofts,  /cur  hundred  ten  thousatid  endweven  hit/i0nt, 
eight  hwidred  oful  fi/lcen  thoiuatui  vne  hMidrcd  and  four  miitiims,  mime  hun^ 
drtd  and  six  thousand,  Midi  liuitdrcd  and  nine.  •  -*    • 

3.  The  digits  1,  9, 3,  A,  ^,  6,  T,  8»  Qt  are  calletl  significant 

figures,  because  each  has  a  value  by  itself,  but  the  cipher  or 

zero  0  stands  for  nothing  if  alone ;   when  annexed  however,  on 

the  right  hand  to  other  figures,  or  any  number,  it  increases  the 

value  ten  times:  thus  7 denotes  only  seven,  but  70  is  seven  tens 


lfUM£RAriOlf«  3 

or  sevenijf/  and  700  itventy  ietis  or  seven  hundred i  alio  II, 
ffignifiei  onljr  eleven^  but  110  eleven  tens,  or  0110   hundred, 
and  Sen:  1100  eleven  hundreds,  or  ^e  thousand  one  Attn* 

And  thcrefoiT  in  setting  down  a  proposed  mraiber,  the  placet 
of  significant  figures  must  be  supplied  by  ciphers  when  the  formed 
aft  wanting,  u  in  the  follbw.ng  example : 

.  ^  Nine  httndnsd  and  ferenty  lix  ...••«•.••.••«•—••         976 

Nim;  hundnfJand  kCTenty.- .       970    ' 

Nine  hundred  and  lit..... —.••••  906 

Sereo  thouund  nine  hundred  and  ite.-.. 1    7906 

8e?en  tliou$and •.•••••• 7000 

Seventeen  thomsnd  andtrix..; 17006 

Ten  thousand ......^m.      I'KMK) 

One  hundred  (en  thousand  and  six 1 10006 

One  hundred  tiiousand  one  hundred ••     lOOlOO 

One  hundred  thousand  ; '..     100000 

.  One  million  sod  one  •  • •••••••^••••••••••••••c  lOOOOOt 

Onemillion ^.. 1000000 


f' 


Or  The  ROMAN  NUMERALS  or  NOTATION. 


4.  Ths  Romans  nude  use  of  seren  capital  letters  to  express 
numbers^ 

Namely  !.    V,    X.    L.    €•     D.     M. 
Value     1.     5.    10.   30.  100.  300.  looo. 

The  intermediate  and  other  numbers  are  denoted  by  two  or 
more  of  thoM  letters  joined  or  repeated  till  the  sum  of  the  whole 
make  up  the  proposed  number,  the  characters  of  the  greatest 
value  being  set  to  the  left;  thus,  VI  is  6;  VII,  7  ;  VIII,  8| 
and  MDCLXVI,  1666.  Sometimes  a  less  character  is  put  to 
the  left  of  a  greater,  and  then  it  represents  tlieir  difference 
u  IV,  4 1  IX,  91  XI^  40|  XC,  90;  CD,  400.  Also  19 
stands  for  D  or  300 ;  and  CIO  lor  M  or  1000.  Every  C  and 
9  amieied  oo  each  aide  increases  the  vahie  ten  timesi  tbui 


4  AftlTBlllTlC* 

CCI33  if  lOOMi    A  W  w  firote  am  a  teller  InauM  dit 
Ytlue  1000  tfmet,  u  X  if  lopoo^  and  C  lOOOOO,  8tc. 


This  MUlioQ  it  frequently  uKd  fix  Ibe  deles, 
ibe  cbepleri  or  lecUont  of  books,  Scc« 


ibering 


.     *. 


SIMPLE  ADDITIONt 

3.  SiMPLt  Addition  consisu  in  findi^f  Ihe  emu  of  two 
or  more  numbers  of  the  stmt  denominatioQ«  This  is  don^  in 
Ihe  following  manner ; 

Place  Ihe  numbers  under  each  other,  so  thai  units  are  exactly 
under  units,  lens  under  lens,  hundreds  under  hundreds,  fcc« 
and  draw  a  line  under  them.  Then  add  Ihe  row  of  units  to» 
gether,  and  find  how  many  lens  are  in  the  sum.— Set  down 
exactly  under  the  units  what  remains  more  than  those  lens, 
or  when  nothing  remains,  a  cipher,  and  carry  one  for  every 
ten  to  the  second  row.— Next,  add  up  the  Kcond  row,  together 
with  the  number  carried,  then  proceed'  with  the  sum  as  be* 
fore.  And  in  this  manner  continue  the  operation  till  the  whole 
is  finished. 

Exmnp.  1.    Let  tlie  tum  of  545  and  316  be  HMjuired^ 

5i3 

2415 

Sam.  7b9 

JEm.  2.    Btquircd  tliesum  of  57S54«  4S0,  and  769 1    . 

67854 

480 

7C9  ♦ 

Sum  5!*n»J 

In ll|b sdditkNi  I  proceed  thus:— 9 and 0 and 4  nuke  19  wblcbis  I  lea 
and  a  over,  therefore  1  put  down  the  5  and  carry  1  to  llie  tank  of  lent; 
IKXt,  a  and  S  are  14  and  5  make  19  and  1 1  carHcd  make  90,  which  be  tens 
and  0  over,  tl|erdbre  I  put  down  a  cipher  iind  cxtry  $ ;  again,  7  and  4 
make  ll  and  a  are  19  and  2  that  were  carried  make  ^l^  wbicbii  1  to  pul 


ADDtTIOtf.  S 

downaodStobectrrifd;  next,  the  9  carried  and  7  make  9;  laitljrt  at 
thcfe  If  nothiDg  carrjcd  to  the  5  it  becomcf  the  last  6gure  in  the  tunu 

The  retabn  for  placing  tinita  under  uniti^  tena  under  teni|^ 
btindreda  under  hundreds,  &c«  and  carrying  the  tena  to  th^ 
left,  ia  manifeat  from  Notation.  But  because  the  whole  must 
be  equal  to  the  sum  of  all  ita  parta,  if  we  add  together  the 
unita  in  one  sum,  the  tent  in  another^  the  hundreda  in  t 
third,  &C  and  add  the  aeveral  auma  together,  it  will  proro 
the  additiori )  and  perhapa  the  reaaon  for  carrying  the  tena  will 
appear  more  obvioua. 

Thesonofthennll^ 13 

Of  the  tcm.M ••••<*!••••••••.•        190 

Of  tlie  hundreds....^ -    •  1900 

'  Of  the  thousands 7000 

Of  the  tens  of  thousands....  JtOOOO 

Sqib    &9I03  as  hefare» 


6*  Another  method  of  proving  addition,  it  to  cut  off  the  upper 
fine,  then  having  added  all  the  other  lines  together,  add  the 
upper  Koe  to  the  aum. 


Ex.  9.    98764 

PhHif. 

3I23S 

987  G4 

73045 

5ii3a 

7695a 

72045 

1039  . 

7695S 

a4G0 

1039 

Sum  dn8>n4 

a4fiO 

809740  sum  without  the  upper  One, 

98764  upper  line. 

Sum 

308304  as  before. 

r«  When  the  numben  to  be  added  are  large,  and  consist  of 
many  ranka,  divide  them  into  two  or  more  parta,  and  find 
the  aum  of  eaeh  port  aeparatdy,  tbeti  odd  the  aeveral  miif 
together. 


'^'  193456780 
5997d3l84 
7iH)04J376 

984799999 

'  6S48759J2 

100926793 

994876823 

fiOBI  Sl2^7bo'8u75 


Proo6  ?•-,' 

987654J1?! 
193456780 
592763184 

170J874985  tool 
790U41376 
.     598479867 
9847991/99 


>•• 


■  IM      -     « 


i        I 


7  V 


f         • 


!/:n3J  141/49 

1009'i0793 
99487<;893 

l7i/Uo'7i)348 


1  ' 


1703874985) 

2373314949  >  the  three  tyiiii. 

1790679548  | 
Sum    5797868075  as  befoie. 


•  • 


II. 


r. 


■f 


«  •  «    : 


>i 


X.  •! 


•         4 


;.■  *. 


.►«' 


.  I     '•!  » 


'  J 


f  i  ^ '; 


t  t^-:-   ' 


But  the  usual  method  of  proving  Addilioo  U  to  bcgiii  at  tbe 
upper  line  and  add  downwards^  in  ibaaainb^maiBM  aa  it  waa 
added  upwaidsj  then  if  the  sums  agree,  wfe  may  couelude  the 
work  ia  right*  *    ,  ' 


SIMPLE  SUBTRACTIQN. 

8.  Simple  Subtraction  it  the  operation  of  taking  a 
,cai  number  from  a  greater);  A^hding  the  dtflcrcncc  of  two  pro- 
x>8ed  numbers :  thus,  l  btrl '  clecl' fropi  ^j  l^m^  0,  w|^h  ja 
he  difTcrence  of  |  and  7;  8  subtractciVifoin  ^j9;kave8  S,  the 
liOlivnccof  8  and  10;  93  subtracted  from  S3  leaves  II  the 
lidfcrcucci  for  S  units  taken  from  3  units  leaves  1  unit;  and  S 
ens  taken  from  3  tens  leaves  I  ten ;  therefore  1  tea  and  I  unit| 
•r  1 1  is  the  diflcrence.  And  henee  it  ia  evident  that  in  placing 
lumbers  for  subtraction^  units  mus^  staqd  under  units,  tens 
indertens,  hundreds  under  hundreds,  &o,gs  in  addition*    .. 

Bx.  1.    From  33  ^ 

lake  99 
Piflereoce  or  remainder  j^ 


%'} 


*  \i 


•UBTftAdTlOH.  *     7 

9*  The  imthod  of  proving  tabtrtctiofi  it  to  tddthe  kM  nmii* 
ber  iiid  Ibe  difference  or  itmiinder  together,  for  their  lum 
mast  eridentljr  be  equal  to  the  greater  number  if  the  work  it 
right :  thus,  kt  the  difference  of  4356  and  3913  be  required. 


£jL  9*    4359 

3213 

Diflmnce    lua 

Proof   4356  the  turn  of  3gl3  and  1143. 

10.  When  the  figure  to  be  subtracted  is  greater  than  that 
directlj  mbore  tt|  the  method  of  operating  is  easily  derited 
thus:         , 

.  Let  the  diicreoce  of  41  and  18  be  required! 

41 
18 

difler.  83;  here  8  cannot  be  niblnicted  fmni  1.  but  if  10  If  taken  from  tbe 
40and  added  to  tbe  1  theium  b  II,  (hen  8  ftooi  II  and  3  remains;  con* 
seqoentljT  the  1  whicb  stands  nndcr  the  4  mutt  be  mbtracted  from  3  (or  4 
lenened  by  I),  and  tbe  remainder  h  2.  In  like  manner  proceed  %'ifh  anj 
ot  her  number  of  figures. 

£c.  4.    From  823 
Take  fi36 

#  Rem.  187:  here 6 from  13  (10  added  to  3)  and  7  remains; 

1  from  11  (10  added  to  2  lessened  by  I)  aad  8  remains;  6  from  7  (8  lessened 

by  I)  and  1  remains. .  But  it  evidfiiitljr  comrs  (p  the  same  thing  if  we 

augment  tbe  kvwer  figunj  by  1  instead  of  lessening  the  upper  figures; 

thtts6lrom  13and7  remains;  4  ftom  \2  andS  remains;  7  fromS  and  1. 

remains^ 

£k.  5.    From  14040  , 

Take  3051 

Rem.  10989;  here  !  firom  10 and  9  remains;  5  firrnn  13  (10 

added  to  4  fesiened  by  1)  and  8  remains;  0  fnm  10  lessened  by  1  and  9 

remains;  3  from  4  lessened  by  1  and  0  remainst  lastly  as  there  b  nothing 

to  sttbtTKt  from  the  1^  It  becomes  the  le(l*hand  figure  of  tbe  remainder. 

If  sieangSMttt  the  loirer  figures  by  I  Instead  of  diminishing  the  upper 
onesi  the  firoccts  wiO  be  thus  i  I  fipom  10  and  9  remains;  4  finom  14  and 
•  remahv;  I  from  10  and  9  remahw; -4  from  4  an  JO  remains. 

.J 


Anmumrie. 

Jk  i.    tuam  lOOOObl       Mm.  1.    Vnm  lioiMII      ^      ' 
Tak9       1101  T^«     1M>101«         ,.    r 


Bern.    998d00  Bern.  80109199 


VtaoT  lOOOOOl  Ptoof  91010215 


11.  Or  9ubtnction  may  be  perfiNmed  by  telling  dowa  ftocb 
igttiet  toi  Ihe  lenuiiuler  Ihal  wbea  added  lo  ihe  kis  nomber 
•ball  give  ibe  greater. 

Take  2301 

•  • 

Bern*  7574;  bert  1  and  4iiiake5«  Ibeicfbrt  4  blkeremaliKlert 
0  and  7  make  7  lor  Ihe  remaiiidcr}  3aad5  uukta»  therc€Me5lt  Ike  19^ 
Ailoder  i  9  and  7  make  9^  Ikenribre  7  b  Ike  remainder. 

When  Ihe  k>wer  figure  U  greater  than  Ihal  directly  abon^  II  it  evident 
thai  Ihe  next  tower  figure  muil  be  augmented  by  !• 

Thus,  from  I0i2d 
Take   1337 

Rem.  57(9 ;  heiv  7  and  9  make  16»  Iheitlbre  9  lemaim;  tf'(or 
5  augmented  by  1)  and  6  nuke  12,  l)ierefofe  6  remaini;4  for3  augmealed 
by  1)  and7  make  11,  lhen;roce7  temaint;  9(or  1  augmented  by  9)  and 
•  make  10,  Ihetefoie  8  remaiut. 


SLMPLE  MULTIPLICATION. 

19.  SiMPLB  Multiplication  contitU  io  finding  ibt 
8um  or  amount  of  a  propoted  number  taken  or  repealed  a  given 
numbed  of  timet,,  and  may  be  denominated  a  compendioua 
method  of  Addition :  for  example,  tuppote  6  it  to  be  taken  S 

timet; 

• 

6 

*  a 

then  the  addidon  pvM  18«  but  by  molUplication  we  My  s  iimti 
6  nuke  18. 

The  number  to  be  multiplied  it  called  the  muliiplicand  i 
that  by  wb^cb  you  multiply,  the  multiplier  i  and  the  retail  it 


UULTirLICATIOM. 


called  ihtpnJact.  The  tnulliplictndand  muliiplicrvetvilhont 
distiiKtiaa  called  the  te^>  or  faclort  of  the  multiplicalion, 
IwcMK  they  mjfkt  tbe  product  tit  numbA  tought !  ibai  •  timet 
3  tN«A«  11.  .  , 

II.  But  in  the  fint  place  it  wilt  be  ncccuary  to  learn  pcrfieodf 
Ibt  Mlowing  Tabic,  which  coniaiof  ihe  proilucU  of  nerjr'  tw* 


•ftlie&digiti. 


MULTIPLICATION  TABLfi. 


I      ?   1   :t  I    t  1    ft   1  (i   1  ?   1   «   1   !i 

'i      -1        6        8    1  10]  I'j  1   11  1   lU  1  IK 

:*     5      B      !■* 

15  1  IH  1  ti     -it     -il 

4      »      11     Iti 

■10    *i(p;n    3i    m 

3       10.     \S      'JU 

25  1  30  (  -li     4(J     IS 

rt     11     IK  1  'il 

3(1  1  3ii  1    11  1  .|M     M 

V      (1     11   1  -it*  1    li  1  4i  1   IW  1  3ff  1  <.;t 

H     1(1     'Jl  1  a  1  lu  1  44  1  A0  1  (it  1  Ti 
0     IS     «7  1  30  1  jr.  1  51  1  fl.1  1  7^  1  HI 

.  To  find  Ihe  ;in>diKt  en  v>  figura  in  thii  liblc,  lonk  for  one  of  tliem  \%^ 
tfac  kft-hiBd  colaatD,  autl  for  Ihe  other  si  top.  then  Ihcir  product  will  bt 
fnoad  «h«n!  the  wttiul  rolainii  rrom  the  lop  iDtenccti  the  hotlidnial  omt 
InKBlbeML  Let  Sand  7  be  propoKd,  then  the  columna  meet  at  U ;  Ibc 
«UiMi7t  erTtiDMi6m8ke4>. 

14.  Tilt  rule  lor  mulliplyiiig  by  t  lingle  figure  li  derived  from 
'  •ddilioD;  thui  1  Let  tbe  lum  of  8  timei  BT^t  or.  which  iaibt 
mnc  thing*  the  produel  ofSJS  by  S,  be  required?  ' 

UTS  Mnhipllnnd    875 

«7J  MoWplwr       >     ■- 

na  Pradort  g<J5 

Sun  tvi^ 


TBpeHbnntheaddll'HMi  S,  5,  and!  nuke  IS.  or 5  mon  tiun  latent 
7,  T,  andltMkeSI.  and  I  liukaS?,  er  3  mote Ihaa  8  teMi  next  B,  8,* 
aad  9  nuke  Mi  ind'S  mike  K-  But  in  the  Mulltplicatlea  «c  ny  .1  llaici 
SisaLe  15.  or  9  nocethMl  ten;  3  limes  7  mike  si,  end  I  inakett,  ec 
SonrSleMt  laatly,  3llaM«t  makeH,  and  S  [for  the  9  IcmJnakeSQ. 
TkcnftM !■  MMipltcatkM.  I  Biuitbtcanled  to  tbikft  Ibremylt  l« 
tbeprodocH  Wd  thtomylttf  tttdointi  laaddliloB. 

V9k  I.  a 


J9  AtITHIlgTlC«     « 

•  Mum^.  f •  &•  3. 

Miiltipl/    987600543310                  MttlUply    If3i5«1l4 
By  7  By  • 

Aroduct  69l9?a3807470  ,  llllllllOl  , 

!$•  When  the  multiplier  eonsisu  of  one  figure  wiib  ciplieri 
txi  the  right,  multiply  by  that  figure,  and  annes  the  eipben  Ip 
the  right  of  the  product. 

E3U  4.    Multiply    11 
My     300 

Product   33'  »0  tliU  U  cvfdeot  (rciin  Notation* 

^^^^^^^^^^  • 

t 

Hli^n  the  multiplier  comm/i  of  sevital  Jiguui. 

16.  Begiii  at  the  rightj  aod  multiply  by  eaeh  figure  teparately, 
and  set  down  the  producta  to  that  the  untti  of  the  tecond  Kne 
nu|y  stand  under  the  leua  of  the  fi»tj  the  units  of  the  third  line 
under  the  tens  of  the  second,  and  so  on :  then  add  all  the  pa>>? 
ducts  together  for  the  amount, 

A 

Ex.  5.  MulUply     1^31 

Dy     yn 

462 
g>3 
JPtoduct  7:til3 

The  reawn  for  telling  down  ibe  productt  by  the  tiogle  figurtt  in  tbU 
nuuuicr  will  be  roanifeif^  if  we  coosider  that  the  whole  aoKMiat  ntitt  |la 
the  prcient  example)  consist  of  3  timet  S?3 1 »  SO  llroeiS31,  asHl300  llinat 
S3 1 J  wheaadded  togptberi 

9  times  931     693  * 

SO  limes  S31     46*JO 

300  times  S31     69300 

Sum  746  i  3.  Here  if  thtf  eipben  are  can* 
celled  (as  having  no  value  in  the  addition)  the  tax  ligurt  of  any  line,  or 
product  by  a  single  figure,  niuU  necessarily  foil  one  plice  to  the  left  of  that 
a'bove  it.  And  heuce  the  n;lc  lor  muliiplying  by  several  figmct  it 
deduced. 

17*  When  ciphers  arc  between  other  figures  in  the  multi* 
pliert  neglect  theni|  rcnicnibcring  to  tct  down  the  lines  of  pro* 
ducu  as  far  to  the  left  as  they  would  be  if  the  ciphers  ^are 
others  ficrurcs. 


MOLTirUCATION* 


It 


Lht, 


MoHlpljr    ..... 


5772 
C300I5 

9.1088 
17316 
1154* 

Product     i327811»74U 

•    IS.  If  ciphen  are^at  the  right  html  of  one  or  both  ftcton, 
find  the  product  of  the  other  figures^  to  which  annex  all  thf 

ctphera  on  the  right. 

« 

£i;  7«  MultipljT      (S300 

By      7(K)0 

441 
«52 


Ffoduct  «f'6i(M>o<K) 


19*  When  one  of  the  factors  is  the  product  of  two  or  more 
single  figurei,  the  other  factor  msy  be  muhtplied  by  oOe  of  the 
figurea,  and  the  product  by  another,  and  so  on :  Uien  the  lut 
reitdc  will  be  the  answer. 


Jhi  a.    Let  4015  be  imilliplied  by.?}*  or 9  times  S. 

4615 
9 

41535 
8 


iVodttct  332280 

The  rmon  of  thb  operatioo  it  obfioiit ;  tor  9  timet  any  number  repeated 
tiaiei»  b  erfclcntly  that  mraiber  repeated  78  timet. 


Methods  of  proving  MmUiplication. 

« 

I. 
fO^  MAict  the  multiplicand  and  multiplier  change  places  f 
then  if  the  products  agree,  the  work  is  right* 


fiMi^         Mnlttply         6Si7 

By         7806 

4IA88 
54776 

479?9 

ttoin^  53447683 


Proof. 

7806 

ffl47 

5464^ 

318^ 

6?44^ 
4(:8.1(? 

53447i.M9 


C  i 


#• 


♦f 


IK 


tl«  rind  what  it  «ter  the  exact  nuniber  ct  hiuct  \n  the  •urn 
of  the  digits  of  etch  factor^  then  multiply  the  exceiuict  togeiber, 
and  find  the  exccM  above  nipes  ii|  the  digiti  of  this  productt 
whieh  excess  ought  to  be  the  same  as  the  ^tctu  above  nines  in 
the  digits  of  the  whole  product  or  ai^swer.     / 

« 

Bxamp.  Mulliply     ^  S.1o— — 8.  exerts  ahnvf  f»:nrt 

"/        7*.'*-— ^7 a  cxv%*M  iUNJVtf  nines 

\ni 

5S31? 

Product  fi0777J— ^2^  excess  above  oinesf 

Tlie  product  of  the  two  excr-.srs  8  and  7  is  5<;,  i»h'-ch  fires  e  for  the 
exiess.  above  iuiies»  tlie  itmc  as  the  excess  ia  the  whole  produci  or 
amount. 

Tlds  mflhod  ofiiroofts  (ovndcd  on  the  following  proper!  j  of  the  oum* 
bcr  9;— tfstfry  MNMjftr,  tke  sunt  o/ttfioto  di^iU  is  am  $xcct  uumtgr  9f  miues^ 
is  iUH/  an  exact  uumlcr  of  nines.  This  it  f.isily  proved  as  follows :. any 
number  contjining  an  exact  number  of  tens  must  consist  of  the  same  number 
of  nines  and  of  units;  thus  I  n'ne  and  1  unit  make  I  ten;  8  nims  and  2 
units  make  2  tens;  7  nines  and  7  units  make  7  tens ;  €Q  nines  and  CO  uniU 
make  6p  ten%  &c*;  consniurntly,  if  the.nine^  are  taken  out  of  the  tens  in 
any  nuniber,  the  renuinder  will  be  as  mapy  uqits  fs  there  are  tens  in  that 
nuniljer ;  for  example,  tlie  nines  taken  from  the  tens  In  670  will  leave  G7 
units (  and  the  ^inet  taken  from  the  6  tens  in  €1  will  Ic^ve  f  units,  which, 
with  the  7  units  make  13  the  sum  of  tlus  digits  In  C70 ;  therefore  if  n//  the 
nines  ere  cast  out  of  670,  the  rcmaind*  r  will  be  4  (tlic  diflerence  of  13  and 
«  iO;  and  brrau.*c  4  wants  5  of  9.  it  is  evident  that  675,  and  aho  the  sum  of 
ilH  dij^ils  an*  each  an  ex^t  number  of  nines.    And  the  same  method  6i 

pnH>f  will  txtcnd  to  other  numbers 

• 

Trom  hence  it  followf,  that  when  the  nines  are  cast  out  of  any  number, 
and  aUoout  of  the  sui|i  of  its  digits,  the  remainders  will  b«  tlie  same. 

And  )n  mqltiidjcation  it  is  alio  evident,  that  when  the  sum  of  the  digits 
ip  one  factor  is  an  exact  number  of  DlneS|  the  sum  of  the  digits  In  th^ 
product  will  be  an  exact  nuq^ber  of  nines. 

In  the  foregoing  example  where  the  excesses  above  nines  In  the  ftctois  are 

•  «ipd  7|  the  pr^duc^  607779  i|  the  sum  of  S36  n.ultiplied  by  720|  apd 


/ 


J^IVUtON'. 


)• 


€^0  leu  by  t  nalilpried  bj  7,  and  S  nmttipricd  by  7 ;  Ibe  two  fbrmtr 
parts  are  exact  nioei  (one  of  the  fiKton  In  each  being  nbies)  and  f iiice  flie* 
httcr  pjiri  (8  multiplied  by  7)  is  the  pnKSoct  of  t&e  If o  cxcettct  in  the 
f  tctnrs,  the  tnith  of  the  rule  b  manifest* 

This  methfMl  of  proringr  miiUIplication  bj  catting  out  the  ninety  b  pro» 
balily  at  anrienl  at  the  present  tyft^m  of  arithmetic^  for 'we  0od  it  io 
Lucii  de  Borneo^*  Sumfim  it  ^riihmHictt^  &c.  printed  in  1491.  But 
1ho«|fh  a  conrenient  rule,  tlicre  are  rirnimttances  in  Trbich  it  may  fail) 
thus  if  two  figuret  should }» Iraospovd  in  t!ie  productt  or  the  value  of  one 
figure  too  great  and  another  a^  much  too  litllei  or  a  9  lie  ret  down  instead 
of  0,  or  the  contrary  t  in  all  tlic^e  cjse%  tSie  cxcen  aliove  nines  will  cyi- 
dentljT  be  th^ume  at  la  the  true  product* 


SIMPLE  DIVISION. 


Sir.  StMrtE  Division  cofi9i8ta  in  finding  haw  often  a  leu 
fiiimb^r  is  contnincd  in,  or  may  l)e  tdkcn  rrom  a  greater  nuni* 
ber  of  the  aanic  denomination ;  and  ta  a  compendtoua  method 
of  tublraction.  Or  it  ia  ihc  method  of  resolving  a  given  number 
into  a  proi)Oscd  number  of  equal  parta.  Thus^  if  9  ai|(|  10 
are  the  numbers,  the  former  is  contained  5  times  in  th^  lau 
ler :  or  if  10  be  divided  into  8  equal  parity  each  pari  will  be 
five. 

9S.  The  ntnnber  to  be  divided  is  called  the  dividend •^-'^^ 
That  by  which  you  ditidc  the  rfiriior. ••—•/Tnd  the  number  of 
times  the  latter  is  contained  in  the  former  is  called  the  qnotitntt 

Dividend. 
Divii^r  S)    10    (5  Quotient. 

C4.  To  perform  Division.  Find  how  oAen  the  divisor  is  con- 
tained in  an  many  of  the  left  hand  figures  of  the  dividend  as  are  just 
necessary^  which  will  give  the  first  figure  in  the  quotient*  MuU 
tiply  .the  divisor  by  this  quotient  fipue  and  subtract  the  product 
from  the  aioftsaid  ^rcs  of  the  diyideiuit  then  bring  do^-n  the 
next  figure  cf  the  iKvidcnd  to.thc  right  of  tl|e  remtindcr»    Find 


14 


4RITVMIflC. 


how  auny  timet  the  dhritor  ia  cootaioid  b  thft  ramilidtr  aa 
ioeieaicd,  for  th«  leoond  figure  of  the  quolitat^  but  if  it  be  a 
tiliiet,  put  e  cipher,  and  bring  down  another  figure ;  then  pro* 
ceed  aa  before  till  all  the  figurea  are  brought  down. 

Emmf.  I.    Let  83401190  be  divided  into  S  aqual  parts. 


Dividend 

DiTbor  e  )  83401 190  (  41700595  QuotlcDt 

a  .           ' 

a" 

Proof 

9^ 

41700595 

14 

9 

14 

93401190 

Oil 

10^ 

19 

la^ 

10 

10 

In  Iklt  esanpla  the  quotient  b  half  the  dividend^  thcrefao  If  we  multi- 
fly  41700(95  bj  9,  the  product  wiU  be  93401 190.  - 

99.  Hence  to  prove  Divitioo,  multiply  th%  diwUar  «a<i 
quoiiint  iog$(hert  then  if  ike  produci  is  ihejanu  a^  Ae  ii^ 
videndp  ike  work  is  right. 


99.  When  there  ia  no  remainder  after  the  hat  aubtraetioo, 
the  quotient  will  be  a  whole  numberi  aa  in  the  preceding  ez« 
ample ;  but  if  there  be  a  remainder,  place  it  over  the  diviior 
with  a  line  between,  on  the  right  of  the  other  figurea^  and  you 
have  the/rac/fonaf  part  of  the  quotient. 

£jr.  Q.    Let  101  be  divided  into  9  equal  parti. 

9  )  101  (50i  jMOl^m/,  or  the  halfof  101. 
Bemainder    1 

The  ilraction  i  denotes  half,  or  1  divided  .iato  9  equal  parti,  aad  It  the 
firactioaal  part  of  the  quotient. 


•  • 


01VItlON< 


I* 


3.    DivMetl39flOlt  talo.lcqiMlptfli. 

7)  lUSf toi0(  loif liooi  fMflinl^  m  the 
7 

I*  Pltxif* 

T        •       .  .     IOl9l3O0ff 

■       T 

7I339I04# 


I  • 


«•■ 


7 

Fi 

SI 

'  0«9 

49 

£ff. ««  9)  S957S7i  ( 9I750I|  qiMetH. 
91 

15 

9 

"if* ' 

45 

45^ 

16 
72 

Bcfluiadcr    4 


FirooT* 
917508 
^ 

1257579     * 

4  fftnaindtr 

>^i7^76 


If  (be  integral  pan  of  the  quotient  be  multiplied  bj  the  dWiior  9,  and 
the  fcmalnder  4  added  to  the  product^  the  turn  It  the  dividend^  at  1ft  the 

When  thedivkor  howerar^  It  only  one  figafe»  tt  It  ytaal  to  perform  the 
anbtractioB  mentally  end  tct  down  the  quotient  under  the  dividend  t  thut, 

9  )  9257576 

917508}  fMoriM.  la  thit  difitloii  I  proceed  th«tt«f 
thenincilo  89  8ie  9,  and  I  over;  the  ninet In  15  it !» and  Gover;  the  vhm 
io67aie7»  aod4orer;  the  ninet  la  45  aic  5;  the  nInet  la  7  0  Uaait^  nad 
7  over  I  the  ainca  In  70  are  8,  and  4  OTer» 

Xf.5.    Ut97$50595Ve  divided  Into  911  equal  pnrtu 

91 1 )  67550595  (  990145  pnHmt 
633 


429 

911 


ToSi 

1059 


i4 


IKtTUMBTlC.  <. 


To  iodhmolleo  ibM  dlvbor(9ll)  it conttloed In tl^  miaibtH  of  tbe 
ievml  lUpt  ofllMropcnIioo,  ficstoiqQifoliow  many  liiiici9(Uie  Ml  igu^ 
at  the  divtior)  ii  conUloed  In  6.(tlM  led  ^guie  of  the  dividciMl)  s  this  givei 
SfurlhellnlCgmoitttbeqiidticol;  oext|  the  Sli  in  4  are  9  for  Uie  tccooii 
Iguiei  thirdlji  91 1  the  divttor  hciiig  gh^oter  than  30,  a  cipher  or  0  will  he 
the  third  figure;  fourthly,  thed*a  ia3  give  1;  neU,  theS*«iA  9  give  4; 
and Uttly,  the 9"* UiiO are j. 

97«  But  whea  the  dividcnclla  a  large  number,  aiid  tbo  divi. 
ior  coniiata  of  aeveral  figures^  a  tabic  may  be  foniied  containing 
the  produoti  of  the  diviaor  by  the  aeveral  digits,  u  in  the  next 
cjuimple:  ^ 

•  Ex.  C  Divide  1447S59740478  hy  178j. 


1785  otultipiied  hy 


1 
9 
3 

4 
S 


give 


••••••••• 


4     9    •#••••••• 


1783 

33(;<» 

5310 
7139 
t9\a 


6  10<  98 

7  12181 

8  ir^&h 

[9  .^......  icon 


1783  )  144785974(^178  (  912G35749,}}j  quotient. 
149^ 


rroQi* 
819035749 
178:1 


. .  f . 


943<;i07<J47 
0496985999 
5tf8i?50i43 
8hJ035749 


Hm597401#T 
M 

m  ■  ■  ■ 


"4- 


«     • 


«*  '  • 


:  f. 


.-1-  ••»  .'•«     , 


tS«  Thole  who  are  expert  ta  the  practice  of  dinaion^ 
timci  omit  the  producu^  tnd  act  down  the  remiiiidera  only. 


Thui,  (taking  the  bst  example.) 


VUtOAR  IRACTIOHf.    .  if 

Jus 


3629 


6374 
102  JO 
133  J4 
87*57 


ittOiS 

1 1    renialndeh 

.  Ami  the  divistoa  b  toinetiinet  pcrfonncd  trllhout  bringiDg  down  tbt 
figvrcf  of  the  dividend. 

nnn,  1783)  1447859740478  (8ttf035749*U^ 

tt4?fl95535ri  "• 

36603370(1    « 
.     11  89 
1 

Where  the  leintlodeffi  itand  onder  (he  correipondiiif  Bgutei  of  the  div(* 
deodp  u  hefore. 

In  these  contrtctcd  methods^  the  remtlnden  are  obtained  bj  performing 
the  ftibtraction  while  you  multiply.  Thus  to  find  914  the  fir^t  remainder  i 
8  timet  3  make  94|  land  4  make  29,  therefore  4  h  the  right*hand  figure  of 
the  remainder ;  next  8  timet  8  make  64,  and  9  (the  tens  carried)  make  669 
and  1  make  67,  consequently  I  k  the  next  figure;  again,  8  timet 7  are56» 
and  6  (the  tent  carried)  make  69»  and  9  make  64,  therefore  9  it  tlie  other 
figure  of  the  renyiinder*    And  in  the  tame  manner  the  other  rcmaindeii 

are  lbond«  ^ 

• 

td«  When  the  divisor  is  a  number  with  dphera  cm  the  rights 
cut  them  oflT,  and  also  the  like  number  of  figures  from  the  right 
of  the  dividend,  then  divide  the  remainder  of  the  dividend  by 
that  of  the  divisor  in  the  uaual  manner,  tnd  bring  down  the 
figures  cut  off  from  the  dividend  to  the  right  of  what  remtint 
tfker  this  division,  if  any  thing,  for  the  whole  remainder  |  other* 
Wiae  the  figures  eut  off  will  be  the  true  remaindeN 

Em.1.    DIvMe  945133  by  9500. 

95/10  )  915 1,35  (  98^0^  muHml. 
995 
,901 

we 


135 

vol.  I. 


.  IB   i.  -^si..  *  -  ^rr  anner 


M    i^    KiZU  Xiljf.=,    *  S 


hnttt  Mfiit  llu  producu,  <ad  m 


VUbOAK  IRiCTlOHI. 


nUJ  |M7i597*MH  (llflOSJUSTflr 


And  Ihe  divUtoo  It  Mcneiimc*  ftttotvatd  vlUwut  lnin|in|  down  lh« 
»  of  the  dividend. 


Ulinv  the  mniiDdirn  (land  ondn  (he  cormpondJD|fi|um  orilicdi(i* 
dimd,  u  bvroK, 

In  lime  contraclcd  mrthodi,  th«  remalDden  ireobtalord  by  perTonntny 
Uw  ^ublraclion  while  jou  muUlpty.  Thut  lo  find  3U  the  fint  remilndCTi 
t  liinci  3  mjke  34,  >nd  4  make  ^9,  ttimrotv  4  it  ihv  rifhl-hand  fiipire  of 
the Rouindcr ;  tKXt  8  limeiS  makcei.  and  S[theteni  carrird)  mak«  6fi, 
and  I  make  67,  ronM^ticnlly  t  b  thr  ne^t  figure ;  again,  S  tiinn  T  are  56, 
and  S  (liie  Irrii  carried)  make  67,  and  3  maku  G4,  tlii-reforv  S  i*  the  other 
figure  vf  (he  Riiylader>  Aod  Id  the  latne  manner  the  other  remaindm 
■IV  (bunrf. 


It 


A&irHMiTie# 


It    Divl4e«4S(U5  by  SSOO. 

f  •  ... 

* 

93,00)  9450^5  (  ^l|iU  fHflftol. 

SOO 
y)0 

Bern.    35^  . 

9.  pivMt  715640  bj  MOO. 

<»ooo  )jmjsto 

I  i^jg^g  fnoifml^  Uit  rtauhidcr  being  Id40» 

■ 

10.  INvl<]«  6491  bj  10. 
1,0  )  6i9J 

Si^  fiior/M/,  tbt  idMHidcr  bcbg  1. 

■ 

M«  When  the  diviior  ii  the  producl  of  two  or  more  tingle 
flgureti  divide  by  one  of  ihoie  figurciy  and  the  quotient  by  eno* 
Uier»  and  eo  on. 

Em.  1 1.    Divide  332.J80  by  79,  or  9  iiinct  $.    (See  £ym^  7,  fai  Mu|* 
tipUcatioo.) 

9  )  3329SO 
8  )  36i^J0 

4CI3  C|UOtiCAt« 

The  method  of  fio^iiig  the  true  quotient  when  tbeie  are  letaaioden,  be- 
longs to  Vulgar  Fractions^  to  which  ve  refer  for  aa  example. 

Since  the  product  of  the  divisor  and  quotient  (without  iba 
fractional  part,  should  there  be  any)  gives  the  dividend  lessened 
by  the  remainder^  it  is  evident  that  division  may  be  proved  by 
casting  out  the  e'«  exactly  in  the  same  manner  as  multiplication* 


OF  VULGAR  FRACTIONS. 

St.  The  operations  by  common  arithmetic  extend  to  integera 
only,  tinity  or  one  being  the  least  number  in  the  computations. 
When  parts  or  quantities  Icm  than  1  are  the  subject  of  cunsi* 
deration,  it  is  called  Fractional  ArithmHic,    A  fraction  there* 


•  ■  • 
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• 

ferce  ii  properly  an  apression  for  part  o(  an  unii  or  the  integer 
1.  This  Tnteger  1  may  represent  a  whole  of  any  kind*  and  the 
parts  into  which  it  is  brciken,  or  supposed  to  be  divided,  are 
fraciiani  of  that  whole* 

•  * 

That  if  t  pound  li  the  inlfgrr,  and  we  divide  it  into  ?Oeqnat  parts  1  of 
these  parts,  or  a  thilling,  will  t>e  representrd  by  the  fraction  ^  (mm  hren* 
Hetk) ;  and  7  thlllingt  br  the  fraction  /„  (teven  htifitiHhf).  If  a  foot  in 
leogtb  b  the  Integer,  tlie  expression  for  I  inch  will  be  -ff  fane  ttreijth)  ;  hot 
If  we  make  a  yard  the  in*«  f;fT9  I  inch  will  be  denoted  by  ^  (oh9  ihMjf 
tilth) t  because  36  ioclMrs  make  a  yard* 

39.  A  fraction  also  arises  from  division  in  whole  numben 
when  there  is  a  remainder;  or  when  the  divisor  is  greater  than 
the  dividend:  ih  the  former  case  it  is  part  of  the  quotient  (see 
examples  9,  4,  &c.  in  simple  division),  and  in  the  latter,  the 
quotient  itself. 

Thus  If  5  be  divided  by  3  the  quotient  Is  9{.  And  3  divided  bj  4  glres 
^  for  the  (pioticot*  Here  the  fractions  are  |  and  J:  the  for  ner  (l)  being 
half,  or  1  dlTided  by  2;  and  the  hitter  (})  tJiree-fourths^  or  3  diylded  by 
l«  or  the  4th  of3« 

3.1.  The  lower  figure  of  a  fraction  (denoting  the  number  of 
parts  into  which  the  integer  or  1  is  supposed  to  be  divided )  ia 
called  the  denominator  \  aqd  the  upper  figure  (which  shews  the 
.  number  of  those  parts  expressed  by  the  fraction)  the  numerator  f 
thus  4  is  the  denominator,  and  3  the  numerator  of  the  fraction  |« 
Also  both  are  generally  named  the  terms  of  the  fraction. 

94.  Fractions  are  either  proper»  improper^  timple,  or  cem*. 
pound. 

A  proper  fraction  is  when  the  numerator  is  less  than  the 
denominator,  as  '{,  or  i,  or  iV,  &c.  and  therefore  it  b  always 
less  than  !• 

An  improper  Jraction  has  the  numerator  rqiial  tO|  or  greater 
than  the  denominator,  and  consequently  its  value  must  be  equal 
to^  or  greater  than  !•    Thus  4  is  an  improper  fraction,  bccauso 

0  9 


♦P 


tl.  Find  what  is  erer  fhe  exact  number  6t  hiuet  \n  the  sunt 
of  the  digits  of  etch  factor^  then  multiply  the  excesses  together, 
and  find  the  excess  above  nipes  ii|  the  digits  of  this  product^ 
which  excess  ought  to  be  the  same  as  the  cscess  above  pines  in 
the  digits  of  the  whole  product  or  answer.     ^ 


Bunm^  Multiply    u  S.16— — 8,  exerts  ahoy^  ii;nrt 

5S53 
Product  1*0777:.* 2«  cxceu  above  ninesf 

Tlie  product  of  the  two  txct^M%  S  and  7  is  56.  mh-ch  fives  e  for  the 
exietr.  tbo«o  niiiei,  tlie  itiiic  as  the  exccu  ia  the  whole  product  or 
amount. 

I'Idt  m^bod  of  proof  is  (bunded  on  tke  following  properly  of  the  num* 
bcr  9;— tfstfry  nttmbMr^  the  mm  o/whoto  digits  is  am  $x(xl  numt^r  of  uiuts^ 
u  itstXf  OH  exaci  number  of  nines.  This  is  easily  proved  as  follows :  any 
number  containing  ai)  exact  number  of  tens  must  consist  of  the  same  number 
of  nines  and  of  units;  thus  1  n^ne  and  I  unit  make  I  ten;  8  nines  and  9 
units  make  2  tens  i  7  nines  and  7  units  make  7  lens ;  60  nines  and  CO  units 
make  €0  tens,  &c. ;  coniei|urntly»  if  Ihe.ninei  are  taken  out  of  the  lens  in 
any  numberi  the  remainder  will  be  as  mapy  uaits  fs  there  are  tens  in  that 
number;  for  example,  tlic  nines  taken  from  the  tens  in  670  will  leave  67 
units;  and  (i^  Nine^  taken  ^rom  the  6  tens  in  67  will  k^ve  f  imits,  which, 
with  the  7  units  make  13  the  sum  of  the  digits  In  C70 ;  therefore  if «//  the 
nines  sre  cast  out  of  670»  the  ri'maind<  r  will  be  4  (the  difference  of  13  and 
,  V)\  and  berau.K*4  wants  5  of  9.  it  Is  evident  that  675,  and  akothe  sum  of 
ih  dif^ils  are  each  an  ex^t  number  of  nines.    And  the  same  method  6f 

prrK>f  will  txtcnd  to  other  numbers. 

• 

Trom  hence  it  folk>w%  that  when  the  nines  are  cast  out  of  any  number^ 
and  alioout  of  the  suiyi  of  Its  digits,  the  remainders  will  be  tlie  ume. 

And  |n  mi|lti|>ljca(ion  it  is  alio  evident,  that  when  the  sum  of  the  digits 
In  one  factor  is  an  exact  number  of  nlnei^  the  sum  of  the  digits  In  thf 
product  will  be  an  exact  nuipber  of  nines* 

In  the  foregoing  example  where  the  excesses  above  nines  In  the  Actors  are 
S  i^pd  7|  the  pr^duc^  607^79  ii  the  sum  of  93$  niuhipUcd  by  790|  apd 


/ 
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fl 


-f-  (fJus)  Xht  character  for  •iiitim  r 

Tbuf  9/f  3  :3  5,      '    S  adder!  to  3  are  equal  to  9. 

4«|*f»ss7-f3»  4  added  to  6  are  e(|Qal  to  7  and  5. 

'^  (minus)  %\^\§M  tybirucHcnt 

At  5  —  3  s  9         3  subtracted  froni  5  fs  rqiral  to  (or  leaves)  ^. 
4  —  3  s  «--  Mhe  dii!erniceor4  aodJ  it ccpialtolhaior^aod  It 

X  the  character  for  muUiplicaiioH : 


9X  3 
tX3X4 

6x4 


8»  2  multiplied  hj  3  it  equal  to  (or  produecu)  6. 
24t  the  eofitinoal  product  of  9, 39  and  4|  It  equal  toil* 

^.  the  fraction  P^  it  equal  to  the  fraction  zj;. 


4»  the  character  tometinict  oted  to  tignifjr  dM^ion* 

At  94  •{•  4  ss  6,        24  dhrided  hy  4  It  equal  to  (^^r  produces)  C. 
5  -f-  2  s  2{,        5  divided  by  2  Is  equal  to  2i« 
3  -f-  4  =:  |,        •  3^divlded  b j  4  It  equal  to  }. 


/ 


>  37*  Bui  the  proper  method  of  abbrevidting  division  is  to  set 
down  the  quotient  in  the  form  of  a  fraction  by  placing  the  divt« 
sor  under  the'  dividend ;  thus>  3  divided  by  4  ^ives  i  f(»r  the 
quotient ;  5  divided  by  9  gives  the  quotient  | ; .  and  1  divided 
by  4  produces  i»  or  a  quarter.  In  general,  every  fraction  ^hnuld 
be  considered  as  the  quotient  arising  from  the  divition  of  thf 
Htmierator  by  the  denominator. 


REDUCTION  OF  VULGAR  FRACTIONS. 


36.  Rf  DVCTIO!!  of  Vulgar  Fraction5  principally  contitta  in 
changing  them  to  a  more  commodious  form  for  the  operations 
of  addition,  aubtraction*  &c. 

Case  1.  T0 abbreviate  or  reduce fraciiont  to  iheir  lowett 
Hrm$. 

39.  Ir  the  terms  of  a  fraction  are  multiplied  or  divided  by  any 


A&lTHMtTie. 

ftambcrj  its  value  will  cvideiiily  icmaia  the  mim  u  bcfera  | 
thiu»  the  munenitor  aixi  denominiUMr  of  |  mulliplicd  by  4  pro* 
diicei  die  fraclion  i|»  or  divided  by  3  give«  |  (or  half)^  the  same 
s^  H  or  t«  Therefore  to  reduce  a  fracUoa  to  iu  loweat.termtj 
divide  the  termi  of  the  fraction  by  any  number  that  will  leave 
no  remainder!  and  the  quotients  again  by  the  tame,  or  any  other 
number,  and  to  on,  till  1  is  the  greatest  divisor}  then  the  frac- 
lion will  be  in  its  lowest  ter^is. 

Et.  !•    Reduce  ||2!  ^  ^^  lowest  terms. 

This  firactioA  may  be  reduced  by  a  cootioutl  divioon  by  2? 
thus 

Tberffoce  --rTrisequalto  ru. 

luo4       ^  13 


When  3  faiU  at  a  divlior,  try  3,  5^  or  7,  becauie  if  a  munber  b  divisible 
by  any  digit,  0  excepted)  it  must  bedi viiiUe  by  either  2, 3, 5,  or  7. 


Em.  9.    Reduce  ; 


r:rT  to  Id  lowest  tennf • 


1) 


1) 


3) 

*>iSj=S-l  =  rn  «i;»I.^«-li«e3At,7,a«thedi«^ 


£x.  3.    Reduce  ^57555  ^  id  le*»«*  Hxwu 

36300  3(EI 


S3 1000 
tCCf  3,  and  11. 


'JJIO  ^  770  ^  Ttt*  ''*'•  ^***'*  '^  diviion  are 


40.  If  the  numerator  and  denominator  are  large  ninnber8» 
find  their  greatest  divisor^  or  common  measurct  by  the  follow- 
ing  rule :  Divide  the  grtaier  by  the  /an,  osrd  Me  last  divisor 
bjf  ik$  last  remainder^  and  so  on,  iill  nothing  remains;  then 
the  last  diviser  is  the  greatest  common  measure  required. 

If  I  remains  for  the  last  divisor,  the  numerator  and  denomi- 
nator (having  I  for  their  greatest  common  measure)  are  said 


TVLGAE  rBACTIOMt. 


•S. 


M be  prime  toeaeh  other;  and  the  firaction  U  dntAf  fai  ili 
wwett  tcnnt* 

7631)96415(3  .    . 

gg893 

3599)7631(9 
7044 

597)3599(6 
3599 

Tbctcfofe  tKe  last  dlriior  587  It  the  greateit  number  (hit  will  divide  703 1 
end  964 15  without  kaviiif  tov  renuiiiider. 

587^  ~j(if  the/hKiicn  in  ii$  httat  termt. 

In  lilce  manner  the  greateit  diviior  or  common  measure  of  three  or  more 
fiumben  ma j  he  found.  For  having  found  the  greatest  common  measure 
of  two  of  them,  as  above*  find  the  greatest  divisor  of  that  common  measure 
and  another  of  thenamben,  and  lu  on.  Thus  15  Is  the  greatest  common 
measure  of  1995,  840»  and  600. 

The  foregoing  role  for  finding  tiie  greatest  common  divisor  of  two  num- 
l>en  b  founded  on  tlie  following  fxiom ;  if  a  number  meantres  gnother  tnmf  * 
frr,  mid  alto  «  port  of  thot  munber,  it  mti  measuro  the  remaining  part» 
Thus  5  measures  40  (or  5  is  contained  in  40  an  exact  number  of  timei}t 
end  it  also  messtim  25  (a  part  of  40)»  therefore  it  measures  15  the  other 
patt*  That  the  operation  brings  out  the  greatest  divisor  mey  be  shewn 
from  the  4th  example,  thust--»^Tbe  denominator  96415  is  equal  to  the  nu- 
merator 7631  X  3  4*  3592  (by  the  method  of  proving  common  division)  t 
•ow  if  there  is  a  greater  divisor  than  587  which  measure's  763 1 1  and 
7C:$I  X  3  4*  3599,  It  ranst  (by  the  preceding  axiom)  measure  3599t    And 
/or  the  like  reason,  if  it  measures  3599,  it  mu^  measure  3599  x  9.    And 
if  it  meauires  7631  aiiil  3599  x  9,  It  must  (by  the  same  txiom)  measure 
their  difference,  or763l^3599  X  9,  or  587,  via.  the  greater  measures  the 
Icss^  whkh  b  almtrd. 

Ca8e  9.    To  reduce  mm  imprsptr fraetian  i0  iH  equivalent  * 
whole  Of  Mtxf  mtmher. 

41*  Tnte  b  ctrtdently  iiothiag  more  then  connKm  difieioDf 
Therefbft  dWide  the  munentor  by  the  denomiMtoTf  end  the 
i|aotteot  wil  be  the  enewer* 


■  USS  H  iB  vteir,  w  bill 


Caii  S.  r«  nrffec^  «  Mu<  uobJct  «a  te  if  walwii  Jm. 
pnfer /ntlitm. 

4S.  Tail  openiioa  u  tbe  ren.-ne  of  ibe  faraMr;  ifcmfcw 
mohiply  the  «  hitie  BuiutK-r  b>  ibc  Jeauniuior  ef  ik  fi».tM% 
■nd  add  ihe  ouoKraUir  l^  ibc  p-v!iKi,  tbca  pbsc  the  ■»■  am 
the dcnoBuiuiur  foe  the f. jcIkiq  ix^^ar.J. 


rijwffc.    Rcdon  f.'lj  19  u  iu  MopA  6 


ifractioih 


Hence  to  itduM  *  wbufe  number  to  u  inipioper  InctiaM 
bjviug  a  given  dcnonuBilor :  tnitliipljr  tbc  «ud  number  by  tbi 
prjpnaeJ  deuominttor,  ind  uuk.v  ttic  pruJuct  tbc  uumcntor  of 
ibc  rc<)uired  fraction. 

Ltt  nbaiolwviJin  a  frjclion  «Ikw  di 
»  X  1  S3  »l  iWiiu.Rn.tur.     ^  .-.-rr  , 


TVLOAR   fRACTIOKt*  9$ 

Casi  4.  TV  rednet  m  nmpomndjnttton  (•  m  «fi(lff«|«if 
ttwtpU  eiu. 

4S.  H0LTiriT  ^  the  nnmenton  together  f(ff  the  nntncn* 
lor,  «nd  all  the  denominiton  together  fbr  the  denooiiuiM  of 
the  fnctioD  reqaited. 

irpirtof  the  conponnd  fraction  be  I  tntst,  or  ■  whole  mm)' 
ber,  icduoe  the  fanner  to  an  improprr  fnctioot  and  nuki  Um 
liucr  a  fnctioa  bf  pUcing  1  nnder  itu  t  denomiiuMrt 

&  I.    BcdMM  t  VI  ts  ■  #mplc  fncUon. 

9.    RedMt  JV'f  (/3|y«(oarimplefiwUoB. 
Flnts|-^(iDd4  =  ^| 

44.  When  a  nice  namberof  likelaetonaTc  foimduitlwini* 
•nentw  and  deoomitutor,  caDcd  them  in  both* 

St.y    Bednntytytq/fyitsBrimpkfridfoa. 

|.^J.^^^^^  hm  cwKdllBg  S.  3,  ud  5,  in  both  MitBatdr  u4 

dcoonlulor.lhefticUoabcconeff-^n^dwmiMn    TWiiitcdii* 

ciRgtheftictioaloIo«cftenmbytMMmortlwdlvl*OT(t,S,BBdl.  ^f) 

TkendetbrrcdodBKcmnpaanil  frtctloiK  iniy  be  derived  et  followit— •    ' 
S«ppo«  •  tUUlDi  to  be  tbc  inleieri  tbea  becMuc  41  fiirthlBgi  Make  1 

lUfaf,  the  dapta  ftictiM  dcDotiag  3  Euthingi  h  i|  nd  Ibi  eonpond 

Aadkavllba^Vj^^^OT^irfa  pefloyV  Ud  tb«  le^acUm  pfedorii  of 

ll*BUMntar%MidthedcMninton  tfn '^•r^AedapkAactlHb 


it 

• 

1     •     '                                      ■      ' 

AEiTaiiiTie« 

Ui, 

iiiikt 

V^  t^  •  vlMle»  or  nixl  mimbcfw 

• 

•6 .                      J       '           ...... 

• 

•6 

iT     ' 

t. 

Bfdttff 

^fff  to  itf  who1e»  or  mixS  numbtr. 

• 

• 

^40  )  549UO  (  20  ^/lixc^. 

•  9.  BtdtKi  (SSS  ^  '^  whol«|  or  mixl  number. 

1000)7700  (7i  ilifnfvr. 


.  Cif  I  9.  7o  ftiftictf  a  ifitxl  numler  tQ  iti  €fuhaUtU  tm^ 
proper /rac/ton. 

49.  This  operatioa  it  the  reverse  of  the  fiariner;  therdbce 
multiply  Ibe  whole  Dumber  by  ihe  ilenominalor  of  ihe  frtctioo^ 
and  add  the  numerator  tp  the  producti  then  place  the  aom  ovcf 
the  denominaior  for  the  fraction  required. 

MxampU.  Reduce  !?2|)  to  an  iuipropor  fraction* 

12 


Hence  to  reduce  a  whole  number  to  an  improper 
having  a  given  denominator :-  multiply  the  laid  number  by  the 
proposed  denominator^  and  make  the  product  the  numerator  of 
the  required  fraction. 

Bxmnft^   iM  19  be  reduced  to  a  fraction  whose  denominator  h  7. 

13  X  7  ss  91  the numer.itor.    Jl:%vfcr\f'. 
For  V  ps  19  by  th«:  prpwi  dm^  article. 


YVbOAR  VRACTIOIII* 


•t 


*  ■  ■ 

Case  4.  Th  r§due0  m  compound fraciion  io  an  equioatont 
riwtpU  one. 

43.  MoLTiFLT  ifl  the  numeratore  together  for  the  mraiera  • 
tor,  and  til  the  denominators  together  for  the  denominator  of 
the  iracboQ  re(|mfed« 


IF  part  of  the  eompoond  fraction  be  a  miat^  or  a  whole  mun^ 
Wy  icduee  the  former  to  an  improper  fraction,  and  make  tht 
latter  a  ftactioQ  by  placing  1  onder  Uat  a  denominator* 

Ifii^l.    Bedoee  4  i|f }  to  a  ibnple  Iraclioiit 


S*  4' 


1X3 


9        3 


a.   Ilcdiiee(^f  4^3}y4toafiniple(rtetioB« 
Flnt3|o^iaiid4Bi| 

44*  When  a  like  number  o(  like  factors  are  found  in  the  nn« 
incrator  and  denominator,  caned  them  in  both. 

lk.3.    Bcdiice|^|ef4</f^|toaiiniplefrtctioii. 

3  ^a  >e  5  ^  7  ^  i ^^^'^ caacefllBgS, S»aad5,ln both aanentoraad 
deoomiaitor,  thefiactloabcoomeir-^ss  ~  ^  ^"^f'^*   This  Is  itdif 

•  #C  *       ^fS 

ciiigtlwfrsctioatolo«ertcnmb7meamofthcdWlionf,3»aadS.  (3Q 

Tie  rale  for  redodngoompoaDd  fractloos  may  be  derived  at  followt  t-« 
tappose  a  sbUIIng  to  be  tlie  latcger;  then  bccante  43  faithlngi  aiakt  I 

ablBD^  theteple  ftaelkNi  dcaotiag  3  fafthingi  b  -|^  and  the  compoaad 
ftactiqniHIIbe^tfj^^rBf^orapettojV  iodtbc  reipectlfe  pvoducts  of 

the  BaaMBiftor%  and  the  dr iwiilaitori  gjlfe  ^■^T-y^or^  tbtiiiwpicfrsctloab 
VOL*  U  % 


AllTHliITIC« 


OraMNVfcainlljrtliiiit  kt^q^^  b«  iht  conpouid  fiadioa*    1V» 

j-^  will  bt3  liiiieij»-^or^Qlft«    AodlaUitsamtniMMf  vemaj 

proceed  with  any  number  of  fractloiitv  int  reducing  two  of  Ikeai  Ion  iin» 
pk  Irtctiom  tnd  then  Ukiof  thiU  ind  a  Ihird*  lod  10  on* 


Henct  it  appcan  that  iht  word  y  in  9  compound  CracUos  ilfnifiei 
wusUipiico$i4M» 

« 

Cask  5.    7o  rtiuctf  Jraciions  of  d\ffeftnt  ienomimaion  U 
equivatenijraeihns  having  a  common  denominator. 

4S«  THa  general  rule  ki  tliit  purpose  may  ^  drrited  Ibut.    Let  the 
fractions  j»  ^»  and  jj  be  proposed. 

Multiply  t^Herms  of  the  fraction  ^  by  the  denominator  7a  and  we  hiAie 

And  thetermsof  the  fraction '-  multiplied  by  the  denominalior  3  gifca 
SXS_5 


.  'f 


8X7 

ax 


TlMte(b(eUMlr«ctiomi-^^aiidj^((ir^udi|^  batiag  ihe 


9         S 

common  denominator  81|  are  respectively  equal  to  the  fractioMrtnd  s. 

Nextf  taking  j-  andj^i  and  multiplying  the  terms  of  the  farmer  frat* 

tionby  II.  andlhos«oftheUttcrby«l,  wogetij-^aa^^    and 
iXgl 1 

15  X  II  I  y 

Therefore  the  fractions .,,      v;  and  ,.  ^    '  having  the  common  de^ 

'<^l  X  II  II  X  5*1 

sominatoffSl  x  11«  are  respectively  c(|ual  to  -  and  77,  or  s  and  rr« 


VULOAR  riACTlONI. 


tf 


Awl  if  Uie  terms  of  the  fraction  ^ — ^  ^or  g  j  are  muttiplied  by  1 1,  m 
CoosfqueoUy  the  tbm  fracUoM  j^jy^^^,   3x7xil'   3x7x'li' 


^  5    \ 


having  tbe  comtikm  denominator  3  X  7  x  !'»  areeqnal  to  1,  |,  i.  n* 

itpecti'^ely.    And  the  lane  method  ray  be  extended  to  any  number  of 
fraction?*  ^ 

Hence  it  appetrj  that  the  new  numcraton  are  found  by  nraU 
tiplying  each  numerator  into  all  the  denominators  except  ha  dwn, 
and  that  the  common  denominator  is  the  continued  product  of 
all  tbe  denoroinaton* 

£jsi  9.  Reduce  ^  |t  and  |  to  e<iniTaleat  flractlom  hatfaig  a  common 
dcnonttnator* 


9x  3  ss  169  ) 
7  X  3  ss  105  t 
9  X  7  8  126  ) 


C  X  9  X  3 
5x 

2X 


the  ftwneraion. 


7  X  9  X  3  a  189  iht  commmienamifuUor.  ^ 

Andthefractionfafe—.  ^. —,  or  ^.  ^. -gj,  when  abbietlated. 

When  any  factors  in  the  new  mimcratom  and  common  de- 
nominator have  a  common  measure  6r  divisor,  resolve  them 
into  other  fiictors,  then  (39)  reject  the  like  number  of  likt  fac« 
tors  in  the  numerators  and  ctcnominatorf  and  the  fractions  wilt 
be  reduced  to  the  lowest  terms  which  admit  of  a  common  de« 
-nommator* 


•  • 


£r«3«  Let  |i  |»  and  !»  be  reduced  to  a  common  denominator* 

The  fradioai  with  a  common  denominator  are  ^  ^  ^  ^  ■■ »    * — ~- ^ 

4  X  *  X  9'   4x6x  9* 

4X  ^ 
4"x  6  X  i^  ''^^  ^*  ^^  ^'  ^^  ^  respective  divlton  of  4  and  6,  «iid 

aaada';  thefeteetftia  the  Cnt  and  third  fractiom,  and  ^4and9  in 

St 


t» 


AlfTMllBTICt 

$ 


Ibt  tccMid,  §n  molfvd  into  tlwftclori  f  t«d  $»  tht  frictioat  will  bt 

yxjixAxV  ix  'ixixi»>"'^4x  y  X^  xi>'  ^^'^i^^^^^** 

A         9x3 
Ia  Uie  ■Mmcnitow  and  deouminaton,   we  hart         y    t-tt?*  ^ 

i  X  9* ^ 3d*  36*^^36^  wbimUie' common dcoomiMUir 36 btlicltast 

commoD  multiple  or  number  divisible  by  4,  6,  and  9.  And  la  the  tame 
manner  the  Iea4  common  multiple  of  other  proposed  nuroben  may  be 
Ibund^  firU  making  Uiem  the  dtuominaton  of  (r«kCtiont  having  1  Soi  each 
numerator. 

40*  Bui  the  kail  comman  inultiple  ie  leadily  fowul  by  Ibc 
foUowiDg  rule.    (See  art.  2W«  vol.  9.) 

Write  down  the  proposed  numbera  in  a  linei  and  difide  by 
the  prime  number  9  at  long  at  it  will  divide  two  or  more  of 
them  without  a  remainder^  and  tet  down  the  quotienta  together 
with  the  undivided  numbera  in  a  line  below*— -*— Divide  tbia 
aecond  litie  by  S,  and  alao  the  third  line.  Sec.  in  the  tame  man* 
ner,  if  they  will  divide.  Thit  done^  proceed  with  3  the  next 
prime  number^  and  so  on  to  5,  or  7  •  &c«  till  there  are  no  two 
Humbert  that  can  be  thut  divided  :  Then  the  continued  product 
of  the  divitortj  the  last  quotients,  and  the  undivided  number^i 
is  the  multiple  toughl. 

Examp.  1.    To  find  the  least  common  multiple  of  l,  iipiO^  45«and  72,' 

2  )  7  g4  40  45  73 

2)7  12  go  45  3g 

2)7  6  ID  45   18 

3)7  3     5  13     9 

3)7  i     5  i5    3 

5)7  I     5    5     t 

7  1111 

Then  9xtxtx3x3  x5x7a  2520  b  the  niilUple  ftquiiedi 
or  the  least  number  divi»ibl«  by  7«  24«  40«  45,  and  7S. 

MMump.  2.    Bcquired  the  kast  common  multiple  of  27,  €9,  IS5|  27l| 

andins. 


TULOAm  fllACTtONIt 


3  )  gr  CS  135  875  CTS 

3)   9  V^  45  y75  925 

3)   3  V?  i;»  JT5     75 

S)    I  i:^  A  ^75     '2S 

5)    I  27  I     .^5      1 

11)     I  J'J  I      li       I 

19  111 


Thai  3x3x9x^Xj5Xllx$s  HS!»0  (lie  multiple  fCNight« 

47*  When  the  letst  denominitor  of  two  fractions  exactly 
cUiridei  the  greatest^  moltiply  the  trnnt  of  that  fraction  wh«ch 
bath  the  least  denominator  by  the  quotient. 

Tlitis  I  and  f  are  broaght  to  a  common  denominator  by  mohiptylng  the 
namerator  and  deoominalor  of  |  by  2  (tlie  quotient  of  a  dirided  b>  4)« 

And  *9  |y  f.(  are  brought  to  a  common  denominator  by  multiplying 
the  terras  <A}  by  4  ;  and  those  of  |  by  9 ;  the  three  rehired  fractious 

Or  itiMSi 

48.  Having  reduced  the  gifen  fractions  to  their  lowest 
termsi  find  the  leut  common  mtihiple  of  the  denominators^ 
which  divide  by  the  denominators^  and  moltiply  the  numeratora 
by  the  correspomltng  qnotienta;  then  the  producta  plaoed 
over  the  aaid  multiple  give  the  fractions  in  their  lowest  terma* 

Thosylct  it  be  requited  to  reduce  the  fractions-^   ?f^  and  "-"tlofqaU 
talent  uractnyns  having  the  least  comnioft  denominator! 

The iMtoommonnalUpk of  14, Strand  tdlisie94i 


_lfi94 
191 


the  three  quotients  or  asulllplkfii 


icy  AtlT.HIIiTIC. 

S    X  77  »  315  (  Dm  thfve  nam^ralM. 

10  X  l>ail40) 

A^      ^^3      3»5  140  ^c     r    ^t  f     -i 


/ 


ADDITION  Of  VULGAR  FRACTIONS, 


40.  RsDUCt  compound  fractiont  to  timple  onci)  and  all 
the  fracliont  to  a  common  denominator./  Then  add  the  nu« 
ineratori  together  and  place  the  tum  over  the  common  denomi- 
nator for  the  ant wer. 

When  the  fractions  are  large,  or  numerous,  it  will  be  tiest  to 
reduce  them  to  the  least  common  denominator. 

Examp.  1.   What  it  the  sum  of  {, }.  and  |  ? 

I  4-24- 3  sG.      jius.latll. 

Q,  Rci|uired  the  sum  of  f  ^ »  -jlp  and  Vr  ^ 

■ 

3*  What  is  llic  sum  of  )» },  and  | ) 

•  •  • 

The  fractions  when  brought  to  a  common  denominator  will  bt  |$,  {), 
•ad  IS: 

20  4-  15 -S-  I2SS47,      ^«x.JJ. 

4«  Rcquirrd thetum of  ^,  and  \o/li 

|o/i  =  A  =  l; 

'4  and  ^  brought  to  a  common  denominator  art  -/^  and  4}  t 

then  7  -s- 1^  =  19. 

jilts.  \lsstl^. 

50.  When  mixed  numbers,  or  mixed  numbers  and  fractions 
are  to  be  addvd  together,  bring  the  fractions  to  a  common  de* 
nominator,  then  set  dowii  the  integers  as  in  pommon  addition, 
and  the  fractions  on  the  right  hand : 

Add  the  fractions  togetlier^  and  carry  the  integers  (if  any)  from 


VULOAa  iRACTfONS* 


Jl 


the  tynii  to  the  ntunbars  on  the  leftf  which  tdd  ap  at  in  common 
addition. 

£1.  5.    What  b  the  ram  of  42l{,  67|,  anJ  || 

491; 

_l 

4yui  Am 


f.    Refilled  tbewm  of  lOOO}.  74(,  tad  6^^  f 
The  ftictbiii  |»  |,  ./|.  wbco  brought  to  a  commoa  deaonilaalar 

loooif 


Sum    1081 


SUBTRACTION  or  VULGAR  FRACTIONS. 

51  •  Lbt  the  fractions  be  prepared  the  tame  at  for  Addition : 
then  the  difference  of  the  numeratort  set  over  the  common 
denominator  will  give  the  difference  of  the  proposed  fractions* 

£r.  I.    M^hatifthediflmDceof^iiidlf 

The  diflTerenre  o(  the  Bumcnton  I  and  3  It  9 ;  therefore  (he  ie({«tred 
diflcrenoe  b  J  or  (• 

2*  Bequired  the  diflmoce  of  |(  and  ^^ } 

II  _  2       ilrr'fa  2.  J 
19       is  ^      19      ^  19 

3.  Beqaired  the  dUTerence  off  and  ^f 
f  and  ^  hffooght  to  a  comnon  dcnomloatorf  ass  }}  aad  ]^ ;  therrfaft 

*    4.  Whitlstbidlfl«fmeeor(aiid)4^r 
{ tad  Itif  ■^^'i*^  ^  ^ c^Miunon deaomiattor  sit  JI{}].aBd|||Jf 


«t 


AtlTBMITfei 


5.  FVom  f  yi  Uke  S  e^|. 


♦yt«H«^ 


»yi«A««- 


)  iod  t  itduofd  to  a  commoii  deooroiiotor  aie  I  and  I  s 

A9*  When  the  diflference  of  two  mixt  numbcriy  or  a  mixt 
number  aad  %  fraction  it  rcquiredi  bring  the  fraction!  to  t  oooi« 
inon  denominator  as  before;  then  place  the  leu  number  under 
the  greater  and  take  iheir  difference  for  the  aniwer.  Bui  if  tbo 
lower  fraction  it  greater  than  the  upper  one,  aubtract  the  nume* 
rator  of  the  former  from  the  aum  of  the  terms  of  the  litter^  thea 
•el  down  the  diflference  for  the  numerator  of  the  remaining  frac* 
lion,  and  carry  1  to  be  tubtracted. 


£s.  6.  From  74} 
Take  ICf 
Jiein.  58). 


7.  From  55401/^ 
Take    76?!/^ 


Hew.  SWtnf^ 


$•    Rrqulred  the  dUTereoce  of  17f  and  1^ 
The  IbcUoDS  }  and  ^  reduced  to  acommoa  denomiAator  are  ^ and  ^ 

ja 

ih\i  Am. 

9.    From  101790 
Take     6«lo^ 

Rem.  96  'Ti'/^  fa  this  example  I  take  ^  6om  44  ot 
I*  And  in  the  preceding  r^amplc,  7  is  t^Akcn  from  18  (the  lum  of  the 
lemuofthefracUMi^),  which  it  the  same  thin;  at  tobtracUng  ^  frooi 
*{^  added  to  f] ;  fiir  in  eitiicr  case  1  is  borrowed,  and  eviJrjilly  lor  the 
»ame  reason  that  we  borrow  10  in  the  siibtnction  of  vbolc  numben  when 
Uie  figure  to  be  subtracted  is  greater  th  an  that  above  it. 

53*  The  reason  why  fractions  must  be  brought  to  a  commoa 
denominator  for  the  purposes  of  addition  and  subtraction,  will 
be  evident,  if  we  consider  that  in  order  to  compare  their  several 
valuesi  it  ia  necessary  to  exhibit  them  in  like  parts  of  the  in« 
leger. 

Thus  to  compare  )  «iib  J,  if  we  stipposc  the  btegcr  1  to  be  divided  into- 


VULGAR   fKACTIONS. 


9S 


12  equal  ptrtt, }  tvill  be  ^,  tnd  |  will  Ifc^^^;  now  the  vilttct  bdng  ex- 
|NMed  In  l^ks  (tnttead  of  ad!r  and  4tki)  It  appean  that )  It  lev' thai  |  bf 
-fi  t  akOf  that  both  togclher  niakc  41* 


MULTIPLICATION  of  VULGAR  FRACTIONS. 


51.  Reduce  niixt  numbers  to  improper  fraction t )  and  whole 
numbers  to  the  form  of  fractionsi  by  putting  1  foi  the  deno* 
minators.  Then  multiply  the  numerators  together  for  the 
numerator^  and  the  denominators  together  for  the  denominator 
of  the  product.  This  rule  is  the  same  as  that  for  reducing  a 
compound  fraction  to  a  simple  one ;  for  when  the  multiplier  is  a 
If  the  product  will  be  a  part  or  parts  of  the  multiplicand  t 

I  X  U  _   J  .    J.. .-  .  ,^g  X  > 

X  4 

fore  the  fractions  to  be  multiplied  may  be  ael  down  in  the  form 

of  a  compound  fraction,  aud  the  product  found  in  the  aane 

manner  at  that  is  reduced  to  a  simple  one. 


thus  io/i  is  i  or  ~-^\  and  |  o/'i  is  i  or  ~4;  tnd  there- 

V  X  8  3 


E%mi^  \.    What  b  the  product  of  f  and  |  f 


5x  5 
1XS 


56    ^'^^ 


2*   Required  the  |Moduct  of  |  and  \  | } 

4x  la      4xgx9_4   X  9       n 
y  X  1^  9  X  l»     "*      19  i^ 

3.   ^Vbat  is  tbe  continued  product  of  4, 7|,  |»  and  (  of  f ) 

Flrft4st;  aod7(  ay. 


TheOf 


4jCl5«X5X4      4X15X5       4X3X5X5_4K5X5_  100 
1x357x6X7  ^     5X7      **       3X7       ^7       ^7 


Hf  Afu. 


4.  What  it  for  ^f 

}  X  •/  a  y  ts  19}  the  mumer.  Thcfefere  to  find  the 
podod of  afiactkm and  a  wMemiaiber«  multiply  by  thenuaNiatDr,  and 
ditide  br  the  drnnmlMinf 


H 


ARITHMBTIC; 


55.  Wbca  one  Actor  U  a  whole,  tad  another  a  mixl  niunbcrt 
or  if  ooefi  a'  imall  fractiont  and  another  a  large  mixt  pumber, 
multiply  the  parta  of  the  latter  separately^  .  and  add  the  produeta 
together* 

£r.3.    Reqiiiied  the  product  of674af^  by  a  ^ 

<n42,U 


a.    Whatbtht  product  of  597f  and  94? 

597  X  24  ss  14328 
I  y  S4  g    *  191. 

Sum  143474   Jm. 

7#    WbatU  {of  9614273,^9 >. 

9614873 
3 


•     ■!     . 


i      I 


.    .) 


.  4)2HS42$I9        Je/a»=l}f 
7910704^ 

7810704}+  ^  »  7210704m    Jmt. 

afl.  And  when  both  factors  are  mixt  numberSt  the  product 
may  be  found  by  multiplying  the  parU  ^iq^aratdyi  aa  in  tba 
next  example. 

£m.  a.   Bequired  the  product  of  574  {  by  4852  > 

574  X  485  r=  278390 
J  X  485  =;        2421 
474  X  I     8       430} 

*Xl     = i 

Sum  279nin*  ^nt. 


DIVISION  OP  VULGAR  FRACTIONS. 

57*  Prefab E  the  fractions  the  same  as  for  multiplication; 
then  divide  the  terms  of  tlie  dividend  by  the  respective  terma 
of  the  divisor,  if  they  will  exactly  divide ;  but  if  not.  then  in* 
vert  the  divisor  and  proceed  as  in  niuUiplicatiun* 


yULOAK   fRACTIONt. 


^B 


Whffli  the  tenns  exictlj  divide*  the  truth  of  the  rule  Is  mantfett  from 
the  |>rtiicl|ilet  of  common  ili  vliion.  And  the  reaton  for  .Inverting  the  dWItor 
in  the  other  case  will'  be  evident  if  we  consider  that  divhion  H  the  revene . 
of  multiplication  t  thut  the  product  a(  ^tnd4\%\  K  %^Qw  %h%  half  of 
4 ;  bat  4  divided  by  }  will  gi  ve  fl»  becaote  ^  h  contained  •  timet  \m  4»  tiM 
quotient  being  }  x  f  •  where  \  It  the  divitor  |  inverted. 

As  ■  tccond  example,  let  f  be  divided  by  };  or  tuppote  It  It  re(|olied  to 
find  how  oAen  }  b  contained  in  f.  Now  If  we  divide  5  bj  }•  the  quotient 
win  be  I  X  I  or  I5»  (becaus  |  It  contained  15  tloMt  la  5) ;  but  when  the 

divim  it  twice  ^  or  ),  the  quotient  will  be  onlj  |  of  15»  or  ^-^    tht 

quotient  of  5  divided  bj  },  contequentlj  tlw  Vk.  of  5  (or  f )  will  ghrt  but  n 

711.  of  that  quotient,  or  |-^;  therefoiu  the  ipwlieni  f  *dlHd(d  hf  f 

h  trulj  exprctsed  by  r—r  equal  to  !/,♦ 

£f.3.    Divide  \\hjf  , 

f  )  l(  C  }  V^f^'ff  or  mnsw€r% 
U   Bcquired  the  5Mpartof4}» 

•  .  *  * 

5.    DiTide/rb7p  . 

^^-fr-  tttxt  **  fir» "  "    • 

6L    Divide  }  p/4  by  f  yf  r 

The  divitor  \  off  when  Inierted  !•  i  X  { ; 
5  X  7  )f  ^  X  4       7X3  7  Xvl  T  ,     . 

*x  4x^x3 ^6X4^  oTTxt     jr  xi***  ^^' 

.7.    Let  3}  be  divided  by  4i  ? 

I.    OWklelbj^r  • 

(X  {  85  ;  fMtfMf/ thith  called  tht  rvc/^fwnf  of  the  divitor  f 
f.    Divide  I  by  3  f  * 


•  • 


•'< 


•J 


AfitTHMETtC.  , 

I  X  t  ^iipioiimi.  Thfrcfore  to  divides  kndkm  hj  %  whola 
iibcr.  mulUply  Uie  deoominalor  by  that  Dumber,  cxoetil  it  will  dl? ide. 
ouinentoct  at  ia  Jls«  4. 

18.  If  the  divisor  ia  a  whole,  and  tlie  dividend  a  large  misi 
nbmr,  divide  the  parta  aeparatelyi  and  then  add  the  quotients 
ether« 

» 

:r.lO.  Bequircdtbe5M.partor456l412f> 

5)4561419      . 

9l^2S:2f    the  integral  part  divided  by  5* 

^   the  fracttoo  )  divided  by  5. 

Sum  9lgv?g7yf  tbcoMJiMT. 

\9.  When  the  divisor  is  a  small  fraction  and  tha  dividend  a 
irge  mht  number,  multiply  the  latter  (without  reducing  it 
in  improper  fraction)  by  the  denominator  of  the  divisorj  and 
idc  the  product  by  the  numerator. 

K.  1 1.    Divide  6421078  xV  ^y  i  ^ 

6^131078^ 
6 


5  )  3Hyiti%6i)-fr   product  by  the  denomioator  6. 
770j*4:i':)J       the  uhole  nuinher  divided  b)  5, 
the  fraction  -fy  divided  by  5« 


fc 


Sum  770^^3^  f      Ms. 

SO.  In  like  manner  the  quotient  is  found  in  the  contracted 
ihod  of  division  of  u  hole  numbers  when  the  divisor  ia  the 
luct  of  two  or  more  factors.    (30*  Ex.  II.) 

r.  J2.    I^t87S3bedividedby5G,  or7tiu.efi8. 

7)87811 

•  )  iZB}    <l»ot*f  "'t  by  7, 

ij6|    the  iibole  nuln^er  dWirlfdby  8. 

1^    tlie  liaction  }  divided  b^  8« 
Sum  "nofj"  jitti. 


C  «  1 


OF  DECIMALS. 


Hi*  Decimals  are  Fractions  in  the  form  of  whole  numben, 
but  whose  falufs  decrease  from  the  place  of  units  progressively 
to  the  nght  hand  in  the  same  decuple  or  tenfold  proportion  as 
the  9(«mmon  scale  of  whole  numbers  increase  to  the  left.  They 
are  usuilly  separated  from  the  integers  by  a  comma  or  dot,  tbo 
decimals  being  on  the  right  hand* 

Thus  the  mix!  number  2X^9  when  the  fraction  is  set  down 
decimally  w*ill  be  91*9}  the  9  on  the  right  of  the  1,  or  dot, 
denotes  8  tenths^  whereas  the  other  9  on  the  left  arc  8  tens. 
Another  9  on  the  left  will  be  9  hundredSf  but  on  the  right  i 
hundredths,  {rivh  ^"^  ^^^  whole  or  2^V9T\b  92ljy^.  be* 
cause  iV  and  i4v  together  make  iVv  A  third  figure  on  the 
left  will  be  thousands,  but  on  the  right,  the  like  number  of 
ihoiisandth  parts.  Thus  3008'005  is  the  same  as  AOOSrVWir  ( 
and  5000*005  the  same  as  5000r^nr'  Consequently  a  decimal 
fraction  bu  always  either  10,  100,  1000,  .&e.  for  its  denomi« 
nator  ]  viz,  the  number  of  equal  parts  into  which  the  integer 
or  whole  is  supposed  to  be  dirided..  For  example,  lei  a  foot  in 
#length  be  the  .integer,  and  conceive  it  to  be  divided  into  100 
equal  parts ;  then  *S5  for  85  with  a  dot  on  the  left)  will  be  the 
dcdmal  part  of  a  fool  denoting  3  inches  or  |  (^qV  being  =r  ^!. 
And  H  inches  or  -^  of  a  fool  will  be  *  185  of  a  foot,  because 
195  is  I  of  1000 1  the  foot  in  this  case  is  supposed  to  be  divided 

into  1000  equal  parts. 

• 

Therefore  to  read,  or  set  down  a  pmposed  decimal,  *il  is  only 

necessary  to  itmember  that  the  denominator  is  1  with  as  many 

ciphers  annexed  aa  there  are  decimal  places,  or  that  the  saro« 

fimnber  of  figures  to  the  right  of  the  decimal  point  have  alwaya 

fbc  same  cbmiMii  deoooiinator*    Thus  the  denominator  of  tho 


M  AtlTIfMSTIC* 

ftictioot  •MOO,  •0740,  •0005,  if  10000.  And  hence  it  appean 
that  the  value  of  a  decimal  fraction  if  not  altered  by  crpbera  on 
the  right  band ;  for  *  AQpo  (or  fSm)  when  reduced  to  iu  lowest 
teima  if  ihc  fame  aa  •i,  each  being  equal  to  i* 


ADDITION  AND  SUBTRACTION  or  DECIMALS* 

69.  Placr  the  numberf  fo  that  the  decimal  pointf  may  ftand 
directly  under  each  other }  then  add,  and  f  ubtract,  af  in  whole 
numberf,  and  fct  the  decimal  point  in  the  f um  or  difference 
directly  under  the  pointf  above. 

/^r.  l/Rtfquired  the  sum  of  *7^  •OU^.and  *1346? 

•7 
'OJi 

hy  pUcing  tbe  decimal  points  under  each  othcr»  tenths  ire  Imught 
Hiiiler  tenths*  hundn^dths  uuder  hundreth^*  &c.  whence  the  method  ot 

addition  becomes  the  same  as  that  for  whole  nutnucr*.      ^ 

t 

* 

llie  decimals  In  the  foregoing  examphi  art  tinwn  as  ^-nlgar  frmctiont 
*^  'iw*  rv^Y'^i^  TvVoff*  ^'^^l  ^^^^"^  brought  to  a  common  denominator 

hence  7000 
140 

f  J86  the  sum  of  the  numeraton,  and  x^Vy  ir  ^  ^"*  ^ 

ih$  fractioKt  as  before :  but  this  is  evidently  nothing  more  than  reducing  the 
decimals  to  a  common  denominator  by  annexing  ciphen  on  the  right 
band  I 

Thus    •7000 
.     -0140 

Sum  "^H^i? 
U.  9.  What  b  the  sum  of  'Ol 5f),  54*77  and  9*209^ 

•0150 
'         S4'77 

Sttmtil'OftiTi 


y 


DICIMALI* 

m 

Km.  3.  Rcqniicd  the  mm  or9  teniht,  19 
kminiikemMmMi,  uid  19  mHUmUhpmrtt  f 

•9 

•19 
•OIS 
-OO'^ll 
•006019 


M 


011 


JiafiltlOI29 

4.  SequlfcdlliedlfliBrciictor*40Caii4-lll  . 

•♦0« 

•tf9<j  i#ilii   •  . 

A.  1l^*hat  bUMdUfeftnce  of  49-01  iiHl*90Tif 

49-01 
O'.OQT^I 


€•  What  It  Uie  diilcrence  of  I  tiid  24-f 

1 

0K>4g 

0'9j8    ^iv» 

7.  Requlitd  the  dlAmiice  of  594-0012  and  94*91 1 

594-00I8 
94 -DS 


5^-0',Mi  ^Mf. 


/ 


MULTIPLICATION  op  DECIMALS. 

03.  Multiply  ti  in  whole  numbcni  and  point  oflTai  many 
placet  for  decimalt  in  the  product  at  there  are  Hecimalt  in  both 
multiplier  anJ  muitiplieand  |  but  if  there  thould  not  beao  mtojTf 
put  ciphen  onf  the  left  to  tupply  ihe  defect. 

£t.  1.  Sc9iltedtliefV9diictoC-9aiid-03l 

•09 
•Ji 


4(r 


AlllTIIMCVie. 


tht  dcclmtli  '•#  and  Htt  wlieii  tet  dowa  at  vulgar  fradloiii  iin  bt  >|<k 

and  ^  aad  ihdr  product  A  X  ^iv  s^  tA«  <^  ^  ^^^''^^'^  i'f'!^ ''^ 
htion^    Ucace  Iba  Uulh  of  liic  rule  it  trvidcut 


• 

• 

• 

Idultlply       •(ni 
by         ••,»« 

Otinr  Examples. 

Mulih>ly          *<vkl 
By          -003 

37'Ju 

•                                                               •     • 

I4ttltipiy        m 

iVo^W    •UM1IV9 

Multiply      HMK?J 
iiy       I7U0     ' 

161 

^       llulliply     -eif  ^  . 

By         JOOOO^ 

'  ^mAkr  <4Jir4ioo,  Thercfon^  multiplying  by  10.  IPO,  lOCp^  Ire. 
k  naly  removing  the  decimal  point  m  many  placet  lo  the  ri|^  as  there 
are  cipben  in  the  multiplier.  llkiM  9S-|  multiplied  by  I04s  89i  i  4*4  mul* 
tiplied  by  1000  U  4400,  Stc. 

■ 

04.  There  ii  a  method  of  contracting  the  operation  ao  aa  to 
retain  only  a  proposed  number  of  decimals  in  the  product*  Let 
*584g  J)c  multiplied  by  7*26,  and  the  product  have  only  d  dect- 
tnal  places. 

•584^ 
7-26 


33 

116 

40<JI 


i 


4'^ii?iT|>u  The  required  product  it  4«2ie.  But  14 
omit  teitliig  dovm  the  figures  ou  the  right  of  the  perpendicular  bar,  yet 
retain  the  product  to  tlie  leA,  it  ii  e\ident  that  the  multiplication  by  the 
Integer  7  must  begin  at  4  in  tlie  multip^cand  or  the  3d.  pUce  In  tlia 
decimal  from  tlu;  left  (3  iKMug  the  nu»u|>cr  of  dtdmalt  to  be  retained)  ; 
the  multiplication  by  2  mu«t  U'^ia  ut  the  8 ;  and  that  by  6  at  tne  5,  le* 
membering  to  carry  ironi  the  t^%ir\:%  omitted  on  llie  right  hand,  aa  In 
camniou  multiplication.  Hut  u  ikcu  tiie  tigurei  of  the  multiplier  ^xt  ict  dov« 


— *•• 


4094 
117 

4233S7  "^Wt 


I 


n 


M  in  »hAi.  ^„- . 


i 


^  «*.  ©Iirij 


4t 


ikaiTHUttlO< 


the  quotioU  ire  aot  10  many  M  ibe  rob  ictpiiif^  pftft^plwi 
''oD  the  left  to  lopply  the  defect* 


i.  • 


If  the  Dumber  of  dtcimala  in  the  divifor  exceed  those  in  the 
dividend^  aonex  ciphers  to  the  latter  betoce  yoo  bcgia  *the  di«^ 
viaioiu 

When  the  divisor  is  I  with  ciphers  on  the  right  hindi  reoiove 
the  decimal  point  in  the  dividend  u  far  to  the  left  as  there  are 
ciphers.— But  when  the  divisor  is  any  other  number  with  ciphers 
annexed,  first  divide  by  10,  100,  pr  lOOOj  &e.  according  to 
the  nuaiber  of  ciphers ;  then  divide  the  quotient  by  the  remain* 
ing  figure  or  figures.    (00) 

N.  B.  Should  there  be  a  remainder  after  di%ision«  ciphers 
may  be  annexed  to  it,  and  the  division  continued  as  (ar  as  is  ne* 
cesssry. 


ExampUt, 


Divide  •017SS  by  14*4 » 


14*4  )  "OIISS  ( *00I9  fuaiimi. 

144 

S8S 
9SS 


hoof 

14-4 

^rcdnd^orm  Hence  It  appears  Uisl  the  niua^rfC^la^te 
the  dlfiaor  aed  quoiivtii  mita  be  equal  (o  thoieliitbe  diridead;  fadthsie" 
tee  the  tmth  of  ihc  rule  b  manifest. 


Dhide  ll*^  by  14-4 1 

14*4  )  17«S8  (  1*2  fuoHeni. 
144 

:2S8 
t?88 


.    Difi<k«Sl2fby*t4» 

168  . 


443 

420 

5J3. 


I  •  ..I' 


4       •« 


>  *    ■-» 


»tetltAL8« 


Dif ide  HM  by  •lU  » 


•144  )  179-800  (  1900 
144     ? 

9118 
*     988 


Divide  199  by  5*499.1 

B«493)l99'OO00(35-4lK. 
ingfi9 

99310 
97115 


9  l!>50 
9  1^)9 


Ohrldc  549*9  by  I0» 

10)5495 

54*9.7  fmHmL 

ttfkkf*48b7900f     : 
I00)8;48 

•0394    .iHuMT,       ■ 


958 

DIvMe  99*74  by  10001 

IOOO)9?»-74 

H>>.*;4  qmttient. 

Difidc  64;9  by  7000? 

1000  )  64*9^ 

7  )  ^649^  qootknt  by  1000. 
•0099    8cc*  ilNt. 


*  Divide  594*97  by  470  f 


Dhrldc  90o4  by  9lMot 


1000)990-0 
4  )  'V?>08 
^)'0T¥G5 

«0191p83  l(e»iiPflS» 


■i 


10  )  594-97, 

47  )  59-497    qootlffit  by  JO. 

47^         (1«9644  kt.  dnL 

J94 
94 

982 

907 
188 

190 
188 

9 


69.  When  a  eerttin  nmnbef  of  decnntfe  miy  tre  wanted  in 
the  qaolient.  the  diTiiion  nay  be  contracted  in  the  ftiltowhg 
manner  t 

Take  the  divisor  oni  figure  more  than  the  nrnnber  of  fignrea 
required  to  be  in  the  quotient. 

Make  each  remainder  a  new  dividend,  and  for  every  tuch 
dividend  leave  out  a  figure  on  the  ngVit  hand  of  thediviMir,  re« 
memhering  to  carry  for  the  increa9e  f»f  the  figures  omitted  as  in 
the  coQtrsction  of  multiplication.     04) 

Lst  M^ra  be  divided  byr84«7l98t  lo  utohevsa  dcdmaii  to  the 


49 


AaiTsiiBTie< 


TIm Bomto of  igum hi  thtquoOeat  win  bt ^  ^<> g  Jmpn 
dtdiwK  tlMicim  w  imist  take  7  figiira  te  Um  difiiofw 


M<i 


'  1 


PM119  III)  94-71000  (  33«d94Sr 

g5tOI3i 

P540I4 

S84fi7  )'  8^848  < 

5r>?)34 

98»)  Iv!i4 
1138 

2iJlJS 
14? 

14 


■  \ 


TIm  two  right  htftd  Agum  (81)  of  llMgifni  dlvimr  aracm  ofl;  tadf 
ill  c8frkN|  for  the  product  of  8  by  3«  And  inetead  of  Mngiag  dows  coeh 
diviior  (u  abort)  the  figum  inaj  iiicceMivcly  b«  poinlad.oft  It  b 
•ho  •ridenl  wbea  the  number  of  figurtt  hi  tb«  divlmr  b  Icia  tbaa  tht 
number   rMjuired  io  tbt  CAUOtlent,   that  dpbcri  nmtl  bt  added  to  tbo 


To  r#if^a  l^/jor  fVac/io»  fo  a»  $quival0nl  Dnimat% 

6h  App  ciphera  to  the  numerator  ainl  ^ivUe  by  tbo  deiHi- 
minator^  then  point  off  aa  many  decimal  places  in  the  quotient 
ibr  the  answer  aa  there  were  ciphera  annexed.  Thia  ia  eoQ« 
tinuing  the  division  of  whole  numbera  when  there  is  a  nmaim^ 
ier,  by  which  meana  we  get  a  decimal  in  the  quotient  inatead 
of  a  vulgar  fraction. 

For  example,  if  in  be  divided  by  3,%  the  quotient  it  {(  or  9|^  but  if 
dpben  are  added  we  tbaii  bave  3*0p  1  v  J  fur  tiie  quotient. 


Tbui, 


39)  97*00000  (  3-03  iS$    CHCiiptt. 
100 
40 

*^"^"^a 

1*0 
64 

160 
160 


JDieillALf. 


AB 


.The  ciphers  timtxedoDt^poinboat  the  inumbcr  of  decimal  pfatcct^  and 
'tbere'ore  97*00000  U  ll|C  umv  tt  97,  consequent ijr  07^00000  and  97  whoi 
^if  idrd  bj  39  must  give  equal  qootlenli^  and  therefore  the  decimal  *03I2S 
ii  cqui valent  to  /p  Whkb  also  will  be  evident  bj  ukbig  the  dcdmal  at 
aiwIgarrractioD,  forfi^S^  fedmed  tdltflowett  tenntb^  ^ 

Bcduce  ^»  If  and  I  to  eqoivakul  decimali? 


4)  I'OO 

•U5 


•5 


l0diice,|jto  adedmair 
«S)  9-0000  (HMHt^^te; 

.     5000 
,5000    '■ 


•    «  I- 


XtdMCrllJ^  totdecfmail 
J0000)»4d 


4)3  00 

J5   ^w*  *95,  %  and  TS* 

l^Me  Tvfw  t<»  A  dcdmal  f 

lt500)  9*00000  (-OOOIC    JitL 
I  '.»5()0 

76U0O 
75<iOO 

Kcdoce  riio  ^  dedmair 


It )  10-000  (159  ftc« 

4U 

22- 

40 

56 

4 


WvMn  tl  bj  94000}  or  which  It  the  lanit  thing,  redoc*  ^„  tot 
lomai  f 


dedmai 


1000  )fm 

4)M»9« 
6)-0gl3 

•00405i5  &c  Jim. 


Reduce  f  to  a  decimal } 

-l47S57l49S4:c.wlff/. 


Reduce  ^  to  a  decimal  f 

9  )  I'OQOO  &c. 

•inn II  kcAnr. ' 


The  decimali  in  the  last  examplei  are  called  circulating^ 
recurringi  or  repeating  dcciinalti  because  the  tame  figurs  or 

figurea  are  rrgalarly  repeated. 

* 

08.  When  in  hnproper  fraction  it  to  be  reduccdi  the  answ^ 
win  be  a  milt  number,    Thui  V  ss  9*^^  t    ud  V  ss 


40  AftlTVMBTfC^ 

•  «••  If  ib#  right  htnd  fgiui  of  ibe  dtnMitMtor  of  ite 
fractioii  to  be  itduced  U  cither  l.  9,  7f  or  fi  it  U  mtnifcil' 
there  will  elwtyt  be  a  mneinder  after  divitioii|  and  contcqiieiilljr . 
the  deeimal  ean  never  be  brought  exactly  equal  to  the  vulgar, 
fraction :  in  such  cases  continue  the  division  to  As  many  places 
of  figutres  as  niay  be  thougtit  necessary* 


OF  DUODECIMALS. 

• 

70.  D u o D ECi M  A LS  are  vulgar  fractions  whose denomina^rs 
are  19,  or  U4^  or  17SB.  &c.  The  division  and  sub^division 
of  tlie  integer  being  in  liihs  instead  of  10/A#  as  in  the  decimal 
scale,  Tlic  method  of  operating  with  these  fractions  (sometimea 
called  cross  wuUlpllcailon)  sccnii  to  have  been  introduced  fiir 
the  purpose  of  computing  the  contents  of  artificer's  worl^  when 
the  dimensions  are  in  feci  and  inches^  or  in  /iti^ ,  tncket,  and 
lines  or  l%ihs  of  an  inch. 

7 1  •  Rule.  Set  down  the  dimensions  to  be  multiplied  together 
so  that  feet  may  stand  under  feet,  inches  under  inches,  &c» 

Begin  with  the  feet  in  the  multiplier  and  the  lowest  dimen* 
sion  in  the  muhlplicand.  Carry  1  to  the  left  for  every  19  in 
each  product*  setting  down  the  remainders  directly  under  the 
corrcspondiug  terms  of  the  multiplicand.  Next,  multiply  by 
the  inches,  and  carry  1  for  every  12  as  before,  remembering  to 
set  down  the  result  one  place  to  the  right  of  the  product  by  the 
feet.  And  in  the  same  manner  proceed  with  a  third  dimension, 
&c.  Then  add  the  several  producu  together,  carrying  |  fiar 
every  19  as  beforci  and  the  sum  will  be  the  answer. 


ExampM  1.    Multiply 

By 


Frediia 


F.  in. 
7    tf 
5     6 

lineu 
0 
0 

58    B 
3  10 

0 

4J    7 

«» 

1 

\ 


Or     i^^-ii^ 


s4? 


FeeL 


•VODlCllCALf.  47 

TI«iCM*farKttin|4omthe|ifodiiclslallieBtii^  bjrthe 

tide  will  be  etldeBt  If  we  icUili  the  dettominaton,  but  imilliply  by  thv 
ptftttepamd>'ai  bcfoie  (leeexamp.  i.  fai  llie  anItipttaitiM (rf  ndfpr 
fractiHit)t  ^ 

Tboib 


MolUpIr     7V^ 
By      5A^ 

d8^pr«*«  ••••••••••••  l^oQiict  by  5* 

Fint,  ^xSatH^^A^^^^  ctrrica  aftd  ^  to  tcl  *m% 

aM  7  K  5S 3S  wbicb  with  3  nuike 38. 

Secondly,  Ax  rrs  -ffx^ift  ^be  canied  and  tIt  toietdoini 
(became  12  of  any  deitomlnatioo  make  i  of  the  nest  tupetior  or  that  os 
theM)t 

Aod 7  xApH  which  with ^  (that wefacanted) make ♦!» or 3if 
taietdowa. 


Tbeamwerbewefnv  lo  tUtexample,  b ioobv  oMafaMd by  th|, mmI 
OKthodoffolgarfiractioBf,  thoii 

p.    In.       F.'     p. 

.  7       9  a  T^  ss  *j 

Amy  »  V  a H^t£ ««(>''  •*(>«ii>^ 

■  «    '  * 

£li»  f.  Kei|uliedthemRDberofM|iiarcrcct  iiaioctao|QlarboaidwltfMe 

{'I  Ar»  jF  fwb 

7  Si^ttd  breadth  1*  8|F 

/T.A    The  two  dimeothiot  BMthiplled  logethergive  the  iMwuw 


#1  |pf  •  ^fit#« 

17     5  0 

I  S  9 

T7     5  "  «■ 

II     7  •       0 

II  lie    d^.A       J^ftl. 

^i*cf   30    a  3       to  or  90  orf  iTf 


59     *   • 

^^"^ 

.  •       '■•'  " 

* 

« 

•  * 

\     \ 

^J** 

4fMtbtt»g»         -  .poaoA  ^• 

l«^«»'«  '  »^ 


TAILS!. 


'«» 


PfiNCE  TABLE. 

• 

rf.  #.    df. 

to   ••4i4«    if    ••••«•    J     8 
30   9     0 

40 3     4 

^  * 

00 • 3    0 

ttf   5  10 

M   4 «     8  .  .    -^ 

*CI  ...'.v.i 7    « 

iOO   .••••..... 8     4 

lio  4,.«i '. g    t 

^^  ItO  ...«• 10    0 

t 

TROY  WEIGHTi 

Marked, 
titaini  .••..i..^..^ ....;....  gr. 

H  Gnlni  ..j^....  =:  1  Penny.wdgbt    dwi. 

td  Peniiyflrdghti        =  1  Ounte  tu. 

19  dunces  ..iwi.ii  =  1  Pdund  lb* 

Aj  tUi  weight  ite  weighed  Oold^  Silreri  J^weti»  ind  ioine  liqtiidi. 
lewdlctf  icmieUmel  expfeti  the  Height  of  i  diamond  ih  caratt  of  4 
Ifaim  (tRTf-iMght)  each.  A  carat  howeter,  tignito  the  /^'  «f  any 
maiefgold.  or  of  gold  with  iliajri  ifld  b  generall/  uicd  td  deoott  iia 

APOTriECAIUtS  WEIGHT. 

Marked. 

Graini     •.••».  i  •••••  i gr. 

fib  Gribc     •  •  r .  •  •  mailf  I  Scrapie  tc.  or  g| 
8  Scrapie!  «••...••  ..^  •  1  Dram   dr.  or  t( 
1  praiAi     ...f  •.....•  I  Ounce  M. or  J 
^fOvmi   .^.../•....f  Found  M;or)|> 

to*.  I.  •  «      '' 


M  AftlTRMITlC. 

ApoilMCttlcf  Mt  thii  vrifhl  to  cQinpouiidlBi  llMir  mMdan,  IniI  taqr 
and  mU  their  Dnigi  by  Afoifitopob  Weight  ^ 

AVOIRDUPOIS  WEIGHT. 

MaiM. 

OnoM ir* 

16  DiifiM    t  •  •  •  flM&#  1  Ounc«  •  • OM.      gf. 

16  Ounces  « 1  Pound  •.•••••••'.  <£%  =  7000Tnif 

66  Pounds    ••• •  1  Quarter    qr. 

4  enartersi  or  11  fib.  1  Hundred  WctghVoc^f* 
60  Hunci'spd  ••••••••  1  Ton ion. 

And  alb.  is  a  Stone  in  the  London  Markets. 
Ulb.  a  Stonct  Horseman's  Weight.  \ 

telb.  a  Tod. 

Bj  thU  Weight  art  weighed  all  GrocerieHChandler'i  Waiei,  mDa  Ii%iiid^ 
and  all  Mctab  except  Cold  and  Silver. 


I 


LONG  MEASURE. 

•  • 

$  Barley  CSoms make  1  Inclu 

19  Inches    1  FooL 

5  Feet    lYard. 

6  Feet    , 1  Fathoou 

5{  Yardi,  or  16^  Feet i  Rod«  PdeorPcMu 

40    Rodi    I  Furlong.  ' 

6    Furlongii,  or  1 76o  Yards i  Mile. 

3    Milca   •• 1  League. 

69^  Miles  (nearly)    « 1  Degree. 

860    Degrees  the  Earth's  circumference. 

» 

Also^ 

4  Inches  ••••..•••.••  make  1  Hand,  or  handa  bitadthA 

5  Feet 1  Geometrical  Pace* 

4  Poles,  or  66  Feet,  *) 

1  Chain* 

too 


TABltl. 


«l 


CLOTH  MEASURE. 

>     a 

I 

flinches  , • « •  «iaftt  1  Nail. 

4    Nails   • 1  Quarter  of  A  Ytid. 

4    Quarters  ••••••••••••••#•  1  Yard. 

I    Quarten  .•« 1  Ell  Flcmith*   * 

t    Quarters  •.••!•••••• 1  Ell  English. 

i    Quarters^ 1  Ell  Fitncht 

» 
SQtTARE  MEASURE. 

144  Square  Inches  •  • mah§  1  Foot  S<{ttart» 

9  Square  Feet 1  Yard. 

30(  Square  Yards 1  Pole. 

40  Square  Poles    , 1  Rood. 

4  Roods,  or  1 00  Square  Poles   1  Acre.  - 

4840  Square  Yards   1  Acre. 

10  Square  Chains ••.....  1  Acre. 

lOOOQO  Square  Links   •.•!•.. 44 1  Acre. 

By  this  Measure,  Jm^^  and  all  Works  vhlch  liafe  length  sad  kieadlh 

a 

CUBIC  OR  SOLID  MEASURE. 

I7n  Cubic  Inches  «•&«  i  Foot. 

f7  Cubic  Feet  1  Yard. 

By  this  Measare,  Btone,  Timber,  and  all  Wot b  of  three  dlmsaifoas 
(lengtl^  bieadtb,  sad  depth)  are  measuredf 

DRY  o«  CORN  MEASURE. 

t  Pints  ••••••#••. t...^.  mak§  i  Quart.  ^ 

f  Quarts  «# •••.•»«...•..  I  Pottle. 

t  putties^  or  4  Quarts  «••••.••  i  GaDon. 


M  AlltRH»Tie> 

It,  WkmAgmterdcDQauutwauMbtndiMdtoalrM 
(upOMwla  latbUUngt,  or  fiert  to  incbM)  thi  practH  n  by 
Multi[rficiiioii«  But  IcM  flnMiniiMtiou  tn  bra^t  lo  gmtrr 
by  Dimioa. 

fr  I.    Kcdiic«4WtotUIIiop,|K9ci,awll*rtUv> 

Sir  tbe  fint  of  Um  ftircgoiaf  ublM  II  U  «ndn)t  tfcM 
Paundt   multiplied  bj  SO  give  ihUlio^ 
ShiFUnft  multiplied  b/ 13  give  pcnct. 
Potcc  fflultiplied  by  4  give  AiUungii 

.    Cmietpeatif, 

Farthlnfi  dWldcd  by  4  glvt  peace. 
Peace  divided  by  19  give  tlillliiigk 
$hUliDgi  divided  bjr  so  give  poujulit  .  ,  _ 

•t  '     ? 

90  .  , 

md  the  duiliMb  '    ~~' 

_  la  "        ■  • 

^leo  tbepcKh  .  '.^ 

^  S.    BcduM  U«10  brtUagt  to  pouadtt  / 

4)106*0 
'  lf)801.M    Ihc  pence. 

SO)    leao  the tbiUlngt.  ,' 

84  U«  poiMit, 

Or  bacawi  9M  futUagi  u«  equillR  rilue  lo  dTIt  IT  HMO  be  4ItUM 
^gmhtyoUtyilibythenumbefofpouBdifiiphiJ. 


^.S.    lBdM«Hr)*l>ut>>^P*op<Hiulir 


4  )  96779 

19)  66Q«.i     I 

10)  S^7 10  ^fc  A  tI.- 


TABiE8«  ,  i$ 

84  Hours  % •••; l  Ntinral l>t7« 

S05  DaySf  6  Hours  •.•••.»  1  Juliin  Year* 

36$  Daf$t  $  h.  49  min.  4S  tiC.   ••  1  SoUrYetr. 

ft.        FOREIGN  MEASURES  Of  LCNGTif. 

•      '  .      .  .         ■ 

The  Rhjmhnd Fool  =:    l*03d)Eng1iih 

Rbynlaipd  Rood^  19  Rhynltnd  Feel  :r  lt*S06>  FecU 

T'be  Frmch  Toise,  8  Ptrii Feel «»t*131S 

Common  French  League,  fiooo  Toisei  • « • «  4t03 
Common  French  LcaguCi  93  lo  a  degree  ;  •  4869 
Brabani  League,  9800  Toites  (nearly)  •  •  •  •     3008 

luKan  Mile,  60  lo  a  Degr^    •• 9099 

German  Miki  13  lo  a  Degree 8110 

• 

The  aealea  lo  the  French  and  the  Crerman  Nfilitary  Maps  and 
plant  are  commonly  in  Leagues,  Miles,  Tot»ct,  or  Rhynland 
Roods.  But  the  **  mea/i"  and  *<  cofnmofi**  German  Miles 
seem  to  be  of  no  determinate  lengths;  according  to  ihe  Table 
in  Teilke'i  Field  Engineer^  Ihey  vary  firom  19090  to  98530 
Paris  feet  And  we  sometimes  find  a  scale  denominated,  «<  • 
mile,  or  9  hour^  walk  on  the  road/* 

74.  Froni  the  measu**ement9  lately  carried  on  through  France 
andpartofSpaii^i  the  French  Mathematicians  conclude  (accord- 
jng  lo  a  particular  hxpolhesis;  that  ^  of  the  whole  lerrestrid 
meridian  is  31S0740  Voisis  in  length  ;  and  the  ten  wiUiomih 
pari,  or  -'3130740  of  a  Toise  is  the  ^<  Metre,**  or  standard  for 
Ihe  measures  of  length  now  ad^tpted  in  France^  This  Metre  is 
equal  lo  3*980839  English  Fce|. 

I 

f 

Or  REDUCTION.' 

73*  Tr8  operation  of  changing  numbers  from  one  niine  or 

fknominstion  to  another  willpni  altering  Iheir  falue,  ia  caOed 

fffdmeiion. 

« 
•         •  • 


M  AmiTHMBTlC. 

(m  pcMBdi  to  ibUlingi,  or  feel  to  incbei)  the  prootM  is  by 
MuliipUctdoiit  But  IcM  (IfeMiniiiitaoos  am  bwH^'^t  io  gmtrr 
byDivUioiu 

fr  1.   lUdooc  Jfi  Io  fUJliiipi  pn^^  aad  fvtUii|i )      : 

87  tlie  Cm  of  tlie  tetgoiag  Ublet  it  te  tfido^  IM 
Pounds  nultiplicd  bj  90  give  thUlinp* 
ShilUogi  multiplied  by  19  give  pence. 
Fence  muUipUed  bj  4  give  finbingi* 

^ 

•    (ConioqueoU/t 

Fartbingt  divided  by  4  give  peaces 
Pence  divided  by  19  give  thilliiigt. 
$billlogs  divided  by  90  give  poundif 


90 

1680  tbe  ihillittfli; 

19                 "' 

901^  the  pcacfi 

« 
1 

B0640  A$/arMng^ 

• 

$M.  9«   Beduce  80640  brthingi  to  poundtf 

>       • 
• 

4)S0640 

19)  901(H)   the  pence. 
90)    1680  thetbiilingiu 
84   iha  foundi^ 

• 

i»      4^ 


Or  became  9eo  fvtbingi  ue  equal  fai  value  to  dfl^  If  lOdlObe  difide4 
Igr  SiO  tke  qootient  wiU  be  tbe  number  of  pounds  le^drai 

df 

9d0  )  80640  (  84  «f  Mm 
7680       ^ 

3340         .   • :   • 
3840 


^.  $•   lediioe9<n9CuUiUigi  to  pounds  f 


4)96779 
19)  669 
90  )  517 


10  df  ii  d; 

-17  ^iWi  91 11 10| 


KEDOCTIOlf*     « 


«f 


r 

f 


15.    V  10000  iMii  bare  each  40  roundi  of  ctrtiidft  wllli  bdl^  fAi* 
littewWokwdglilorieaKif  the  balls  bdng  t«  ovacf  cacbf 

.   10000  X  4Os4O(>000^ 
•);{«s3y3  Sim  II   •     %^^Amh 


\%»   Wkat  ii '•S  of  M  bttndred  wdght  I 


•9S 

Hf 

190 
.  PS 

:w ^ 

A.     lOtf-40 

%    «»         €'40 
16 
dir.  6-40 


A.'M.  dlr, 
^iw.  100  6   0-4 


rr»    lcdoetn4fccllolbcdc€liiMlortyar^> 

ft 

3)g?4 

■7460   ate    iiPWi 

11.   Bc4iea|ortaitltl»7aitlfb  A^V 


5 

t  )  l|S80  (  tM 

96 
7)  7?(10| 


^ipia.T5410f 


If.  Wbat  h^m^dt^juAl 


•025 
3 

1-875 

il 
10-M)0 


ilmw  I  10-f 


10.   BotaiSry4ffttftlMbettDlfat4tdMlorot«MtRMll 


59*74 


'41lil(Ct  JlM 


tOV  ft 


M 


4»f7|i^»f((b 


§,  ftriuM»|(otk«6aciiM«r«aUlliag) 


♦  ^■ 


•I « f) ftitblof^  vkkh  divUUd  by  41  (teftfUOafihi  tslOini^ 


10.   Ktdyot  A  ^*  fuian  to  ttedaoonuotiM  or  ftadiiMiof  t 
crowiif  •  , 

A  K  91 »  t(t  which  dtfidcd  bj  5  gtvet  f | 


II.    Rffdttcc  0^  lo  ItftUnfil 

«  * 

«fS  K  MOSS  i9S«l  fiuthiom  Iho^iuiMr. 

If.    Whai^  'MS  of  a  Xh'^Ot  lo  £od  Iho  vahit  of  llw  teioul  Ml 

■ 

of  0  pound. 

••85 

20 


ShUllhgl    17«7UU 
12 

Feoco    B*4Q0 
Farthinp    l'6U0       Jmm.  It    •    1'6 

IS.  .Biiag9*t4  pence  to  Iho  ihdaal  of  0  ^. 


310  )  9*840  (*041  4k 

960 
^40 
840 


17.  In  like  manner  other  ilenominatiom  ore  nincei  hf 
meaiia  of  the  numbers,  in  the  foregoing  tablefj  itmemberiiig  lof 
multiply «  or  dividot  u  the  case  may  require* 

duhgr* 
CcU*    How  many  guineas  weigh  al^lVoy,  each  beti^  5  9{f 


19  X  SO  X  94 


^760  s:  Iflw* 


*   4m.  gr» 
5    9| 


fTi. 


iW9ia«|< 
MM  divided  by  •}•«  it  ^f^  x  57«6  ss  '}|  j^s  44 1||  Am. 


^ .. 


HEDUCTION*      « 


if 


15.    V  10000  mtn  bare  each  40  roundi  of  ctrtiidft  Willi  hJt,  fAil 
totte  wWokwdglil  ofkadf  the  balls  bdng  t«  ovacf  cacbf 


10000  X  40s  400000^ 
•);;«s3i3  S4ai   Jl    I     S4 


lit   Wbaii*95  ofMibttndredwdghtl 

Hf 

%  lyo 


10(»*40 

6*40 
16 
6*40 


A.  *«.  dh 
^iw.  100  6   €4 


by 
11 


17»    lcdoetn4fccllolbcdc€iiiMlort7«4> 

•  ■ 

3)g?4 

■7  464   fcC    iiPWi 

II.   Icdoet|oftaitltlo7aitlfb  A^t 


9 

t  )  6^80  (  tH 

7)7?(10| 


judr.  /«• 
^im.754IOf 


If.   Wbat  k*m$idujudt 


•625 
3 

1*875 
lO-JOO 


Ann  I  10-f 


to.   BotaiSry48qMrelMbe8tDlfat4tdMlortt«MtRMll 


YOIp.  f « 


59  74       ^...  *_      -^ 
1 


M  A&ITHMITIC. 

'    fly  lUducciof acu|Kcyaixitocubicli«l>  .^ 

$9.    Rtduot  64'M4  cubic  lochci  lo  Um  dcclinal  of  •  cubic  Cw4 1 
39*    Kcdiiot  900  IhjaUnd  lood*  to  Enslith  nik*r 

f 

*  S  )  lg*396 

713?  yardt  ss  I  rood. 

4M33  X  500  s  2066  yaidl  as  1  906   Jks. 

» 

SI.    ftcduct  aa  Englbb  mile  to  loiaea 


'.  »'  ♦ 


1760 


s  825-709  6cc.    ./m^ 


95«    Reduce  S  Fiencb  lea^^ucs  (t?5  to  a  di^rf)  to  fiaglubmUcaf 


4869JCJ 


mu  yds, 

13  I46S    ^M 


COMPOUND  ADDITION. 


76*  CoMrouMD  Addition  ia  the  collecting  aefcnl  nnmbefs 
of  diflerenl  dcnominationa  into  one  sum.  ^ 

79*  Buh.'  Reduce  fractional  quantitica  ofdiflTcrcnidenomi* 
nations  to  like  dehomioitions.  And  fractiopa  having  diflercni 
denominatora  to  a  common  denominator.  Then  act  down  the 
numberty  ao  that  those  of  the  same  denomination  may  stand 
directly  under  each  other»  as  pounds  luider  pounds^  shillings  ^ 
under  ahilliogti  feet  under  fect^  8cc.    . 

"^  Add  up  the  figures  in  the  lowest  denominationi  and  find  by 
the  rule  of  Reduction  bow  many  tinita  of  the  next  higher  deno<« 
mination  are  contained  in  the  sum.    Set  down  the  remainder   ' 
and  carry  the  tmits  to  the  next  dcnomipation.  ^hich  add  up 


COMrOUlTD   ADDITION* 


in  the  tanie  tntnmr  at  before ;   and  to  on  liU  the  whofe  it 
finbhed.    •  ^ 

£  h  in   ^   $.    i*      Xt.  i.  £9.4. 

I.  Kecfolrod  the  turn  of  15  18  SJ,   5  10  llj,  UlT  l),aBd89  19  5|» 

X   i.     If- 
15    18     S; 


5   10    Wi 
74   17 

Sum  I2H 


4   17     M 
9   19     54 


The  mnber  of  farthiiif^  are  9,  which  mtke  f  pence  to  carrj  to  the 
peaces  and  1  farthtng  to  let  down.  The  ptmcc  ia  the  next  columa  are  ^S$ 
aad  a  carried  make  29,  or  4  pence  oter  9  tMUingi.  The  tom  of  the 
BUahifi64,  with  9  carried  mtke  66,  or  6  thilHaii  to  let  down  aad  9  to 
carrj  to  the  pooodi* 


9.  What  b  the 


X*f.  i.     Xf.  d.  ,        X  9.4. 

4  16  S»4,  5  0  0|,   awl  lU  3  i^T^ 


X  f.  i. 

4  16  J/J 

5  0  Oi 
10    3  g^ 

Siini     S() ,  0'  0 

i 

X  X  9.    d. 

X  Kecpitied  the  tern  of  14,  and  0  17  a|  r 


X       9.4.  fn. 
^S  9.9  91 


X    #•    4.  ffiw 

11     9    9    V} 

p  17    a   qf 
Imn  It  It;  m"Y 


X  9, 

4;  What  b  the  tern  of  f  anci  lof  ? 


^ 
« 


9 

19J 


#. 


^<l« 


IS 


* 

no  At«THMlfie«\  '    "  ' 

I.  A4d  n*  ••<  n"««l  tofrtlitrl       ^  /  • »    :  •   '  ^    -^^h  >  »'  ^    •' 
■  •      •*»  • 

8*S9  8  9    »'• 

Sum    3    Jni4 j  V     '*     * 

•  •  • 

C  Vrhaitetlit  Mm  of  T7  guineas,  13  half  gidflca^  tkiit  151.  Boic%  11 
kalf-cfowiit,  VMl  29  doUart  at  4j.  li^.  each  ) 

77  autneai. -...  a  10  17  0 

13  Kalt^uiixas ss    tf  Itf  o      >»»    , 

Thn'C  151.  notes....*— ^••.  ss  .45    00       ^ 

11  half'crnwui ^  ss    I    7*      '' 

JJ^  dolUn,  al  4jf.  li =*  jULil  ' 

,•11 

H.  OK.  dwiu  :gr.   AT.  Ariff.  ^.  ib:cT.  ittis. 

7«  Add  9  10    U     I9»    11     15    lu,    and  3  4     li   togHhal 

• 

9  10     Id     121 

11     15     16 

3     4     14      0 

Sun    7     3       8     ii 

lb  B  5  9  f  r.  tt>  5  3  9  fir.       S  D  jr.    ' 

I.  Add  6    10   1  3    li»,    !<>(>«  .U,  itod  7    1   To  ta|flli«iw 

6  10  7  V  IS*  i 

1  6  C  9  18 
7   I    10    : 

/  S     C  6   I     7     Ji^ 

tmi.  yr«  JI^.  at,  ttti.  ^r.  /A.  0Br«        f  i\  lb,  m^  4r. 
9.  Lets   I  27   I5«    5  .1  va  H,  and  3  10  14  15  bc added topIlM^ 

€ut,qr*  ih^  eas,  dr. 

2  I     *J7   15     0 
^      *                   5    3    1?6  14     0 

.1     10  I?  15 


* 


coiirovNp  AooiTton*  il 

« 

It.  Lel4^5i;  iadlO4*44beiddedtog0llMl  .    i 

•3«  X  119  a  68-79 

€m4.    H. 
4    <»*79 
0*I04'44 

II.  Add •i6i,  9*4/  tiid  (oTtBliicli  tDgtUier^ 

■i  •  * 

•:M9  X  36....— -• — ; ss    9*439 

iM> 
9-4  X  19... t......^ 8  28^ 

tfn.  -  '     - 

*    •••••••••••«•••••••••••••••••••••  ts  •0*777Tt  SC*  * 

Inches  ayow?    Afu^ 

■ 

19.  TW  conleBlior  tbrit  fiddt  A*  B,  C,  wre  at  Mom ;  icqtdicd  (te 
whole  amnbcr  of  acfctf  .     .     « 

rCfc    A  14    3    37 

B  I<;    3    30  • 

C 10    9    24 

19.  A  6dd  bftftaf  ben   meatured  with  the  chain  tn  4  difitiom,  lh« 
cootcnti  iiat  fimnd  «  Mow.    Rc<}aiied  the  whole  nnmbcr  oC  icrei  I 

.   -  thoint  Unlet 

Wlu    43     !*84S    . 
k3    6173 
14    11292 
Pt    54^3 

Mn    17      3     9070    d/u. 

14«Theiefcralconteriltora|ileoenfworkare94/   I94lii.  IfA  lOOte 
9y.  SMii,  end  I ^.  99fM.;  what  b  the  whole  eontenll  ' 

24  iy4      • 
14  100 
99    !r9 
16    99 

ISA     C4    4Ptt| 


^ 


AlltHIISTIC. 


U«    Tlie  cubic  eontcBlt  of  three  pieces  of  Umbtr  ait  1^  !«§<«• 
HeiifuuA  1^.  I  laite.  bow  maoy  leet  ia  the  whole  I 


S9  1629 
?4  I.U1 
in     il(H 

Id.  Add 3f  cubic  yarOi^  a^td  3I|  cubic  feet  iogellwt ) 

y*  /•       /•  /        / 

f  X  97  »  V  »  14  »  »irl  •"' S>1  *!''/' 

3    Ulf     • 

2»?r 

Am    4      5t|f 

COMPOUND  SUBTRACTION. 

M.    Jlii/#t    Preparo  the  numben  and  set  them  down  ii  ia 
t  only  let  the  lest  tlatul  under  the  greater* 


Begia  at  the  right  hand^  and  take  each  .number  in  the  Wer 
line  from  that  above  it  and  set  the  remainder  diricily  under :  but 
if  any  number  in  the  lower  line  be  greater  than  that  above  itj 
instead  of  adding  10  to  the  upper  onc»  as  in  simple  subtraction* 
increase  it  by  as  many  as  make  one  of  the  next  higher  dcnomi* 
nation,  then  subtract  the  lower  number  from  the  sum^  and  set 
down  the  remainder.  Carry  1  for  that  borrowed  to  the  next 
number  in  the  lower  linC|  and  proceed  as  before  till  the  whole  is 
finidhcJ. 


£ 

!• 

A. 

X 

!• 

A. 

From  r4 

16 

3 

?.  From  19 

0 

H 

Take  12 

4 

X 

T?ke    fi 

0 

2^ 

k^m,  bPz 

\i 

1 

« 

Rem.  13 

0 

H 

Proofs*" 

lo 

:t 

£ 

Proof  li^ 
1.   A. 

0 

-£l 

3. 

Froio 

5 

3   e? 

lake 

1 

• 

Ran. 

3 

18    I0( 

COMrOUND  IPBTKACTIOM. 


6» 


Here  3  farthings  brinf  greater  than  I  farthing*  I  borrow  I  penoj  or  4 
farthings,  vbich  added  to  {  in  the  upper  line  inalce  5  farthingi»  then  9 
froni  5  leave  2  farthings  or  |  a  penny  to  aet  down.  Next,  1  that  was  bor*. 
Mwed  and  S  malice  3,  which  t^l^en  froin  13  (became  I  borrow  li.  or  19 
|»ftioe»  and  add  It  to  the  I  In  the  upper  line)  and  10  remaint«  Carrying 
I  that  was  6ormwed  to  the  3  shiltlngi  and  the  gam  b  4»  which  nibtracted 
(rom  79  (because  I  borrow  90)  leaves  IS.  Lastly,  I  carried  to  !»  iad  tht 
tna  taken  flrom  5  gives  3  the  last  remainder. 


4,    From    27    0    0 
Take   g5  J9  114 

J?Oif.      I    0    ot 
6.  What  b  the  dllTereDcc  of  ^Tf  and  {1.1 

± 

ShilL    9\Ant. 


X  Si  4. 

S.    From    1    0  Of 

Take    0    0  oj. 

Rm.   0  19  llj 


7.  Wbatbthediflcrenceoffofftgulneaand^of  apobndf 


■I" 


#. 


}of  agnineas{  X9l^^^i\Mmng9^ 

X  t. 

^si^X  ^Otztfftai^MOingi.   TbcrcTore  the  dl* 

Cnctoeb-Mlhlog* 

'I    .  ' 

X  f. 

i.  Ifqnbed  the  dlflerence  between  0:252  tnd  5-2 18 1     • 


X 

0*252 
20 

A/tf •    5-U40 


9.    From    17    1    41 
Take    15    9  U 

D(f*      1    1    54 


f. 

5-218 

5-ai 

ai78      Afii. 

10.    Fhm    tf    0    4*75 
Take    9    I    584 

•    Dig.    3    1  lo>91 


« 


\  ' 


I    ' 


^  AAlTBIliTICt 

» 


II    Mf 
0  loof 


\> 


I  •  •  t  i 


I «.  •  • 


1 1  « 


•r  J  !    •  » 


,.o 


\ 


*»H 


«/       -J    »:.■*      ■/ 


tool 


701 


"~  7    X    iii 


/ 


.J 


.  •  » 


9   i  ■ 


..r  I 


f  • 


•i;  / 


**  .» .  •'   * 


If.  WlAlb  lilt  diffmncc  between  •SSoTt  10114  yinl  aBdirMiriU 


ibm 


■::/. 


I : 


I.     * 


itfl  X  87  s  1&'6« 


/ 


r,.       » 
'        ■■    > 


COMPOUND  MULTIPLICATION  and  DIVISION* 


•!•  Compound  MulUpHcation  and  Diviiion  tre oompauli* 
Mi  Bicthodi  of  Compound  Addiiion  and  Subtraction* 

I*  Whin  the  muliiplier  u  a  whoh  numhr. 

• 

69.  RuU.  K^ultiply  the  number  in  the  lowest  denomination^ 
and  find^  by  the  fuleof  Reduction^  how  n^aiiy  integers  of  the  nesi 
superior  denomination  are  contained  in  the  product^  and  set 
down  the  remainder  if  any.  Carry  the  integers  thus  found  to 
the  product  of  the  next  higher  denomination^  with  which  pro* 
ceed  as  before  till  the  whole  is  multiplied. 


COMPOUND  M^LTlrtlCATION  AND  DIVISION.      05 

II.  tyhen  the  divisor  is  a  whole  number, 

8?«  Aar/f  •  Divide  the  higheit  denomination  by  the  divisor 
^nd  set  dowrn  theqdotient)  and  if  there  be  any  remainder,  6nd 
bow  many  integers  of  the  next  denomination  it  is  equal  loy  and 
add  them  Co  the  number  (if  any)  which  stands  in  that  d^nomina* 
lion.  Divide  the  nmnber  thus  found  by  thediviSor^  aiid  set 
^bwn  the  quotient  under  its  proper  denomination*  ,  Reduce  Ibt 
fcmainder  to  the  neit  bwer  denominatioo ;  and  to  on;  till  thi 
whole  is  6mshcd« 


ImMMfikaHm 


£  s.  d. 
1*  WM  coil  t  qesmn  oToaU  at  a    f  lOfcrqnaitcr^ 

I     f  10 
7 


.    •  • 


10    8  10    Am. 


€  s.i. 

fi  At9  19  lOlpcrhair^^  whaehtheoQitor  Idbtndiof  fonpcMrte? 

£  t.d. 

9  19  I0| 
10 


^       39  IB  111    Am. 

/.    in 

d.  Wlialht1iewiioleleiigthor9p1aDki«  cachbeh^U  blf 

13  5-7 
9 


I'M  3'J    Amk 


t4«  Whefi  the  multiplier  is  the  product  of  two  or  more  sSngte 
CgureSy  the  tnswer  may  be  found  by  ihultiplytng  suecesslifely  by 
Ibose  Igurea  laelead  o(f  the  whole  ti  onoe.  {1$) 


YOU  U 


0^  Amit»UEU%4^  ^  ,....-»..  s 

4.  WhilcoUfSchiMmiof coibal  9  T^ptrdMUml      ! 

J 

II  U  9 
S 


S.  Wluil  amil  be  paid  Ibt  lOS  handled  weif  hi  cT  IniM^ 
iMBdiedwdghiy 


■♦»-'» 


axSKToilOS  «.d. 

5 


9  17  ^J         •■ 
3 


I 


•S«  If  the  vmltiplier  cannot  be  prodoecd  fcy  the  mulliplici* 
lion  of  Iwo  or  more  tingle  6guret9  ^ke  the  nearest  number  toil 
which  can  be  ao  produced,  and  multiply  by  ita  fretora  aa 
before.  Then  augment,  or  diminish  tbe  result  by  aa  many 
timea  the  multiplicand  aa  the  said  number  is  lesa  or  greater  than 
the  multiplier* 

#•  At  i  1  10^  per  thousandf  what  it  the  cost  of  51  (houtaid  bricki/ 

./ 

4   1  lor 
a 

3'.»  U   10 

7 

k'2^    J  10 prlciof  56. 

.   H    3    at .....price  wr;/add* 

Orthnife  £  i*  i* 

40  la   tit 

9  ;  / 

943  1 1    3  price  of  60. 

a   3   aj. ot  9  luhtractt 

*  Jbu.   137    7    6t  at  before 


»" 


• 


COIirOVirO  MOLTlFtlCATlbN  AMD  OlTltlOllo      tif 


1^./. 

In. 

%  9 

9 

107 
7 

SO 

9 

2-9 

4 

- 

n^ 

9 

lie. 

..pfoduct  by  S9« 

9 

9 

io*7....add« 

AwftiK    M 


HI      tJ 


»      / 


88.         Examples  in  Division  bjf  whole  numben% 

£  t.  4. 

U  Wbco  Oils  ire  tl  1  17  9  per  quirtcr»  whit  bthit  per  bwbdl 

•  )l   17  9\0  • 

£  M     ^  .  ^ 

9.  irthe  iatcmf  if  tOQiqri7tirbe9|»  whitlt  theiatoeit  tftOAf 


tbflincf 

•  ■  • 


<  .   • 


91  «  3   7  i 
^  ^  jr.  * 

!•)  3   7    W  ,    ''  Jt 

0  6  !i    theiotereitfcr  lOt     '     •  ,• 

7 

U.  7    5  ,^;ri« 

87.  When  the  ditiior  it  the  product  of  two  or  moit  itnipli 
Mmberti  divide  by  them  separitely.  (30) 

V  tfiehildioaeCcoihcoitS  10  3,  wbitkthitpcrbnshcll 

£  s.d. 

8  )  9  10  3 

p    I  41   Ans. 
.4.  At  9  giioeii  thi  hnnditd  wright,  whit  |i  UiM  fCl  lki> 


I   • 


flic  7  X  •  a  119 


£    s.  i. 

9)330 

9  )  I   II     6 
8)0    4    H 


0 


^ 


I  '  1      ;  »J 


UiiuMfU 


'v  *;  r  •!  •  ••'. 


«•  Whil  b  tilt  9411  put  of  19  2:^51 

4)  t9    2    »5 

()  4   ai  11*571 


.»    -# 


68«  If  the  diviior  cinnol  be  resolved  iplo  small  fiiclors»  .diride 
by  the  whole  «!  once  after  the  manner  of  long  division* 

&  ir  the  whole  iMjr  of  179  meofiir  «|dajrsbe€VS  11  4|«  viiutbtlie' 
^iiUjrpa/ufcacJi^  , 

£    i.    d.      X    $.    i. 

1T9  )  6?5  II  44  (  3  .  y    IQ|  the  whole  pajol  Insai 

537  ! 


sii 
•JO 

itfii 
Jdb 

19 
179 

4 

6.i7 
637 


4    ^    d     i.i. 

so  • 

.a 

•     J06 

^  61 

-  .4S 

•r4 

183 

60*  ni.  When  the  mnltiplieTi  or  the  diTisor,  is  a  vulgar  lirae. 
tion^  it  is  evident  that  the  product  in  the  former  casCj  and  the 
quotient  in  the  latter,  will  each  be  obtained  by  both  mukiplica* 
tiun  and  diviiiion.  except  the  numerator  of  the  fraction  be  1*-^ 
For  the  product  of  the  numerator  and  niuhiplicard  divided  by 
the  denominator  will  give  the  answer  in  multiplication.  And 
the  product  of  the  denominator  and  dividend  divided  by  the  nu* 
merator  is  the  quotient  in  diviiiou* 


COIIPOOIIO  MULTIFLICATIOII  AND  DlTIIIOIf».    ^ 


»    ■  .      •     '■' 

I.  irti6  17  too  or  pfOf ycNii  win  mfe  •  laniioB  I*  nmlH 
foaalkjr  wiH  be  Mctmry  for  I  montbt^ 

«  « 

S  flmillit  SB  }  of  19  oKNitki. 

r.  C.    M. 
86  It  lOO 


Ma«** 


3)I7J  15     MS 
S7   IS     WY 


£  $.4. 


f.   Ifttgrfclogift  a  UbotiRT  1  <  fforivoiklag 
Ips/llBfort  dipl 


I    • » 


.  •  •   • 


t    .  » 


0cit  7  ilsyi  fc^  of  the  whole  tiiiie. 

10     0     0 

7 

.     ,  *.        10)010 


•  ■ 


0  IS    6    9%  Am. 


X  Whst  b  I  of  70   •  54*7  fcpaie 

tr.  /.   if. 

70    8     54-7 
3 

S)g39    7    gtrl 

47     S  S»0*40 


I 


4.  If  1  lNNMlre4  idijblcoil  6  19  4»  what  b  that  per  loot 


IIm7  b  A  of  a  iQi^  therefore /b  b  tht  difbor. 

0  19    4 

0     • 


»    0    8 
;  10 

T)  133    0   8  ..;.'«. piodoel  hylV. 
19    0  hf  ^ioi. 


*  ■  •  . 

90.  Wlicn  tho  Qiultiplier  it  a  mill  nmnlKr,  lh«  mirfSpIies** 
thm  may  bcmadaby  ibe  paru  leparateiy  aad  ihe  piodiicU  adM 
Icyether  for  the  answer..  If  ihc  diviMc  ia  a  miat  nombar  va* 
ducc  it  to  an  improper  fraction.  And  frbm  deeimalt  ara  iH 
the  muliiplUr  or  diviior»  rrduce  the  piukiplicand  Of  diTidend 
to  the  bw^t  denomination,  and  find  the  answer  by  the  nikipC 
Mcdttction. 

OF  ALIQUOT  PARTS. 

0I«  Ah  alii/ttoi  pari  of  a  number  it  any  other  number  wbic;h 
wnU  dif  ide  it  without  leaving  a  remainder.  Thus  if  the  aliquoi 
parts  are  confined  to  inle^rsj  1,  3,  and  3^  will  be  all  the  alic|upl 
parts  of  0  {  1  being  the  |,  s  the^i  and  3  the  ^  of  0.  Fractions 
and  mi|:t  numbers  ho\i^ever»-  ^re  aliquot  partSj  as  f  or  the  Sih 
of  I  is  an  aliquot  part  of  I  a  a|  or  |  of  lOy  an  aliquot  part  of 
10 1  4i  or  i  of  13^9  an  aliquot  part  of  13^,  &c.  Also  Sf.  4il. 
and  91.  6if  are  aliquot  parts  of  a  pounds  the  former  being  i,  and 
the  latter  Tt  4  inches  is  an  aliquot  part  qf  a  foot  ami  akoof  a 
yardj  being  \  of  the  fofnipr«  and  ^  of  the  Utter^  &e«  - 

The  principal  use  of  aliquot  pirts  ii  to  abridge  the  operationa 
in  compound  multiplication)  or  when  several  upmbers  of  diflcr^ 
cut  denominations  are  to  be  multiplied  together.  The  mf:t))o4 
)>y  aliquot  parti  js  also  called  Practice. 

1.  Wlut  U  the  product  of  1 U  sod  6] )      > 

lit 

S<*r  product  by  a, 

7-2  i  of  114, 

_3i>  4  017V. 

49U.  1/72 

Hire,  Instimd  of  audi  (plying  by  J^  I  take  |,  the  muhiplktod^  aada|ito 
the  i  of  that  [»  Pr  1  *•  thercfpre  both  thc«e  pafti  tp|e(bcr  au|i  f  of  thf  ^ 
iMuliq»Ucaud  to  lie  added  to  the  prud^ct  by  6, 


t.Ba|Blndlli«pri>^ar7»a|>d9H' 

.y  ■       .ita    ■'■■'•■    •  ". 

■V^lM  ;■.-■■  ■     .        .         ■  -■'    ■"'■' 

nma  „.«  pmAKt  hr  ot,  ,■    ■     * 

I   •  ''  9*1 '  .jj:.  InrforuwinaHIpriciiMf. 
Ah  '  "JSt  ■.:;■'■■■' 

3.  Wlntt>aib«tkMpauc«ribrkkwai»7ai*lM|tll  •  pr 

|,BMlU.3Aor|yf    Andtiirt<!lbfeiti(eridcrttUf^7«^*Md|^ 
UsI }  «tai  •dd«d  togcths  «n  be  tte  Mi«tr  ia  pMMd^  IM. 

*rf.  ...J     ,    .  ■ 
'SCs.|..^».t)7»  ^.,     ,,..  I.;-.     ■■. 

(httealfMtpaitaBaybrukcBMlbnowi    .     ,  ., 

ff  B  A  »;...»»«  10  )?H        , 

Ms  i  l<^ —••»—•     S)    39    5 
Mb  iU.  M^....    S>    19  13  6 
-  g  '«3 

. .'  rf  M7__3_»  UtemwrMbefatb     , 

^  '.  A  eaf.  fr.  Ik 

4.  U  gnpswdct  il  5  19  «  Ifcc  huadred  «ei|ht,  what  wiU  t     1    fO 


I 


IM-nlcaf.  . 


41    »  gtciloftgnil. 

■.<)»  la  « 

l"  S  41  U..~  cnt  of  I  or. 

..       0  18  si  „,  or  I6«. 

..      0   «  OA  ••.-.•.»  ar  4  ». 

♦1     «  0      of  ■otC 

<f  47  l«  If    ^M. 


hfttl^|iil|1ilfc<<tefilfirft<t.  bj 


f$  AAlTltltStMU 

^Hoiit  iB4*al«rir*<A  ^  thtalhiaolpiiti  if  #  lirttM  ^Htfitt 
TlMiilfr*iii«f«l^<»^Mf  MdUipciMioT  ^S  Di^fidUaMkit  f  4i<.ft 
huadnd*  Uwidbre  iU  pries  it  f  of  if 5  ia«»  6A  and  iIm  fiioe  ^  4ilp 

S.tflpa74  U^pcrjard,  wluil  wlUbtthecspcoiftcr  79  ^61 

oat,    9I«    »    ......~.  T9irfr.a(4t. 

But  the  retuUmiy  be  obtained  more  coiiciieljtliui  I  Since  79  yif.fi/*  CAit 
ii  on!/  6  Incbci  or  |  ofa  yaid  iKort  of  ao  jaidi,  if  |  of  4«.  IO|if.  be 
deducted  ftom  tbe  expense  of  80  yards,  Ibe  rcfludiid^  %dU  efidenlly  be 
tbe  answer  required'  

s.  A 

4   I0| 

1   la  10 

10 

19     8    4     80yardtal4j.lOI# 
I  of  Is.  ia|d^tB— •— ••   0      0    94ttubtract 

X\^     7    oA  ^im»Mbefott 

fmUu       /•    in. 

C  Wbat  Ip  tbe  product  of  16  7t  bj  23  to? 

/  //I. 

16    7i 

y?  10 

35i  0    as  16  X  92.  ^        ^ 

6^11    «■  I  a  foot  ..••—^     II  0    ssXof^a  )       Z'^ft 

liim.mlo(euL^^^      9  9    csjoril  ls93l)C7t. 

6  I'M.  ss  I  a  loot  ^....^      8  3}s=  |ofl6/7ifc,S^.^..^,^. 

4<iia  379    ij 


tot  f  ROPOKf  lONI 


IS 


ttili.^loAicXli  fi|BM  ioettun%  tid  thctefere  ^79  ait  iqiMft  Ibc^  mi 
V|«tltlltoraiqM«iMl^tqiMllflft|X  ia«rit  •qyaitiaebni 


■r  i. 


4.  leqakvd  tht  ptdvd  ^  46  5i  sikI  8  9|r 


«    • 


'  /.  «:    vr    '3  ;^    t,j».'^ 


/.  in. 
46    5f 


371    I , .  hpdticl  bj  ••, 


«ir 


I   II 


U 


•      •• 


^«.  9k  I  a  Ml  <*.«...^     S3    9}  rs  i  the  mulliplfic^  ' 

j'l.  9fc  ^ofdHi. .«^.;..       2  10Hs±  I  of  II  7f 

.409    4Uor  409jf ./  Md  S9|  if. Mi 

■  * 

tf.  Let  at  «   9  bt  HoMplied  bj  10  1  101 

319   0    0    prtxbclbjr  10. 
t/.  sftffa^iarf....^..^  10   1,11    ts j tbe imittiplicifA 
€tf«.ss{alb*C«». .^     ft  O'lljttiof  101  \U 

^im.ml%imA^ -  JLLI!  =  W  »•  *  *^ 

•     -.    '     '  338  «  'oi  <^lttr« 

.        .  I  Ml  * 

'.  ■.;  t,'    •-•'    I"         .  •  I'.     .'•♦..'  ,"  ! 

B««^  pHidH  li<Aeffr Wmf  8  yaHi  538  %in  bo  wfiM  jrarJIt.  «icli 
•r  Ibv  mitt  la  Ike  aext  deoominatkw  |  of  a  tquare  yard)  aad  ea«b  anil 
tioder  Iflcbci  A^i ^  iV  ^*  f^oare  jardL  And  tbc  whole 338^.§r.€^ii, 
ai|aare 


Tbia  Method  by  Alkpicrt  ptrta  Mrill  fffquenily  be  more  expe* 
^tioua  ttuMi  Dttodecimab  for  obiatoing  the  conicttta  ^  the  aee* 
eiona  of  field  woiluC  iBc^% 


f   •\ .* 


Or  VBs  IktnXS  or  l^ROPOltrtON. 


If* 


.      .  ^.    ■     . .  .      .' 

/i^.  lr«anBbett  lit  MiebtlUtlbe  first  diviMVyldtfeiMMid 
b  ttprf  to  dK  ihM  «vyad  byklM  fcunh,  or  ite  •etonilJivMlcil 

▼ot.  i«  '   » 


f« 


A&ITBMITtC.. 


••  ♦  , 


fajr  the  Cm  tqoil  to  the  /ourth  difkkd  bjf  fbt  tbiid|:  ^fW^"* 
•aid  to  be  difcctlf  proportional* 


«■  • 


Lei  tht  Aumbcn  be  2,  4p  9,  10:  Thai  |  7  '^i  tad  t 

•  * 

The  firactioa  |  denotes  the  roHe^  or  rather  the  Mponenl  of 
therolieoff  toij  or  of  4  to  10^  becaoie  t%  s  f<  And  f  the 

ratio  of  4  to  f^  or  of  10  to  5* 

» 
The  numbers  or  terms  of  the  proportion  are  nsiiallf  set  dowa 

Ihutf  s4  :;  J  1  IO9  and  read  thuS|  as  f  is  to  4^  so  is  S  to  10} 

which  signifles  that  f  bears  the  same  proportion  to  4|  as  S  does 

to  10 !   This  is  evident,  since  9  is  the  half  of  4|  and  #  is  ^ 

half  of  10|  or  e  is  contained  in  4  the  same  number  of.timce 

AS  J  is  contained  in  I0« 

Hence  if  two  fractions  are  equals  thdr  terms  are  proportioiuJ  \ 
For  i  =:  tV  t  mmI  S  :  4  ::  5  to  lOt 

03.  Since  equal  numbere  multiplied  by  equal  numbers  must 
pyt  equal  products,  if  the  equal  fractions  4>,  V  ***  multiplied 
by  B  (or  any  other  number)  the  products  will  be  equal  j  namety, 

— -i—  s  — I — t  or  (when  the  fractioa  — j —  is  a1 


l-~  s  Yf  or  ~^  =  10 ;  therefore  ihi  product  0/  tK§ 

second aiul third  i§rm$ of ihe  proportion^  8:  4  ::  5:  10^  tft« 
vided  by  the  first  term^  gives  the  fourth  term  10.  Const* 
quently  the  product  of  the  two  middle  terms  4  X  3j  is  equal  to 
S  X  10|  the  product  of  the  other  two, 

04.  Hence  the  rule  of  proportion  is  called  the  Rule  or 
THaif-B  s  because  from  three  given  numbers^  %  fourth  nuy  be 
found,  which  shall  have  the  same  proportion  to  one  of  the  three^ 
as  there  is  between  the  other  two* 

For  examples  If  a  body  of  iroopt  iu  9  houn  aurck  4  ailsi ;  hov  hs 
:M)uld  tbejr  march  ia  5  lioun  at  tlieiamc  rale  \ 


OP  tftofOBTioir; 


T« 


Bmkb  evideiil  that  the  twodbtaiim  miO  befai  the 
(•KioB  tt  the  l^{iiet  9  tod  5,  or  that  5  wiH  have  th<-  nine  propoitm 
the  itqoired  distaooe  or  41/ib  tcmit  aa  9  baa  to  tlie  dialaaec  4* 

TlKrafine  liarliif  aet  down  the  tiMe  given  taraN  or  ovmban  *ai  the 
tbcjarr  propoaed,  wnMpfy  tki9d.mtd  3i^kigMmr^  MddMdill 


!•     ^ 


St  4tl  S  t  1-p 


.J 


10,  thaannpffv 


OrbeeameS  X  4  94  X St  thepreportlooaayitaiidtho^ 


9 t  5  »4  t 


HI. 

5x4 


10,  as  before. 


The  terma  9  and  4  are  called  the  tenna  of  iupposiitcn^ 
and  5  that  of  demand:  therefore  in  aetting  down  the  three 
given  nnrobera  oft  proportion,  or  atating  the  queation,  always 
inake  that  number  the  firat  term,  which  ia  of  the  atme  kind  as 

the  term  of  demand, 

• 

95.  Since  the  terma  of  two  equal  firactionSt  h  iV*  *^  P^Oi* 
portionala  (9S}f  if  ^  ia  reduced  to  ita  loweat  terma  we  have  ^  = 
iV»  therefore  aa  1  : 9  :s  5  :  IP ;  or  1 :  5 ::  s  i  10,  Hence  whea 
4  numbera  are  directly  proportional^  if  the  firat  and  accond  temiit 
or  the  first  and  third  terma  are  divided  .or  multipUcd)  by  an/ 
Qdmber,  the  Aih.  term  will  atill  be  the  ume  t 

Thua,  i  t  t  t:  5  :  10.    And  f  t  9  :t  4  :  ICN 

Therefore  lilce  mmliiphs  or  sub.mtiMpUs  of  any  oiinibtri»  art 
in  the  aame  proportion  aa  the  numbera  themaelTei« 

98,  Hence  the  operationi  in  working  proportiooi  may  aome^ 
times  be  abridged^  as  in  the  following  queition  t 

if  500  M  reqnlre  15000  lalioM  of  hrad  te  a  aaootb,  kdwaaia/ latlsnl 
will  a  ittiinn  oC  1170  meaiieqttire) 


4U  Ml  •  IMM  tl  tItO  I  951*00  tlM 

H 


Or»  MUng  tto  two  in|  Unat  b j  500^ 


r    • 


•ad  M  Unai  b  tin  M/b.  tcim  or  auwcr. 


»      ; 


or.  Henott  if  to  trveral  aumbcrt  we  ittpcotivdy  add  olfctr 
aumben  in  Uic  tame  proponioo,  the  $um$  will  ilto  be  in  that 
same  proportion.  For  the  latter  numbers  oiuy  be  considered  ao 
lik§  multiplesor  sub«muliiples  of  the  former. 

Thus,  if  to  3,  .4,  6,  we  add  1,  If,  9  (bavii^  the  tame  proportioB)  re-^ 
fpectlveiy»  the  Minu  will  be  4»  5},  S,  which  sre  in  the  tame  propoctioft  sa 
5,4,6.    And  the  lUceUsho  evident  with  mpiect  to  the  ifty«rmc«f. 

08.  Hence  also»  it  appears  that  fractions  having  e  eommois 
denominator  are  in  the  same  proportion  as  their  numerators. 

Thus  the  fractioM  fj,  A*  Vi*  ^^  '^  ^^*^  ^^^  proportion  at  (,S,9; 
But  the  fractioitt  when  reduiced  to  their  bwetttermt  are  {>  ]i,  },  conte*' 
qaently  those  irav*tiont  are  in  the  tame  proportion  u  6;  t»  9,  t 

09*  If  4  numbers  are  directly  proportional ;  theot  M  the  snna 
of  the  lit.  and  Si/,  it  to  the  Sid.  (or  li/.j  so  u  the  som  of  the9i% 
and  4ih.  to  the  4M.  {or  3d.) 

Suppose  9  I  4  tt  5  I    10* 
Thrn  2  -h  4  :  4  t:  5  4- 10  :  l6« 
And   2  -i-  4  t  9  i:  S4>  10  t  5. 

For  I  SB  |\|;  and  since  equal  numben  added  to  equal  iBmbeit  mntt 
give  equal  suras,  if  ihe  fraction  |  (or  1)  be  added  to  |a  and  ^i  (or  1)  added 
^tW»  ibe  auins  mi«i  bv  rqual. 


iPf«,}4'|  wtV+  {h  orl±i=iiili5.  these  tectioot  being 
fiqiial,  tbeii  terini  wil)be  proportiouslj 

Or  9  *4- 4  I  4  M  5  4-  10  I  10 

In  like  manner,  by  adding  i  and  f  to  J  and  y  mpectlvcly,  we  bavw 
f  <4-  4  t  9  ::  5  4*  10  :  5.  (And  if  wa  subtract  the  equal  fractiont  |,  |, 
instead  of  adding  iheu\|  |t  luajr  b^  proved  |bat  t)ie  iiff^pwu  are  pro* 
portiooal). 


or  mopoiLTioif* 


TT 


4.4 


8uice«  +  4:5+ lOBStS.  tlicittore  ~~  sssf*    Now,  IT  M  | 

#  9    ark    A  # 

vetike  ioj  fraction  eqtiti  lo  it,  at  iv,  wc  have  j-qr-jg  =  T»  I 

TliCRftre9  44  t  S  4*  10  n  •  t  90;  or9+  4  t  8  n  I  -f  lOi  80| 
Hence,  as  9-*-4H*iiSn5  4- I0«|.90t90; 
or  9-t-i-f-8t5-hlO«|-30t:8  t90. 

tt  4  t  10, 

loo*  Hence  ia  derived  the  method  of  dividing  t  number  into 

8  proposed  number  of  pans  having  given  proportions.    Let  85 

(or  S-f  104-80)  be  divided  into  3  parts  which  shidi  be  ta  t^  4^ 

8nd  • :    Then^ 

t^44«:85t:d:S 

9  .-f  4  4  §  :  35  ::  4  :  10    Jns.  5, 10^  and  M. 

t  -f  4  -f  §  :  35  ::  8  j:  to 

■I 

Ag^t  Soppoie  it  Is  ioi|iiired  to  divide  100  Into  8  parts  kiviof  the 
proportioas  of  {, },  and  !• 

The  three  frjctioM  when  brought  to  acommoo  denominator  are  ^V  A* 
and  As  thefffore  (98)  the  three  parts  will  have  the  same  proportions  at 
the  three  wuneralon  6, 4,  and  3 1 

«  ^.  4  4-  3  SB  1^  ^ 

IS  I  100  II  6  I  4«VV  ) 

13  I  100  II  4  I  30||  C  tlae  3  parti  re^ilrad. 

13  «  100  H  '3  ;  93^  )    . 


As  a  tUrd  enmple,  let  lot  be  divided  Into  9  pacta  having  the 
«i  the  dednali  <0S  and  HH^  I 


tati# 


«05 
JOTS 

•1V5 


tTben  •U^  t  10-5  1:  "0%    1  4*2 


:m  fVrtim<is 


l^^l^^^^^^P^^ 


IM.  WiiBir4Mkiaiben  (t  1 4  ::  1 ;  10)  fn  l»  Awl  frtb^ 
poidoa,  (uthMaJth^  product  of  the  t«;aLniddtaMnM  (4x*) 
U  equal  to  that  of  the  other  tw9  (ixiQ).  ,ButirllwpMpo|w 
lioa  U  inverte  or  recipiocti,  the  product  of  tbe  two  fint  tooM 
iriDbcc^utl  to  the  product  of  tbe  two  Utt;  or  the  ntioof  the 
firutetm  to  the  tbiidU  c<}uU  to  that  tf  the  Iburth-io  lb* 
•ecood,  V 

For  eumple  i  If  4  men  can  da  a  pieed  of  wfift  |a  f  4>7H  w 
what  time  would  8  mco  do  the  mow  }  .*       "  -  v  .   . 

Taking  the  proportion  direct,  the  answer  conwe  out  19  dajnt 

but  the  true  time  ia  evidently  no  more  than  >  ftyft  ^ccauM  • 
men  will  require  but  half  the  lime  which  4  icquire* 


^ 


Aa  4  :  e  ::  8  i 


Here  Z 


of  the  two  first  term*  divided  by  the  third  giwe#  tfie  fimilll  Icim  > 
cr  aoiwer.    Hence  this  ' ' 

JIiiI«.  Multiply  the  termi  of  uipporitioa  together  and  Ands 
tbe  product  by  the  urm  of  demand  tot  the  ibortk  teia  ior 
aniwer. 

Aa  another  example ;  Suppoie  40  men  itand  i  In'a  nnka 
then  if  a  yard  ia  allowed  to  each  rank  they  will  extend  S  yarda; 
But  if  the  tame  40  lUiid  4  in  a  rank,  the  extent  will  be  10  yard*  < 
(allowing  a  yard  to  each  rank  u  bcfon].  In  ihit  caae  it  it  oi. 
dent  that  the  length*  are  inversely  or  redpntatlj/  u  the  niun* 
ber  of  men  in  front. 


jrrfir 


;• 


Therefore  a  't  B 

* 

the  ratio  of  9  to  4  it  equal  to  that  of  lo  le  li  or  4  =  V* 
Tbetcrmaof  iuppoiiiion  bungSandeitod  thatofdeoundi* 


or  rHOFOHTlttK. 


■19 


*  lOS.  To  dltcover  when  •  proportion  tbonU  be  wmighl  in- 
Vendy,  oooiidcf  if  mom  requiret  Itu,  or  /«i  reqmrei  mort, 
or  if  one  nmnberfitcrMJM  in  ibc  ume  proportion  u  anothet 
4miniAetf  fotio^dtber  caic  the  invetBe  rule  nasi  be  uted. 

'  109*  K,  B.  Wiiea  the  two  tenni  of  t  proportion  which  an 
«f  the  Mine  kibd,  ire  given,  in  difierent  denomintliMii>  rcdace 
them  to  the  ume  denominalion.  Thui  if  one  ii  pbundi,  &c.  . 
■mI  .dw  other  fmec,  tec.  reduce  them  both  to  peundi,  or  to 
pence.  If  om  i*  feet  and  iocha,  and  the  other  inchei,  rcdoc* 
tboB  both  to  feet  or  to  incbci,  &e.  And  the  fourth  term  or 
kntwer  triD  alw^  be  la  that  dcnonrination  to  which  iha  glff» 


■enaaftheii 


ekindii  reduced. 


Qneitiani  in  C^^aM^  Phiporf  ion  or  the  DomhU.RmUitf 
JVm,  m^  ahrtjrt  be  aanrered  bytweor  moit  ni^e  Matiagi' 


.4*  ToAtiJaSif.  pfoperUonaltoAaad  W.    ■' 

I^  S  t  U  «  33  t  S17-I  ^hm. 

» 

¥U«oritli^TCdb7t«i«riagth>qnertiaM-TlHNb  toiadiSAfi 
jfartMrflotlllaadsa. 

JU  flll4  i  S3  tt  3S  #  "J.^"  m  9  tba  Jm, 

4^1b^*4<A/proportIonftiell'J.  •07«taallooo«     ' 

tooo  -  ■ 

Ij'l  ]  leTooo  (  <-<H>  ftc.  .        . 

•  /     tBO 

--■    '^^  :.    '    ■■ 

..    ."ioJ       .  ,     >  • 

''■  *    •  \SS»      •■■■.  .  V     ■ 


m  JUITHM  BtlC% 

a.  Lett  4IIU  firopofftioul to Ibe tfiite fiBlefim 
^^ be mioifviit  '\v  • 


I  •'^ 


N.B*  Ilwin  be  Adfiobte  tomoftcaictlo^iltdoTOtbilll.  Icim^^ 
the  ibnn  of  ft  fulgar  fi»cCkMi»  ftad  thcAitdiitiUtoWiiowcitlarnMbaft  to 
the  last  cxftnple. 

4*  Whtlftiecoib  per  cbaUrpii  whea  tbcee  liiisheb. coet  4 

ibiUiogt  ? 

36  Ami/I«  83  1  chaldron.   Theitibie  we  hftfe  to  CimI  a  4ik 


•       r 


n 


fcis&.  iMtf*   kuh.  A  X  3£ 
At    4   t    4   tt  36l<l-^s4t«A/ir*theil^. 


-  ^ 


g-i 


1 

5.  The  quick  limey  or  step  in  inarching  bdng  9  paces  pet 
eecond  or  ISO  per  minute  at  %\  feet  ea  ;  ftt  whtt^rale  pet 
hour  doctt  a  troop  march :  and  what  time  is  taken  up  in  maidU 
ing  6  miles  ? 

ISO  X  2^X60sel8000ice(frrhoura3^a4kt.  , 


itnln    mif/t*     finis 
Ai3/g  s  eo  u   tf  ; 


7A 


10ft|Si  I  45|« 


•l?*'"'-^'^' 


46fM« 


f .  • 


j9    1.  1.  il< 

114  IS  heal  I  8  iutbepoundl 


Af  1  t  1  ••  II  514  151 

if.       d.       d    t. 

Or«9i0  t  90  n  5ii  15 1 


Or  ^e)  dif  idiag  the  two  lint  tcnm  by  iq»  wehatO' 


i«UtlaSl4  i5tSi^asi2  1111 


Off  f  ROffORTIOH. 


•t 


t.  *  « 


7.  Whit  it  tlie  tent  ptrdnn.  of  uo    9     M  it  1    10  § 
Ptfwattf 

140  a  80  a  89540  pnlci. 


^  f  .  i. 

7  10  S  ss  368  pence.  . 


^        A  ►    ! 

Af  160  t  368  It  UM/0  X 


368Xg?S10 
160 


i.  £   $.d. 

51819  B  916  0  9  the  «f. 


8«  A  8ct8  CNit  from  Oxford  to  London  tt  the  tame  time  thtt 
B  leivei  London  for  Oxford*  the  former  travcln  5,  and  the  latter 
<  milea  an  hoar;  now  tupposing  Oxford  to  be  58  milea  (ronx 
London,  how  fiur  fWnn  the  Utter  place  will  thcjr  meet  if  they 
trarel  the  tame  load?  • 

If  tbe  whole  dittaoce  he  dl? idod  into  two  partt  hairing  the  proporUoo 
of  5  to  6t  It  b  ericlcot  thoie  partf  will  he  the  mpcctlve  diitractt 
trareUed. 

(100)    Af  5  4.  6  r  58  tt  6  t  3I^V  tnvelled  hy  B. 
5  -f-  6  I  58  :i  5  I  26^  trtfelled  hj  A. 

9.  A  detachment  8ett  out  at  0  in  the  momingi  marching  at 

the  rate  of  1^  miles  an  hour;  8  hours  after>  another  detach* 

*  ment  from  the  tame  place  followt  them,  but  their  march  it  9f 

milct  an  hour.    In  what  time  will  the  latter  overtake  the  former ; 

and  what  dittanoe  will  they  ha?0  marched } 

#1.       • 
1|  X  3b5|U^  ^nt  dettchmentb  a-head  whm  the  other  begim  its 

Bitfclu  7  *  £  ^ 

^      HI.  M.     UN  ' 

The  <fi(finvBce  of  9}  and  l|lfl|,  that  the  btlcr  gtlm  on  the  Inmr 
ffrhoor*  ■  • 


Bet  it  hat  to  gthi  Sf  in  the  whbk^ 


J  I  1  »  54 
t  ttt  y 


...  It 


*,' 


Off  ai 


tot«|# 


H 


A&ITBMITlCi 


(98)00  as  $  t  I  ti  tl  I  y  a  1  lU Hm rtpiirii. 
Aad  Si  X  7  M  I7|  nite  Um  iMMM  f«9iilrvrf»  ^ 

••        •       •  ' 

10.  The  hoar  a&d  miQule  bands  of  a  walch  lie  idgeihcr  rt 
o^clocki  al  what  time  ire  they  next  together  t ' 

The  mimite  biod  movct  1  clfcumfereoce  on  the  diaipbte  ia  I  how; 
but  the  hour  hand  noYci  only  iSy> 
the  diifefcnoe  te  {^  which  the  minute  hand  gain  per  hooiL 

But  at  Ktling  off  at  1 3  o'clock  we  may  consider  the  hour  hand  m  hcliig  1 
clrcumiertnce  befoie  the  minute  hand ;       • 
Therefore  the  minute  hand  has  to  gaii\  (  circumfeiei^/ 

At  |(  t  IA«  t:  1 1  )JA.  s  1^.  the  «iii»«r. 

1 1.  There  ta  an  Island  S9  miles  in  circumfertncep  an4  thref . . 
travellers  all  start  together  to  travel  the  same  way  about  it;.. i^; 
goes  3  miles  per  bour^  B  3j  and  C  7  i  when  will  they  all,  be 

toffcther again ?  '   *' 

I,  » 

B  gains  2  miles  an  hour  upon  A;  -  ^ 

fti*    A.     m»     k,  * 

Thererore  at  2  i  I  »  S9  :  li(  the  time  Arom  starting  when. Botcr^ 

takes  A* 
C  gains  i  miles  an  hour  upon  A; 

M*    a*        lft<        n» 

Hence  4  i  I  r.  2»  i  U  tlie  time  ^hen  C  overtakes  A. , 

And  since  C  will  overtake  A  at  the  end  o(  ever/  7}  houn|  thej  wiH  bf ,  ^ 
together  at  the  end  of  twice  7  j  hours,  or  14^  houns 

Therefore  all  three  wiil  be  together  again  at  the  <nd  of  li{  hoois  (h^ 

the  timeofttartiog. 

12.  Suppose  a  clopk  has  4  hands^  A^  B|  C^  D|  and  thai  A 
goes  round  once  in  5df«  SOA.  B  in  jd.  UA.  C  in  lod*  eoA.  and 
D  in  l%d.  93A.  Now  if  the  hands  are  all  together  at  any  par« 
ticular  timcj  bow  long  will  it  be  before  they  oome  iu  conjuoo? 
lion  again  ? 


or  PKOPOBTIOK. 


m.  m.  n.  ■ 
»  SO  a  IIO\ 
T    14  s   I»f 

tS    U  B  4M  ) 


,  Now  K  h  nldcnt  thai  it  the  end  of  iny'immber  of  hnm  wbleh  k  « 
cemoMM  nutllplc  oT  140,  113,  860,  ind  453  (tlw  lima  of  I  nrahilian) 
the  banih  ■ill  be  together  t|Jini  butlSclnit  commoB  Bniltiplebl3)C5. 
X  1  X  4  or  t8aO(46);  therefore  im  IB30  hoon, 
A  «UI  have  notnd  13) 


/ 


k  «UI  have  notnd  13) 

5=::=r::';[  -)• 


CoMeTHc»lly  ittbe  end  of  weiy  IS30  homtbehandiwe  together  «rd« 


"nnefer!  ibcfl  Ibe  bandi  come  togetW  at  tnrj  Bkt  vhole  multipkof 
13,  10^  T,  4  revalvtioM  (u  twice,  thrice  Ibnr  Uroct,  Iec.}^  H  Mlowi. 
llutif  wecuiadlikctab-ninlllptetaraliquotpaTtaof  13.  10,  t,  ind4,  : 
hming  Bt$/rtKUmii,  tlie  himlt  mint  ha*e  )>ceii  la  coaJaDctkn  wlthoot  pei^ 
fenniiif  entire  icrolntkMN  I  Tbui,  if  we  divide  13, 10,1,  and  4  by  3,  we  get 
4|,  3^,  f  |,  H  igeoluttoM  far  the  eUpted  time,  or  L^->  =  806)  Ag«n  tbt 
time  mpjied. 

OrHua. 

A  mom  rtw  B  Ti,.  C  ,hi  and  D  ,  h  of  the  drcwnfiereBcc  ia  I  hoar, 
mperUftlj. 

New  if  «c  ptoceed  MconUog  to  fwm/.  T. 
we  have  vio -"vfr™  tAv*^**"  dmiinrcrraccwMchAgalnioaDfal 
1  heori 

Therefore  .^y^dmMiA*  14.  iilc/nat*/'  sosJA.  the  time  ia  wUil  A 
ii  OTcrtaking  D, 

And  TiT~-zfT'=vtv<=''™*''**l>'c'>l*P''»(»I>Iiilha«tr) 
Ai  ,}« :  lA.  «  1 ;  3a3jA.  the  time  la  which  B  li  oeertaUng  O. 

*•"  ftj-^T^f  W-riVwdrtflraf.'wHchCgaliiioa  Dia  1  honri 
Aad,^  <  IL  II  I  >  «oi\k.  the  time  la  which  CiiovcrlaJLlogDb 

Kow  It  M  CfMnlt  thit  iha  Wit  commoa  multiple  of  303(,  303},  aad 
<Mi)  wiH  bo  dM  time  whea  A,  B,  and  C  win  Sm  o*«rUke  Q  logetheri 
hvt  SM)  h  tbeh^M  commoa  hiulttple  i  (or  twice  303)  h  «WJ,  ud  ihK« 
tiaKi'«U|  li  f05)  t  thcrrihct  606]  A  >w>  ii  the  tiiae^  aa  befan. 


$H  AllTVllgTlC* 

19.  Whit  kngth  miMlbe  oololT  afccUogoltf  bciiid  ihit  it 
Ti  inches  bioid,  lomake  t  fool  or  144  iqutit  inchei  ? 

Ia  other  wonU— — Whit  number  U  that  which  mnhiplicdfaf 
H  thall  make  12  timet  W.  q(  144  7 

Here  the  pcoportioB  wUl  be  ioTtne  I 

At  13  >  li  H  7|  ;  li^x-^  s  191  laches,  iptver*     ~ 

14.  A  garriton  of  488  men  have  provitioot  for  39  weekt,  hov 
long  will  ihote  provitiont  latt  if  the  gtnritoW  be  intreated  to 
739  men? 

It  It  cvidt-at  thftt  the  provUiont  wUllait  a  Idf  UuM^  Iheicfaif  Che  piP" 
portion  must  be  wrought  loveivelj  t 

<  • 

15.  If  1000  men  Lctieged  in  a  town  with  provitiotu  for  f  8 
dayt^  allowing  )B  ouncet  a  day  per  man^  be  reinforced  with 
600  mcn»  and  supposing  that  they  tannot  be  relieved  till  the  end 
of  4S  ilayt}  how  many  ouncet  a  ilty  mutt  each  man  have  that 
the  provitiont  may  last  that  time* 

1000  X  18  X  28  ouncci,  the  whi)le  quantity  of  profbions.  -Thisquan- 
tity  Is  te  last  ICOO  men  42  clays.  ' 

Divide  by  ICOO,  and  we  have  i!^  ^^i^  ^  ^^  oiMXf  the   quanUly 

which  muit  last  1  man  4*i  daysi  this  divided  by  43  will  give  the  allow* 
aace  per  da^  for  1  man  >  vis. 

1000  X  18  X  n        10  X  It  X  n        lOXO  X3        5X3  _  -X  -a. 
1600  X  43  16  X  43  6X3  3^      »  7»  «. 

the  ansmer* 

* 

It.  If  the  carriage  of  71  3  of  baggage  amoimta  to  A  10 
for  40  milcb;  v^hat  will  be  theeapcnce  of  8/oii*17ai/f»  for  M 
miles  at  the  tame  rate  } 


Of  f tOf OtTIOH. 


! 


wptt  CSV* 

€    17as548frr« 
71      3  a  ^7^. 


5  16sll«fl* 


I*. 


ibff*  cwm 


At^87t  ll6ts54St'lL^-i^tliec3rpenceor6    17  ferlOmilo. 

287  "^ 

Ai  40  t  ^ILiLl!?    M     *♦•  X  n^x5>4_  w  y  »t(;x47 

«87  "  ^  '        ^7  X  40      —       217  X   y 

17*  If  t  compttiy  of  160  men  in  six  dayi  of  1 1  hours  each^ 
can  dig  t  trench  930  yards  long,  5|  wide,  and  i%  deep  |  in  how 
many  days  of  8  hours  long  would  another  company  consisting 
of  90  men  dig  a  trench  9W  ytrds  long,  Sf-  wide,  and  1  deepi 
supposing  the  hardness  of  the  ground  in  the  former  case  is  to 
that  in  the  latter  as  5  to  7»  and  that  4  men  of  the  latter  com« 
pany  can  do  u  much  work  u  5  of  the  former  in  the  same 

S30  X  5}  x  li  a  1897^  (by  meosonitioii)  the  cubic  yards  in  tbe  Itnl 
beach* 
i90  X  Six  1  C8  770  tbe  cabic  yards  in  the  other. 

Now  If  we  suppose  the  labour  necevury  to  raise  a  fike  quintlty  of  eartb 

to  be  tHitrtly  proportional  to  tbe  hardness  of  the  (found,  It  b  eridcnt  thst 

.  Ibestmigtbmialred  to  dig  thf  former  tteoch,  will  be  to  that  leipiirsd  for 

ttdt  yds* 

tbe  latter,  as  1897}  x  5  to  770  x  7. 


v«    •■«• 


And,  as  4  t  5  II  V6  I  I'io,  (herefbre  the  labour  of  ISO  nenof  the  frit 
company  Is  equal  to  that  of  the  96  mrm  . 

Hence  the  qoestlou  b  itduced  to  the  following. 
If  160  men  hi  66  Hmtfs  (6X11)  can  dig  1897{  x  B{  fai  what  tint 
wmMlSOnMidig?^Kl» 


As  160  I  \im\  X5  II  ISO  t l!2ZL2QjLi2?,  the yanb which  1M 
could  «g  la  66  bovn. 


!   3 
160 


i 


^ 


**. 


iftlTHMITie. 

A.      yds. 


^  ^  '  w?  ^  ^  *  ^^^^'  ^'^^  ^^^  ^  *  1^^  *^^  ^T" 


QuetUooi  of  thli  kiiid  honcfcr*  may  be  mnmti  to  tiit  IbOowiiif 
Biaiuier  i  Set  down  the  Kvcral  pibpofftiom  to  mcceiiioiii  lemtmberiAf  to 
make  the  term  of  luppotUum  which  ii  of  the  tame  ktod  u  the  fe<|iilfcil 
answer,  the  lecoodtermof  each  proportion;  then  if  the  pioportiooi  are 
compounded  {\40)  it  will  be  fednced  to  $  tingle  itating. 

Thus  the  required  mswer  being  ^r^  <  daji  will  be  (he  eecond  or 
IKiddletenn« 

Aa  l$0#m  I  6  tt  S6m-  (insem} 

11  A.   <  >>  SA.  (iRverarJ 

l^Ot    I  It  920/. 

5{M  t  »  3;ir«  . 

H^.    :  It  U/ 

^har.  I  'tt  7A«m  ^ 

im»    •  t:      4jii.                                ^     . 

*^  iUd  the  diviiofi  are  96«  S,  sao^  5(a  l|t  S«  and  5,    emToiw 
At  96  X  8  K  S30  X  5i  X  tl  x  5  X  3  i  6  t:  ItO  X  11  X  230  X  3}  H 

1  X T ^ e t    y,i  ^  ji  >;  V30 X5txiix3x3    ^^*  ^"^ fWHicea 

|0  Itt  towctt  temit  it  ^g'^  da^t,  the  amwer  u  before. 

The  three  latt  quettiona  and  others  of  the  enoie  kiixli  bekog 
to  what  U  usually  denominated  the  DoubU  Huh  ofTkr€0. 

1 8.  A  deiachmcnt  consisting  of  4  companiea  being  sent  into 
a  garrison  in  which  the  duty  requires  60  men  a  day ;  what  num. 
ber  must  each  ^ofnpany  furnish  in  proportion  to  its  strength  { 
the  first  consisting  of  43  nit|i»  the  second  of  40^  the  third  of  36, 
and  the  fourth  of  63  ? 

It  it  evident  that  60  rouit  be  divided  into  4  numbefs  having  the  pmpor* 
tions  of  42,  49,  36,  and  03. 


Of  tn.otoKnon, 


Ai  910  t  60  II  «  t  13  tmm  the  tif.  cotnpuij. 
SIOi  60  i>  4t  •  14  3d. 

(lOQ) ,         *I0  I  60  n  M  I  l«  3A. 

fl«  t  60it  Cli  10  ilM. 

19.  T^tfoopief  hme  rent  •  field  for  which  thcfpiy^ 
ote  troop  tent  t*  hann  for  <S  dijn,  ind  theother  lent 
honea  for  JO  dijrt.    How  much  of  the  rent  miut  each  tra 

ftippoM  I  ii  tiw  qoiad^  oC  gmi  wUcb  •  bone  CBli  in  I  dij  < 

TWi  M  hotM)  «i«  cit«4  X  U  (ICQI^mkJi  quuititlei  ta  S5  diyi. 

And  5«  hoHa  ««  at  5<  X  30  (1680)  tuch  quintitin  In  U  daj>. 

NowHhcfUcqtth^thBikimor  tbtimtwillbclnUK  nmc  A 
ynpotttonM  Ibe^uantillciconKimed,  orulCOOand  I6S0,  Hncn 
UbwiBgnkiorqDalliMioriUiktDdi  ' 

MtdUpljr  each  itack  by  the  time  of  iU  continuance,  then  dWlde 
wbole^uittjlo  btpntcd  inlvihtm  in  the  unc  proporihm  u  tJ 


Al  )9M  t  8S  II  IflOO  1  40  wbM  one  Imp  rnait  pajr.. 
93>0  1  S9.»  1630  ■  49  whM  the  othtr  muit  pt^. 

The  latt  <tue«tioD,  and  Mheri  of  the  ume  kind,  br'joM  M 

10.  To  divide  109  into  three  nich  part*,  that   i.  the  fin 
«f  ONNeood;  And^oftlie  third  majr  be  equal  «ach  other. 


ihnBbeinlbettiiM 


F*(Vn!tlMinsthtie( 


••  J  J  J  •*«  <*e  t  J.  an*  J  aie  ,,,uU. 


»  t 


AitiTmrrict 


^••1.9  4.4(9)  I  IM  M  9  I  «4')'    *    ''•   *    '  '   *     .^>  V  :• 
9  I  108  ti  9  X  36  Vtl|f  Ibi9iffrti|«|0ia|i<.     ; 
9    I  lot  It  4  >  49   I 


•      ^  .      'if'   I         '     * 


il«  A  general  after  detachbg  ^  of  hit,  ^fmf  M  ^^^copf  fl 
eertain  height^  and  ^  of  the  mnaiiider  la  watch  the  eiieaiy'9 
motioiUj  had  only  700  men  Mu  Qnery  the  whole  anttbcf  of 
tioopa 


«      i 


If  we  nppoit  tbe  amy  to  be  1«  tlien  ^  wQI  b4  lelli  whoi  /^^^ 
taclied.  •'•■»-  J   -•         - 


'  ^T     ' 


Aod^yf|.or^willb€tbeitreiigtiio^tlie9AdHiclioa|.     , 

gMl^Y^ofUieirmjieiiuuiiSy  which  bj  the  qiieitioM  to  equal  to  700:  ., 
Therefore  at  ^  i  700  :i  1  i  ■     ^^    ■  a3025theBumberrwiaiied; 

Questiona  which  can  be  answered  in  a  manner  aimilar  lo 
the  two  last,  are  generally  classed  under  the  Rule  of  Singh 
Poit/toft. 

M.  Sold  a  horse  for  40  guineas,  by  which  I  toErt  4  per  cm#» 
wheieu  in  dealing  I  ought  to  have  gained  10 /tr  cea/.  How 
much  was  it  sold  for  undt:r  its  value  ? 

100 
4  Mibtract 

96  * 


6. 


a 

100  X  40 


As  96 1 100  u  40  <  '"  q^  ■  -  the  prime  cost 


96 


O. 


G. 


Aad«  as  100  s  IIO  u 


100  X  40      IIOX  iOO»40 


price  at  to  far  (thi  prrft 


v^ 


40    sub. 


700X96 


♦^ 


«k 


6t  guluean  the  mtmr. 


0^tlU>fOkTION< 


•» 


J. 
to 


Its 


19.  Suppoie  on  t  marcbi  a  party  of  loot  it  1000  paces  ba^ 
fcre  another  of  horte,  and  the  rate  of  marching  it  6  paces  bjr 
the  foot  to  S  by  the  honei  now  if  tivo  horte*t  steps  be  equal 
to  f  i  of  a  niaa\  how  many  paces  witt  the  boral  take  to  coma 
opwiththefeolP         • 


1-  M 


Be^aase  1  l^qn^  pa^  it  equal  la  \\  nua%  paoct,  5  paca  of  a  bona 
iHIl  be  cqiual  to  6|  niaa^t  peccit 

Thoelbre  the  faoneatefciy  5  pacci  gaiia  |<|f  aMa'tpaqi 
Hih  rate  tba  patty  oC  boTK  hare  to  gaio  lOOOflMo^pacct; 


8   1000  t  SOOOQ,  the  MMI^ 


'» 


•4«  Acandoa  piece  of  work  in  7  day^  and  B  can  do  the 
Gkein  5  daysf  in  what  tine  would  it  be  done  If  they  w6A  tea 
fether} 

Ai  7  s  I  a  a  I -f  irltalAeaBdahiSdays. 


both  together caa  do  If  ia  Sdayt. 
9.      4.      9.    d, 

la  If  IS  ni  t4l«raf(daystfce 

•"  • 

f3.  AandBcanperfomaapieoeofwofkinf  dayst  AilsIC 
in  S  days;  and  B  andC  in  5  days:  b  what  tine  sronld aach^do 
k  by  himself  P 

dL   «•    dL   m 

At  3  t  I  :t  9  t  I   what  A  tiid  C  caa  do  la  a  days. 

At  s  t  1  n  9  t  (  what  BaadCcaa  da  fait da>t. 

dL        #• 
By  A  aad  B  la  a  ...u^  1 

By  A  aad  C  ia  a  •••.•••  f .  ,  . 

Bjr  Bead  Cia  a •«...•  | 

Sam  aV^  I  but  la  dolngthli^  each  o^  the  three  nati 
atidentfy  mrh  4  dayi^  thmfioittfaa  thiat  lageihar  wauM  da  half  af  0^ 
or  l^latdayc 


oaadohif  daj% 


Ui«m»s^ —Jbyi. 

ii    Sill  ISA-:..™,..™*, A. 

'   10.  Tbeplaa  «fi  fertificd  lownindiUenTtiBM  iatlwM*- 

tlwrUBd»isl4iiicbeikingand  isbnud.  The  jm(c  aaoeicd  to 
it  ii  BOO  louM,  tod  u  4'7  iochei  id  knfth.  Now  if  Uw  pba 
be  cnhrgcd  to  •  scale  of  8  incbw  the  Engliiih  mik  |  what  will 
k  the  kngtl)  and  breultbl 

A  tain  s  'M3I5  jtrdt. 
ri3l9  X  soo  s  m»-s  jrwditbaiak. 


•ctkoTloiH^ 


tltt  kegtk  ef  «  Ba*  «Blk!l 


And  tiMC  the  dimcBilow  vUl  btfailkeunt  pnfMtieaM  Ike  npee* 


.41X1760    *•"■     HM-J  X  «  X  IB 


ae   ^'U  dw  njidnt 


imiih. 


■^'^^?''«»'"ViZ""'r''^'' 


aj.  In  wbat  Ume  would  lObatulIoiu  of  infintry  each  con- 
iiitiiig  of  Alo  men.  with  iwo  field  piecea.  4  hunn  to  ucb, 
|MH  through  e  dcfild  1}  niilea  long,  tuppoeiog  the  nurcji  n  in 
opea  Golnmn  wiih  6  men  in  froal,  end  iha  rate  Ji  pKci  (of  C| 
feet  each)  ptr  ninutt,  bdng  that  of  ordioary  time  } 

SuppoMabJlt-lioiile  llDeorSnnUi  ltimX}*K  ITOncatoaech 
nn^t  ■ad>?iiKli«  w(L  feci  Ceiog Ibi ilbwaace  (orcwtiBM te fiurt* 

we  have  ITOX  !{  Ei3ll)fi-et  the  eklcnl  of  ih^rntnt  oc  Um,  whtcJl  alio 
U  (be  allouied  cittest  of  Ute  lami:  battBlicm  w  hca  im  epm  colana. 

311} 

J  60  Jhei,  Client  or  ?  fielil  pierei  with  4  Ixtnn  lo  eack 
Ihud  *llj/etl,  cxieutof  I  button  with  2 tidd  pkcc^ 


n; 


m 
it 


i 


Of  ftOPORTION*  fl 

And  471)  X  \e^1H$\fiti^  extent  oT  the  14  hillaU«ni|  equil  to 

3^?6   ^ae«r  a  !  J  milei. 
^enr  foccir,  extent  oC  Gohivo  iftd  defilfb 

At75p«.  t  livi/%  e  67t5/«.  t  99jgmifu    Am. 

98.  Suppone  1 8  battxTioiii  etch  coniitting  of  56o  fDCDf  with 
18  mounted  officer!>,  and  t  ild  piecea  (etch  with  4  i.or^e  ) 
have  to  pan  two  defiU^i  one  it  a  bad  road»  1  mik*  in  length  | 
th(  other  a  good  road,  l^  miles  long ;  each  defil6  admitlin;.  of 
8  men  to  march  in  front  |  how  many  battalions  muit  puM  each 
deiili  that  the  whole  march  through  them  may  be  luade  in  tho 
leaatlfaM, 


allowing 


6  feet  in  front  to  eich  tank  of  foot; 
19  feet  to  a  rank  o(  horse ; 
80  fef  t  for  the  exttnto^  a  Held  piece  with  4  hors;  •  | 
9\  (tti  the  pace  pt  a  man : 


And  that     C  80  paces  per  mt  Jiu/t  in  a  good  toad, 
iofimtry  march (  50  ••••«. •^••^•••iatblid  road* 

la  order  that  the  whole  march  may  be  made  in  the  l^ast  ttm^.  It 
will  he  neceimiry  to  divide  the  it  battalkms  into  two  cohimm  w  4iso 
lengths  sh  fM  ha  such  that  their  rvan  may  quit  the  defile  at  ttie  Mtitr  timr  ( 
or  that  the  march  of  one  colomo  through  one  defile  min^  be  ni4«|e  in  the 
same  time  as  that  of  the  other  column  tiirough  the  other  defli  ^.  1  hit  will 
evidently  he  when  the  length  of  otie  coturnd  added  tu  a  mile,  it  to  the 
Itogth  of  the  other  cohmm  added  to  limllss,  oadO  Id  80,  Ui%  sales  eC 
maicUiv  hi  the  defiles.         .... 

8)5«0 

laf  tanics.  'If 

6 

>M  TUi   trxfmt  <if  I  fit  mnhn   • 
140    fBf  9  field  piccrt. 
=  104    lQr8moksqfofttc«rsridinfrtwoandtw«i« 
lami  >yM»csieotori  lMttAikNi^aK>54fMso{tf{>srcach^ 

HI 


-*       I 


I , 


/    ^ 


/  • 


/• 


fl^  Aiitantvi**^^ 


>■»  t. 


iSijellflilOOM  ^otWt  extent  tC  IS 

9119  pao9t  m  I  BiiW» 

5I6S  paoti  IB  1^  milet*      / 

904-  M|«i  194« 


•        Ml'- 


>    • 


.1  r*   ■      •  < 


(too)  At  190  I  159SI  St  80  I  Oim  f^oa,  hmifik  UIU  t|  wlk  ddW 
fvitli  its  coliUBa« 


.  \ 


At  ISO  t  IS2I8  ;t  50  i  5880^Mf«  IbekBgqicltWtnUtddUlvitfe 
itfcoliuiim 


9408 
3168 


t        9 


1 1  mllet. 


d240  |Mc«f,  leogtb  of  tlie  cdyam  wMch  arait  pan  tbt  loiyil 
defiK ;  this  divided  bj  556  the  leogrh  of  1  bettaliooi  gives  1 1  (the  nearetl^ 
wliole  mimber)  for  the  ounbcr  of  UlUlioot  which  nint  oiaich  through 


5880  '       - 

9119    pacts  ts  1  eilk. 

9768   fouj,  length  of  ihe  cohimn  to  pais  the  I  mDe  defili* 

And  ^r^  m  7  (the  Merest  iDteger)  for  the  number  of  baStaSooi  uhlcb 
■Mist  mtrch  through  the  ihortest  dtM. 

90.  Sup|fOse  the  same  1 8  battaliona  baft  to  paaa  two  dcfflda 
«f  equal  exteoti  one  admitting  of  9,  Ihe  other  of  4  men  in 
front;  bow  must  the  18  battaliona  be  divided  that  the  wholg 
9Mirch  through  them  may  be  performed  in  the  kail  |ime»  if  the 
iooda  are  equally  good  7       . 

Since  the  rale  of  marching  In  rach  defile  is  the  lame^  the  extent  of  the 
eoluinnt  must  be  tqiial.  \nd  thrnrl'orc  18*  ilie  aunibcr  of  battalion^ 
Biu4  i'<  (Kvidtd  into  two  parts  having  the  tame  pmporiioa  as  the  length 
of  a  bulialioii  uiiirching  J  inen  in  l'ronl»  to  the  hrngth  when  4  men  maicJi 
In  boot 

449    pacn,  extent  nf  a  battalion  4  men  In  front* 

556    •- ....  extent,  5  men  in  Iront  (seethe  iasi  ^uestimj^ 

As  .999  :  18  n  443  :    9  nearly. 
999  t  18  ::  556  s  10  nearly* 


0»  »llOr6llTI0ll. 


•i 


i! 

•  : 
t 


TKffvfofe  10  bittafimit  moil  match  tHfooglb  the  nldcil  Ml« ;  n^  A 
through  the  other* 

30.  To  divide  90  into  S  «uch  parts  that  the  product  of  the  first 
part  by  5»  shall  be  to  the  product  of  the  other  part  by  0,  in  tho 
proportion  of  10  to  3  ? 

flit  evideot  that  the  tworeqnifed  parti  wtHbe  in  the  same  proportkm 
a«  y  and  {»  becao^  if  the  fonner  of  those  fractinnt  b  multipUvtl  by  5»  and 
the  latter  by  6,  the  products  will  be  to  the  given  pioportion ;  theielbre  St 
must  be  divided  into  two  parts  hsTinf  the  proportion  of  y  and  |« 

Hence  (ioo)  as  y  -f  {  t  90  i:  y  t  16  the  fint  part;  consequently  4 
b  the  other  part* 

In  like  manner  any  other  number  may  be  divided  into  a  proposed  num* 
ber  of  parts  such,  that  their  products  by  giYco  numbets  may  obtain  gives 
proportions* 

31,  ^pppose  S  battaRons  hare  to  paaa  9  deflldSi  one  49  the 
other  14  mil^  hi  length  i  the  former  admitting  0»  and  the  Ittte# 
4  men  to  march  in  front;  now  if  the  length  of  a  battalion  (in- 
eluding  9  field  pieces)  be  330  pocei  of  9i  yeel  each,  when  9. 
men  march  in  fronti  and  440  when  4  men  march  in  front  |  how 
many  battalions  must  pass  each  dtfiU  that  the  whole  march 
through  them  may  be  made  in  the  least  time^  suppoaaog  the 
ntepf  marching  in  the  shortest  defil6  ia  50^  tod  in  the  other  80 
pacei  per  minutei 

It  follows  from  sxofN^  29g  that  the  length  of  One  editmn  added  to  ff 
miles  mutt  be  to  the  length  of  the  other  cohimn  added  to  |  mile»  b  the 
projpditienofSOIoSOt  the  rates  of  marchiagi 


|m*  mi  1534 


As  SO 


I  50  n  33P6  I  2310  penm. 

I5M  poM  ts  |m. 

796  pMCS9»  dtf&  and  {^l 


«jVS»  btttaU 


ThcfHbre  If  the  extent  of  9^f^  battaU  (7?d  pom)  be  added  to  the 
shorteit  de6!4,  the  kom  will  bf  to  the  kMigPit  de6l^,  )n  the  pmportioii  of  90 
to  10  the  mies  of  marching.  Comequently  5}))  battel,  (the  diflcrsace 
•f  I  and  3^  MSt  be  «fldi<  Mo  3  such  pasts  that  the  product  of  one 


H 


AUtmuttici 


part  by  3M  iMI  W  to  Ik  fiodiiGl  ¥  tht  olh«  firt  1^  M€^  li  lit  fiti 
portion  of  M  to  10. 

Ucnot  (bj  the  UH  titmpk)  I 

At  y/^  4-  ^^  t  Sf  }^  a  ^^  t  S  (ibr«Mi«il  iaicgti)  ivoMoT  tbt 

parts  rvquirtd ;  (i>l)  wUicli  p4rt  it  the  oumbcr  of  battilioat  ibat  amtl 
march  thruugh  the  longcA  ddlli ;  oomcquc&tly  5  hato  to  nucc  -  through 
the  other.       , 


I.^S4  4-3.10X  S 


60 


64]iMAi.  thtUmcor  siaidiUig  thioug^  IkadMrtca 


«hr(il^. 


a«# 


s  GQllmiH.  time  of  marcbiog  Ihrougli  the  loofctii 


N.  B.   U  thi^  and  the  28/A.  and  99lh.  cxamplii  It  it  Mippoiod  thai  tbt 
fronts  of  the  colttwnt  enter  the  deCl^  Hcarljr  at  the  tame  tiin«» 

39.  Suppose  40lb.  of  gunpowder  it  U*  per  tb.  be  mbrt  with 
90/^*  at  II.  3d.  per  lb.  wbai  U  %olb.  of  the  mixtuit  worth  ? 

40a.  at  U  M  h    40f« 

JBO     at  U.  3d.  ......  it    7Sc. 

li'O  1 1 5'*.   Thereibre  the  rake  df  100ft.  hi  ISfc 

Hence,  u  10(W!k  t  I15«.  s:  90th.  i  23«.  the«MMMr.' 

r 

83.  If  the  atrength  or  quality  of  three  lorta  of  gnnpowdei 
(or  other  ingredienta)  be  denoted  by  10,  13,  and  16 1  how 
much  of  each  must  be  taken  that  the  proportionate  quality  of 
the  mixture  may  be  18 } 

Or,  putting  the  qucttion  in  more  familiar  terma:  Soppoae  lOt 
15,  and  16  pence  are  the  pricea  per  |>ound;  what  quantity  of 
each  will  make  a  mitxure  worth  Id  penot  per  pound  ? 

.  BecaiKe  evrry  Ih,  at  lOi.  gives  (?i/.  ksi,  and  every  Ifr..  at  ISdL  cost  3^« 
m-^re  than  V2d,  the  mean  pricci,  therefore  3/^,  at  l(k/.  to  Qlb-  at  l5dL  will 
make  the  delect  l>elow  \Qd,  equal  to  the  excess  above  it. 

Thus  3/4.  at  lOif.  w'.U  p\e  6d.  \nu  than  3iK  at  l?d. 
And  M.  at  iid,  will  i^ive  6J.  more  than  ^.  at  iSd!. 


Si 


or  ftopoftTloM.  IS 

Rnce  lb*  qnnlllla  will  In  rtdfiDallj  u  tbi  diBeicMtt  Wwtn  tht 
vntu  and  utmnt  ptkfi 

TIwtcrorc3a.ttl<MLud«Aall5A  will  togetbci  W  oorih  Itt  fcrA 

Apia,  tiMdifomceoflltflud  lM.b9rf.  . 

tad  (hit  of  lU  nd  I3A  li  M. 
*»R<an4a.  al  iMaadSft.  at  IGtf.  will bi{Cllwr  be  worth  194. per «. 


r^TA.  («+3)atlMk 

9 > at  1»    ^ 

t  »»»...  tt  1«    3 


wiabewortb  ITApcrO. 
Or  tnj  qnantlHn  In  the  a 
proportloa  H  T,  S»ud  t. 


^$■  thef 
rV) 


WbeB(ht«haleialM«vktol<e«f  %certiln«el|lit,  And  the  qoiitltr 
^  ach  iogTvilicBt  by  llw  nle  of  proportlM  Thtn,  wppow  la  tbt  foe- 
^Mg  example  a  mllUm  of  3(MI.  b  mjultcd. 

"^       .      ■        ■        '         «. 

A«;  +  t+  far  II  I  M!t  1i  I9/,' 
S.     5At 

Questinm  of  thta  ktnd  when  propoied  to  be  wired  arithmc- 
tfcilly,  come  undpr  the  rule  called  AUigalion.     It  ii  eaif 
%a  peitcire  that  thejr  admit  of  ■  great  varicly  of  antwera,  which 
r,  bt  fcadily  dilcovercd  withuul  Algvbra. 


Or  INTEREST. 

109.  iNTiftilT  ia  the  wm  alTowed  for  the  loan  or  forbcar- 
■BBB  of  noBcy.  :  It  ■•  McluKHd  It  BO  moch  ftr  cent,  ptf 
•■»—      'kd  thi  nK*,    Thus  if  jC4  ia  |Mid-fbr  the  uie  of 
'  ]rear,^«ittfMintcreat|  and  the  rate  U4«^cmr. 
'  ^if  ^  b  paid  for  the  nw  of  jesoo  for  a  yt*x, 
vttinptrtmt.ptrtinttmt  and 


•  4« 


•  'I 


■■■  I 


lot.  SimpU  Iniif^ii  U  the  aUowmce  Ibr  Hnt  tn%  sum  w 
principal  ohIj/  for  the  whole  time. . '  fitf^the  limple  imerotl 
of  jCioo  for  8  years  at  4  per  cent,  will  be  ^19.  Tberefoie 
the  interest  of  any  sum  for  a  given  time  wiB  be  diiectly  propoiw 
tional  to  the  priocipaL 

Hence» 
As  £100 

Is   to  iu  interest  for  any  gi?eti  time  I 
So  is  any  other  priiicipali 
To  iu  interest  for  that  time* 


ExamfUi  of  Si0^  hi  -rcit 


i;  • 


h  What  b  the  intent  of  ^K70for  I  year  at  4  pr;  mmI  f 


I »  • » 


At  100 1 4  t:  370  t 


^      4  X   'no       ^    '• 


luO 


s=  10  16*    Jm. 


,41.  WbatUUieiiitefcster^52i  10i.far|ycmai9piriie||l: 


O 


i. 


a  K  3  m  ^IStheieleiettori^lOOteS 

»  • 

XX         X        X  s.  d. 

As  too  t  15  tt  584}  t  n%  la  €.    4^ 


•  f 

.  f 


9«  Howmuchhtbeiiitereitof/ltfe  15i.  Cor  240  days  at  Spft'iMf 

^      "^         *•      4  V    94rt '  .*' 

As36Stft::S40t   ^-^-—^  the intmtt  of  diTlOO for 940 days* 


1   ' 


% 

I 

4.  What  will  9  lai;  amount  to  ia  9|  years  at  3;  prr  ml  f 

)|-75  X  5-5  o  /9'625  the  Intcmt  of  ^100  for 9-75  ycais. 

I«!l 

Sum  I0ii6'^5  anuMint  of  ^100  in  975  ycai^ 


»     :f 


*i 


X  X    \       X      X     s.  d.' 

As  100  I  109 695  t;  910  i  938  19  78. 


■  I 

•  •*  • 


%  ^  ^.    .  t 


.  -f: 


jBOMrOOMO  IMTIRIIT* 


n 


» -•  • 


^    ftcqittlfei  tht  ditccMiit  of  £80  due  $i  jean  Hence  tl  I  piT  cmT  f 

the  amoaal  {MO)  h  giTen,  and  Ihekilefeil  or  dhcwtatbwquiftdi 
X  fi«s  dflSi  the  iAteteit  of^lOO  for  ai  jTwa. 
m  the 'amouttt  of /lOO  In  9|  jeaia. 


£  £        £     £  9. 

Aill^l  t  Iffl  It  80  t  8  nftlieaiifwer. 

«.  What  it  the  pnchaaeof  ^9000  hank-stock  at  lOef^Mf  or  Mart 
«J08|  oNHt  he  ghm  for  dCloO  flock  f 

df       ^     *    £         £     u 
At  100  t  106|  It  aOOO  I  2127  10.    Am 

r  Whesthe3^cvir.aMsolrafedofleatM|»  what  Itthelntamtar 

■ 

li  5<^  t  9  II  lOp  I  i^pireittl.    Am. 


COMPOUND  INTEREST. 

107.  Whin  the  amooiu  At  Simple  Intertat  ia  forboniy  tht 
iDtereat  triaing  from  that  aum  ia  called  Compound  IntereaU 
And  therefore  any  auoceeding  amount  may  be  found  aa  in  the  €tk 
ciample  of  Simple  Intereat;  only  repeating  the  operation* 


J.  What  If  the  anoantof  ^120 ia  4  yeanatS  ptr€mi.pir 
eoBipovnd  hitcfesK. 

The  amottDt  of  dflOO  hi  lyearii/103*    Hence^ 


£  ■    £       £      lA^  V  190 
Ai  100  I  101  ft  120  I  ■^'  .!L   ■  ■  the  amouiit  at  the  end  of  the  lil» 


year* 


too 


Or  difldinf  ^  two  irtt  terms  of  the  pfoportkm  hy  100.    (96.) 

# 

Ai  1 1 1*08  ts  t20 1  l-OS  X  190,  the  amount  at  the  end  of  the  lif.  yeir. 
Itf-O^tt  l^x  120  t  lOSX  1*03)(  I20attheendorthe2d: 

.^   1 1  ins tf  i«e8 X  1*0IK  w  •  1*03  x  I*oixi*08xi20attbean4 

youu  o 


••  ARlTHMITIOf 

1 1  i-OS  u  1*03  X  1*03  M  1*09  X  130  I  103  K  1*0)  y  litt  K  ^"^ 
H190^  at  the  cad  of  tbe  41/1. 

1-03  X  1-03  X  1*03  X  1*03  BB  1«1255  (rdainiiif  4  ikdmali  mifi 

Jm.  ^1351>600|  or  ^133  !•«*.  tlic  --""^  ' 

fb  What  b  Um  compoitiMl  inttmlorsvi  10  IbiiMNm  8| 

€i!Nl.  ^  MM*  Uie  IfttMcil  pcyable  half  jctriy  I 


Tbe lal«Mt of  df  100 Ibr  laycar  U 

Tbmfcra  ibt  amouDt  of  dClOO  aC  iha  end  of  1  a  yair  b  «eiOt 

A  driCN)  tdflOO  tt  X949*Si 

Or  divldiflg  tlie  two  fini  termi  bj  lOdt 

At  1  t  1-02  i:  242*3  >  1*02  X  242-.>  theamoiwlaitlitcador  Iht  difl^ 
^  year. 

And  procccdiiig  io  Ihe  lame  manner  for  5  half  jeaii«  vthata 

1*02  X  1-02  X  102  X  1*02  X  1-02  X  242*5  for  the  whole  aiioant, 
1*02  X  1*02  X  1*02  X  1*02  xl'02al*1040a  (retaining  ool/SdochaalO 

And  1*I040S  X  242*5  a  267*7394    the  ammint. 

24'i'S        the  principalf  fubiract« 

p 

But  the  opcrationa  id  compound  intcreM  are  much  more  €%• 
licditiouily  performed  by  nieana  of  XAJgaritbm% 

OF  POSITION. 

106.  PoaiTiON  or  the  Rule  of  False  U  a  method  of  adving 
queitioDfby  meana  of  aasumed  or  falie  numbcra  t  and  ia  of  two 
iindf,  single,  and  double. 

Quettiona  which  require  but  one  ai lumptioni  or  where  the 
fetuht  are  •  proportional  (o  the  suppoftitiona,  belong  to  ainglo 
position ;  aucb  aa  the  fiO/A«  and  01i/«  cxampiea  in  the  Rules  of 
Proportion. 


*,\jvai,t.  rusiTiuN. 


) 


\ 


\ 


t. 
■f: 


100.  WnEw  two  tf  sumptions  are  made  for  answcrin 
^tiestioBy  it  is  tailed  Double  Position ;  and  Bometimes  the 
tbod  of  Trial-and.Erron 

RuU.  Make  two  suppositions »  «ml  proceed  with  each 
eording  to  the  conditions  of  the  question.  Then  find 
differences  between  the  results  and  the  result  in  the  question 

Multiply  the' first  supposition  by  tlie. second  differeno 
error )  and  the  second  supposition  by  the  first  different 
errDr* 

Then,  if  the  errors  are  aliki  (\fi%.  both  tod  greats  or 
Bttle)  divide  the  diffkr^nf  of  the  products  by  the  d\ff9f 

of  the  errorsi  and  the  quotient  will  be  the  answer. 

• 

Bat  if  the  enort  are  unlike  (or  one  too  greats  and  the  c 
to  little)  divide  the  tiifii  of  the  products  by  the  ium  of  tb 
rors,  for  the  answer^ 

This  rule  is  founded  on  the  suppositiM  <hat  the  diflere 
between  the  true  and  supposed  numbers  are  directly  pro 
tiooal  to  the  respective  differences  between  the  true  and  erroo< 
tesuhs  (vol.  9.  ari.  1 98.  €xamp.  8.)  When  that  is  not  the  < 
the  rule  cannot  give  the  exact  answer* 


1 

I 


I- 


; 


of 


Bsmrnpict. 

Itf  What  two  munben  are  those  whose  smn  Is  10,  and  the  greats 
vUed  by  the  ksi  gives  ^  quotient  90  > 

Suppose  the  Bvmbefsaie  |  ^^  ]  the  quoiieat  being  t(K 

thelrsom  91 
Bui  tlM  SMS  should  he  ]0 
DiibnKtor/rsfwTpr  TI   too  grmU 


S  I  149  M  I'M  K  l-U  K  l-a  1C130  t   1-03  X  1-03  X  I'M  X  ^"^ 
«(^alUwaidofUw4ii, 

US  X  1-03  X  1*09  X  1-D3  E  l'13S5  (niiinui(«  dadaull  Mlrf 


.Wlulfatlwci 

t,  ^  MM.  tbs  inlnat  pajable  half  ynri/ 1 

[%fl  iMcmt  o<  ^100  Icir  i  ■  jwuli  ^& 

ntenfcn  lb«  uwHint  of  ^100  «t  lb*  tftd  of  J  t  jratr  li  ^Mt 

k  xiw  l410«  II  Mi9-St 

Ot  dlrldlog  tb«  two  fint  tetOH  by  loa  t 

U  I  I  1-03  li  »itS  I  1-03  X913'>l>>efiiiau»tlltlit«sdaf  Ihlint 

Ind  pnocecdlni  in  Um  ume  nuuDct  lor  5  Inlf  fcan,  «•  kan 
1-03  X  l-Mxl-oay.  1-03  X  I'OSX  S49>SfwUt««boleUMionl. 
1*03  X  1-09  X  1-09  X  l-O3xl'O9=Bl-lM0l  (RtaliOaioaljrS  d«i<ul4 


And  I'lOWt  X  S*2*i  »  SeJ-n9i   t\w  amounl. 
MJ-VJiH   ibRfn/frCff. 

But  the  opcralioiH  id  compound  ialcrcM  ire  much  morcci* 
iditiouily  pcrforined  by  nicans  of  L.ogaritbiix>* 


OF  POSITION. 

108.  Position  or  the  Ruh  nfFalu  \t  k  melbod  of  lolviflg 
uttioDsby  mcuu  ofusumed  or  ft\vt  number*  |  taA  ti  af  two 
nuts,  tinglct  and  dauhU, 

QuMtiou  which  require  but  one  utiunption,  or  where  Ihs 
mih*  are  proportional  to  the  luppofitboe,  belong  to  eingla 
otition  i  luch  a*  the  idth,  uul  «1W.  example*  ta  the  Eulei  of 


// 


IM  ^  AEITMtf  BTIOt 

IhcbMin    29- 
But  Ikt  M9  ilMMild  be  JO        ' 

OUcftiiot  or  Ji00iiif  «mr   3^   loo  gmi* 

*  •  ■ 

Novlkt  fiMtcr MppositioM  90  tad  40  will  gift  tht  gratlir  of  IM 
t«o  TOsuired  iMiiiib«n;  and  iht  oUmt  Mi[>poiilio«i  I  tad  9  will  lubg 

*    ■  •  ■ 

Flftt  tttppoiitios    90  Second  nppoiitioa    40 

Second  error....    39^  fliU  error U^ 

Pftiduct    640  Drodiici    440 

€40 

440 

Difermu  oJT  pcoductf  900  which  dlridcd  bj  91  tht  Hj/onm  o# 
tte  crron  39  and  ll«  givct  W  ^  ^H  ^  frcatctC  of  the  two  ieq|iiUe4 
Wimbert. 

Again  (for  the  IcaU  of  the  tuo  niunbefi )t 

Fint  Nipposition    1  Second  supposition    f 

Second  error  ..••  59  Fint  error >,,  It 

'  Product  39  Fnytucl  99 

39 

99 

l>ffmrmc$  of  pmducto  10  which  divided  bj  91  the  d{finwe  of  thn 
inors  givca  if  tlie  least  of  the  tvo  required  numbers*  But  when  eilbcr 
number  is  found*  the  other  will  h€  givca«  because  their  sum  is  given. 

To  verify  tlie  rul^  when  the  egors  are  amii'Ae.  I^et  the  first  suppositiong 
^90  and  lasbeibre;  then  the  jfiri/ irror  wiUbellloo^eaA 

Sum ...,        5j  ,  / 

But  tlie  sum  should  be  ....••      lO 
DiiTeicncn  or  Mccaad  cncr     ji^  iooUiik. 

Fint  tuppoulion  ....  90  Second  supposition  ....    g 

Second  rrror 4£  Tint  error II 

Product .,..  Sb  /  Product  ....K  . 

95  II  "^ 

S5  4| 

150  sum  of  prodiKtN  J^^  <>••  of  eirofiw 

0 


^09itm  roiiTioir* 


Wk 


150 


Then  i^899|t  tlie gretlff  number u befiyrc 


f.  What  Bumber  b  thai  which  adldc4  to  iti  iqiiafe  iha&  nakt  tti 

Soppoie  the  BQiilber  to  be  5        .  Neact^  Mppose.^...*   4 
lu  ic{iiaie b 5  X  5  ..,*..  ss  95  Its  iqiiare If  4  x^cajo 

Som..J.3p  Sum  ....  SO 

But  the  mm  tbouM  be ....  J9  ly 

Error .«.«  18  toogrtti.  £iTor*.».  .8  SoognA 

"^"^   I  4  X  18  =  72       • 
/>i;^ermef  of  cnon  10  )  3?  ^i/.  ofproducta 

J  "J  ffootient. 

^Bat  the  required  number  It  9t  (for  3  addefl  to  9,  the  square  of  3,  make  11^ 
fhcrefbre  tlif  ruW  f.tfU  in  this  example.  The  true  amwer^  howertrf  may 
be  apprr>x '  m  iic<l  to  any  atdgned  degree  of  accuracy  by  repealing'  theop#» 
taticiot  sod  romtantly  making  the  latt  qooticnta  or  apprudmattoni^  Ite 
ntfoned  nnmbeii  t 

Thoif 

Let  one  loppoiitlon  be  .4  And  the  other  topp.   3*t 

Its  tqioait  (at  before)  10  ,         IUM|uare3*S  x3  2sg  10^4 

Sum  90  tuml3l4 

fmtmhdon t^ioogrtai.  Error.-   1*44  io$gr$^ 

Enor  •••  $ 
Diff«efior.-   6*5< 


'^'^     I  3*9  X    8«2y«_ 

19'M  ^y>  prodocd. 
B  3H>S  tbeiiciopitf  iyi;proiffffa/foN» 


19'8i 

TFSo 


Vail  making 3*9 and 309 the aaiomptlont w» hofO 
9*09  K  3H»  a  9*  1904  the  Miiam  of  3*09 

309 

tarn  N  1404 

19 
Xnor    0*1404  ieogr$ai» 

W4      Unt  erroTf  •§  beTort* 


i 


1*^9^0  iiy.  etrowt 
3*9    K  0-H04  an 

3*09  n  VH     m 


(H499ft 
4*3488 
3*89959  dl#l 


AmiTBMMTie* 

oilKoM  Im  9>03  avd  3-00(H )  ind  lb  snl  •rpml> 
000001.  Aod  if  tht  opnMloB  bt  fcpcMtd  ^Ik 
the  null  wiU  be  3O00000UO0O3.  liC. 

nile  aaj  ftequeatly  be  appUcd  vithMcceti  ia  imf 


OF  INVOLUTION. 

number  U  multiplied  into  iuelf  i  certiia 
ii  called  lavolutioDj  or  raiaii^  of  power*. 

nultiplied  ia  ibe  root  |  and  the  produca  tr'a 


a  X  t  ta   4Htb<tW  power  or  iqure  af?. 
SxSss    IbtbeStf  poverortubeofS. 
«  X  S  B  (6  ii(he4t*puwernrl>iquadratb 
S  X  S  as  33  it  the  M*  pa»er  v  wnoUd. 


•    f1    M    IS3    SIS    343    SIS    13» 

'  to  which  ft  number  u  to  be  railed  ii  tuntOf 
figure  called  the  index  or  txpomnt, 

lenotei  the  Sd  power  or  cube  nf  S. 

the  4fA  power  of  7. 

the  iquare  of  |o.    Here  the  imiku 
t  poweri  arc  3*  4,  and  fl. 

9  X  3  X  >  =  39  is  the  5M  power  of  iIm 
Uttbc  5/A  power  is  the  product  of  tht  w|uvft 


II 


tNTOLOTIOIf* 

Fortx<a:4is.AeM|aafe;  and  «xtxt  =  Si«  dit  «iib*| 
Iherdbic  4  x  •  =  S9  the  5<A  poircr. 

Hcaee  «*  x  •'  =  •*  I  eoawqaendy  the  adfitioB  of  die  i»i 
dicM  trad  a  tntmti  to  the  mohipBcation  of  the  powcn  i  vis* 

f«xi»  =  «•♦». 

AIm  »•  X  •«  =  9*.  For  »•  Ufl7|  uA  »*  ie  Sit  wd 
t7  X  81  if  equal  lo  919J  ^SxtXfJttXtXfXi 
=  *»• 

*  Wbil  b  thi  iqiiaff  ef  100? 

100  X  100  a  lOOpO*   Jtm 

Wbit  b  eke  npiire  of  ^  ? 

JU^itd  tbe  cube  of  tbe  dcdnal -OlS  ? 

•01S'a«01S  K  <0I5  X  *015  B D00009197*    4/ii^ 

WlMt  b  tlie  411  pofpcr  of  9«0n 

^l*a  9*01  K  9*01  s  4*0401  theiqaace,  which 
•(jQaitdb4Of01*s  4*0401  X  40401  s;  16*3aS40801»  the  stunner. 


lly 


^f 


the 
are. 


EVOLUTION. 

lit.  ErotutiOM  if  the  extraction  or  finding  the  roots  of 

tny  gif  en  powen »  being  the  reverse  of  Involution* 

• 
Every  number  whicb  is  a  known  power  will  have  a  determi* 

nate  roolcalled  a  rational  roott  thus  the  number  8  is  a  cube 

number  wkose  root  is  e|  and  tbe  number  9  is  a  square  having 

S  for  the  root:  but  10  is  not  an  exact  power  of  any  kind^  be# 

cause  its  root  can  never  be  acpiratdy  obtained*     By  the  help 

ofdecimab  however,  the  roots  of  any  numbsrs  mqf  be  appron« 

Stttod  to  aiqr  assigned  degree  jof  exactness  i  these  appfOKimate 


1 


M* 


^aaiTRMme* 


iDoU  aip^cilkd Jfto^tMoi  wt  turd  foafo**  SJbwwjrdDobal  Id 
ivill  b^t  fiinl.    And  the  squjuiejoolof  •{•  aipdlhiMbinoot^^ 


To  Exirmci  M«  SaVAHi  Root.  ^ 

IIS*    Ittfir.    Begm  at  the  uoiu^ikp  ttid  potfil  d^ 
into  ptriods  of  two  figun;!  each* 

Find  the  greatetl  square  in  the  first  period  on  the  left  band 
and  let  its  root  on  the  right  of  the  given  number^  in  the  aamt 
manner  u  a  quotieni  figure  in  diviiion*     ^         -    . 

Subtract  the  square  from  the  period  aboft  It^  and  to  the  tc« 
mainder  bring  down  the  next  period^  for  a  dividend. 

Double  the  aforesaid  root|  and  find  how  often  U  is  con* 
tained  in  the  dividend^  exclusive  of  its  rig  •  mhuki  figurd,  abd 
set  the  result  in  the  qupticoU  and  als9  oo  the  right  oC  |he 
divisor.  *     . 

Multiply  the  augmented  divisor  by  this  last  quotient  figure^ 
^and  subtract  the  product  from  the  dividend,  and  to  the  remainder 
bring  down  the  next  period  for  a  new  dividend. 

Then  find  a  new  divisor  by  doubling  the  figures  of  the  quo- 
tieut;  and  proceed  as  before  till  all  the  periods  arebfoughl 
down. 

• 

The  best  wiiy  of  doubling  the  root  or  quotient  b  by  addb^ 
the  last  figure  always  to  the  last  divisor* 

I.    Hsqulrrd  the  square  root  of  41409235  t 


•_  •  •  .• 


4U\j92n  (6135  rwler  odoticfitf 

36 


124  )    5iO 

4       4a»g 

i2s3  )    44i)3 
3        3819 

TUttS )  ""di ji? 

64:V.>5 


*  I 


)t 


M    > 


I^04M  HOOT*. 


} 


I 


■  A 

iff 

•t9 


I  JUfuiffd  cii4lM|iiarf  mol  nf  Uit  4P€imal  *4r 

■J  '     '  •' ' ,       -t  *»'  * 


>     % 


I. 


'    173')  iub       .* 


«  i 


576 


e.  Wii  jt  b  tlw  Kiuart  root  of  *0009l  f 

t  '  . 


9., 

001  )    6UU0 

S        4864 


116.  To%zlfati  the  squ4i^  roet  #f  m  Fulgar  fhl 
Reduce  it  to  iu  lowest  renrj :  then  the  roots  of  the  nan 
mud  denominator  will  form  the  frtctiopal  toot  required* 

Tbos  tbe  square  rodt  of-^  it  |«  ^         '       > 
Audthesquwefootofftbi;  for  ff  a  )(  whose  root  is  {i    • 

Abo^  tbesqusrerootoffllvli^,;  for  TfloBj)^  whose  root  h 

•  * 

When  the  terms  of  the  fradimi  sie  not  perfect  Sf|Qsres  It  me; 
Sliced  lo  adcdmilt  md  lb  reol  extracted*    . 

TbuSf  suppose  the  square  toot  of  \  it  required  ? 

■ 

f  as-lUesSTU  &C.  who&e  root  U  -845  ts  S^c. 

Or  Vcanse  f  s  ra^  <■  H*  <i^c^<^  the  sqnart  loct  tf  95 
hf  t  (the  square  loot  ol41»)  will  be  thentot  sequiitd. 

The  tqnft  root  of  55  b  5^1609. 


im  Ut 


S2I$2iai  111515  &C.  the  roei,  u  Jbcfoi^ 

Vi^ltfiji  Mm^mty  1^  bfought  to  in  improper  ftactao 
ib>Nlhttiflfe^il«lMm.  ' 


/  • 


lotf 


A]tiriiiffBti«; 


tlMiMaikk,  iMia^radi^  aiidtebi,  added  to  Oiif  4>Ibl  lidb^hi  tfci  >f awi  fcr 
doubUiig tlieroot  Aadbectute tciphcrin Ilit divnoCt mmI  MotlMr iii tli# 
quoUent,  will  makt  two  in  the  pipduct^  if  ihejciphen  are  woliicd  in  bolk« 
UU  evident  that  only  two  ft^utt%  mutt  be  brought  down  at  a  tine  la  ordor 
to  form  the  dividend,  which  ii  the  reason  for  pototiiig  the  uumber  from  tba 
fight  to  the  left  into  periods  of  two  figure  each  t  for  it  ig  manifett  irom 
the  formation  of  the  iqiurc,  that  the  root  wiUoobiitt  of  atmanj  figures  aa 
Uiere  are  points  or  ^riods, 

S«    Bcquiredthesquarerootof  100a6ia49> 


10086114^  /  10043 
1 


S004  )  008618 
4  80IC 


S0083  )      60^249 
6024» 


<  • 


d;  What  b  the  aquait  mot  of  ^*90a»  I 

5-2)049  (^43  roof.' 

44 )  m 

4     17tf 

483)  144^ 
.     I44tf   *  ' 


4.  Heqnired  the  square  root  ofa  I 


8  ( 2'm  kc  fw»L 

4 


r 


48  )  400 
_8      384 

562  )  l(;i)0 
9      ll?4 

TSii  )  476U0 

end 


'!»• 


*; 


••'ij   .»  t;  J 


^*«  1  •••  \ 


« •   - 


»    '^V' 


I.  . 


p^ 


» • 


.1  .  <•» 


«#   » 


"4     ,    * 


I       ■• 


Thus  by  aMMalng  periods  of  twodpheta  each  (o  the  icmaMers,  the 
catractiop  may  be  continued  to  any  Wnber  of  decimals  In  the  root«  And 
the  Integral  part  of  the  root  will  consist  of  as  many  figures  as  there  aiw 
yolnU  over  the  Integers  In  the  number  whose  n^  is  lequiied* 

ll«.  TA#  roof  o/  n  proper  ftaciiamU  ffr9U$€r  ^  •'* 
$quart :  Therefore  decimala  arc  panted  $1  every  aceqQ4  %ttlf 
from  the  )cft-haiid» 


U04M  HOOT*. 

ft 

tm^iiarf  lOQl  nf  iKt  4^imal  '4f 

'    173')  #ub        .^ 


m 


f 


•?  1. 


> 


mi 

576 


.  I 


■  .     " 


^  Wii jt  b  tlw  Kiuart  root  of  '00091  f 


•  •  • 


•00C9 jO  (  KUaoa  &et  rwT. 

.*--.     lo- 
ttos )    6UU0 

%i^  )"T55R 
iy3?4  • 


116.   Toexlract  the  squdi^  roH  #f  m  Vulgar  Fhic(lofi# 
deduce  it  to  iu  lowest  renrt :  then  the  roots  of  the  namertlor 
^Uid  denominator  will  form  the  frlictiopal  root  required* 

Tbos  tbe  iqiiare  rodt  oi -^  I*  |«  *.         V'     > 

•    ■       *  ••;*'.*  "       ' 

Aadthesqnsretootofftbi;  for  fS  a  )(  whose  root  it  {i    • 
Ahot  UtetqusrerootorYfl^ii^,;  rorTfls^Ttv^'^^'^^h,^ 

WlieQ  the  tcnns  of  the  fradimi  tie  not  perfect  Sf|Qires  It  ms/  be  le* 
^■ttced  lo  ailcdniilt  ind  lb  root  extrided*    . 

Tbas,  ivppose  the  square  root  of  \  b  rvqnlred  ? 

f  as  -7  UesST  U  kc  vbo&e  root  li  845  ts  S^c. 

Or  Vcttpe  f  s  ra^  a  }}«  thertfhte  tbe  sqntrt  root  tf  95  difided 
%y  T  (the  sqoaie  tool  ol41»)  will  be  the  rM  sei|uiftd. 

TbetqmeiootorSibS^ieoS.q^arljr.  o"    - 

Thcrafen  ?%*"-»«||»l5  &c  the  nMf,  u  bthit, 

'  .■■"■• 

'  i^  ififuii  ffiuiAef'ttaj  be  btought  to  aa  nDpraper  ftAcUod,  ant 


II* 


AkriaHpniw 


&  LM  the  tuba  toot  of  Uw  decimal -07  lM»tq<^n4'.'' '     ' 

t  pciiodi  or  yolatt  an  )>lacr4  ovar  cvory  id.  tfium  htm  tfm 


^luuxL 


470000  tic  (-«ltUKM-rMf.  , 
•  '■sfil. 

««K300p>«00)  6000  (  I  '■'       1   J.-i -/. 

10000  ■.  ..,■,    1,   ,1    ■ 

4l«=6it»3l 
il*KMOKM1300}    U'lVMO  <  ♦  f.  'i.n-'. 

1U..O0000    ;  ■-.  ■.■■    -I;  i;T 

'    ■  4181  a  fflB3W3«  ,  .  .i,  .,  . 

'  -"^Oirtwoooooo..  .;«ii'-.:i.Tt.-'. 
4191*=   69tfgS*g;Sgl 
4Wi*  X  300  M  MMlffiOOO  )       iVmtJWO  {  f 
'  "looiirujjvcHiZooa 

4ltlg'a  fi9i)9iu53640IW 
4U19*Ka00Bl0'^53SCS3:o0  )     4a4<>UUIT3000 (I 


TIm  mhos  fcr  foliltai  Ibt  Mimbcr  Ulo  ptriodtof  S  tgum  «Mlt  li  IM< 
■UcitEiMBUMptlnL-lplnofraninMNiMulilitltrtikwi  far tn j  Mmbir  «idi 
OM  or  more  d|ihcra  ui  tha  ri|lit  bond,  mutt  ban  ttv^j  3  Upm^  «•  mmf 
ripben  la  lU  cube. 

lis.  But  «ll  (be  uitul  or  conimoa  lulct  for  MtncUng  tba 
cube  and  higher  roott  «re  extreiocty  prolijf.  The  following 
general  method  'of  approximatioa  however,  derived  fnim  lh« 
rafiofial/iirnii/dorOr.  Halley,  (vol.Siarf.  Ill)  is  more  cxpf « 
ditiov*,  ind  caaily  icmembcred, 


To  txiraci  Ike  Rnoi  of  any  Ji»»-v. 


AiiUMK  liie  root  (tha nearer  tbe  Irus  root  tht  betUr},  then 
raiw  tbli  root  i6  ilie  power  whoK  root  it  rojuirtd,  and  uO  it 
the  utuintd  powcr<  r    >    ' 


-Tbcn  uke  th«  turn  df 

Tht  •uumrd  pe««r  nraltlplied  hy  (li  birfe*  addn)  to  1 1 
And  Dm  gi*cB  Drnnbrr  muttiptled  bj  the  I»dat  kiMHCd  hf  l» 

And  the  lum  of 

The  iMuniMl  power  maltlplted  by  thu  Indei  Iwiewid  bf  l| 
A»d  Ibe  liviB  mmlMrinuhipUed  bjr  tb«  bdu  added  to  1 

Tben  ujr,  .bjr  the  Rule  of  Proportioa, 

At  the  Gnt  of  tboK  Mnu, 

la  to  the  leeood. 

So  i*  the  ntumed  reotf 

To  the  leqnired  not,  neariy.  And  if  diia  i«6t  bl  lal 
ibr  the  aasumed  root,  and  the  opentkm  ttpetled,  ft  nu 
^iprotiiiwtiMi  win  be  obtained ;  ind  to  oil>' 


L  Rehired  the  M:  or  cnbeiDoteT  IHI 

JUmiictforlberttit,  vhsMrabeliSl^llwaMBncdpowcVi 
*nailbeiada[3addcdj0l.  andleiMKdbj  l,|^f>4aBdt. 

ThcRfbtr, 

Ai  the  tarn  of  9I«  X  4  and  184  K  f , 
iitolheiiinorfil6KSaadlM  m4|     .. 

lio  ii  the  aHumed  root  V 
Totberoot.  aeailj. 

(kdltrWiMg  the  tw  fat  t«iM  aT  the  praportid*  by  f  «i  ban  ()W^ 
Ai  the  nm  oTSIf  m  S  iad  m. 
Ittalbe  waafsfstftd  iS4  x  S( 
Sobft, 
Totbemt.antly* 

b«aidv 

At  twice  tbe  twrimd  cube  added  to  Ibc  j^mt  Mmbcr, 
vbtolfaataraitdMheoddiAMMMtblglVMM^cri 

>  ;  .,  ifclalboauBW^Wfii '  -  ii  I     '    ' 


If* 


clpbcffieKlC 


AaiivMEncw 


/ 


•WMBCtaM  4  ^JCflofc 


'  .y.. 


,fc  •'  i 


a.  Lit  the  Cttbt  root  of  tbt  dcciroil  "Ol  bt  fcc|ulfi4. 

Heie  the  periodi  or  poloU  «if  |>lacr4  over  every  drf.  Hguft  ftoi 

■    Asa  .    '    *  .        •  f  •     . '  **.;■«. 

lifihaod,  '    * 


<070000kc.f|lfUlk^rM#  . 


{  ■« 


#      .  '  J.    i>   4 


4«  K  300  IB  4«06  )  tOOO  (I 

70000 

41*  X  300b 504300}   untiono  (  i 

lOtOUOOO     ^ 
f    .  •     4I?|  :;(  ^92452jl 

4W»  PC  300  S5  50923200  )^    634TifK)0*(^t 

'  .       ■    ''^OitO'JOOOOOO  •    »;siiT'.;M«/-; 

4191  <s   d9S^8546:)56l 
4191' M  300  «50MT1>V300)      J[4536*390no  (  f 

*  ^(KXMtiiDUOoOOOO 
'    •'-       4lf!2»ai  69»95o5564019» 

41219*  X  900  S9  SO',)5286S3;;00  )     434<>35S^i:9000  ( | 

tiC%  4iC« 


• 


TKe  lOMoa  far  folntlag  llie  iHimber  ielo  periodi  oC  3  llgurei  MK  b  tut* 
nlfctt  bom  Um  pilnc;lplei  of  comman  mulilplic^iioB  \  lor  iny  MOibir  ^b 
000  or  more  clphcr«  oo  the  right  haod«  muit  have  exactly  3  tiPM^  ft  may 
clpbcn  lo  its  cube* 

118.  But  oil  the  usQol  or  eommcm  rules  for  extraotiog  the 
cube  and  higher  roots  are  cxtreiocly  prolij^.  The  following 
general  method  of  approximation  however,  derived  fnmi  the 
rational  farmultB  of  Dr,  Halley»  (vol, 9,  ari.  11 1)  is  more  cxp^^ 
ditioutii  and  easily  remembered^ 


«• . 


To  ixiraci  the  Auo/  o/ajiy  Powar. 


t  * 

AssuMK  the  root  (the  nearer  the  true  root  the  better),  then 
raiic  this  root  to  the  power  whose  root  is  rrquiKiii  and  call  it 
the  assumed  power*  i*    . 


/ 


'urn  .i  HI 


•     ^        ■  — "  SHI  «7    »    iff  •'" 

*' JOO ,  i9n      ^  —  ^  •  as  /a» 

*»tf  77(1  /        *'  ''»*fcei*>i.  A  •''n>»ma»jQ- 


lit  jMnmumiiti 

,*^.^^ilB  Ohm  9mi^B9^*mh^lH 

*  * '     '   *  'TSJ  *    .  •  ■    ♦  ■  •  IS  ' 

Sum ..616  Am......— ^3H4 

Now  Ukiog  5*7  for  tbt  aiiuntd  fool^  lU  cubt  k  1|5  IM  lU  wmU 

AsMimcdcube.— M 1S5«I93        ^     Olmiteiitbcr.-iU?-1M 

^  ;  •    ,»•..,/    «ju?  • 

370*3i6  368 

Giftamambcr.....^ H4  ^  jnumtd  cotWi.......  ia5»i93 

/  4^ 554*386.  .     ;     Sym,,..^^yk^i 

•  ■       ■  . 

At  554*386  i  353*193  it  5-T  t  5*^7734  rM^  which  it  trot  m  Ihe  &sl 

S»  ScqiilicdthttCulieiootofthcdcciiiiil*<ni    . 
Aiiuiiie-iforUKrool,  lucubebfiAf  *064  \.^  r 

•068  -ill    •     "  '     * 

^3  _J 

•128  .    •»*•*•  <.■    ••  '14    '«"•'•  • '^'v  -  v.,'<.i     ' 
*07  '064 

^lon. •11*8  iWm*^     '     ?*..»,* 

Ai*198  I  CO!  i>  4  I  •il  rao/.iifarlj.      .  '  V  *' '   ' '  ^ 

Now  take  *06892l  the  eube  of  -il  lor  the  lecbnd  asiiAiM  tti^. 

•068991  M 

•   •  •I378U  •    *       •!♦  '  J:*  V    ''-^t   - 

H>7  *068<>g| 

Sim...  •g<yi84*i  iSImw.,.' '*iu89g| 

•  — T- 

A8*90784S  t  •S08921  u  •41  t  •4191985  foo/,  Inie  to  the  last  igint. 

For  •4191985  ^as  •06999998  •«-  (itUioiof  8  phcc8  ff  dtdmab  oolj) 
which  l|  IcM  thaa  •00000009  abort  of  the  tfvUi. 

1  lOf  To  #xfra^/  iA#  m(6  rool  ff  a  Vulgar  J><ulJo«.  1U« 
duoe  il  to  ita  lowcat  tenna ;  then  the  roota  of  the  numerator  and 
denominator  will  form  the  fractional  tool  required.     '    ^'"'^ 


CXIBEfEOOTt 


lis 


^nnn  the  «Ae  toot  of  ^J,^  it  ,V 

'^•^^  Ihectibf  root  of  ^M»  }•  ^'  ii  ^  if  ^^*  "^^  *"  ^ 

M.-  .  ■  .     .  •         ■ 

^^st  when  the  terms  of  the  fraction  tre  not  perfect  cubctf 
^^  ttiem  be  Diultipiied  by  the  square  of  the  denomtiiatori  then 
extr^^  the  root  of  the  new  fraction  for  thi  root  required. 

nriiut»fuppoie  the  cube  root  of  f  It  rrqabcd« 


S-«7763  &e. 


*^^394  itc.  the r«ilf«|itfae4. 

^>  tlie  fbctida  mtj  be  recced  to  adectmiL    Aad  mM  itiiiwim  art 
-  pafcd  81  ia  extraciiog  the  ftiuare  root 

190.   The  £iftt9(fra/ic*or  4tK  root  ia  obtained  by  tetraet* 
'^^  the  equate  fuoty'  and  then  ettractbgthe  aqutre  root  of  thai 


*"rhMtlie4AMlor6$6lif9.   Tbribeaqoaieiodlor  65tl  iill  nfcoii 
i:%ure  loot  it  f. 

Xet  the  lift  toot  of  tfr  he  Tequiied. 

A«f«raie$for*thero0l|  thea  Iti  SlA  power  b  32. 

And  the  taJf  X  5  added  to  l/aod  Imeiied  hy  1  glre  6  and  4. 


Then  33  X  6  ss  199 

Sum  .i'»u 


•'  I . 


39  X  4  a  I9a 

ham  VHO 


Af300  t  t!H)  t!  9  t  1*93,  fooitmrfy,  the ftiit ap proximation. 

Kowawome  1-93  forlheraot t  Oiea  iti  M.  ponerrflf  the  aiiomed  po<w» 
f6'77a  {retaining  3  placet  of  deciflubody). 

t€77t  X  6  s^  imaes         .  fs-rrs  x  4  C9  inrr«u« 

•  •  .#^  tC  4ttB|iOa  ■    _   .•  Stx€«lf3 . 

Sum  96a-at»o    '    >    V  Saascjoji! 


It 94I«MI t  sls-ltf  Vl^ f  j<d3Sl01 4l»nM tntt i^tha hwt «|M. 

■.'  •  .-.III   '•'    1m  5l      !    '.'     :       I  •  '      .    .'   ■ 


^UU 


•■•f|liV.»      I       ,      ^         ». 


C  «»«  3 


t  ■ 


Or  AIUTHMETICAL  PROPOBTION  an  9 

PROGRESSION. 


!•!•  Wb9N  four  Humbert  htvc  a  comman  diflemioe .  ibey 
un  Mid  to  be  in  coottnucd  aritbinelical  proportiofi*  But  if  iba 
diflercnce  of  ibe  first  and  iccond  it  equal  to  the  diffeitoce  of  |bo 
tbird  and  fourtby  but  not  to  thatbct\%eca  tbetccond  and-tbird, 
it  it  called  discontinued  proportion* 

9*  ^9  ^  h  continued  proportioo* 
t#  4«  7*  9,  Jiticmiimied  proportior* 

m»  A  leries  or  rank  of  tbe  first  kind  form  a  progression: 

k  I:  t  ti.  i  li  E:  }  «^«»d»"«  •^^^  -  pcog«,io»s 

lOj.  loi,  lol  di,  dj,  J^j!  Sec    j   d«ceiidmg  piogreniQM. 

193.  Tbe  first  anJ  las)  numbers  or  terms  are  calkd  tbe  tx« 
Iremes  |  and  the  Olivers  between  tbem  ibe  means. 

Thus  1  and  6  are  Uie  cxtrernes ;  a nvl,  ?» 3|  4, 5»  |he  ne|nt  af  tbt  iiak 
1.5,3,4,5,6. 

1S4.  It  is  evident  from  the  nature  of  ihe  progressions,  tbat 
Ibe  double  of  any  term  is  equal  to  tbe  sum  of  the  two  adjacent 
terms,  or  to  the  sum  of  any  two  terms  equidistant  from.it.   . 

Thus  in  the  rank  1, 3, 3, 4,  5, 6,  Scc^ 
twice  4s3-l.6s9-|-6, 

Its.  Hence  if  three  numbers  are  in  arithmetical  proportion^ 
twice  the  mean  is  equal  to  tbe  sum  of  tbe  two  extremes. 

Thus,  ifiUethrreoumbcnare  I0|,  |0«  9J, 
Then  10  x  «  =  tOJ  -t-  »!•  . 

ISO.  And  when  4  niuubers  are  in  arithmetical  propoitmL 
the  sum  of  tbe  two  means  is  equal  to  tbat  of  tbe  eatremes* 


jmtTRMBTlCAt   PROCRKSSION.  US 

Tliw  If  *..  *»*,  ^,  ;?•  ire  the  4  numben^ 

187*  Since  the  teitns  of  an  arithmetical  progretsioii  are  found 
by  continually  adding  or  subtracting  the  common  difference  | 
if  the  diflcrcftcei  twice  the  diflerence,  three  times  thedifferencct .  * 
tec.  be  added  to  the  first  term^  the  several  sums  will  gire  an 
ascending  scries  {  or  subtracted*  a  descending  one. 

Tbus  (he  tcrnn  of  the  progrrssioti  3, 5, 7,  9»  1 1,  Ire,  baring  the  torn* 
moo  diiicfvnce  ^i  will  be 

9,  3-4-2»3-4-4,3«f  6«3  -fS,  && 

And  the  terms  of  the  scries  '€f  SJ*  5»  4|»  4,  Arc.  where  the  common 


Aiifcnrnce  ii  {, 


Ice 


19S.  Consequently  when  the  first  and  last  terms  are  given^  if 
their  diflVffence  be  divided  by  the  number  of  terms  lessened  by 
li  the  quotient  will  be  the  coipmon  difference  of  the  terms. 

For  example «  let  the  ftnt  term  be  ^»  the  lait  S0»  and  the  number  of 
leran  7i 

Then  20  —  ?  es  IS  the  diflmnce,  wl^ich  ditidcd  by  6  (or  7  —  1)  gives  ^ 
)  for  the  common  diffmnce  of  the  terms.    And  the  progrewion  Urill  bt 

S»  5.  a,  n,  14,  I7t  2?0. 

199.  In  this  manner  we  can  find  any  proposed  number  of 
arithmetical  means  between  two  given  numbers ;  or  interpose 
any  number  of  terms  between  two  given  extremes* 

fijr  example^  let  9  arithmetical  means  be  found  between  1  and  9« 

Now  the  whole  mimbcr  of  termi  being  1 1^  that  number  leswaed  by  1 
hlOt 

And  2  —  1  an  1  the  difference  of  the  extremes,  which  divided  by  10     * 
gives  A  the  common  difiemce  of  the  terns* 

Aaa  III  «ri«  «m  be     ' 

h  1^  iiV  1^  Wlf  (A.  lA.  1>V  IA>  i/f  % 


\^9 


S" 


AEiTttMinet 


'■[  ISO.  Heoce  it  ippeart  Ihtl  the  diflerene^  diiht  tti)rttni9  iU 
¥idcd  by  the  commoo  diflcrenci:  of  ihc  Unnt,  pvci  ihe  Dumber 
of  icnuikiibyl. 

Forcxampli^  la  ibeextiemet  b09  and  20^  aBii  3  ibc  common  dUkitnct. 

Then  vi*-:? — s  C}  ibcfefore  6  «^  I  s  7  the  number  of  tonus. 

131«  Therefore  il  b  evident  thai  the  Diimber  of  icroit  k**  bjr 
li  muliiplied  by  Ihc  coomioo  diffcrcncci  is  equal  19  ibc  (iiffef- 
ciice  of  the  two  extreoies* 

'    Tliia  if  thr  number  of  terms  be  7»  and  I  Ik*  common  diCTi'renco  J  } 
llit'o  7  **▼  1  a  6  Uii;  ottiiib<r  ci  ur|n«  lest b>  1 ; 
A«Ki  0  X  3  =s  Itt  the  diil'tfffffucc  uf  the  cxtn-mrt ;  which  adiird  lo 

the  IfSicxireiut:  will  give  Hit  gfvatcri  or  iubtractrd  from  Hie  greater  «iU 

give  lUc  le>s, 

•  .        .  .  •    •  '     r 

.  I  132«  The  Slim  of  all  the  termtj  in  t  conunued  fritbmetical 
lerici  or  progression,  u  equal  to  the  turn  of  Ihc  two  ciitremc^ 
multiplied  into  hali  the  number  of  terms* 


1.  Required  the  sum  of  9,  4*  C  8,  la^  I2i 

Q,    4.  6,  8,  10,  19  to  tbeteadU  the  tame  Krits  in  an  inverted  order. 
,   |g.  lOt  8.  CH    4.    II 
14«  14;  14,  14«  14, 14*    Now  the  sum  of  these  numbers  is  cvideoti/ eciual 

to  twice  the  propoicd  mriif : 

But  their  sum  U  14  X  6  (ur  84)  or  the  turn  of  the  first  and  hut  terma 
multiplied  by  Uie  number  of  terui»« 

Therefore  half  (bat  sum  or  the  sum  of  the  series  b  (4  x  3  s42 1  wiu 
the  sum  of  the  two  extreuiei  into  ball'  ihe  number  of  terms. 

9,  S  i|>|>oie  1000  stones  be  placed  on  the  ground  in  a  dirrri  Une  al  the 
distan'C  of  a  }ard  from  e<«ch  other;  hew  f;ir  would  a  perum  tratel  Im 
fttcbing  them  one  at  a  tiuie,  to  a  basket  placed  n  ynid  behind  the 
firUitonel 


OlOMITRtCAL  FftOFORTlOllt  Ut 

Tht  flhtaiict  ftr  the  fint  ttone  wiU  bt  9  ytrdf,  aod  that  for  tht  hH 
8000|  irittch  thetcforep  tic  the  two  extremti. 

ffW    fum  orcxtremefl,  ■    ' 

300    hill  the  number  of  teriiit, 

JiAilouO    y  nh»  or5i>9|  mllct,  the 


V 


'..J 


Hi 


the 

;   ill 


Op  geometrical  PROPORnON  and 

PROGRESSION. 

133«  In  ariiliTietical  pmportion  humbcrs  Are  compared  by 
meant  of  their  diSTrcnces;  but  in  geoDietrical  proportion  bf 
the  quotient  aiisuig  fmm  the  diviaion.  of  one  number  by 
another.  lhn«,  when  the  quotient!^  are  equals  the  mimbert 
lihich  pniduce  them  are  aaiJ  tb  bein  geometrical  poportioi. 
For  example,  the  numbers  9,  4,  5,  io»  arc  in  geometrical 
proportion,  because  i  ="  -fy;  see  arU  99,  &c.  .  What  w 
bare  to  add  coneertiing  prop(iriioti.chitfly  relates  to  the  permo 
tation,  eompositioii,  ficc.  of  the  tenna,  and  ratioi« 


f  \. 


134.  In  any  number  of  proportionala  taken  two  and  two  ta 
order,  the  first,  third,  filth,  tec.  terms  are  called  anteoedentai 
iod  the  accood,  fourth,  sixth,  tco.  their  conaequcotat 

Tbaf,irthetenm  are  9  i  4  |t  3  i  10  :|  f  t  IS,      ,  .;  , 
Thca  9, 5, 9  are  the  anteoedents;  and  4^  10,  la  theif  conscqucatib 

135«  -When  4  numbers  are  proportional^  the  tenm  ailmil 
if  •  TAriatiooa  or  pcrmuutions. 

Mt  the  aumben  be  3,  5,  9,  15. 

Tliea    J±r^ 

«  =  /r  * 

*  !  =  y 


>      ^'s 


«. 


Tkaelbee  (9;.)  3  s.  9  it  5  ?  is 

*       '9  I  -3  It  15  t  *  5 

6  S  15  IS  3  t    9 

15  S    5  ts  9  I    3 
3  I    5  1 1    9  :  IS 

Si     3  ti  15  t    k 

9  I  IS  It  91    I 

IS  I    9  It  S  I    9 


>         •!        • 


ll'  • 


tlf  AUTVMKTlGt 

■ 

iMt  fa  n  nnk  of  pvoponioiidt  sumliBg  ia  Mdc^t  two  ^ 
two.— Aa  any  aiileccdeni  U  to  iu  contcqucolf  io  u  ibc  •uia 
of  all  ibe  iQtccedcnU  to  the  turn  of  all  the  oontec^iiaf^li* 


Utt|ie  proporikMiab  be  3  s  5  :i  9  i  IS  u  56  t  60. 

Tbeaa  s  5  (or9i  16)  tU -h   9  4- 3a  >  5 -t*  15 -}- 6(1 
^  9  1  5  1 1  48  s  80. 

For  3  t    3  It  5  I    5,  tieoct  I  ss   f. 
3  s    9  (I  5  I  15»  hence  f  ss  V, 
3  t  36  1 1  5  t  60«  iMracc  \^  s  */• 
ice.  Ice 

I 

Now  Ibc  ittmf  of  the  equal  (m^tloot  mutt  aUo  be  equals 

3  4.  .0^.36         5-|.IS-4>^ 


» *» 


ea  m 


Therefore (99)  3  1  5  tt  3+  9  +  3(:  t  5  4-  15  -1-6O. 

Tbif  U  called  coni/MflAan  ofpropurtiao. 

•  • 

137*  If  ^  numbera  areproportiooalt  lheo«  aatbe  differcaco 
of  ihe  firat  and  acc(md|  ia  io  the  first  (or  aecood)^  ao  ia  ihit 
difference  of  the  third  and  fourth,  to  the  third  (or  fourth}* 

Suppose  3  t  5  u  9  :  15 
•      Theo      5  —  3  :  3  n  15— 9  2  9' 
And        5— 3  :  3  It  15  — 9  X  15. 

For|  s  't  t  and  if  we  Uke  }  (or  I)  from  }  Ibe  lemaiadar  b  ~iL 

'  15  —  9 

And  I  (or  1)  taken  from  V  If-^tvcs  — :: — • 

And  tince  equal  ounibers  subtracted  from  equal  oumben  mutt  |ife 

5—315  —  9 
equal  reiuaiaden,  ihe  fructious  — --^,    — - —  mutt  be  equat 

Therefore  (92)  5  —  3  :  3  II  15 -^  9  1  9. 
This  is  called  ihiiion  of  propoitbn.       ^ 

* 

138.  Since  3  s  3  ::  0  :  13,  and  (by  compoaition)  3-f  3 
:  3  ::.13  4-  0  I  OS  therefore  3  -f  3  and  13  -4-  0  hate  the 
aame  proportion  as  3  —  3  and  13—9  (I37).  Hence  when  4 
numbera  are  propdrtiopol,  Aa  the  sum  of  the  first  and  aecond 
ia  to  their  difference,  ao  ia  the  aum  of  the  third  and  fourth^  io 
their  difference. 


CeollETHlCAt  FtOfORT10fl» 

.     5  ^  9  »  S  —3  II  15  <f  9  t  15  «-^  9 
or     9       t       9.11        94      I        9*  ' 


f* 


139.    tf  9evera]  numbers  tre  pfoportiooil^  ihcir  squtm^ 
cubes,  &c  9re  proportionals. 

For  cximple^  suppose  9  •  5  m  9  i  15 

Then  f  ss  fji  now  Urate  Iractioot  being  cqoaU  tkeir  Dke  poms 
lie  ci|vitif 

.    3«      \^ 
•^*'  5«  ™   I5« 

and  -,  »  j3,.  Sec 

4 

Tberefoc«  (92)  3*s  5*:t9«t  15* 
or  9  195  11811925 


/ 


And  3»  I  5»ll^9»>  I5» 
or  97il95st799:3i75«  $uu 


Hence  the  square,  cube.  Sec*  roots  of  proportional  numb^^ 
are  also  proportionah, 

140.  If  there  are  sererat  ranks  of  proportionals  standmg  in 
order  two  and  two,  the  products'  of  the  corresponding  terms  will 
be  proportional. 

Forevample,  Iet9  t  5  t;  9  i  15  >  i^»«-.««v. 

19  I  6  tt  S  I    4  j   *««««"•• 

Then  3  X 19  r  5  X  9  tt  9  X  9  i  15  X  4 
or  36         r      30     CI      49      i        60, 

For  f  C5  ^;  and  V  «  i*  And  since  equal  mmibefi  nndtlplM  hf 
«qual  numbets  mutt  gifeequal  producttt  f  x  V  mutt  be  equal  to  tV  X  |» 

•^  ?T^  "  SVI*  •^•^"^P^P^)^  X  191  5  X6  .t9  X  9  1 15  X  4| 
and  to  of anj  otbernunber  of  ruikt. 

141*  Hence  tli9  tatio  of  the  producta  b  compoonded  of  ibt 
ratios  of  the  terms:  ^  > 

fftef4e9D|9sltef9llDrf9999iandVlbalori9l9«| 


%M   if 


>^axi|«»«K«s«Mi» 


PBOGBESSK»l. 


if  Ikclkcint 
n  f,  4.  a.  IC,  32.  te. 

14S.  The  im  nd  iMt 


SiW 


calUlht 


the  feomeifical 


I44«    In  any  cwrtiimcH  geometrical 

U  cqpial  to  that  of  an  j  two 


the  WMs.wa 


the  pradaet  of  the 
means  cqoaly  AatanA 


ThB^iflkctcrinbe?.  4.  8,  le.  3t.  Ci; 
That  X  €ls4x  32s^iX  1& 

Tog  dK  ntiO  of  cf  cry  two  adjaccat  tcnns  bcia^ 
t  t  4  SI  33  t  64 

The  Icmt  2  :  4  1 1  39  i  41  are  taid  to  be  b  &c«oluiii(d  ymptwIliTu, 
Wcane  the  ratj»  of  the  €m  andtecoodunnt  (^  4»)  aod  that  of  Uie  ttcood 
aad  tUrd  (4,  32,)  arc  iiocHtiaL 

143.  In  any  continued  geometrical  tcriea,  the  ratio  of  the  irtt 
term  to  the  hit  is  compounded  of  the  ratioa  of  all  the  ontece* 
dentt  to  their  conscquenu. 

TLiM.ia  tU  ptoptrhNi  I,  «,  4,  «,  w,  jj,  Ifce  fracliow  aMo«i«t  ike 
»»»»«»•«  1.  5.  :•  li.  iJ  • 


CIOHaTlllOAt-  VROOKKSSIOM.  Ml 

Aaa tUl)  the  camfowiaeii  rUto  b  ]  "  J  ^*^,l  ^  I]'  *Uch  fno 
tkn  Id  ib  hwnl  temn  h  tV>  dnMlli^  the  nlia  of  I  to  33. 

UO.    An  the  lenni  of  a  gcmnetHesI  pregmtion  may  be 
upmied  b/  mcaiH  of  the  coitunon  ratio  and  ou  of  -the 


Thu^theMrictS,  ^  13.  «,«,  k.  wbm the trnnmao nlW  te  %  and 
dm  letn  3,  will  bt 

9,  3XX.  3x3Xt,S)(SxSX9,  3XSK«X<XS,  fee. 
«r3,  3  X  S.  3  X  2*,  3  K  «**  S  X  f,  Ik.    {Hi} 

lit*  Therefore  in  uif  aKctxlinj  progreifion.  If  the  Sm 
term  hk  muhipliet)  by  (he  ratio  raised  to  ihi.-  power  wlosc  Indeit 
■•  the  number  of  termi  tesf  by  If  the  product  witi  be  the  lait 


far  cun|ile,  rappow  the  fint  tmn  h  |,  the  cwmDon  ratio  9,  and  the 
Membtfof  tCMM  II;  wbatbllKlMt  tmnr 

tite  mmber  «(  (emu  lei i  b}-  1  Ii  9 : 

Aad  S*'s  JI9,  which  imilllpUed  bj  J  (the  Ant  tetm]  glTrt  IM  tha 


148.  But  in  t  descending  progreirion  (where  the  tcrmt  rt-ndt 
from  diniion)  the  firat  term  dividul  by  Iba  aaid  puwcr  of  tht 
mio  gives  tba  lait  itrra. 

Thin,  loppoietlwJinllfnnif  iMi  theeommonratloS,  and  (he  Bumber 
•rieriMlft;  «b«t  if  (belHt  termr 

?>3s${9;  uidl»di«iMbriltgim{)lor  (ia  Id  laimt  tenM) 
]tbeUX(cnB. .    ,    .       ,  ,  '   ' 

.149.  Hence,  if  one  eitretna  t>e  dirlded  by  the  other«  tht 
iqootieiit  win  b«  that  power  of  .the  ratio  whoK  index  is  the 
nmbcr  qf  fltmt^uM  hy  l.|  aod  cooaeipeatljr  i^  (o^t  ,wiU  bf 
the  ratio. 

ratwyfc,  ^T  H  »«.  fat  Hip,|H»  thetm.  arf  « IW  maAnM 
«MM|iAatklfcitalial 


lit  AmiTUMM|C« 

1ft  a  97  Uw  U.  power  of  the  nUo  {}h€  ftmnbcf  of  Urm  Wof  4)« 
vhoic  cttbo  lool  It  3  the  nllo  rcquiiul. 

TheieCm  Uie4  lermvare  7^  7  x  3*  7  X  3%  ^^* 

or  7,    21*       &9       1^*. 

150. :  In  like  nuimer  we  find  a  proposed  oumWr  of  geomc* 
Irical  meta  proportiooali  belweeu  two  givea  numbcn • 


For  example^  let  It  be  required  to  fiod  3  geomeirical  owooi  between  6 
and  1536. 

VJ3  a  95a  the  iA.  power  of  the  ratio<the  oamber  of  lerou  beiog  5)« 

The  iquate  foot  of  256  Is  16  whoK  square  rootts4»  the  41*  looc  of  256 
Of  the  requited  ratio» 

Aod  the  three  meam  will  be  6  x  4,  6  x  4%  6  x  4' ; 

or    24,     96,        384; 

Aod  the  leries  6,  84,  96,  384«  1536, 

151.  When  onljf  one  mean  proportional  belweta  Iwo  given 
numbers  is  requiredj  the  square  root  of  their  product  will  be  the 
answer. 

For  exainpl«.%  to  find  4  mean  proporljoial  between  8  and  18. 
ax  18  s:  144  who^  sqiAre  root  is  1 2.  the  mutnr. 
ForS:  ICi:  12:  IS. 
And  ISlicallirJa  tiiinl  pro^iortional  to  8  and  l«\  ' 

132*  To  find  the  sum  of  all  the  terms  in  a  given  pro^ 
gr^SMon;  suppose  Q,  6j  18j  34,  I0i;  where  the  cuminon 
ratio  is  3* 

2i    6.  18,    54,     iC2 

3 

6«  JH,  5-l»  liiJ.    4>iG    tlieiericf  muhlptlrdby  theratio3t' 


•    • 


•       •       486    Ickscncd  by  tf  u  ihe  remainder. 


This  remaiuder  ii  equal  to  twice  the  turn  of  tl^  wtticig  because  U  Is  Iht 
tlUlcreiicc  l>ctwccu  tlic  terics  and  three  (imci  the  ktIi^. 


OlOHITmeAL  MOOttKHIOtri  iw 

qootlrat  «ill  be  thcMin  of  (he  Krtn. 

Bui  4S6  IcM  by  9  b  the  dilTntnce  bclxnm  the  tnt  Icnn,  aiwl  Ih*  pto. 
dvd  of  the  lul  bj  (he  ralio:  hence  the  folbwlng 

Sute.  Multiply '  the  Uit  term  hj  the  nlio,  uiJ  lake  th« 
Gn t  tenn  from  the  product,  then  dWide  the  difleftii^  bjr  the 
ratio  leaiencd  by  1,   and  the  qiMrtimt  b  the  mn  of  the  pro* 


In  a  dcicending  piogreuioa  take,  iht  Ertt  Icrm  for  the  tait* 
and  vkt  vena. 

C*.  3.    Seqiiired  the  turn  ofl  he  Mtia  US3«.  \an,  %tA6,  kv,  ce*> 
fimwd  to  IS  tenoir 

Tben(l9Dr  dHHrli4:  and  4"  s  liriSMi 

And  S5536<livtdedb]r«l!H3H  gltn ^fl^Jg,  or  (In  lU  loireit  lermt)  * 
I*,  the  tfttiorbitteimof  the  lerrn,  which  befn;  made  the  fint  tenn,  aod 
CS 336  the  Uit,  the  work  will  (land  at  brlow. 


4  the  ratio  lew  by  1 3=  3  )m7T^ 

Kill  in  —m^lht  miti. 

3.  An  oflklt  vilh  a  dr^chiwnt  of  60  men  having  taLrn  a  wrj  ilmnjt 
fort  bj  Mfpriae,  deiiivd  ii  a  rewanl  Tor  hlinvlf and  tlw  |>artjr,  I  nitiiket 
bullrt  fnf  the  fint  man,  S  for  the  leconH,  4  U<t  (be  third,  a  Tor  tlie  luurth, 
aodMOOt  doubliitKta60tiine«(lbenumbMrormcn)  Nnw  Mip|tmcnrh 
lMlkl(obean(Nint.T,  sndlheleadatAihilUngtthe  huadrrJ  wtighlt  what 
vonld  be  the  tilue  of  hli  rcqucit ) 

Iltre(be  im  tenn  h  I,  (be  ratio  3,  and  the  numbrr  of  (mni  GA  t 
tbcnfare  «»,  er  8  rtited  to  ibe  SVrt.  potrer  «fil  be  the  latt  (trm  of  the 
icrirt. 

The  Vk.  power  of  3  b  St,  «hkh  cubed  It  369144  (be  IStf.  powrr 
(111.)  and  that  aibt!d|)fe)  i«O143!n3(04aitt«lheStM.  power,  wUch 


ttt 


t«  vow  "*^  ^.««tt  »«•  e'* 
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ADDITIONAL  EXAMPLES 


IN  TRI 


FoRceoiNo  RULES  or  ARITHMEnC* 


\ 


ir 

■ 

L 


Tutgar  JVcrliMit. 
li^   Kcquired  tbe  gfettctt  ccmunaft  mnmi^' 

1400.  55Wi.^.......^.^^^..JIWf 

•  135d,  I4I9»  187 ^  IK 

f678,  i056,  e708»  7917 19, 

«057,  l«l, 
219,  9101. 
10307,  8433,  937, 
5600,  6705,  1033. 

HHnce  to  tbe  lownt  tcnnt 

Ttlh.  xrVVir*  AWr 
Bcdocr  to  c()niTalent  wboJe  or  nixt  mimbtw 

j|S?;  •fi*.  ijjit nif,  iij»,  sMoj. 

Kedocc  to  imprnpor  frariiom 

»>|.    "St'-j.    'iV -<«».»•,    VV.  I?- 

4I0J,  IliOOVU,  IO-^<V ^»  *18«*.  ^Wf'' 

Bttlnca  to  wmplc  fr.it  tion* 

j  "/  ?  ?^  I  "/  ? >*•"•  ^ 

*«/?</<!    ~...      V. 

•   fy    4  Of    1  fi)f     )•••  •••••••••    ••   •••      •••••^ 

T^  c  V    1^^"/  I   ••••••  •••••••••••••••••••8L 


1C4 


ARITHMETIC. 


\ 


nuiaplied  hw  3^  (lli*  Uh.  pM«r  of  9)  it  &764€a759309495iS#  tU  SM» 
pA^^-rr  or  bit  tonn  of  the  icfiot;  this  inullipltcd  by  1;  Ifec  lalio.  aod  1  (tbe 
fir^t  lerm)  subtracted  ftom  the  jiroduci.  gtvct  I15SP9I50460«S4(597&  tkt 
mm  i/ iks  scri§s^  or  number  of  hhlUh,  ot  omtctM  (btctuie  the  ratio  let* 
»eoed  by  I  U  1).  equal  io  64337  i:-';S33864SV7VV  bnmlred  wrigiit*  wbicl^ 
at  5   thiUiiig*  the  huaUreJ.    aiuounU  io  ^160842843834660^^  Ih* 


T 
t 


I.  Id 


f 

•-2 
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r  >«»  1 


ADDITIONAL  EXAMPLES 


IN  thi 


FoKieoiNo  RULES  or  ARITHMETIC, 


I 


IS3«     n€C|Qif6d|  IM  gftttCft  CfMBDIMI  flWitlUi^* 

'  13i9»  1419,  IS7 ^  IK 

9678.  i056,  e70l,  7917 19. 

2057,  \9l. 
219,  9101. 
10307,  SiSa,  937. 
5«)0,  6705,  1033. 

SWhoe  to  tlie  lowctt  tetint 

J  jj..  4K?.  m • — «.  «• 

Bedocv  to  cqniTalciit  whole  or  aUt  numbtw 
y,  V.  '• ■**  •*.  'J.   •• 

j|5?,  Sfn,  ijjit n«{,  ii4«,  sNoj. 

XedMC  to  imprnppr  fnctiom 

»M'     "tV    "A^ .<«»».'/,    VV.  l?« 

4IOf,  IWKMr.  lO-W tVt  'IS**.  »W5*. 

ttihm  (o  (impl*  fr;ulioni 

I «/  f  «/ 1  "Z"  ? ''•»•  h 

I •/?•'/<!   V. 

AV  n'«<<3i ..y. 


ItA 


ABITHMITIC. 


■ciyiifed  Ihthit  cnwina  imlUpig  of  tbt  aine  digit»,oc  tlit  Icwt  wbote 
Bttmber  dtol  ii  difMUe  bjr  l/^,  3,  4,  5,  $,  7«  t»  andS,  vUhoul  Itaving 
ft  icmabder^  JftH  2590. 


Of  10,  35.  I5»  ftid  lQ.,..^......'^.^dnt.  1200. 

Of  50.  ISOb  76,  ftiid59.    - 
or  I6i„  37.  729.  486. 

Required  the  kaitONiuiMMi  multiple  of  lOi.  191>tiid26*»    ^lU.nKl 

Bediioe  to  the  least  comiuqa  deoominatocf 

h  h  * - ^'«-  iH»  m*  Jlf- 

^  A*  !»• •••• A*  «•  W- 

h  }»  A»  A A'a»  -A?!'  A^»  VjkV    • 

/,.  «.rf  f  yif ii,  yv, 

A^»  ^Wp  it** 


AdilHon. 


go^ttiied  the  Mimt  of 


*•    h    i 

h    8»    ♦ 

TTi   TT#  TT«  ••••• 

5.  f.  {'  f  

i,  i...... 


.••••.•••••• /f/iJ.  \\ 
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(••••••••••••I 


i»  4»  »» 


}.  4!.  4 

i^iJj^Ul,.. .V... 

Jp/lO.  Ie^l3.  tfm/Jq^ll.. 

74f  27 1 J 

96I00J.  Il( 

7462}«  aiuf  }  i/  5S461... , 

lOOJ,  2000J.  I7C4J , , 

^n?.  i»iiVi.  "013 AV  ">. 

JO^r,  lOOA.  30iy^5UIA, 


•  •••I 
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ADDITIONAL  BXAHFLBIt 
SHitractivH, 
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ISA,  oA ■' — 

"A.  >A 

H 

*■  J- 

i  iZZZZZZZZZZl 

lOOOf,  IDOfJ... — . „,„ 

I0{,  an^iy  )0|» ........ 

■jyi.  miJ^T 

}yt»,w}yji 

lo,Mtf4fi/lo..; 

ID0O0Mrf9»p^ 
JilJoXl. 


.J. 

— »A- 

— 1. 

*• 

. — t . 

......j. 

+ 

— ft, 

ih 


i 


Jlfi(/ri/>ncafioii. 
-  leqitRd  the  pfodncti 

Mbhi" ^«i.i- 

f</|.  mrf  }«r^ - f  ' 

H.  3h  H i«J. 

so>  loi,  {,  ).«.... ..»...».. .7a 

A." - |. 

s».  A «. 

M,  A"-'.-- - — 1 — ....ej. 

«b  ^i.  *.  *.  w.  "rffy I- 95. 

^(/W,  «<tflf^30....»....... ....ISO.  . 

)  Mrf7413l  [ ...„..„...494«l. 

4,  f  S«4S7 „         9((Hj. 

0MI14),  MI „ iieHQSOi, 

•49T}.  4000|. •4«140t. 

WWrfi.  »^Vr-- «.-H..IOJ. 


^»a«>»»''««' 


/ 


»  • 


.\ 


i    1   • 


I       • 


'^ 


•         ..V 


V»  »i' 


-^1 


I ' 


1  i'  * 


i«'^S^"--^^^!ri;. 


• ', 


( *• 


«*<^ 


XHrf*"*' 


....  ■^' 


...  ^■^* 


V 


H 


.    •• 


r;::v:^^ ••^*'    ,    . 

^r • •**t      , 

1 • -•*: 

»n ^''; 7*    , 

»0 V. ...r Xr 

l^iioi...'.- '\:. 5««i-  ^^ 

»404% ; "• 

..iOM '.-.u '**• 

3oa— •• v«v»*  . 

_      .         Aofi' P    ' 

1,      


10. 


\ 


.t^-l 


k      • 


lb  ■! .— I"-  ■ 

xjf  ..••. 1WTS. 

|<H  •• ' •3307«>59ISS. 

V  • •■«». 


i)M(fwtiNj:f. 


UMfiy  1  «  bf  4  •    . . . . . 

9  10  kjr   B  II 

0  3}  bj  n    4}     .  .  .  . 


/./It. .  .  fc 

irilw,lM|tliM|dbre«ltbor«boirdb>7  I,  aa^  )3||iAatlilhieMf 


•nc  parts  of  tbi  Mdkn  tiT  >  CcM-mrk  Wig 

/  /«.       /.  U 

IJ    4  X     11    < 

5    3  X     3  10 

lit     B   X    lO:    4 

4    S  X     6    S 

3    7   X     «    • 

«e^lMd  tb«  wh^te  number  of  tiU4K  IMf 

.An-  3S} 

Jl#rf«eli«i. 

a^M  ^9»  to  pence. 

..<«.  saissQ. 

t'owKKW  hnhinfi  to  po«id«,  Ac. 

^1041  13  4. 

rfl?l9I0ilo'brthiDp. 

./Hi.  I919S. 

rfSJl  10  farthip. 

Am.  S3I0. 

t»lt5  pence  to  pounds  lie. 

XJC9S  1  II. 

V6i|DlncM  to  peace. 

Am.  «5T8. 

.rf^lopeoce. 

^«.4»A 

; 

/>i;f: 

WlMhH<*r>P««<l'                     .rfi».l5i.»rf.SV«r, 

1 1 A  lo  tbe  fcsctkia  of  ■  pouwL 

».i,^1. 

.a|d>lotkifrKtln  af  afowd* 

-*"Wr 

M 

vU        .      /  '•"■xk'it.MUtit;  •■■' 

Divition.  t  .  -   . 

iV*Mr.  BLUmit,  ^Mmlt. 

••4  •OMll -iir 

4-01  1-M4S     Ht< 

^MMS  '1199      ;..ij «• 

SS  3t-I3 4-4. 

MOO  1001       *. .'  •M<. 

StM  .'94360 10000- 

3300'.        •Oil?       .: J (KXMllSII. 

lOOOO'    ;        ^IIO-OI .-1 -741001. 


TOO  C»     •0039l4fUT&C. 

3510  '       S3U    1 •OOGMfcc 

,  S9I00  4C3U-13  l-3H13fcc, 

1000  07400  

C4  Gill      ■'  •    •  • 

4900  JfiLSe   .  .  .  . t                                                   , 

SIS  -3)^6 

•234  3t5fi     

•002S8  34:iC0O 

3SS0  *0034S6   .... 

■OJSS  •34Sa 

/       •!»  lOOOO I    •     ■.     • 

lODOO  'ISi 

Divide  tbeHM  of  47)  and  ■Ofi'JibjlhtWtKffeiTBClK 
INvidc  H00fay00t:>33i'.'j.    . 

""Jleduet  to  dtcimah         

tbtfhciioDf  1 '...;.....'.  Jnu  •asss  i»ff. 

\ ..;....  •wcdiifc 

•.\ ■■••  —  ■ ■"...■•■«.' 

•« ;.^:;.. .;.:.;;■  «i9s. 

•it  ■ '•■•'  toif). 

y/,  ..- ...1    i»3S3T  fcr* 

H -ftua  Ikr. 

« ....,;...;;;...  fw. 

« ..i.;;.;t..'.i  •^loioioi  iic 

M •••■■• •»e«««ct 


ADDmOlTAt  lyiiltfLBS*  fti 

X«Amc  VVA*  to  fcn'm  '   iMik93S)f 

9*i7Sa.  to  peoaywdgklt.  '            Jnt  7G2« 

«SM.  lo  ouocet*  ftr.  ^m.  €tm.  lQi$tit» 

U*195^hitfr.lotliedecliiialoraA.  Jm^OOOifm^  kk 


Tht  fan  weight  of  ft  baltoowo  b  Oimif-  l€]fr«  tlKH  bovr  niaoy  vt 

ftcdoet  f/B>«  (apoth.  wetg ht)  to  ouiicei,  are^  Jm.  Sm.  Mv  1|j». 

1  ton  to  dnoHt'ivoirdapoife  weight*  .      •    •  Am.  573440. 
€577 1  A.  to  tool,  &c                  ilw.  II.  Mcatf.  78il.  1 1«. 

194  dramt  to  the  fraction  of  a  0.  Jlns.H. 

lM.S<is.tolHefractiooofac«#.  .           ifwn^ 

•«3ai€.  to  Iftf .  «cc.  iliif .  950. 3  9m 

•     Sil^  4oi.  to  tht  decimal  of  a  cwf/  ifii#.  HMCrrS. 

A  cubic  ibol  of  cail  iron  lieihg  4Mb.  mpoirAtpQisi^  then  how  nanjr 
cuhic  fcet  ait<ttmtaiBfd  la  a  32  pounder  whote  weight  b54artff 

.'.*■■  ..     • '  1.     •  Aftf.  13^. 

Soppoie  iSOOOO  foot  loldlen,  each  maa  hating  20  rounds  of  cartridge 
with  ball ;  now  If  the  balb  ire  an  ounce  each,  and  the  weight  of  powder  | 
of  the  hall;  what  b  the  whole  weight  of  leadt  aadof  powder? 

AfU.V^    3  84    lead, 
f  (  $2  15  90    powder* 

Ifow  many  omtct,  3  ofirict.  4I6.  and  M.  ballf»  and  of  each  an  c(|oal 
■amhcry  can  be  cast  from  a  too  of  k»d} 

^/t«i  1280  of  each* 

•  •  •  . 

1ledo«  H  miles  to  yards,  Sec*  ,    ,      Am^  IfOQGyds.  qf^ 

56142  feet  to  miles,  frCr  *  Am.  lOm.  1 1  I4>^f. 

10000  Inches  to  yards.  Am,  Sr77{« 

7  inches  to  the  denomination^  or  (ractkNi  of  a  yard. 

•  Anf.^ 

f  of  a  yard  to  foef,  9tc.  Am*  S/.  44^.   . 

|of  an  Inch  to  tfie  fraction  of  afoot  Am.-^f. 

5j  inches  to  the  fraction  of  a  foot  Am.f, 

1^2  ^^  to  th^  fraction  of  a  yard.  ^"^ih 

^Vt>f  •  t»il«  to  the  fraction  of  jardi*  Am.  ^$. 

lOOyaidslothefiwctionofamiie*  1  ^  Am.\fg, 

t|  ieH  to  hiches.  Am.Oi^ 


What  it  the  value  or  il  of  4  Mile) 
off  uf  aiiibttnl 


-'  -4Nl^«^> 


Tf  feet  lolbt  IncUoa  of  a  pole.' 
If  polctor  percbMbircet. 
Tf  bchet  U)  Ui  e  rtactioD  of  a  fallMm. 
matmmiktojuit.lte.  jw.  »•%*.  V^  ri*b  . 

•lUofi  foottoinchot.  J<U(1^' 

.    ,lO-i$mH  tobeU.  .         .    4<>(»A31M-«. 

,4»-83  bihouu  U>  fact.  ..  .,,    >«fc.S»»-l. 

•US  of  a  foot  lo  (he  (Ircioiil  of  » ]r>i4.'  ita.  ■3U. 

9<Mr««tU>tlwa«.-inialora}-atil.  ^tv.  MCfi  lie 

•009Aaf4lbulio(h«deciuulofa«iiKk.   .  Jm.'it*. 

10}  locbn  to  tJte  decliual  of  a  fool. 

;*M.  •WU33  *& 
^.  ai/w.  lo  the  decimal  nl  aytn).  '^i.^CSU-'ic 

•0114 1 S  of  a  fiUlMoi  to  lite  decinsl  of  •  Am  . 
'Ol3&6(if  an  inrhloibcdoclinalof  afool- 
'.  ■014 1 18  of  a  foot  lo  t>ic  decinul  J>r  a  Citham. 
-015  ofa  mile  In  jioln. 
■scnti  of  all  loch  lo  the  decinnl  of  a  yar8> 
What  b  the  value  nf  06?)  nf  a  mill- 1 

■71163  of  a  pole' 

•I4S   oraf4ihout> 

•IH  ofajatUt 

■ai     olalwHl 


XntNci  lOOOMiatoLihomt. 
lOOOfalhonittoMfu. 
4t  Entliih  miles  to  Ivi'" 
•000  BhynUiid  led  lo  yv4*. 


Am*.  tOfiS-TS; 
Am.  MI-3  kc- 

^w.  3115-0  Itc 
1. 3009. 


10  Gtrruun  niiln  {\>  to  a  degree)  to  Ea^U  nilct. 

Am.  4Ct,  Bearij. 


Tbe  dDenmfmiicc  of  tbc  qutli  heiog  S6(r  degnis, 
lilnj  wkatiitheauiBbeiof  yaiiU> 


and  cacb  degKc  a{ 

..«».  43134000  • 


IfUiyaTenfiitcporahone  b3ifceli  tlteahow  mavyiAimilef 


ADDlTlOlTAt  IXAMf LB8* 


m 


MM309aS33l(^ 


RtAKt  VVA*  to  fcn'm 

9*  ilUk.  to  peraywdgklt. 
^SM.  lo  oimocty  ftr. 
UlSSAitfr.  to  the  dedmd  of  a  A. 


TIm  Ibn  veigbt  of  t  hiilteowB  b  DdMr.  ICJfTf  tiMB  bovr  inaoy  vt 

Itdoet  9Ai  (tpoth.  weifM)  to ouocn.  ku  dm.  %m.Mr.  Ifji. 

1  ton  to  draoHyivoinhipoife  weight*  .      •    •  Am.  573440. 
%vn  IM.  to  tool,  &c                Am.  \U  Mcatf .  tail.  I  Xm. 

194  fbimt  to  tbe  fraction  of  10.  ;  Am.^. 

lM.S<is.tolHefractiooofaapr,  .  .            Am.^ 

•«3ai€.  to  Iftf ,  kc.  Am.  950. 3  Sob 

'     5il^4oi.totlitdecimalofaap#/ ^  Am.'tA^/mH. 


A  cuhie  ibol  of  cmI  iron  lieihg  4Mb.  moairiupois$^  then  how  naojr 
cable  fcet  ai«<ooolaiaed  la  a  92  poundeff  whole  weight  b  54artf  f 

..-    r«  »  I.  :    •  ^M,  19^. 


.1 


SoppOK  SOOOO  foot  loliTien,  each  man  hating  l?0  rounds  of  cartridge 
with  ball ;  now  if  the  balb  ire  an  ounce  e^ch^  and  the  weiglit  of  powder  | 
ofthchafl;  what  b  thr  whole  weight  of  lead,  andof  powder? 

/•   c.  Ik 
Am.V^    3  84    lead, 
f  (  $2  15  90    powder. 

flow  many  cmee.  3  otitica.  \lb.  and  B.  balbp  and  of  each  an  ccpial 
V  can  be  cast  from  a  too  of  k»d } 

^/t«i  1280ofeach» 


7f  miles  to  yards,  kc.  ,    »      Am^  19906^.  ^. 

56142  feet  to  miles,  Icc*  *  Am.  lOm.  1 1  I4>^f« 

10000  inches  to  yards.  Am,  Sr77{« 

7  inches  to  the  denomination^  or  (ractloo  of  a  jard. 

An9.  ^ 
f  of  a  yard  to  foef,  8rc. 
I  of  an  Inch  to  tfie  fraction  of  a  foot 
5j  Inches  to  the  fraction  of  a  foot 
^l  feet  to  th^  fraction  of  a  yard. 
^Vt>f  •  ^^  to  the  fraction  of  yards. 
100  yaidsto  the  fiwction  of  aaftiie. 
^lieHtobiches. 


Am.  7f.  4yir« 

Am.'^^ 

Am.^ 

Anu  \{. 

Am.  i^^. 

Am.  91 1. 


4tt  -4MtlTnilTiC»    )  i  1 


How  Miaj  iiegilicadt  of  iMser  will  Mnrt  i  fmiMMi  of  1350  nuk  te 
71  wttki^  aOoviof  cock  onii  H  piottfM- daj  ^ 

4w.tSS9A.S0ifoa. 

Bodiiot  f^  houn  toMooodf.  diu.  97S0. 

•^ofimlometDilielractiooofaabonr*  ^^*riv 

365i^  5A.  4Ui.  48jm.  (UieioUrjtv)  lo  teeoodi. 

J«f.  315569St. 
7  96  dtfgreci  of  a  dak  to  minutes-  Jnt,  477'd. 

95  Mcoodt  ta  the  dedmal  of  a  degree.      Jm^  •006944  M. 

What  b  the  valae  of  •0825  of  a  dcsm  > 

of'6?5    of  amiAttteofadegrceF 

of  44     of  an  hour  > 

i  ' 

tf,B.  §0 mondi makt u miHuU^  mud €0 mim^it iiigrm 


Compound 

U  Bop^OM  a  debt  it  dnckaried  iB6fraektt  aflar  thtiblloviof 
•ar,  ouBt!/.  3/«  17«.  IJi.  thtjirsi  ipeek»  tvrioe  that  luin  lite 
tioMS  that  Mm  the  ikird,  four  timet  that  turn  thc/nsrih^  fivr  timet  that 
aumlhe^^,  and  lixtioMt  that  turn  the  iiilA;  what  wat  tha  debt  > 

^nudZi    10    6|. 

f.  What  it  the  whole  amount 
of  41  guineas 
97  half  fiiiaeai^ 

19  cfuwuif 

SahalPoowM^ 
10 1  dolUfi»  'at  41.  f i^  each. 
1^7  gold  roohun.  at  1/.  13#.  2\d.  each. 
191  ticca  rupees,  at  Si-  :{|d.  each  I 

.JM»9ili0t.M  tAgrs. 

9«  MThat  b  the  turn  of  lOf.  12)i^l|/.«-€l.ij,4id^aad  17i  €|dL) 

Jm.  I9i.  31.  md. 

4.  ftequiied  the  turn  of  |-76/.-^lt  16'44i.«-«ad  19i.  HtMi. 


A^titnonMif  txMMftn. 


IM 


V  a  fi^mptijf of  ibol  mmbafMWori4lMt«liiilaaaMl»;  liM 
b  the  rate /»*  iMNirl 

Jw,  iM.  1490fir. 

Whtt  it  the  extent  of  i  frM  Motfltfpf  oT  100  mttH  tlt#«iagiMl  li» 

H'nr  fTfany  pslifiidet  will  ttwitMifid  t  fqtftre foit  whoie lidt  b^l50  ynxd^g 

the  crolrct  of  tlie  pali«ide»  bdiig  10  iacbei  atumlcr  r 

il>it*9100» 

If  t  iib«erve  the  flttb  ^ro«  a  cmtiofi,  amf   0  titomli  after  hear  tlio 
vepoil,  mliat  ti  hi  ditUncai  Itie  felocitjol  tomid  Mug  1100  feet  far 

.  dm.  10787. 

Am.  90af 

if/tf .  44514. 

Am.  I3«f{. 

^Hf.  129-4. 
Jtt9.*a31l  1^ 

dm.  7e'4€709. 


Btdoce  74^  tquate  feet  tp  Incbeti    , .      . 

lOO^V  »fuare  jnnh  to  feet. 

€421?  tqiiattf  imliet  tofevt,  * 

I  Wf.  lOi/ir.  (square)  to  jardt. 

56  ff .  /ff.  to  the  fraction  of  a  sqfoaft  fiiOI. 

'85  of  ■  foot  tqnarc  to  inclies. 

7*48  ^et  j^.  to  tlie  dec  malof  a  janU 

59^0  square  yard!  to  acfut. 

78  t67c9  square  fink*  to  acrn. 

Vhat  b  the  ealoe  of  <}  ol  a  iqoare  fbot  f 

'85  of  a  square  yard  ^ 
*75Sofanacf^) 
•755  ofaiqaare  pole) 

Itedoce  1 1 1 1  square  Inches  to  the  fraction  of  a  yard  tqoaret 

*  ie96  of  an  inch  siquare,  to  the  decimal  of  a  yard  square. 


|led«ee  I4P{  cuh\c  yards  to  fi^. 

*56  ofa  cubic  foot  to  Incties. 
984^.  9S0ffi,  (aih,)\o  yards. 
100  hufthels  (dry  mfoM,)  to  pinll 
'       .  .    i^qoarlefito  gallom. 
S900  pecks  tp  quarten. 

If  t  hatk  foaHoHed  l|  pecks  of  com  In  t  day% 
|i|ll  tme  70  korm  39  weeks ) 


\\ 


Ant.  3800}. 
Am,  967*€8. 

3«4^A. 

Afu.  0400. 

Am  977f 
Jnr,90i» 


many  qioarteia 


ADftlTtOH At  BXAMFLBI^  titf 

H   AlUfi^^A.  vhatiithatpfrliiiiKiifd  vdglit) 

f .  At  3c  lyUfird^j  vlut  to  tkalpii'«itiitfM|  or  Ibr  365  itjtt 

Atit.  6y«  I5f.  6lA 

fl 

I.  What  h  %hte  txpent  per  tmmimt  or  for  305  cUy^  oft  ffg^Mnlif 
CMibjp  aocordifif  to  the  followiog  t Utemeot  i  , 

X  f  .  dL 

Cotrmel  .^ •;«.... I  15    0   itd^p^h 

9  Lie^itenant  Cokmeh  eae4  14    6 

f    Mtjon  •- — ••  each  10  6  ^ 

t    CapUint  .^ M*  d  15  6| 

Captain  Ucuteiiaiit  •• 0    9  0 

Id    Licutenatitt..*.— — M«fldb  0    9  0 

» 

10  Corneti  .•••«•»-•«••••  Mcft  0  8  0 

Adjutant  ..••m..».m-...«i(«*  0  9  0 

Chaplain  •••••••••«•••••••••••  Q  6  9{ 

Surgeon  ^  •••••• 0  6  Of 

9    Surgeon*t  Matet  .;•••.  each  0  3  e{ 

Paymaster  ••••••»•••••••••••••  0  15  6( 

to    Quarter  Ma«t«n .—...  andk  0  5  9 

Seijrant  Major  ^ 0  9  9| 

40    Bcrjeantt •••••••••••  tack  0  9  9 

Trumpet  Major •••• 0  9  9| 

9    TVumpeten each  0  I  7 

«40    CorporaU  •••••••••••••••  each  0    I  7f 

709    PriTatetM •••m  ••••••  mcA  0  IS 

^        Serjeant  M^or  »••••• 0  0  ^   f9r^* 

40    S.*rjranti  •••.••*. r»cA  0  0  6 

Trumpet  Major 0  0  9 

9    Trumpetm each  0  0  4 

40    Corporato  • •..••••••  eorA  0  0  4 

709    PriraUt  mc*  0  0  4 

0 

9m  Appoiftinunts* 

Serjeant  Major 0  1    9|  ^dl|f. 

40    Seijcants m*  0  1    9| 

Tmnipet  Major  •••••••••.•.•  0  10 

9    T^mpeten  ••••••••••-  each  0  10 

40    Corporal!  ••••m.^^m.  9acft  a  1    9{  .       . 

709    WfilaiMiMf— ♦——•••*  9ath  0  I    9^ 

Tt 


IM 


AMTHMITIO. 


9.  IT  tiMi  dtaemmlM lOL ii  ILii.^d.^'^  lOOI.  IOt»  h  U.  18^  4A 
l|^.-««  8001.  U  9C  lUHiU^aml  oo  90f,ii  I7#.  IJ4A  Wbil  b  Iks 
wholf  diflcpdiof  Of  Mini  Ip  Im  ricccif  cd  I 

# 

4,  II  the  i|iiaoUl7  pf  pfOfUiom  to  a  garriioo  U  1 1  IIom.  IScvf.  Imv  muck 
would  be  kA  at  thees(|)intion  of  7  wcelt»  tuppotlug  llie  ncakl/  coowuDpt 
lioa  to  be  KIM*  13af^.  l]r,  9ia.  7ox.  f 

wto.  seitw.  I7ar#.  9fr«  Hlft.  ISoa, 

5*  If  three  pieces  whose  Imgtht  are  i/.  lO^iii.-^/  7'7i»<— and  l/« 
S'Sin.  be  cut  from  a  plapk  vboM  length  b  4^  )/.  9{l«.  how  long  b  the 
fenuioderl 

J9i.  lyi.  1/  t'7i«. 


6.  From  a  piece  of  ground  cootaiuing  .Iocl  Hpoi.  a  part  equal  to  1050 
•quare  yards  was  marked  o:!  for  a  surrounding  ditch*  fieqiired  the  co»r 
Untofthe  inner ipacel 

^w.  Ue.  IS^lflpsii 

7.  Three  hogsheads  and  an  half  of  liquor,  wine  measure^  being 
poured  into  a  vessel  whose  cubic  capacity  was  1^  7/  13tii.;  what  re- 
mained empl^  I 


-  I 

I 


1 


Compound  MultipUcaiian  and  Division^ 


I.  When  oats  are  at  3i.  I)|^.  /xr  bushel^  whatb  that  ^quarter  I 


9.    What  mpst  be  given  for  10  sacks  of  bdriejr  -at  W*  7«.  ^iptr 
sack! 

^w,  131. 16f.  Sidl 

3,  At  9s.  \0{4.  fer  bushel,  what  b  that  psr  load  of  40  bushebl 


4.    At  U.  O^i-  fm'».  f  hat  cos|  16  bafieb  of  gunpowder,  each  weigh* 
|ng90tff# 

Jns.  761.  iOSt 


$.  What  coit  S^ijanb  of  dol^  at  44. 5^  per  jaid) 


4»^U.%.%$H* 


I 


ADDtnOVAI.  UIAHPLII. 

13.    Whil  AM  »{a.  «<  rowder  at  U  OH /v  It^  ^ 

AIU.4L  ISt. 

I*.    WThat  h  Ihe  Mat  «ci^  oT  3t  bunb  oT  gunpowder 
wdcMafcKhbeioitail,  ttM,  aad  that  «f  «ach  etnplj  bam 

IS.    Wte(btl»wei|UorWgitlKai,eK)ibch(54^.  9j, 

Am.  Doa.  IT 

If.  WIM  ii  Ae  vhoto  fcvgth  of  it  ptanki,  each  bcbg  5^. 

I7.    Bovnuajr  iquN  yardi  ancsiitalMd  Id  17  boanh, 
ly.  ST-Mif 

An.  83^.  ^ 

in  a  day, 

Ant. 


1$.   ir  I  maa  cu  dig  C>*.  13/.  «bk 
«Mild  AT  nadlf  iMadajil 


19.    How  tiMn7  hogthaadiafbccr  In  4?  bamb,  each  barrel 
StgttLlf/mtt  Jnt.  iiAdi.  1 

30.    If  oalt  are  Mi-  U.  far  qoartv.  what  b  that  p<r  buthd 


Sh    irbncod*ai«4UCd:^cha1dRra,*hath-(hFprkca 
An*.  1(1 


».    IflhewhokpayoriOOPMUbciir.  iliL  3tf.  fera«td 
tbcdaajpayorndif 


tSf  iri  ^*«4/.  ITf.  ferS^Tatdiafclolh.  whatblhal^ 
«.  If  7|*.  Of  giMtwadu  can  %t.  IK  i*»lbthM^JI. 
fl.   ir9{«t«i«M.*kMwlMtatbitrtrft.# 


AllTUMETIC. 


wt».^„ftek*    1    S^  ftriiv. 

aOO   TtaopUona imA  0    S    l| 

Ai-tfUTM  11    tf 

^  Wlitt  l>  IheaMuul  txpntt,  wfaf  3<»j  da]'v  of  a  wgtnMVtaf 
feo^  CTwhUnf  cf  10  ceiapk^a  i  accordbg  to  ibi  fbUowbg  tialcaenf  I 

^  *.  A 

ColoMt ...,. I    «    <  iu/vjMr. 

«    LiMlcawlCQlaaeli.„fl«AO  II  II 

«    ICiion  .„.,.«. »<yKAOU    I 

Y    C>plJn> MtA  0    >    S 

SurgMMi 095 

Anittiiit  SurgMo  » »...  0    9    <1 

10    lieuietuntt  .,....„ tocM  OS! 

Quarter  Uuirr 0    5    I 

10    Ea>igai.„ - Uiek  0    4    I 

AUjuUnl  ,..„.... 0    S    6 

Paj-ntaitcf ^... ,.  0  IS    0 

M    S^tJcsDl*  ...„..„ «mA  0     I     6|  , 

40    Cor|>or4'i.«„ .,»„.wcA  0     I     3} 

10    Dninimcn n<A  0    I     l| 

•  10     hivsli'i.... ^...ta-hO     I     ft 

4b  Serjeinti e.%eh-0  0  5    ^4qr. 

40  ('or|K>ral« j,...  rath  0  0  4 

10  Dhinimirn „.  mrA  0  0  4 

910  I'rivatri (mA  0  0  4 

40     St'rji-jnU  nirA  0    0     OJ   f"^' 

40    Cnrponlt n.rA  0    0     l| 

10     Dniiiiinvn txh  0    0     I' 

SIO    Trivaln  _.,„  ...  Mh  0    0     l|  ' 

AM.4iMi    1  3. 

Ifc  What  cortSS4<|ii»tm  of  flat),  at  I/.  lla.41Af«-<iaarlnl 

.4w.4W.0fcft|A 

Ik  At  Sk  IK  ^  7Ud,  vbat  coit  »J  janhl 

«<ttiil4l.ltoll^SIff» 


\ 


ADDmONAt  BXAHfLII* 

Ihfff  ^  Pnporthn, 
1.    itqilnd  ■  U.  ptopartloMl  to  f  I  ud  ^  f 

I.    .»...»-....«.«„.. te*l6'ud-07l  r 


«.   leqrind tVA,  pmfortioml to «(,  19},  ud-Ollir 

».    -...,«»„.,-«. to^1|.aBdi|)r 

9.    ...  .».......^««.«. to  IT^  ■•■  I.  Md  Df  5  f 

T.    OiHfallatotwopttlibifliiglbentlooritol. 

§.   LftlObe(n*iM  IntotlimptfiithitilMBhaTttheiuMptDpaf* 
ttoM  M  the  tbne  dedmdi  •■,  -01,  and  -OOSS. 

bit  let.  Mf<p<»f.  iriiatCMt  ITorf.  9fr.  Il«.r 


la    Whawbart  It  IT*.  UL^^utor,  «l«t  ceit  ITfT.  5Im». 


IL    What  irtll  Siart,  tt gaafonitr  comets  >t  the  rale  orTtt.  for  St.  T 
Am,  l«firfMK 

It-    ir  l&af.  9fr.l«».oriadcoitl3J;  ISi.llAhovnmch  wiUslHt, 
|1(ai«.coBMior 

Aiu,ia.  \9t.ii. 

.     19.    Ifthe  dothlH  ofMO  mcncort  isaw.  I5i;«hat.«illbetbeex*  ' 
fcneofdolUi^ar^iincBtGoiulitlDforvil  nwBf 

4m.  wo.  15«.0iA 

14.    iri)hMknpt«««(  740(.  lb  udhhvholeprofiet^aBMNurtfto 
fi  Moiw  Om  SIM  ISr.  wfcat  culi*p*rf«- « to  hh  ctcdHen» 


U4  ^lYtfMKTlOt 

15.    Wboit  ptno«'baMMiUiM3oneb  5451.  lOiiSA  vlialihfliM 

hii  daily  cxpeaaia  laordcf  U^Uy  Uy  iol  a  ycitf  f 

Jm.  lei.  lA 

IC    HTiai  wUl  the  Ux  OQ  52<JA  lOi.  ainounl  to  al  te  5|if. ;» the  pouwlr 

<  • 

17,  If  ilic  aviTtge  it^p  of  a  hnrte  be  8|  feet,  f  sd  thai  of  t  n^  2^ 
fcetf  theohow uuuy  wen't paces aic equal  toiOola iMwiel 

Jm  .  44. 

18.  If  a  garriiOB  #r  860  meq  have  (»rof isiow  fcr  910  dayi»  h^w  lopg 
wiU  thofe  pcovisMMu  last  if  Ihc  yafriMu  be  reduced  to  644  men  I 

.  19,  Two  hupdred  and  (artymea  having  failed  a  certain  worliio  8  dayt: 
how  many  mco  would  he  necessary  to  finish  a  like  quantity  of  work  ia  M 
da)-sf 

SO.    If  130  men  when  put  in  ooluam  of  inarch  with  8  nen  In  iroiit, 
fxtendSI6  paces}  what  will  be  the  extent  il  |liey  march  9  men  in  front  I 


9U  If  i  certain  niimbcr  of  workmen  can  throw  up  an  entrenchment  io 
10  days  when  the  day  It  C  liours  long ;  In  what  time  would  they  do  it  wheii 
the  day  it  8  hours  long) 

99.    If  the  garrison  of  a  besieged  place  have  pmvislons  for  19  weeks,  at 

the  rate  of  IS  ounces  psr  day  for  each  man  \  what  must  be  the  aOowanco 

if  tliey  Intend  to  hold  out  16  weeks ) 

Jnt.  13^09. 

23.  What  length  must  be  cut  oO*  a  board  that  Is  14^  Incites  wide  to 
inuke  a  foot  square  > 

'«*4.  How  many  yards  of  paper  which  is  9  feet  widCi  will  hang  n  lOOm 
that  is  G  yards  ioug,  5[  btuud,  and  8  j  lect  high^ 

Am*  95|j«rdr« 

95^  If  thepenn>  k>af  weighs i»l<».  when  wheat  b  I9i  6d.  f§r  bushel; 
what  should  it  ucigh  when  the  whe jt  Ui^s,  U)d  the  busiiel ) 

96*    If  A  garrison  of  800  men  have  provisi^^os  foe  19  weeks  at  the  rate  of 


AftDlTIbNAL  iXAMFLIt* 

•  ivy  Ibt  each  mta :  whtt  mint  be  the  tttowance  to  n 
f Mom  laH  10  weeks  K  tlw  gifriiM  li  fcfhiced  to  TOO  me  n  ? 

4 

If  tbequtiititj  of  provitiont  lo  i  garritun  terre   1900 
k»p  tt  tliertte  of  90  ouacti  t  dtj  for  etch  men;  how  miny 
proriiioii  maiiitaia  18  wceki,  tllowfof  each  man  16 


!■) 


J 


sM 


U  840  met  treqalie  S880  ratkHit  of  bicad  §ai  t  week,  h 
-^^Jooi  wid  8580  men  ntfun  for  7  wcekil 

Jm 

99.    In  the  Utitnde  of  London,  the  dbtance  foond  the  eai 
^^«!lel  of  latitnde  It  netfly  15560  milet ;  now  aitbe  earth  In 
^Mace  In  Tih.  S9m.  im.  at  What  raU  pir  minute  b  the  City  < 
unified  from  wett  to  eMi  bj  Ihb  motkmf 

iffif.l0|t 

90.  Sappose  ^General  Impoiet  a  contribution  of  80001.  on 4 
It  paid  In  proportion  'to  the  number  of  lohatrftanti  contained 
now  If  tbefirtf  cootafm  1800,  the  aecond  1400,  the  third  lOOO 
fcurth  1800i  what  part  muiteach  town  payf 


Ai 


91.  Four  companies  ooothtlDg  of  48,  57,  06,  and  78  men, 
h»  hdof  tent  into  a  garritoo  wberetbe  duty  requires  81  men  a 
many  mu8t  each  company  fiimbh  in  proportkm  to  Its  strength  ? 

Aiu.  14,  19,  8 

98.  Soppoie  the  forage  on  8|  scresof  land  wUI  supply  a  b 
honeforSdajs)  kow  many  anch  acres  wiO  senre  750  hone  for 


91   tf  the  charge  of  keeping  10  hones  58  weeks  b  4571.;  wl 
kaip  tf  €8  hoMs  inonnl  10  h  81  weeks  al  the  same  rate  I 

18 


H^  IkrantMpaorhoneitnlaMdforwhkhthqrpayS 


«««t ^ honct fcrlfl  dajt)  tlttMCQnd tcnl 6^ hq^Mlfiw  1^ 4NFf I <lMlht 
third  Mat  80  iMiwt  far  18  days  I  what  muU  f  ach  iTKKip  ptj  t ; 

Jut.  iJi.  nil  hOh 
y  s   '  ■'      u.  yii.  fit. 


>f. 


9JI.  V  Um  caniafe  of  3(to#.  of  baggafe  coH  It  4t.  for  90  aitoa; 
wlttt  win  tlM  carriage  of  lecmt.  for  84  milet  aiaouot  to  at  tlie  tamt  ratt? 

98L  If  a  piece,  of  canva<  18  Flemish  elli  loiig«  and  |  yif.  jridc,  coat 
18i,  .6}^.  t  what  cost  aooihrr  piece  of  the  tame  qoalitjr  wl^h  it  63  English 
clli  io  length,  and  a  yard  wide? 

j$u*v.  if.  m* 

37*  Bought  ^  fltlver  tankard  weighing  36  (os,  tnUriupuit  at  5j.  the 
imnce,  and  sold  it  at  Si.  h\i*  the  ounce  tn^ ;  what  wai  gained  or  k»t? 

38.    Suppose  l}ctf  A  of  gunpowder  at  5/.  19f.  ^ovl.;  Sjiir/.  at  4/.  Il#. 

4d!i  /^r  CM>f.;  and  ?|cir/.  »t  ^.  U .  4^  fcrcwi.  to  b^,  mixed  together ;  wh^t 

ii  a  hundred  wcighi  of  the  compound  worth  ? 

Ans,  5/.  8^#, 

30.  A  General  having  deUclu^  }  of  bis  army  to  take  possession  of  two 
ttrong  posts,  and  750  men  to  watch  the  motions  of  the  eiiemy«  found  tliat 
lie  had  cmly  |  his  ami>  left ;  what  was  hia  whole  force  .* 

<^/ri- 3S00  men. 

40.  The  ordinary  Greiian army  contii^ted  of  28672  men :  the^i7i-f  or 
light  armed  foot  wete  twice  the  numb  rnf  the  cavalry  ;  and  ihe  opiites  or 
heavy  armed  foot  were  twice  (he  number  of  the  light  armed.  Query  the 
number  of  each? 

Afu,  Cavalry  409C 

IJght  aimed    819':. 
Heavy  armed  16384. 

41.  Tliive  soldiers  A,  B»  C\  divide  3  <50  cartridges  in  the  following 
manner,  uz.  A  took  Q  as  i>ften  as  B  took  3 :  and  C  get  5  for  every  4  which 
n  had ;  what  number  did  each  get  ■ 

-ifii.  A    sso. 
1        Jl  131*0. 

C  i&ja 


AftDlTIbNAL  iXAMFLIt* 


14» 


I. 


fOomcett  day  M*  each  ttta:  whatmiitt  bethe  illowtiicetoiiiikttlKMi 
proflilomlail  10  weeks  If  tlwgafriiM  li  lediiced  lo  100  men? 


«  , 


ff7.  If  tbeqatiititj  of  provitiont  in  t  garrisoii  terre  1900  men  M 
irceki^  at  tlierate  of  90  onncti  a  day  for  each  man;  how  many  men  wilt 
tke  tame  proriiioii  maintain  18  wceki,  allowhi  each  man  16  onncei  n 
4aj> 

fB*  UUO  met  treqalft  SS80  rationt  of  biead  isr  t  week,  bow  many 
tatiooi  wiO  95fOmen  leqinire  for  7  weeks) 

Jns.  ]99i80» 

0.  In  the  latRndeof  London,  the  distance  foond  the  earth  on  tho 
paiallei  of  latitnde  it  neaily  15560  miles;  now  as  the  earth  tornt  round 
once  In  Ah.  S9m,  im.  at  What  raU  pir  minute  b  the  City  of  London 
canried  from  west  to  east  by  this  motkm) 

ifw.  10|Vf}{  mflff. 

90.  Sappose  ^General  imposes  a  contiUiuUon  of  90001.  on4  towns,  to 
hm  paid  In  pfopordon  *to  the  number  of  lohabitanls  contained  In  each  ; 

rt  If  tbefirtf  contains  ISOO,  the  second  1400,  the  third  1000,  and  the 
fcuith  1800;  what  part  mnrt  each  town  pay  > 


AM 


91.  Four  companies  cxwsistiDf  of  4f,  57,  06,  and  78  men,  respectite* 
,  bdng  sent  into  a  garrison  where  the  duty  requires  81  men  a  day  {  how 
must  each  company  fiimbh  in  proportion  to  its  strength  ? 

AM.  14,  19,  99,  and  96. 


99.    Soppoiie  the  forage  on  9| 
9  days;  kowmanyinch 


seres  of  land  wUI  supply  a  body  of  400 
wiO  senre  750  hone  for  7  daysl 

lOH, 


91   tf  the  charge  of  leeping  10  hofses  59  weeks  b  4571.;  what  will  the 
keep  tf  fi  boms  nndmrt  10  In  91  weeks  at  the  same  rate  I 

liMl  I9fft« 


94^  llBnnl8DQ|8orbomitnlaMdforfrhkhtbiypay8or4|beffsl 


u$ 


AAITHKPTIC.^  ^^ 


«««l ^ kpiMf fcrM  dajt)  tlttMCQnd tcnl 64 hwwfiw  1^ 4NFf 1 4M4lht 
third  Mat  80  iMiwt  far  II  i|i>t  I  what  muU  f  ach  iTKKip  pay  t  ; 


/ 


V. 


si  V  Iht  carritfe  of  3(to#.  of  btggafe  coH  It  4«.  for  90  «U«i( 
whal  will  the  carriage  of  7dc«^.  for  14  milet  aiaouot  to  at  the  tame  rate? 

Am.  le/.  ISA«. 

90L  If  a  piece,  of  canva<  I  a  Flemish  elli  long*  and  |  yi.  »idc,  cost 
18#..6}^.t  what  cost  aooihrr  piece  of  the  tame  qaalitjr  whkh  it  63  Eiigluh 
dli  in  length,  and  a  yard  wide? 

d^iAl  if.  4i^ 

37*  Bought  %  tUver  tankard  weighing  36  {os,  tnoiriupuii  at  5j.  the 
imnce,  and  sold  it  at  S#.  5{if*  the  ounce  trt^  \  what  wai  gained  or  lost? 

dfu   lOfU^.  ha. 

Sa.    Suppose  l}ctf /.  of  gunpowder  at  5/.  19f.  ^onl.;  Sjiw/.  at  4/.  Ilr. 

4dL  ptT  cu/t.i  and  Sjcir/.  »l  d/.  Ir.  4^  fercwi.  to  h^ mixed  together ;  what 

is  a  hundred  wtighi  of  the  compound  worth  ? 

Am.  5/-  8^4. 

30.  A  General  having  detaclu^  }  of  liit  army  to  take  pos<etsion  of  two 
•troof  posts,  and  750  iiicn  to  watch  the  motions  of  the  enemy*  found  that 
lie  had  cmly  |  his  army  left ;  what  was  iua  whole  force  ? 

Am-  3^00  men. 

40.  The  ordinary  Greitan  army  contixted  of  28672  men :  Wxtpsilcs  or 
light  armed  foot  wete  twice  the  numb  rnf  the  cavalry  ;  anrl  the  opliics  or 
heavy  armed  foot  were  twice  (he  number  of  tlie  light  armed.  Query  the 
number  of  each? 

Afu.  Cavalry  409C 

IJght  amied    8Ii>C. 
lltavy  armed  16384. 

41.  Three  soldiers  A»  B.  C\  divide  3:t50  cartridges  in  the  following 
manner,  uz,  A  took  Q  as  often  as  B  took  3 :  and  C  get  5  for  every  4  which 
n  had  \  what  number  did  each  get' 

Ant,  A    SSO. 
1        jl  t3C0. 

C  i&ja 


.¥\ 


i 


ADDtTrdHAt  tXAHfLBI. 


I 


4?.  AbiMtytfSSSi)  tmbfHl*  MmfhiMil  or4  tatuKoMi  wh*lh  I 
mntph  of  neb,  ir  4  (ha  int,  {  oT  tbe  tecoad,  ^  of  Uie  iMrd,  and  { 
tke  Ibnttta  are  c>(i»l  * 

Jhi.  3G0,  510,  790,  91 

4J<  A  party  ef  Inot  bntin  th«lr  march  il  8  In  thv  nmrnlii); ;  two  (mm 
sfUrwarda  a  troop  of  honr  Mhnr  them  (Iram  Ihf  nunc  pbcf )  i  the  fc 
nrtrcti SO  pMM /ar  minute,  ahd  the  how*  9o  j  now  if  a  m-n'i  rtrp  be 
feet,  aiu)  that  of  a  hone  3{  'ivt ;  In  what  time  will  (he  Itanc  overtake  I 
faot ;  lod  what  dbtame  will  Ibej  ha*e  niarebed  * 

^ni.  RA.  tS-f.mil, 
Dia.  a3m.  3£l2f)  /i 

44.  Al  what  UiM  between  10  and  II  o'clock  arc  tbc  hour  and  niim 
hudi  ofa  walck  tegetber  I 

^w.  M-f^iHn. fatty 

41.  A  party  of  honelpaTC  Iy<nd<M  Tor  Ovfhrd  at  T  in  the  mnraln|i  i  ai 
another  patty  leave  (Mbrd  br  ljondonat9  the  tame  morBlnftthrfann 
March  3)  mllet  ai  boor,  and  Ihf  btltr  tj  ;  how  far  wttl  each  hav>:  li 
Tclted  wbea  tb«y  meet,  tbe  di*lance  from  Oxford  to  London  being  : 
■lUrtl 

M. 

^M.  Mff  from  Londe 
>»^  from   Oxlor 

46.  A  bank  of  earth  330  yardi  long  wa«  lo  hare  been  ratipd  by  40  mi 
in  T  day*,  but  at  Ibe  end  of  5  dayi  only  Uw'O  yanlf  were  compMnl  t  nc 
hew  many  men  ibouM  be  added  to  fiwik  the  bank  in  the  propowd  tin 
•t  the  aaa*  nU  of  votklBg  t 

Jm,  I 

47,  A  General  after  dHachtng  ^  qT  Ma  array  to  lakf  poMcnion  ol 
hdghl,  and  ^  of  the  Rmaindcr  to  Kconnottts  the  enemy,  had  IttOim 
Mt  what  wai  hit  wbotolbrccf 

Jim.  mm  me 

ttm-  If  a  pniion  of  1900  mm  bare  ptOTMnni  fi>r  19  montht,  W  . 
the  end  of  3  mnntiM  are  tflnlbrccd  with  500  mm,  and  9  moatbi  after  tb 
«itb400  morp;  how bMif  wilt  the  pnrUoDilait,  anppof la|  no afteralh 
b  Ito  Uly  allowaDeo  otf  eMhtaaa  f 

Mn.  ■Ha«uwiHii»i<b«Aai 

.  4ll.  Tm  labovrai  A  aid  B  If  thvy  amk  together  c»»  Ag  a  litN 


IM 


AatTVMBTie* 


if  bt  •Offtad  akaal 

•■^^«  ^wy  w^^v 

50.  A  caadif  3f  jaidi  oT  i titach  inidajt;  Bciui  dig S9  jardt  ia 
Idayi;MdC  oui  dig M yank io  lOdajt;  ianbal  tet  muM  tl^j 
MililOa  jrardt  if  the/ vork  logetber  » 

Jbu,  AjLd^Mt. 

51«  *V  A  cia  flolth  t  ctrtaiQ  namber  of  jardt  of  an  tntnochmciil  hi 
€  dayt  of  7  Kouit  «aclit  and  B  can  do  4  Umai  iM  nock  in  15  dajt  of  t 
iKMin  each ;  what  it  tlioir  comparative  ttreogib  > 

Jms,  Um  ilreogUi  of  B  b  to  thai  of  A  u  56  to  45. 

SS.  Suppoce  90  men  in  15  dayi  of  8  houn  cachV  can  dig  45  cnbie 
jardt;  l)ow  many  cubic  yards  can  05  men  dig  in  40  dayi  of  10  bonii 
]ong»  tuppoting  tbe  liardncu  of  Ibe  ground  in  tlie  former  caie«  It  to  thai 
In  the  latteTt  ai9  to  ll«  and  the  ttrcngih  of  e^h  of  tho  90  ni^  it  (o  that 
of  each  of  the  95,  at  €  to  7  r 

-^tl"«||l«rAf 

55*  If  50  men  in  40  bourt  can  dig  SO  cubic  yards;  bowmaoj  men* 
wliich  are  stronger  in  tbe  proportion  of  5  to  4«  would  it  require  to  dig 
120  yards  In  00  bourt.  tuppcKing  tbe  ground  iq  the  latter  cate  it  harder 
than  that  in  tbe  former,  in  the  ratio  of  9  to  81 

^nf.18. 

54.  Suppote  two  labouring  parties,  one  consisting  of  40»  the  Other 
of  50  men,  and  let  the  strength  of  each  man  of  the  former  party  bt  to 
that  of  each  of  the  latter  as  3  to  4 ;  now  if  the  40  infn  can  dig  |00  c^bif 
yards  In  10  hours ;  in  whiit  time  would  tbe  other  party  dig  480  yards^ 
if  the  ground  in  the  former  case  is  twice  as  bard  as  that  in  the  latter' 

Jmm.  14{  AOMTt. 

JV*.  B.  In  the  three  last  questions,  the  labour  in  digging  a  like  numlier 
of  yards,  is  supposed  to  be  directly  proportional  to  tbe  hardness  of  tho 
ground* 


55»  A  plan  of  raising  tlie  siege  of  Brunswick,  by  Prince  Ferdinand  In 
1761,  has  a  scai$  of  3CM)  Rkj/nhnd  roodi ;  the  JCd/#  is  juit  9*69  ituka  in 
lengths  the  plan  is  I8|  tnches  long,  and  IS}  broad  }  now  if  it  be  cnlarge4 
to  6  iMim  the  English  mik|  what  will  be  i|s  length  and  bieadtb) 

Am*  99*8fN,  long. 
95*4tfii,  bfond. 


r 
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.fie 


in 
d 


M   A»  B^  fttd  OfCM  dif  •  trench  In  4  dajt  i  A  can  do  It  I7  hiimdf  * 
li  7 dajf,  and  Bfai  14;  h  #lial  i\wm  woald C  fiabh  it  If  he  workod 
•looef 

•diit.  9S  diyt* 

57.  A»  B»  tod  C,  can  dot  piece  of  work  ia  10  dayt;  B^  Cf  and  D, 
Ui  It  dajts  C,  l>t  and  A,  in  14  days;  and  D,  A,  and  B,  in  Itf  dajt| 
in  wliat  tlmewould caah  doll !»/  bianeif  ? 

*  A       B        C         D 

%$.  SoppQM  a  clock  hat  three  handt»  and  that  one  mofea  round 
onee  Ina  da^,  another  once  in  50  daytt  and  the  third  once  in  365  dayi  | 
aowifthej  aro  all  together  at  any  |NLnlciihtf  tine,  how  long  is  H  befera 
thcj  cooM  together  agpdn  > 

^nf.fl9Od0|9.  . 

59.  OiYlde  10  falo  three  toch  parts,  (hat  when  the  tit.  Is  mnttl* 
plied  by  ft  the  Ml  by  5,  and  the  3d..bj  4,  the  three  products  may  bo 
e^nall 

60.  Let  10  be  divided  into  4  parts  soch»  that  when  thej  are  respee* 
tivflj  divided  bj  9, 3»  4,  and  5,  the  quotients  shall  be  In  the  same  pro* 
porUonas<^7,l,and01 

-^-  lA.  1*1.  «H»  ♦*. 


Chtesiions  respecting  the  mitrch  of  Troops. 

.      ■      • 

t.  If  the  force  of  a  battalion  be  49p  aieo»  ii^  lliree  ranks ;  what  Is  the 
oxtent  of  Its  front,  the  alknranct  for  each  man  In  front  being  S)  ineha  or 
H/mif  (Sae  quest.  27,  art  104,) 

f.  8oppo«e  the  same  battaliottinlitie  of  two  ranks;  what  is  the  extent 
wfllifrontr 


X 


S.  In  what  time  wonid  a  colttma  consisting  oft  battalions,  the  extent 
of  each  being5 17  Icet,  march  Hi  own  leiifth  at  the  ofdlnaiy  rate  of  75  pom 
#f  9|>M  each  ^  mtaule  I 

dmimmiti. 


IM( 


AftiTteUiMA  ''(«:^ 


i.    IliwbittlMiMiiaacofamiioriiiM«'WlldiMlMl^ 

S*    Suppoitiig  the  BUfch  it  according  toqakk  tint  or  108  fton  p$r 
iiMaute}  iM  wbat  time  would  Uie  coiumii  pou  throogb  U»  ddM ) ' 

<iiii«  isi  mie» 

»     .  •  '  •  »   ^«  •  ^ 

6«    In  what  time  vmild  t  coluhm  of  hOTit  whoie  txtmt  H  89(1  /?»#» 

inarcli  through  ■  di  ii;«  }  «  iiftle  in  length,  al  Iht  ntt  of  80  foftt  per 

Auoute«  luiiposiug  tlic  average  ityp  of  a  hone  to  be  27|  /ki  f 

Jmt.  14j}  wfi«, 

,  7«  .  Soppote  iabatta)ionf»  the  e!cteat  of  each  incliidiog  9  fidd  pi«!cef» 

lieing  i\Q/c^B  bave  to  pA«i  a  defi!6  l|  milei  in  IcpgUi ;  now  if  the  column 

can  move  at  the  rate  of  Ij  pjtcs  l'2\/cei  ejch)  i|i  the  fininule^  but  the 

la»t  I  mile  being  a  bad  loid  in  wlitih  the  hor»et  attached  to  the  cannon 

.  can  march  only  40  paces  {'2i/cci  each)  pa'  minute^  in  what  time  will  the 

'  column  pasi  the  defil^ ) 

dnt^  1 1 1  j^  min* 

8.  If  in  the  last  question  thr  dni  mile  it  a  bad  road,  and  the  \  miks 

a  good  one ;  In  wliat  time  would  the  column  march  through  the  defile ; 

the  other  circum:»tancef  remainirg  the  lame  f 

Ant.  120  J^l  min. 

9.  Suppose  a  column  vvhosc  extent  is  ?000  pt:€i  of  9\fi€t  eai'h«  baa 
to.  pass  a  dcfili  35  miles  in  brnglh,  and  that  it  can  marrh  80  paca  per 
minute  in  the  lirst  mile,  50  in  the  next  i  uiiie»  6  j  in  the  following  I  f 
uiiletf  and  only  45  in  the  Lut  ^  mile;  In  urhat  time  will  it  clear  the  defiU  f 

10.  Admit  the  column  A  has  a  good  road  CoOO  paces  in  length ;  the 

column  B  a  middling  road  4000  paces  in  length ;  and  the  columq  C  a 

bad  n>ad  3310  paces  hi  length;  nowif  tlie  £rst  column  march  108,  the 

second  column  75«  and  the  third  culumn  only  50  forer /wr  minute ;  how 

must  the  march  be  rrgulaled  that  the  heads  of  the  rolumnt  may  arrif  e  al 

the  ^amc  parallU  t«'gt:lhcr  ^ 

Jm,    A  must  halt  5^  wiiit. 

B  mus^  kaU  18^  mim 

11.  If  in  the  Inst' qui'itton  it  is  required  that  the  brads  of  the  columns 

Uiail  airive  at  the  sinie  parallel  at  tbe  expiration  of  l|  bouit ;  bow  must 

the  mari'h  le  regulated? 

Jnu    A  musi  kaf$  I3|  min. 

h  mutst  kaJi  Q\l  miM. 
Cmustkaii   %]  min. 


ADDITIONAL  EXAMPLlt. 


Ul 


"I. 


— ^Tlf  Snppoie  17  ^tUiHoiii»  Hie  extent  of  etch  being  590/«l»  luiTe 

pan  3  de6l«t;  tlie  first  I  mile,  tbe  tecond  l{  milet,  and  tKe  third  1| 

t%  Id  length  |  bow  matiy  bittalUMn  mast  piM  through  each  dcfil6  thai 

whole  march  throagh  t.  em  maj  be  made  in  the  least  time;  and  what 

^thattii^e  bo  If  the  rate  of  marching  bTlfocor  (2|yM  each)  per 
natt? 

Afl%  If  thrmtgrh  the  ihorteHt   1    .»    ^    ,    * 

jlni  fht  mpediti  lima  witt  b§  55f  (i  50/^  ftif  |  m/ii. 

« 

19.   Soppoie  the  tame  17  battalions  hare  to  post  9  defile,  the  first 
being  H  miles,  and  the  Second  I  mtle  in  length ;  now  if  the  troops  caw 
march  l08|NKan  per  minute  In  the  fint  defile,  and  75  In  the  other  ;  ho^ 
must  the  battalions  be  dlflded  that  the  whole  march  through  the  defiks 
majr  be  made  b  the  least  time  ? 

Anu  10  buUaUons  must  nutrik  through  ike  tongai. 
7  ikrotigh  ih0  shorteii. 

H.  Suppoae  92  battalions  haVe4o  pass  3  defiles  of  equal  extent ;  the 
first  adopting  of  4  men  to  march  in  front*  the  second  of  6|  and  the 
tliird  of  8)  now  If  the  length  of  a  battalion  {including  9  field  pieces) 
when  in  column  of  march  with  4  men  in  front  is  €60,  with  6  men  in 
ftont  Is  490,  and  with  6  men  in  (ront  Is  4\0 /eti,  respectively;  how  man/ 
liattalioos  must  pass  each  defile  that  the  whole  march  through  them  may 
be  made  In  the  least  time ;  and  what  will  that  time  be  If  the  defiUs  are 
^ach  9  miles  in  extent,  and  the  r'kteof  marching  75  fnffcet  (?}/fcf  each) 
|Nr  flttlaote? 

4m.  3  iaifaliofif^  through  iht  fir^f.         time  73^f  mi/r. 

S  through  the  $ecofid-  77f{, 

9  •••*.. through  the  third.  19.  ^ 

15.  If  l9battaHoos  have  to*pas)  9  defile,  one  9  miles,  the  other  1 
Me  la  los^h,  the  former  admitting  7,  and  the  latter  4  men  to  march 
tbreait«  lespecttvefy }  now  4f  the  length  of  a  battalion  (including  9  firld 
pieces)  It  990  pmr  of  ^/eet  each  when  7  men  march  in  front,  and  407 
paosr  wbtt  4  men  m^fch  In  front ;  how  many  bs^talions  mutt  past  each 
deiilf  that  the  whole  march  through  them  may  be  made  In  the  hast  time  ; 
ind  what  will  that  time  be^  loppoting  the  march  b  70  f«crf  per  minute 

Jnt.  4  battalkms  through  the  hrouieti*       time  76}g  mim 
%  through  the  other*  ^ TiJ^J  mrVu 


IM 


AKint/fkrit* 


il  aft  IIm  rate  of  50  picti  per  miyute.  aadtlullluou^tlMollKrCSi  ko# 
■mtt  ih*  ifc^*»*M^%—  Wm  divided.  Ikt  otbcr  ciicmnttAaoci  KB^niiis  Ike 

flfflp* 

#  ••••—•••••»  through  ikt  ctktf*  •«•»••••••••••••  l^l)|^* 

17.  Admll  IS  bttUlioof  of  upequal  itieiiitli  ba?f  to  put  f  dtikip 
ont  0  mikb  tht  other  H  roilai  in  lengU),  oach  admitting  of  a  Hkt  aumbcr 
of  nco  to  marcli  la  (tout ;  now  if  ilia  extent  of  aacli  of  0  battaUont  when  in 
columoof  maich  it  4%0/mip  and-  the  extent  of  each  of  the  other  0  It  690 
'  iMi ;  what  ttumber  of  baitaiioiit  aBust  ptit  each  deliU  thit  the  whole  march 
through  then  naj  be  pcrfbriaed  hi  the  katt  tirne^  at  thi  rate  of  75 /wet 
(2i/Mf  each)  fir  minute } 

jUu*  6tf  ihe  hsi  Uiiations,  and  \  of  At  gnoMr,  mud  wianh  ihroygh 
iho  shutUa  defiU, 
^tfihoiesi  mnd  2o/  ihe  greater  through  tho  other.  * 

Jnd  the  time  !/  marching  through  the/'rmer  56ff  oif«. 

through  the  laU.r  56ff  oifit. 

N*  B,  In  the  foregoing  quettiont,  the  fronts  of  the  column  are  loppoecd 
to  enter  the  defiles  nearly  at  the  laiiie  time.  And  in  itducing  ibet  to 
paccVi  the  nearest  integer  b  uiuaily  taken.. 

Interests 


1.    What  is  the  simple  Interest  of  ii9i.  ISu  for  4  ycaia  at  4  per  mH. 
fermummf 

Am,  511.  Si.  %Mi. 

9.    What  Is  the  simple  interest  of  9171.  15s.  SiL  for  4|  yeaiSb  tt  3^  pw* 
wUnfcrmmt 

3,  What  Is  the  simple  interest  of  379I,  IQi.  for  190  dajs  at  4^  per 
emt.feramuf 

dm.  61.  lOi.  lIHt^ 

4.  What  will  be  the  amount  of  9511.  lOi.  In  I  years  at  4  per  cm/,  per 
simple  interest  > 

Jnu  90IA  l€i. 


§.   Wfcatls Iho diioooot oa  COOT,  eiifercenif 


Jiei'U. 


ADDtTl6ilAL  itAtCfLli;  li^v 

«.    What  It  the  dlvcmml  of  Wd.  due  •  ]fttf  hence  it  4  ferofiT;  > 

liivple  ItttereH? 

■  '  •  *  • 

7»    If  I5(tf.  beoofoe  do*  to  me  at  the  end  of  l{  yeart,  what  should  t 
ffccrive  immw'Jittd/,  dbcottaUoi  at  the  rdUc  of  4  fff^  tfoir.  jptr  MO.  tin- 

pU  intettAY 

■^  ^nt.  Ull,  lOf  21fl 

••    If  I  receife  97St  for  soot  doe  t(  yean  hcoeeb  what  am  I  chargci 
ji^r  cool,  fw  omi»  diaooont,  lockooiDg  tiiople  iolereft  I 

f,    \l1iatbtliep«fdiaKofl000i;Aool^oNoo£tf9il9l}ftrcepir^ 

10     WhatbthepofthaieoriOOO&Mlfliftvlit  ll«4^c«iif.f 

4N#.ll!?3l.l5i»  '* 

II.    What  It  the  aoKMint  of  S6f.  lOii  in  4  yeait  014}  |wrcfMf.iF(r^boi» 
cofopouod  Intcttft  I 

If.    What  It  the  obmpoood  intereit  of  ITOi.  fat  S  yeart  at  5  ftr  ctnUi 

f 

Jo#.43t3t.0-9dL 


JDonill  P^lfioit. 


f.  A  general  ha?lag  detached  990  men  to  take  pom^ion  of  a  ttroog 
pitt«  and  4  of  the  remainder  of  hit  troopt  to  Watch  th«  motions  of  tho 
entmj,  findt  that  he  hit  only  ^l^  of  hb  aniiy  left  (  what  wat  hit  whole 

■RtC?  % 

Ans.\0i9 


3.  Thiw  battanoM  of  on^qnal  tbicearo  In  rolomn  of  march;  tho 
rtivnt  of  the  lint  battalion  Is  216  prntf^  the  extent  of  the  teoond  is  eqi:al 
to  that  of  the  first  and  third  together,  and  tiie  extent  of  the  third  it  equal 
to  that  of  the  int  and  hair  the  tecond{  what  b  the  extml  of  tho 
eohimni  » 


V 


K 


I    ( 


•  » 


i-  • 


1.    •- 


f 


if. 


•         I 


.-  •  •  - 

(  ■  .  ;  ■ 


t-  f 

I  \  ■  .■ 


I  ■ 


■■*••. 


r 

1.    What  two  fractions  are  those  whoie  tom  b  1,  nod  the  freater  divi*  ^  t 

4ed  by  the  kfts  firet  the  Hootirnt  10 }  A 


r   *■ 


4 

XH 


411THIIETie* 


*    4 


!    ^ 


«  4 


4.   WImI  aufubtr  ^  llat  wldch  bciag  ^dcd  Ip  ill  t^utft  ihiU  ^^ 
ftbemiiilO!  » 


S.    Renuiicd  thai  wualNf  wUdi  adfM  to  iU  pte  ibtU  ookt  the 

4*040415.  HMTlib 


70» 


illVOfflflOfl* 


I.    Wbil  U  iKt  iquini  of  8TM  > 


9.   What  b  tte  cube  oT  8765  > 


3.    Rfi(|oli«d  tiM  cubt  of  HnOOl  > 


4.    WUI  b  th«  41ft.  power  of  931 


3.    WkAl  b  IKt  13^ft  power  o(  31 


C    Required  the  tquart  of  ff  ? 


7t    What  b  the  lllft  power  of  f ! 


••   What  b  the  5/*  power  of  5|» 


>' 


.  I 


At.  76t23f35« 


^te.  €73373097 1S5. 


•000343I47091001. 


Jhi'  7I80«520K 


15943/3. 


^<«-«i- 


W*WiV 


/»f.47J4^,V 


£xlracfioii  of  Jloolf • 

U    Bow  minsf  nokt  tit  io  «  colniim  OMNbtiiic  ^f  962^  nmi^  whet 
Iho  Mioibarof,  laica  in  frqot  are  equal  lo  the  nuinber  of  faoLi  ^ 


9.   What  b  the  aquare  root  of  3118801 1 


a.    What  b  the  iquare  root  ol  950401  limoi  I 


jMr^nio. 


/kv  500401. 


-/v. 


i'JI. 


:ol. 


:  .•3. 


}:S- 


;   »  "  * 


•  • 


{'If. 


ADDITtOKAL  IXAUrttt* 
4.    &fqiiin!dtlitii|iiareiootor4609'0S7l  I 


5.    What  btlietc|uare  foot  of  •0003118801! 
€L    What  it  the  tqutre  loot  of  11! 

7*    Beqinred  the  tqiure  fool  of  3  f 
8.    Kc«{ttittd  the  square  root  of  {gj? 
9»    Wlal  b  the  square  lootlof  \\\  \ 
10,    Icqoireil  the  sqoaiii  root  of  y{^? 
1  h    What  is  the  square  root  of  ^eSve  T 


I5S 


iinf.  67*89, 


iftit.  018I9« 


dnk  S-SIM148  MMrf^l 


l«798<W8 


dm.\» 


ilWIf •  ^^p» 


^Imw 


^Hf* 


yi.    What  if  the  sqoate  ioot  dt  90339^^  I 

An\  143|f« 

13.    Required  ths  square  root  of  3  p  « 

If.    \niat  is  the  square  foot  of  the  «lecliii8l«0183r 

Jfi%  *I358TI8  MMff^. 

\U    Required  the  4ll  root  of  370150569 


\^    Rcqoiredthe  cube  toot  of  96150I80S 


IT,    What  if  the  cube  toot  of  19>t085M  f 


18.    Required  the  cube  root  01518301583441 


19.    What  Is  the  cube  loot  of  {{? 
*h   Whit  bth€c*e  root  of  fit! 


•a»  •  I 


!  .  • 


Jm^nt. 


.98T# 


8*78. 


Am.3714« 


^pit»|« 


Idhv.ii 


"SV 


|3jl    '  4itIT0MBTIC. 

V.  WUtitlhccubeiootof  ,J(n> 

t).  WhalUllM  cube  tool  of  ino«|{4> 

tU  Beqjttlicd  the  cube  tool  of  1$  I 

SS.  Bcquifcd  Ibe  cube  root  oll97 1 


^le«.9f{|. 


AHUtSm^imar^. 


4m,  M18C48  ttMrTjp. 


26.    MteltoUiecubeioolollbedlcdmel«014l   ' 

Jmjl -9410142  iMor/jf. 

9t.    Bcquircdtbe  cube  ioolo(  •000001? 

< . 

f%.    Wbatb  the  cube  root  of  41 

f9«    The  diameter  oft  9lh.  iron  ihot  beiog  4  Mwhes,  whet  it  the  weight 
fl  a  shot  f  iochet  la  diameter ! 

*  N.  B.  It  f  I  |)roved  bj  gfomr try,  that  the  cubic  coDtenli  (and  ccpe* 
gently  the  wdghti)  of  umiUr  lolidt  are  directly  propoitioiiat  to  the 
cubes  of  their  like  sides  or  diameters. 

90.    What  is  the  diameter  of  a  48l».  Iron  shot) 

Jtus.  C'98  incket^ 

31.    What  k  the  diameter  of  a  Uik  shot  I 

4nr.  &«35  ^mcAci. 
s 

« 

99.    A  lead  ball  whose  diamc^ler  is  4{  inches  weighs  iliU  oearlj  $ 

hence  It  k  fciiuircd  to  iiod  the  diameter  of  a  mutlurt  h^U  whose  weight  k 

^ouoc^? 

Jm.  '$56  c/mh  imk. 

53.    If  the  depth  of  a  barrel  which  holds  SOU.  of  gunpowder  be  SO 

Inches*  what  is  the  dt-plh  of  another  band  of  similar  dimensious  which 

holds  three  times  that  4u;iniily  f 

Jus.  S8'I4  imk€$m 


\ 


94.    If  a  musket  barrel    which   carries  an  QUIK^^  ball  (-656tir.  la 
4^.  la  3  icet  la  length;  what  would  1^  the  diameter  of  the  bore«  aad 


f  "Hi'J'"-''^. 


Ot»melneut  Pngmtioa, 

1.  IftlitlnttamlM  |),tb«nllaotatiliipfoJVMdtl«twilMr«f 
Inni  10,  what  b  Uw  IM  trrml 

^  -  S.    Let  tiM  ftnt  term  U  V.  Um  ntln  or  dliiKV  If,  w^Hmbw  af 

1  Suppawllw&)t7ermlilO0,,UMntIaar  nuhlylkrl-OS.  aiMlllw 
Buoilicr  of  icriM  t,  what  U  ttit  lut  ttfm)  •iBethnvonl^-Wlu^ii 
the  uiuunt  of  lOOf.  Iq  7  jpcdRj  •!  )  ftr  mH.  fw  wwa  cwpqbJmI 


.  Jw.^U0'1100123u5C?S. 

4<    LfI  ibentlratnci  be  C  and  Xl*  Md  Bumber  of  lam  )  ^Vnpiiml 
tbr  aildtlk  term !    Or,  what  ii  lh«'  mean  propurtiuoal  betwen  «  and  Si ! 


5.    Bequired  a  gmDCtrkat  lanH  bctvcco  N  and  SO  ? 

*.  IT  the  lint  Icnn  1i  Tl,  hit  Inm  I3059IS.  .nd  the  aiunhfr  of 
(crrai  4i  what  b  the  rallo,  and  the  twn  middle  tnr<.i?— Orlct  Ube 
ceiiuiwd  to dnd S Geometrical  meaoi  between  3i    ad  i:;ojOIS! 

Jui  tin.  mtidk  mu  ISS  tHd  XiiQ2, 

*T.    Beqalicd  two  geoBBlricslnibiiproportlooali  between  IQud  too  r 
-  .  f  1-54435 1__^ 

%,  SuppoaetWimiiketcartridgMnKnlaiTlbraB'araijtobtcowBtcd 
•t  IGlhaai  the  Cnt«Miiitbeiii|3,  theneslfi.  the  third  13,  the  famt^ 
Ii,'  and  >o  00 1  what  it  the  whde  ouflibcr  of  carttMgcil 

t.  What  would  b«  the  produce  (or  lift  crop)  In  10  yean  tnm  ft 
grain  of  wlical,  Ibe  IncreaM  or  crop  being  coetlintly  Mwn,  and  cwh 
gnift  prodndng  jciriy  an  car  ol  4U  graiui,  uippouoj  7000  gralu  U 
«ci|h  ft  pound,  todfiOiLtoMwbuihdt . 

4fw.  9l«n6l90iirt|  ftA^wfe- 


floi 


•\ 


AR1TkflltTI9« 


.  »»« 


if  t»  4»  •»  I0»  3»»  6i»  Its,  &t.  oamWrrt* 

O9  If  <9  St    4t  ^9    St      7f  &Q«  logtrithiteK  ' 

• 

IS9.  Now  the  taoii  and  diflTfreacet  of  the  ladicei  or  logt* 
Athms  Answer  to  the  proJuctt  aad  qiutieiiti  ^  the  corroftpoyd* 
log  tcnat  or  aiimbers.     . 

That  .9  -t*  *  make  $  th<  iodei  or  loprithui  aotweciog 

to  at.  *  < 

(ill.)  And  the produet  of  4 Md  •  (the termt eorrttponding 
ip  t  and  3)  uvdce  39. 

Again,  the  diflerenoe  of  the  indiees  or  logarithms  f  tod  4  ii 
3,  the  index  or  logarithm  of  the  term  or  number  •• 

And  the^^Kotient  of  the  corresponding  terms,  or  133  tttfided 
bjr  16  is  8« 

i 

Therefore  the  products  and  quotients  of  the  ni  mbcrs  to  the 
geometrical  progression  are  found  by  taking  the  s.iias  or  differ* 
ences  of  the  corresponding  indices  or  logarithms. 

157*  But  the  indices  0, 1, 3.  3,  4, 3, 0,  7.  &e.  may  detott 
the  powers  of  any  other  number  or  ratio ;  consequently  differ- 
ent  ratios  or  geometric  progressions  give  different  systems  of 
logarithms. 

Thus  if  i  be  the  first  term;  and  10  ibe  ratio  of  41  geottelrical 
progression^  the  terms  will  be  »  r  •'[ 

1,     10,    100,  1000,  10000,  100000,  &c. 

or  1%  lOS  10%  lo\     lOS      I0^       3cc.  ^ 

And  the  indices  0, 1,  3^  3,  4»  d»  &c.  are  the  logarithms  of 
the  corresponding  terms  or  numberi»  as  before. 

If  10,  100,  1000,  10000,  100000,  3cc.  iittoi£ert. 
Of  Ij    tf      3f       4j         5,  &c.  iogariihmt. 


c 

m 

11 
I 

P 
h 

c 

P 
I 


^•' 


&OOAaiTHMS<  181^ 


k 


' 


And  according  to  this  tysfeni  or  scale,  the  common  logiritb* 
mic  tables  now  in  use*  are  calculated** 

I5S.  Nowobeifig  the  logarithm  of  1;  1  the  logarithm  of 
10;  9  the  logarithm  of  100 ;  &c.  it  follpwa  that  the  logarithm 
of  any  namber  between  1  and  10  will  be  0  with  a  fraction  }  be« 
tween  10 and  100,  1  with  a  fraction;  between  100  and  looo* 
t  with  a  fraction*  &c. 

159*  It  is  also  evident  from  the  nature  of  the  progressionit 
that  if  any  number  of  geometrical  mean  proportionals  be  in* 
terposed  between  any  two  .terms  of  the  geometrical  series  1,  lOt 
iOO»  1000,  &c.  and  the  like  number  of  arithmetical  means 
between  the  corresponding  indices  0,  1,  f  *  89  Sec.  that  the  latter 
will  be  the  indices  or  logarithms  of  the  former. 

Thus  one  geometrical  mean  proportional  between  100,  and 
10000  is  1000  f  1310 


And  the  arithmetical  mean  between  the  indices  9  and  4  is  3 
(1 29'f  the  logarithm  of  1000. 

In  like  manner  the  geometrical  mean  between  10  and  100  is 
l/lOOOf  or.3|-6M7  &c. 


*  The  intmtton  of  I/>ffari thmi  it  due  to  t  ord  Neper,  Baron  of  Mer* 
cbtfton,  in  Sit>t1and,  w!io  in  15I4»  piibliihed  tlie  first  I<ib1e  ol'  these  mtmlwrs 
in  a  smsN  trtatiie,  entitled  Mirifici  Lpgarithmorum  Cartonis  DesaiptiOm 
Hi<  logarHhim,  however*  are  of  that  (brm  which  has  lioce  been  called  Aji^ 
.  pcrboNt  hgarUhmt.  The  preseot  scale  or  ijstem  of  logarithms  we  owe  to 
Mr.  Henry  Briggi^  at  that  time  (1614)  Profetier  bC  Geometry  at  Gmbam 
College. 

The  modem  Lofprlthmtc  tables,  in  mott  es*eem  at  present  for  { eneral 
«e  at^t  OafdenrrV  4id.  1742.  Taylor\  large  Ho.  1791?.  Tabhs  Poflative^ 
par  Callett  Snf.  (the  utereotype  edition).  Dr«  llttttt)n*s  Mathematical 
Tablrf,  aa0^  1801;  tUs  alio  cdatstns  a  fflf/  complete  History  of  Li>« 


t  /  sigaiies  the  lyMWvrwr;  thus  l/ux  tforV^^bC* 
iroL*  t*  T 


iQs 


LOCAllTnUlf 


And  the  oontipoiuliDg  arithmetical  mean  between  the  in« 
dices  I  and  $  it  l«5j  which  it  the  logarithm  or  index  of  the 
term  31*6^27  &c. 

Therefore  thebutinett  of  computing  the  logarithm  ^f  a  given 
number  principally  consists  in  finding  a  geometrical  mean  or 
term  of  the  teritt  equal  to,  or  nearly  equal  to^  the  number  pro« 
posed ;  then  its  corresponding  arithmetical  mean  or  index  will 
be  the  logarithm  sought. 

Now,  by  repeated  extractiont  of  the  tquare  root,  tuch  an  ap- 
proximate  mean  proportional  may  be  founds  as  in  the  following 
example: 

ICO.    Let  It  be  required  to  lind  the  togarilhm  of  2  ? 

First.    The  numlier  Q  lies  l>etwfvn  1  and  10; 

(151)  and  tbe  gooinetrical  mean  between   1   tod   10  k  Vl  X  10 

And  the  arithmetical  mean  lietmcen  tlie  indices  0  and  1  (the  logarithms 
of  1  and  10)  ii  o«5 : 

therefore  the  index  or  logarithm  of  3'  1G?27S  is  C*3. 

Secondly.    The  number  9  now  lies  between  1  and  3M62^S : 
and  the  geometrical  mean  between  those  mimben  b  V 1  X  3*l6^^7i 
s=  1-778279. 

,    And  t!iC  arithmetical  mean  or  half  tlie  sum  of  the  Indices  0  and  0*5  (the 
logai iihm  i  o(  I  and  3*  1  (12278)  it  0*25  : 

ll.eriM'ore  the  logarilhm  of  1*778279  Is  OSS* 

Thirdly.    The  number  2  lies  between  1*778279  and  3IC7278  ; 
and  the  geometrical  mean  is  •  1 '778:^51  X  yiwiJU  k  2*371374 

And  tlic  arithmetical  mranjbetween  thi*  indices  0*25  and  0*S  Is  0*375  I 
therefore  Uie  lo^arillun  or  index  of  2*371374  is  0*37  S.  t 

Fourthly.    The  tenns  next  lci«  and  next  greater  than  2  are  H78279 

and    371374  5  ' 

and  tlie  geom.  mean  is  V^  l*77^J7t)  x  2*37 1374  ts  2*05J525. 

And  half  the  sum  of  the  corresponding  indices  or  logirithins  0*23  ami 
0*375  Is  0  3125  t 

Ibcrelbfe  the  log.  or  Index  of  2*053523  h  0*3 1 25. 
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«id  in  this  manner  by  conitantty  making  ase  of  the  muUing  |tf<^ine(ri* 
•nean^  ntxt  Ic^s  and  ot\i  pr«  at<-T  tlun  ?,  after  C2  rxtmclloni  i*e  pel 
iofin  l*f>9!»?99,  and  ttiecom^npondinf;  arithmetical  inean  or  loparithm 
10.f>9  for  iU  index.  Thcrefiirr  a«  l*9r)PP99  dulcri  but  0*000001  from 
^e  nuy  take  0*3010299  or  0*301030  (ifie  martst'c  dcdmati)  for  the 
LvithmofS. 


.1 


^  *^^t«U  is  one  of  the  mrthndi  by  which  logarithm**  were  first  rompUtecL 
^*    r.iorp  direct  and  expeilitious  rules  have  since  bcvn  derived  from  tigf 
**^^ic  formulx,  and  the  fluxion .  ralculvs. 

161*    Now  from  the  logarithm  of  $,  the  logarithmi  of  4|  % 
^^  &c.  the  pouters  ofs^  are  obtained  by  multiplication. 


11 


Thofy  0*301030  X  < 
0*301030  X  3 
0*301030  X  4 


0*6020(KI  tlie  log.  of  3*  or  4« 
0*903090  the  log.  of  9*.  or  8. 
1*204130  the  log.  of  2«  or  Itfi 


IM.  And  since  10  divided  by  8  givet  5»  if  the  logarithm  of 
^  be  subtracted  from  the  logarithm  of  10,  the  remainder  will  bo 
^c  logarithm  of  3  (136). 

Thus  1*000000  lo^.  of  10. 

0'3ojia3o  h,g.  of  e. 

0'6i>8970  log.  of  3. 

163.  And  if  the  logarithm  of  3  be  multiplied  b/9,  S|^, 
^^.  the  products  will  be  the  tognrithms  of  its  poweri)  thus 
^^098970  )C  4  =  9*793880  the  log  of  5*  or  093. 

164*'  Honce  in  the  common  scale  or, system  of  logarithms^ 
^^^^  number  is  supposed  to  be  t|iat  power  of  10  whose  index 
*^  the  logarithm  of  the  number. 

Thus  bj  the  foregoing  operation  i  o^-  > « >  ^  >  <>  is  equal  to  ?,  n^rf y. 

I0o«9oso9'9     equal  to  S, 
I0O-MS9TO     equal  to 5, 
10t.T9ssso     equal  to  6a5. 
Ice.  &c« 

1 65.  The  integral  part  of  a  logarithm  is  called  its  index  ot 
rharacteristic  I  tbtu   fai  the  logarithms  0*9010S0^  l'f0419or 


tM  IfOOABItaMt. 

I 

f  *7938M,  the  indices  aic  o,  1^  S  i  the  other  Cgofet  hetngdccU 
tauls.  Aud  u  the  iiidicet  are  easily  aupplicd  by  the  conpuler 
himself,  they  are  coaunooly  omiitcd  io  the  tables. 


166.     Since  the  logarithm  of  the  divisor  ukeo  from  that  of 

the  divideod^ves  the  logarithm  of  the  quotient  (169)»  it  follows^ 

that  the  index  of  the  logarithm  of  •  ptoper  fraction  will  i>t 

negative. 

• 
Tlvus  fuppoie  the  tugaritbin  uf  45^  or  the  deciaal  *625  U  required  i 

.    10,  its  log.   I  *0(i  1000 
I6i  lUlog.  i'vcmco  tub. 

—  I'7*>.»hi0  log.  of  {|  Of  •62$. 

la  this  subtnctuMi  1  ii  carried  to  ciie  index  ]«  which  together  make 
C«  then  I  mifua  2gi%ci  1  negative^  marked  wiih  (he  oegsitive  ftigo  (— ) 
io  the  ri'iiiiiindcrr. 

167*  But  the  logarithm  of  an  improper  (ractioA  will  have 
a  positive  index^  be  cause  us  value  is  greater  than  1* 

Thus  to  find  the  logarithm  of  ^^  or  6*25. 

5?5,  ittlo^.  |-3:t79IO  (twice  the  log,  of  2.)  ' 

4,  itilug.  D'64K'(>64f     liiitrjCt. 

•  o'ij.tHMt  l«»g.  of  6*25, 

\6B.  Because  6^25  x  ip  ..:  6^2501  and  695  X  100  =:  09300^ 
if  we  add  the  loganthm  of  to.  and  100  to  that  of  695|  we 
get  3  70^680  the  lug.  ol  0.^50^  aud  4*705860  the  log.  of 
6930O» 

169'  Hence  it  appears,  that  the  logarithm  of  a  whole 
numbci  and  that  oi  a  niixcil  number,  or  a  fraclioot  coo- 
sisting  of  the  »am(  ^ignificint  figurci,  differ  in  nothing  but 
the  indcXj  which  varies  according  to  the  pUce  of  the  first 
figure.  ^ 


.■     >  .      .      ■ 

I 

LOOARtTHItl.  l6| 

'  Vnmhtru  lL|>garilhniit, 

65500    ^ ^  4-7958^0 

6'.'M)       .k i 3T95H80 

92S        •-.....•..•..• .••-  S*75i5880 

6^5       ^ 0  795880 

•625 —  l:7D5880 

•0W5      —  5-79J880 

•00ti2$ —  3«795880 

Therefore  the  index  or  characteristic  of  any  logarithm  ii 
alwayt  1  his  than  the  number  of  figurea  in  the  integral  part 
of  the  natural  numbeTt 


Ex^pmtion  and  use  of  the  Table  of  Logarithms. 

170.  The  table  containa  the  logarithma  of  the  natural 
numbers  from  1  to  lOOOO,  to  6  places  of  figurea.  The  loga* 
rithms  of  the  first  too  numbers  are  printed  v  ith  the  indices. 
Thus  the  logarithm  of  6  is  0*003090 :  and  the  log.  of  07  is 
1'08677^«  The  indices  or  characteristics  of  ihe  other  loga« 
rithms  are  to  be. annexed  according  to  the  value  of  the  integral 
part  of  the  number,  as  in  art.  160* 

171.  To  find  the  logarithm  of  a  number  consisting  of  3 
figures:  suppose  I33* 

Look  in  the  left-hand  column  for  the  number  183;  then 
*O800O3  in  the  next  or  sJ.  colunm  is  the  decimal  part  of  iti 
logarithm ;  and  as  the  number  19'i-  cnn«i9ts  of  9  integers^ 
the  index  will  be  9  (160)  |  therefore  d*08u903  is  the  logarithm 
of  193. 

17t»  To  find  the  logarithm  of  a  number  consisting  of  4 
figures!  suppose  SI 57* 

.  The  two  fir^t  fi^ires  of  the  logarithm  of  015  are  *33 ;  then 
tmder  7  tl  the  u>p  of  the  table,  and  in  the  horiiontal  n«w  an« 
•wcriif  to  f  15  ia  3850  which  are  the  right  hand  figurea  of  th4 


\6Q 


LOGAaiTUMI. 


logtrilhm  icquired  t  ihcrtfoie  ihe  lo^lbm  wilk  its  indcs  will 
beS*8S3SM. 

t 

179*  When  iha  4  right-hiad  figuits  oft  k^riihm  are 
lets  than  the  4  figure!  nexl  prtoedingi  it  shows  thai  the  two 
first  figures  of  the  logarithm  in  the  9d.  coluinn  are  changed 
or  augmented :  thus  the  logarithm  of  9944  (without  the  index) 
is  •969958 ;  but  the  logarithm  of  9349  is  *370I49. 

174.    To  find  the  logarithm  of  a  number  consisting  of  5 

figures*  K' 

• 

Take  the  logarithm  of  the  four  left-hand  figures  of  the  proposed 
number  from  the  logarithm  next  greater;  then  say* 

As  10,  is  to  the  difrerence*  so  is  the  9/A«  figure  of  the  nam^ 
bcr,  to  a  4/A.  number*  which  added  to  the  least  of  the  two 
logarithms  gives  the  log,  sought* 


Let  th^  number  l>e  C467dt 


24«r7  

next  greater 


log.  •39^169 

*39?345 


17i»  dir. 


As  10  t  176  :t  6  r  105*6  the  4tk.  numlMrr. 

2467  log.    •J92I69 

106 

J4676  log,  4\\^rJl5 

'  Here  «•  suppose  the  diflercncei  of  the  logarithms  to  be  nesrly  proper* 
UoDal  to  the  difibences  of  the  corresponding  natural  oumben  t 

Thus  the  log.  of  246702... « it  4*392169 

of  21680 -« i<  4-39234S 


diff.  pf  ounil>ert     loo 


176  diC  oflogi, 


Then,  as  10  t  176  ::  6  :  lOj'6  the  proportiomd  part  for  6^  Ibe  whole 

IbriO  being  176. 

« 

173*    When  the  logarithm  of  a  number  eonsisting  of  6  fi». 
gurcs  is  required,  the  difierence  is  tai<n  fot  100 1 


LOOAIlITRIitt 


m 


HmH  to  did  UitlogirillMlor  54*«347. 


ii 


diC 


54*6300* 
54*6400 

100 


log.  W37431 
log.  I'7375ll 

Sodift 


Tlics.  at  100  s  80  1 1  47  t*37'6  the  proportkmal  ptft  for  47.     ^  .. 

f73T43l 
38 

1*737469  log.  of  54*6347* 

But  if  Ihe  logarithim  next  less  and  next  greater  are  In  the  latter  part  of 
tlie  ubie,  the  ra)airfd  logarithm  may  err  io  Ihe  b'tl  figufe  wheft  Ihe 
ntoral  namber  comiits  of  6  figuref. 

1 70*  The  logtrilhm  of  t  Tulgif  finclioki  ia  feund  hj  aub^ 
tractiiig  the  fegarilhin  of  the  denomiiulor  (rom  thai  of  the 
snnmUof  { 


tbof  to  ftid  llie  log.  of  4|f : 

117  log.     9*068186 
147  log.     9167317 

—  1-900869    log.of«|. 

Or  the  fracUoo  may  be  reduced  to  a  deolmaU 


{ 


177*    A  mill  aamber  may  be  reduced  Io  ia  Improper 
fraction: 

Thm  to  find  Ihe  logirithm  of  <20j. 

•    2nj  =  y. 

83  I«)g.     I -91907  8 
4  kig*    0-60gOr>Q 
',  i>3noi8  lof.  of90lt 

Or  the  fractf  00  may  be  reduced  to  a  decimal. 
9D|  ss  20»75,  and  iU  log.  i«  lO  17018  at  before. 


Tojini  thi  numher  answering  h  a  given  hgarilhmi 

17S...  This  ia  ouly  the  reverae  of  finding  Ihe  logiritbtn  of  % 
tjunn  nnniber*  Tbtrefbro  look  for  the  two  Icft^band  figure8  of 
ibo  piopoaed  logtrilhm  in    the  ^4.  cotumn,   nd  for  Iho 


■.ocARiraui. 


I  right,  tad  ulw  out  the  w>WMfWrfii>| 


rring  to  Ibe  Ing.  MSTtSS  k  SIM; 
:olhelo{.  4 3^0054, b  a93Mk 
LringluUiclu^.— 3-3t>Mt>4  U  -OOSaSS. 

led  logiriihoi  U  not  found  eiactly  la  the 
Ice  or  tilt-  Ingarilhnii  next  greater  ind  next 
■crence  betwocn  tlie  ^vea  lugirilhm  and 


Jnf  those  diflercncts, 

KOod  ; 


liigure  of  the  require)  number.     \  ■ 

mber  is  required  to  6  pluei  of  figorct, 
TRi  of  the  pntpnrtton.     And  ibe  figures 
lied  tn  the  nnmber  iniwering  to  the  next 
e  the  number  sought. 

II  i\  lo  Hud  the  number  uuverlrg  to  the 
^.il     llip  h^  of  lll-i 


I  tlie  ilk.  iiffiK  i  tbtnrore  tbe  mpiiitd  auabtr 

linrilK-prnponian  lUO tnibudof  l(^ 
Isj  IliL'  jiii.  and  61k.  fi,;'>rc*;  utdtbe 


acily  ibf  reverse  of  that  in  'mrK .  Hi. 

L-  to  remark,  (hat  when  the  logarithoia 

[eater  Cill  in  the  latter  part  of  the  table 

i:  siiinll,   the  number  insweTing  to  the 

Knuut  be  dcpeuded  upoa  to  more  thin  9 


Mulilplieaiion  If  t/>gariihwUt 


JT' 


ISl.    Add  the  bjtrithms  of  the  ftetort  Ipfellitri  ial  Ihi 
win  be  the  logtrithm  of  the  produolt  (I6t) 

Esmnptes. 
!•   leqelitd  tiie  prodoct  of  26  bj  74  f 

S6  kif.  1*414973 
74  log.  \*%(i9n7 

pr»doct  1924  log.  3*V8i?u> 

9.   yXluk  h  the  pioduct  of  f447  tml  I  *37S  f 

1*447  log.  Oteot^  ' 

1-371  log.  0138303 
fniuA  1*98963  kf.  0-298778. 

9.    Whttii(lie|ifodtictor»0054aiid*95r 

•0054  let.  —  3-739394 

•95  log.  —  1-977724 

pItMhiet  *00513  log.  —  3*1 101 18 

la  Ihifl  tddttioo  1  carried  to  the  indices  cancdli  megaHwi  I ;  iad  Iht 
fodex ia  the fum  b«-»3. 

I8f.  Bill  to  ovoid  the  use  of  negatire  indices  when 
ooe  or  more  of  the  factors  are  decimals^  uultipty  such  factor  or 
factor*  by  10, 100,  or  1000,  &c.  so  as  to  malce  the  product  or 
products  whole  of  miict  numbers,  then  having  added  the  loga« 
rithms  of  those  products  together,  divide  the  corresponding  iiiilii« 
ber  hf  the  Kke  10,  100,  or  1000,  &c.  for  the  ansm*er« 

Thot,  taking  the  last  examples 

n)034  X  1000  C3  5*1  log.  0-732391 

•W  X      10  a  9*3  log.  0977724  ^ 

I«7i0il8    the  teg,  of  51 3  which 

Is  ev'ideatl jT  1000  X  10  thaei  too  great;  therdbrt5l*3  divided  by  10000 
ghres*00S13ihe|)iodoeiasbelbrei«  ^      .        . 

« 

Divitlw  tf  LofarUhnUt 

lU.  SoiTAAerthelogariUiinoftlMdintorfrointlMlogt* 
sithn  of  the  dividnd*  and  the  renuinder  U  dw  logmthm  of  tliil 
fnotkat  (IMJ- 

T9t.t*  m 


A 


m 

.     f  MMaatnUMm 

1416  log.  3MSI06S 
59  log.  1170859 

qMdcot  2i  k*g«  I38U*JII 

t.    Divide  95100  bj  1997. 

95100  tog.  4*3r967i 
iU97  log.  3-300371  * 
qiMtioil  19-5691  log.  *  l'09i»996 

3*    Divide  *0i9Tlbjr*i7^« 

*04?ri  log.  •»  9-630530 

•8799  log.  —  1*941433 

quoUenl  •0485396  lug.  —  y-(i8<>097 


»x 


'     I  ■- 


•■*•• 


184.  But  if  we  prncerd  a8  in  the  Sd.  cxampk  pf  mvlliplU 
cation,  reinenibering  always  to  make  the  dividend  greater  than 
the  divisor^  the  operation  may  be  performed  without  the  n^« 

five  bnlicea  I 

•  ... 

Thus,  taking  the  last  I'xamplc; 

•04im  X    1000  =  4.?'71  log.  P630530 
•8799   X       iO  =r  8799  log.  0^*44433  ' 

4*i539(>  lug.  i«ti.H<;u97 

'  But  thit  quoUcot  4*85396  it  1000  timet  toogn^  on  account^  the  dlif* 
d»*|i4t  and  10  timet  ioo  liitU  becausi!  ihe  divitor  wai  mullipUed  1^  10^ 
thcrtiore  it  must  be  100  timet  ioo  great ;  consequently  the  quntient  i# 
HH85396. 

And  in  like  manner  we  may  avoid  the  negative  index  in  aS 
casea  when  the  divisor  ia  greater  than  the  dividend. 

To  work  a  proporilon  ly  LogarUhi^t. 

185*  Si;btract  the  logarithm  of  the  divisor  from  the  luoa 
of  the  logarithma  of  the  other  two  terms,  and  the  remainder 
will  evidently  be  the  logarithm  of  the  4M«  term  or  number 
lought. 


f 


'I 


'.I 


Ai  ien    log.  3^5393  .    * 

It  to    978    log.  9*9!»(>339 
wlilT9l    log,  3  954790  ..     . 

3  66.S393  .  .  • 

to  379*958    log.  8-571^34 

I89.  Bui  inttesfl  of  tublraeting  the  log.  of  the  Rrtl  Icitn^ 
it  will  be  foand  more  eipcdit  otia  to  add  its  arUkmitical  com* 
plemeni : 

.     Thw,  4628  log.  3fifi5393 

6*334607  iht  iuriihmeHcal  wmpiemwn 
978  log.  9[)90339 
17^8  lOK.  3'?54790 

379*958  log.  g-57973rt  as  bthft%  • 

The  arithmetical  complement  of  any  number  is  the  dif* 
ferrace  between  that  number  and  I  with  as  many  ciphers  an* 
nexed  as  there  are  figures  in  the  number;  thus  the  arithmetical 
complement  of  37  is  43,  which  is  the  diflerence  or57  tnd  100^ 
and  therefore  adding  43  to  any  number,  and  subtracting  lOd 
from  the  sum»  must  give  the  same  diflerence  as  when  37  is  takca 
from  that  number ;  for  by  adding  43  insteid  of  subtracting  37f 
we  ^et  100  too  much. 

Thiit  the  kf.  n*6g5393  Is  iaken  fhmi  10*000006,  whence  the  Mm 
heroines  IS*5t9T9^,  bet  ai  thii  Is  laOOOOOO  too  itoocb,  the  10  b  Onitteik 

hi  the  index. 

•  .  • 

The  easiest  method  of  subtracting  for  the  arithmetical  com* 
plement  is  to  begin  at  the  left-hand  and  take  each  figure 
from  9,  except  the  last  figure  on  the  right,  which  must  be  sub« 
tracted  from  10. 

Therefore  in  DiTisioOt  mstead  of  subtracting  the  logarithms 
of  the  diYisorSy  add  their  arithmetical  eonpfementSy  and 
reject  10  in  the  atin  of  the'  ifidices  for  each  arithmetical 
comptetoem^  and  the  result  will  be  the  logarithm  of  the 
fiotieiik 


I  • ' 


I   t 


^  » 


..I 


sa 


1199X749  KM9t 


i.*««  Mv « mi .  S^jf^g^iS**  **'*^'- 


•". ,' 


119f  .M-...** ••••  log.  9-OtdSTC 

90«V   •••§••••♦••♦••••••♦•••  'Og.  9  swi^jfwj 

596  «ri^OMM.oraM  log,  7  9QA1H      , 
S14S  4vilA.  €omp.  ^.^  li«g.  6-4?6548 
1U6  mridk.  €om^  ^.^  log*  6*94ngl5 

41ft.  Icfm  icqiiiicd  9-9   log.  i'*U7t5a 

BcfeS  tern  or  90  b  rejected  ia  tlie  foaoflWMtaiihr  At)  iill^ 
iMlkal  conplementt ;  and  the  le^t  it  the  log.  of  9*9|,  or  of  yvUdiia 

tto  compouiKi  fr^clioa  leduccd  to  iU  lowcil  terai. 

* 

For  the  Ire  of  14  it  1I46I?9 
of  5  it  O^f  970 

0'447TSi  log.  of  yw 

9,    Stippnte  the  remit  of  a  propoitioa  ii  the  ^gf  QlMit  feiKtio^ 

^T\   ^ik   rnmt^  InM     J ''•0791  If  ^ 

19455 • ,..  log.      4  999^51 

UcM  9  tent  thnuM  he  caocrUed  la  the  tiMi  of  the  bidiM  ftr  Ih9  tw 
anibmetieal  caniplniieiitt,  but  17  it  3  thorl  of  S  IciMy  tkeitfot  the  Mas 
will  he  9  v.tii  a  aegaiivi  tign,  * 

thut  — 3-994615, 

TV  aumbrr«  to  5  pl«cfi»,  aotweriag  to  tl|e  lagarithai  (withoiil  the 
fades)  it  94946;  bat  the  iodex-r3  the «t that  it mya be 9 placet  balo« 
l»(i'^).  iloreiore  •0034345  u  the  y^loe  m|iiiied«  traa  to  the  |i4 
^iinaU 

4.    Icquired  a  41ft.  proportioaal  to  the  tbica  dcciatalt  •I499l»  •0T4694 
•001979 1 

•14375  X   '    10  s  1  4375  an^.MM.  log.  9  945494 

-074im  X      100  ss  7*469  ^.-  k>g.  0*973304  ^ 

•901978  X    1000  s  1*979  ^^^^ log.  0J0653I 

9-^59  log.  £835159  ^     ^ 


ftOCARITHIfi; 


m 


fiutlbe  firall  e^e85»  ii  100  X  lOOOtlmcHo^rwIoii  aeeoonl  6t  ttm 
araltiplien,  and  10  timet  too  UHif  btcMwe  the  diTitor  wttiocretted  10 
tilBef  (184),  comeqantlj  it  must  be  100  X  100  or  10000  Ihnct  ioogroati 
thcrefitMV  6rmb9  divided  bj  10000  g^vct  •0006e850  Ibt  4dk  piopoctloMl 
fCi^wicd* 

Or»  wdUag  «t  of  tbo  aefiUive  indiecf  I 
•I4«T5  big.  —   M5457g 

I0  84d4'i4  «rtfA.fOMN 
•0T4M  log  —   9t73SO« 
•001871  tog.  —   310g53l 
Am.  anrljT  •00006159  big.  '^  4-825159 

!■  takisg  tb^  aritbmeOcal  complemmt  of  the  luT.  temi,  tbe  MgiMf 
Mes  1  mmU  be  added  to  0  instead  of  subtracted.-*And  tbe  ivm  of  tbo 
indices  (witb  tbe  foriHto  I  eatried)  make  ^poHHm^  bnl  lOsbould  be ro* 
jectcd  la  tbe  sora  on  account  of  the  arithmetical  €on|pleaMii^'  tbereibiv 
Ihe  hMlex  hitlHi  fun  will  be  n^alfff  4< 


.^n 


tnvoluihn  bjf  Logariihmi.        ' 

*  • 

1%J.  M0LTirLT  tbe  togarithm  of  the  mnnbcrwlioitpow* 
cr  b  itqotred  l>7  4m;  iodex  of  the  power^  and  the  prahiol  h 
|ke  kifuithm  of  the  power  ifquutd.  (161) 


'ex 


*-.p, 


I 

h   What  b  tbe  cube  urSdL  power  of  not 

170  log.  2*230449 

1         4m,  4919000  tog.  6  691347     , 

f.    Wbit  is  the  4A.  power  of  the  decimal -7867  ? 

To  avoid  the  negative  Index,  multiply  the  dedmat  hj  10  ind  divide 
the  4A.  power  of  tbe  product  by  tbe  411.  power  pf  10. 

t78e7  X  10 at 7867  tog.  0-895809 

4 

3  583836  log.  of  5830^ 

WUd  dMM  by  10000  ((l»4A  pMwror  10)  gtm-Stm  Om  tt^Dini 


»i  ft'      f      I  ■  ^^»     •••■•  #1  "A 


• 


•7M7  lof.  ^  rY95809 


potwdlBltmll 

II  itcfidait  tern  fd  1,  «rf.  107^  that  09  «  1*01  |C  1*01  x  l*<tt  te« 
cr M  X  I'OSt^  is  Ihf  imomiC 

1*05  log.  0*Obll89 
«0  ....^  log.  I  778151  .     :•         i 

A»oM«i if carcfcilog. 5|Et62    '  -  * 

f 

4.    If  ift  the  last  example,  the  inttical  is  psjaUe  lMl^|wif  •  vhH  wmki 
be  die  amount  in  liie  same  time ) 

Hcie  the  amount  of  ^1  in  lialf  a /ear  wlU  be  ^i«S. 

ThmfoceOO  )C  lHm>««  is  the  amount. 


1*035  log.  O'OKnai  ^ 

100 


1-072400 
00 log.  1*778151 

Amount  X708'87  log.  2*8^055 1 


£vo(tifloii  or  Extraction,  of  Roots  tw  Logarithmic      , 

*  •    ^  ' 

IBS*  Divide  the  logarithm  of  the  number  whose  fOol  is 
If  quired  by  the  index  denoting  the  root^  and  the  quotient  will 
be  the  logarithm  of  the  root,  (I87) 

ExampL\% 

!•    What  Is  the  squaie  root  of  7569, 

Index  2)  3*87fton9  log.  el  7509. 

\'uy  j\i^ log.  of  87  thervo/t 

♦    *' 
f«    Required  the  cube  root  of  I0« 

i  3 )  pnorH)oo  ...^.^  log!  of  10»         / 

0'33J^.)j  M..M  «••  leg,  of  g't5443  rasf  Bcaflj^ 


IPCAfttTRMf. 


17* 


3.  Whit  it  (he  4th  root  of  '3ta03,  (see  exinp.  9^  pcecedtiig  trt)« 

4)  -^  1*583236 log.  of  -38303 

—  1-895509  log.  of  •7867  loot  aetrlj. 


I      > 


Here  the  operation  It  the  reverieof  thtt  hi  the  ekample  referred  to,  tod 
therrlbre  In  making  the  divitioii  bj  the  exponent  4,  we  add  3  (the  number 
carried  in  raiting  the  power)  to  the  index  I  to  at  to  make  the  torn  juti 
divisible  by  4,  and  the  3  Is  considered  at  to  many  tent  added  to  the  next 
figure  on  the  right;  hence  the  dividend  will  be  ^  4*3583936  which  divid- 
ed by  4  givet  the  log.  of  the  rooC— But  if  the  cvbc  root  were  required,  f 
■mtt  be  added  to  make  the  tura  jutt  divisible  by  the  expoaenl  5,  and  tht 
dividend  beoomet  —  3*  S583S36,  the  3d.  of  whkh  b  —  I*  161019  the  kf. 
of  theSdiroott  lee 

Orihih  (miihmd  Ac  m^MUm  index}. 

49303  n  10«  as 38304  ...log.  3.  583936 

0.  M5no9  log.  of  7*967  which  divided  bf 

10  tfbt  4th  root  of  10^  givct '7867  the  rpol  as  before. 

4.  WhallltheBi|Bait  rootof  the  compound  fraction  |f}|  n  fifi! 

6491 log.    3.807603 

•177... log.    3-962701 

M99 } •'^*** **''•  *^''  C     6;04II532 

S)— hi»55794  * 

^1-997897  hig.of*99S17r^neaity4 

5.  Tlie  Aameter  of  a  9/5.  iron  sliot  being  4  inthet;  then  what  b  tho 
diameter  of  a  4815.  ball;  the  weighU  being  at  the  cubet  of  the  dl*^ 
mctersV 

At  M.  t  4*  tt  410.  t  **  *^*'  IbecabebrUMdiUMlcr. 

64  .•  k)g.  1*806180 

48  ..•*.•  log.  1*681941 

9  nHM.  €Mnp.   log.  9045757 

3^533178 

Dlaa.  nearly  6'99/fr.  log.  0-844393 


•.  WhatbthedBametcrofaleadmmketball  wbonwdghtbl 
Che  CxMf .  ic  (|vf«  4199  loL  9.) 


i 


u$ 


AmiTBMITM^ 


1  X  •aWm'iM 


1  4 


••••••• 


9) 

io|.  ^  tJSiiSi, 

^  itiin«7 lQg.«r  UiUmimk 


7-  l^qukid  the  gfioidlricil  taUB  pfopfttauil  hHiiiMi  tl  -«i< 
9Hn   (IM) 

4M1    log.  d'81^0 
•1    Jog.  1908485 

8)5725455  .  "r 

Ai.799  log.  gacrrgT. 

Afti  IIm  time  Utiiil  tit  81,  7S9»  656K 

For  81  t  7S9  s:  729 1  €561.  But  the  square  roob  lit  iImi  proportiaul 
(159);  9iM.9  I  n  ii  Zl  t  81,  whriice27  X  37  s  t  X  •!•  Tlnj^we 
the  mean  pioportional  U  the  product  oT  th^  fquaie  voota  of  the  two  e»* 

Iremci* 
••  Reqidicd  9  mean  proportioiufi  betweca  81  and  €581  ff  (ISO.) 

6561     log.  3*816970 

81    kjg-  I-90H4&5 

4)l_^o8485 

0*77  rii  k)g.or3  OMtnUommdHfUtr. 
Th8fefcfethe9meaiitaie8l  k    3  =  245 

81   X     0  ss  729 
81   X  27  s  218t 

Aadtbe5tcrMare8r,  243.  729,  2187,  65«1. 
9.  To  Cod  4  geometrical  mcaDibelmec«2  aad  10^ 
10  .i.......  log.  I  oooctoo 

8  •...-...  log.  0-3IM0.1Q 
5)  <r6;/><M7»' 

p.  inas^ii/i  log.  id  the  ratio  or  mokifBer. 

B  ••••—••  log.  0301030 

U.44U8n  Ing.  2-7595  the  lit 

;  0- 1307^4 

D'jdottt  log  3*8013  the  2d« 

0ri:iy:y4 

*  0*7  204'!  2  log.  5*2531  the  3d. 

0I39T94 

0  hG  *i06  loft  7-2478  the  4th.  ^ 

ExtmpUt  rf Fractional  Powers  and  RooU. 
I.   What  b  the}  power  of  4096»or  the  cube  root  oT  the  ifiiaio  of  401% 

01  the  Bomber  aoiweriiv  to  4096  V 


r. 


} 


LOOAftITHMt» 

40M    log  3-61S360 
? 

9  }vwm  log.  of  the  iqiiare  orltM. 


I7X 


Jht.9i€  km.  9*408?«o  lo*.  of  the  cube  nMlof  ihil  Mitfi^ 

t.  Wbtt b Uie H power oriOOO? 

t000....1ot.  3*000000 
^ 

Jm.  neartj  I5.SS     log*  i^fonooo 
8«  leqnirad  Uie  i|  power  af  0*98  ? 

hi iMf  tmi dmilar catet,  itUbcHtoUkelhe^dwer^  ortherwfi  oTOi 
ledprocal  of  tbe  proposed  fraction,  and  then  the  rcciprocd  ohki(,  powci^ 
•rVoilt  wWbetlKamwert    • 

Tkn  the  reciprocal  of -98  or  of  ^  h  VSP« 

« 

V|P-««*l0f-  Oi)087tl 
4^5 

43870 
35096 


uum830  log.  of  the  44  power  of  the  redpracaL 
— hPfjOsno  log.  of  •9131  the  required  pom$r% 

The  iDg.  —  1«  960517  hfound  hj  fMradlng  the  logiO-0394IS  fron  tlH 
log.ori. 

i.  What  It  the  *0t9  power  of  *0T9 1 

lt8t....lQg«  f •109373 

99^1357 
77ir»6ll 


CH)870fni«7 


'if 


—7^^13533  log.  of  •8183  neatly,  dmi 

S.  What  bthe  0^5 root  of  9f 

•75)  C|2J>i230....h>g.  of'9, 

0'4uiJ7.i  ...log>  o(  9.5198  ifflf. 

Thbhowever,  k  exactly  the  tame  thing  at  llndhig  the  3A  root  of  the 
411.  power  of  i  (became -79  as  i)i  and  therefoit  r5198  k  the 

dcnotcdbj9\ 
•.  ■mnlnilthtlHiwntaf»t> 


llTHUITIO. 

1  kf.o/lheSIJnataflUncifftwaL 

pjs4!  .  -;,'. 

u  log,  of  'OinU  raof  Bniljr» 

Jm*.  ■MoontmviM  fed 

Kluct  oT'TSHI.  -Oma,  and  l-flW  r 

Jn.  0-f10TT  «av^ 
jttof  |-5».   OmG^S,  aod  OHM) 

„ « «wfc    OSMll  JM. 

^_^^____ ^„™»,».ft<(d»«i 

„„....9ie/icft/*6i(nSiiMr^. 

, QmU 

^mT. 

4fru.  -MOIU  Jr« 
.l(oJttf«i«li|«» 

Jm. 

■■Ua-i971aiui-9T1TI 

I  •**  .       '- 

ltia]la«ai(t«id-9TI«I  ,,  ' 


LOCARITRMI* 


1 


\ 


^rtf 


If.  Rcqalrcd  •  Uft.  proportkMial  to  '0f65S«  *1551,  iimI  *I5791  ! 

iffif.  •91519 

IS..*..^ •  4M.pfop«tkmt( to*3777»  •f9Vli  ud  •(X>§16t 

I&  tcqolitil  a  411.  piopoitkMat  to  }|^  liUt^Md  4|f|» 

Jtu, 

17.  Wlatb tfttgeoiMtfkalntMibciwmi -07414  and  •74Uf 

dnt.  •93145  te 


I  D»M*M*MSM«.«  «••••••••••   ••• 


>•••»>>—•— 


«l««^A%> 


'  ifif. 


^n«i 


19.  lteq«ire49|eoiMtfkalaMaaibctiiMi9aid3900l 

99i  IcqQbed  dKCite  root  of  ,JUr 

^"^  lfi«iH)46417fiMri^. 

fl.  lc<|aiiido4lk  piopottioMltolteCBbtiootf  of  17,  19,  MKl9lf 

dm. 

fU  mii  b tkt  lOOd.  motor  10> 

dm.  1,09399  mmif. 

10.  IVwhatpovcr  Mit  lObeiatoed  to  prodooi  7001 

^m^ 

94t  nCC|nrao  too  f  foot  of -^  ?«...».•.—•••*•——■»■>— •—^PW*  *097037  MMf^ 

95.  WDII  if  tl^^  QBt  01  4'.«  ••••  — .♦.•^■M .M Mmif——»———df9$9 


A  A  i 


1    Whaa  (Ilk  auoiW  of  wiea,  an  thiw^  tbe  (gun  it 
lash. 

lU  equal*  "^A.  -         /x\ 

I.    An  iaoKclea  iriaogle  U  ihai  which  hat  only        A    -^ 
■idea  equal*  w  B.  ^   >  /''\ 

.^ 


r.*  A  Malene  biangle  U  whan  all  iht  ihree  tldca 
onequalf  uC* 

I.    A  light  angled  triangle  ia  that  wbidi  hu  caa 
t  angle,  ai  D. 

).    Ao  acute  angled  trian^^  hu  all  its  an^ca 
c,  at  E. 


X    An  obtuie  aiigled  triangle  haa  one  obtute 
le,  aaF. 


I.  Every  plane  figure  bounded  by. four  ri^  linei  it 
id  a  quadrangle  or  quidrilatenl.  And  when  the  opfioiiie 
I  are  reipectively  parallvl,  the  quadrilateral  ia  called  a  panti* 
s^un. 

9.  A  recungle  U  a  pirallelogram  hariog  all  iti  p-'— » 
lei  right  COM,  ai  C.  !■-  -^ 

3.    A  iquare  i«  a  panlWIogram  having  all  iti  udea 
al,  and  all  iu  anglei  right  onei.  ai  H. 

'4.  A  rhomboid  ia  an  oblique  an^cd  parallelo*  /  ■  / 
3.    A  rhombus  u  an  equilateral  rhomboid       i  "  / 


B 


BErtNITlONS, 


181 


ugfe  b  mw^fy  denoted  by  three  letlen,  the  mklcYte  letter  being  thai 
angular  point.    Thus,  the  angle  formed  by  the  lines  AC^  DC  It  the 
ACB.    And  the  angle  fonned  by  the  linet  DC»  BC» 
angle  DC  *•    ITierefore  the  magnitude  or  opening 
angle  li  not  dependant  on  the  lengths  of  the  lines 
Inckide  or  make  the  an^t  thus  DC  is  less  than 
»ot  the  angle  1)CB  is  greater  than  the  angle  ACB ;  or 
^^^  inclinatfoBof  the  line  OC  to  EC  is  greater  than  the  Ift- 
«^^^^UonofACtoBC. 


^ 


Scholium.    From  the  foregoing  definition  of  nn  angle,  it  (oU 

^Wa,.that  if  two  straight  lines  in  the  aame  plane  are  not  inclined 

^^  each  other,  they  cannot  form  an  angle,  and  conaequently  eau 

^^^rtrbe  produced  to  aa  to  meet^  in  which  case  the  lines  are  said 

to  be  parallel:  Therefore^ 


9,  Parallel  straight  lines  are  such  as  are  in 
the  same  plane  but  not  inclined  to  each  other, 
or  when  indefinitely  produced  both  ways  do 
siever  meet^  as  AB,  CD. 


C-* 


-1 
-9 


So  If  two  straight  lines  AB,  CD  biter^ect  a  third 
straight  line  £F(all  hi  the  same  plane)  and  are  equals 
ly  inclined  to  that  line,  ormallt  the  angles  AGE, 
CHE  ci|oal,  the  tiro  lines  have  no  inciinatido  to  one 
anfitlier,  but  are  parallel  or  equidistant ;  and  mheti  all 
tbff  angles  at  G  and  II  are  equal  to  each  other,  the  line  GH  b  the  distance 
of  tliose  parallels. 


C         H^     'U 


10.    A  right  angle  is  formed  by  two  lines         1 
which  are  perpeiMlicular  to  each  other.    Thus  if  y''Q 

PQ  b  perpendicular  to  RS,  each  of  the  angles     jr-j  /'■  j 
PQR^  PQS  is  a  right  angle. 

« 

H.    An  acute  angle  is  kss  ^han  a  right  angle ;  as  the 
•iig!eGi(2S. 

Itf.    An  obtuse  angle  la  greater  than  a  right  angle|  at  the 

•og^GQR,    Thoae  are  called  oblique  anglesf 

«  • 

Its   The  ridea  of  a  right  lined  plane  figure  art  atnught  Knei. 


Ibcr  of  Hdet  an  thiw,  dtt  tgam  b 
iriangla  ii  Uw  whoM  wkt     '   /\. 

iigle  it  that  which  hM  oaljr  A     '^ 

|le  it  wbon  all  Uit  Airac  lUa  y* 

^iaiiglt  U  Ihit  which  hu  ooa         A 

I  triangle  hu  all  iu  uglcB  A 

|ed  triangle  hat  oae  obuue  jj 

<jm  bounded  by ,  four  right  Unci  it 
Luadrilolcrtl.  Aod  when  the  oppotite 
riilk'l,  ihe  quadrilateral  it  called  «  paral- 


paralletogram  hann^;  all  ita     t'       i 

rallf  logram  having  all  itt  ndea     i 1 

rii;ht  cnet,  u  H.  |  "   | 

an  oblique  aii(^  paralkle-     /  'i""7 
t  an  equilateral  rhomboid      /'"~7 


^%  .     A  tripcxoid  is  t  quulrilai 
M.11el  uiia,  ti  L. 

7  .     A  trapetiutn  ii  a  quadril 
k~^«:  aides  arc  parallel,  as  M, 

K'8.     A   right  line  joining  i 
^lea  of  a  quailrilateral  it  caU 


The  aide  PQ  upon  whi 
ram  PQRS,  or  triangle  P 
to  Hand,  ii  called  the  I 
ndicular  ST.  Wling  thep 
•itE  angle  at  S,  is  called  the 
of  the  parallelogram  or  triat 

he   perpendicular   ST  is  i 
%   S  from  the  lin«  PQ,  < 

All  right  lined  plane  flg 
generally  cmWkA  poljgnns. 
•m^  uidea  ai  well  as  sides  ar 


^1,     ThIkos  which  areeq 
«ig«,  art  equal  to  each  other 

^3,    If  cc|uals  are  added  to  < 

-33.     If  equals  are  subtraci 
^a  equal. 

-3(.    Enty  whole  is  equal  li 

^9,    Thifv?  which  ut  the 


ICi. 


/JIM  «ieMtT«n 

•  C»fW.  f.  And  if  two  anglei  OPBj  DPA  on  botk  aidet  «f 
the  Km  OP  are  uigttlicr  rqiml  to  two  right  angki,  then  thk  *ide« 
FB,  PA  nuke  one  coDttnutrd  liotf. 

SPo  {f/n^o  rt^A/  Huei  iniirsect  9MchQth§r9  1^  ^pfoiiu 
%ngU9  will  h$  equaL 

Lei  AB  intcriect  CD  in  the  point  1^.    ThcA 
will  the  angle  APD  be  equal  to  the  angle  BPCt    « 
•ud  the  angle  APC  equal  to  the  angle  BPO, 

Thii  might  have  been  admitted  as  an  axiom.  For  lioce 
all  the  partM  of  a  straight  Hue  lie  in  the  saine  direciioni  the 
segments  PD|  PB  must  have  the  tame  inclination  to  one  ano- 
Iher  as  the  segments  PC^  PA  on  the  other  side  of  the  point  of 
intersection  |  con^eqwently  tho^e  parts  form  equal  angleso««-Il 
is  however^  usually  demonstrated  thus :  . 

Because  the  angles  APC^  APD  are  together  equal  to  two 
right  angles^  and  also  the  angles  APC^  BPC  together  equal  (o 
two  right  ones,  ^SS-^),  if  the  common  angle  APC  betaken 
from  each  of  those  equal  sums,  there  will  remain  the  angle 
APD  equal  to  the  angle  BPC,  (33).  In  the  same  manner  it 
is  proved  ihit  the  angles  APC,  BPD  are  also  equal. 

39*0  ^omside  (CAi  of  a  iriangU  (CBA)  h  produced, 
|A#  0xUrior  or  outward  angle  (BAG)  will  le  gteaier  ihan 
either  of  the  inierior  opposite  angles  (ACB,  ABC). 

Suppose  CD  isdra^jiii  to  bisect  AB,  and  that 
JfD^  PC>  and  the  points  A,  D,  arc  joined. 

Because  the  sides  PR,  PC,  of  the  triangle 
PBC,  are  respectively  equal  to  the  ^idts  PA,  PD 
of  the  triangle  PAD,  and  tlie  included  angles  at  P  also  equal 
(39>,  the  'wo  triangles  are  identical  (38),  and  therefore  the 
angles  opposite  the  equal  sides  PD,  PC  are  equals  that  is,  the 
angle  PA'  *  =:  PBC ;  but  the  angle  PAG  or  BAG  is  greater 
Uianthe  aiig  e  PAD,  and  therefore  greater  than  its  equal  PBC 


I.vo 


-^^^WBC.  In  ihc  lamcminner, 
— ^  _  it  miy  be  proved  thai  Uiv  i 
^  witer  than  ACB. 

^  ^.  //"/(CO  tiraighl  Unet  in  lh\ 
•^^»  »jft/  /iftf,  and  make  the  alU 
^^  J  art  paraUil. 

*^— *t  the  line*  AB,  CD,  intei 

*  •<=.  c  the  alicniBle  anglei  APS,  ( 
-**oth«r|  then  AB  it  ptrillcl  I 

^""-^Drifitbc  notparall*!,  the  liw 
^^■^Vr.  and  will  mccl  when  pro 
*«=-our»c;  then  RPO  it  a  tri 
^  ■*—»  or  QRD  ii  greater  than  thi 

*  ),but  it  n  also  equal  to  it  f  by 
"  ^^  J  therefore  the  linei  when  \ 
^^      of  QS :  and  in  the  lame  mai 

*  V^at  meet  when  produced  on  ll 
^^  ^  are  parallel. 

^^-  nd  the  converse  U  equally  oh 

■^S"     QS)  inlersecl Iwo paralUl I 

S  ^M  (APS,  QRD)  U'l/Ziee^n 

.^' — V^ruf.  1.   Two  parallel  line*  ca 
t. 

^^— V>fo/,  «,  BeeauM  the  angles  A 
■^^^  right  anglti,  and  QRD,  I 
■^ft^*«,  the  two  anplta  BRP,  DRI 
■^fe^«i  )  ihereforu  if  two  alrjiight 
»>  «,  meet  another  itraighl  line  ( 
-^l^j  (BPR,  DRP)  togethcr'e<ii 
line*  an  pardicl. 

ttt  I.    HwK  tbot  if  «  I 


itn)ld  itnigbt  lines,  in  ^w»  wicW^'^it  «iitt'laltnM 
r  linca  it)  tbe  umt  anglea.    .  '■  ■ 

tf  one  lidt  of  a  Ir'tangU  bt  pnducti^  tiU  »xttnor  W 
i  angle,  u-i'  lie  equal  to  Iwik  the  inieriaf  opp»sUe 
■  and  the  three  interior  ah^/m  of  the  triangU  are 
r  equat  to  two  right  ones,  >  .        ' 

he  «de  C  A  of  ilw  irUngIc  CB  A  be  pro. 
)  G.  Theq  the  ulcrtor  angle  GAB  will 
il'  to  buih  the  interior  oppoiite  toglct 
ACS )  iiid  the  anglei  ABC,  ACB, 
together  make  IwO  right  uiglet. 

r  AD  parallel  to  CB. 

I  because  AD  u  parallel  to  CB,  -Ibe  lo^  DAG  Ii  cqoal 
ogle  ACS  (40). 

the  angle  DAB  ii  equal  t«  the  angle  ABC  («o>. 

he  two  anglea  DAG,  DAB  together  conslituU  Ihteut- 
igle  GAB.  '       •>* 

rfore  (31)  the  exterior  angle  GAB  is  equal  to  both  tb« 
VBC,  ACB. 

since  the  ibiee  angles  DAG,  DAB,  BAG,  together 
ro  right  angles  (38*),  and  are  rcipeetifely  tbe  same  as  tbt 
igles  of  the  triaogle  CBA:  therefore  the. sum  of  the 
iglci  of  a  plane  tuaugU  is  equal  to  \va  right  angles. 

'.I.    Hence  the  difference  betycen  an  exterior  angle  of  . 
le  and  either  of  tbe  interior  <^posiu  angles,  Is  equal  to  tbe 
iterior  opposite  angle. 

'.  S.  Hence  also.  If  one  ingle  of  «  triangle  be  a  i^bt 
ihe  sum  of  the  other  two  make  a  right  ooe. 

The  four  inward  anglet  ^  everjf  right  tint^  ^Itairi' 
are  together  equal  to/our  right  anglei. 


IntontMt, 


liV 


t. 


c 


.1 


:  Lei  ABCD  W  k  quadrilateral.  Then  the  torn 
of  the  angles  at  h,  B,  C,  D,  wUl  be  equal  to 
four  right  angles. . 

Praw  the  diagonal  BD^  which  will  diride  tlie 
two  triangles  BCD,  BAD. 

Then  because  the  angles  of  iIkmc  two  triangles  make  up  the 
lour  angles  of  the  quadrilateral,  and  the  sum  of  the  angles  of 
both  the  triangles  are  equal  to  four  right  ingles  (41),  thcreforo 
the  angles  of  the  quadrilateral  ire  together  equal  Jo  four  right 
wng\t9. 

Carol.  Hence  if  two  angles  of  a  ^quadrilateral  make  two 
tight  angles^  the  sum  of  the  other  two  ^1  also  bo  equal  to  two 
light  angles*       ' .  .    . 

4$.  TV  sum  of  all  ihi  interior  angles  of  any  polygon  i$ 
equal  io  twice  as  knany  right  angles,  wuniing  four^  as  iha 
figure  has  sii 


Let  ABCDG  be  a  polygon  of  5  sides. 

Then  the  sum  of  the  angles  at  A,  B^  C^ 
D,  Cy  win  be  equal  to  six  right  angles. 


« 

From  any  point  P  in  the  polygon  let  right  lines  be  dratin  to 
the  angles  of  the  figure,  which  will  divide  it  into  as  many  In* 
angles  as  the  figure  has  sides*     ' 

Now  all  the  angles  of  the  triangles  are  together  equal  to  twice 
as  many  right  angles  as  there  are  triangles,  or  as  the  pblygon 
has  sides. 

But  the  angles  of  the  firianglesi  cxduiive  of  the  angles  at  P^ 
which  make  fiwrir  tight  angles  (41  )|  constitute  the  Interior 
•ngles  of  the  polygon^  and  therefore  those  angles  together  art 
equal  to  twioe  as  many  right  an^csi  wanting  kw,  as  the  po« 
Ij^goa  has  aidest 


4njf  polygon,  «r#  oquml  Ujour  rifki  mnslisil  «V 

Since  the  tnterior  and  exterior  aoglet  at 
#ach  angular  point  of  the  polygon  make 
two  right  angtet  (SS*,  carol.  l)«  all  the 
interior  and  exterior  angles  mutt  together 
make  twice  at  many  right  angles  as  tht 
figure  has  angles  or  sides. 

But  the  sum  of  all  the  interior  angles  arc  equal  to  twife  aa 
many  right  angles^  wanting  four,  as  the  figure  has  sides  (4S)/ 

•        *         .  •  .  ■ 

Therefore  the  difference  of  those  sums^  or  four  .right  anglei^ 
U  the  sum  of  tlie  exterior  angles, 

46.  Thi  angles  opposite  the  squal  sides  ^  an  iioi^lti  irL 
apgle  art  also  equaU 

If  ABC  bean  isosceles  triangle,  having  the  side 
BA  equal  to  the  side  BC*    Then  the  angliu  at  A       .  /  { 
and  C  are  equal* 

Suppose  the  angle  ABC  to  be  bisected  by  the  line  BP.  Then 
because  B  A  =  BC,  and  the  angle  ABP  =  the  angle  CBP^  and 
the  side  BP  common  to  both  the  triangles  APB,  CBP,  those 
triangles  will  theitfore  be  identical  or  equal  in  all  respects  {88}» 
and  consequently  will  have  the  angles  al  A  and  C  equal.        ^ 

Corol.  !•  Hence  the  line  (BP)  which  bisects  the  vertical 
angle  (ABC)  of  an  isosceles  triangle^  bisects  the  base  (AC}«aod 
is  also  perpendicular  to  it. 

Corol.  9.  And  if  two  angles  of  a  triangle  be  equal^  the 
aides  subtending  those  angles  will  also  be  equal. 

CoroL  s.    Hence  also^  every  equilateral  titangSe  ia  li! 
fquianguUr* 


/ 


/ 


THEOIiBliS. 


lot 


*  40*.  J/ the  :Hde$  of  one  iriangh  (ACB)£f  •qnal  to  ih§ 
$ide$  of  another  ifiawgle  (ACD),  each  to  each\  the  ungtei 
opposite  the  like  iides  are  also  respectively  equaU 

The  troth -of  thit  tcemt  lufficiently  e\'idenl    B^ 
from  Art.  S8«    It  it  howerer^   dcmoiiitratcd  . 
thui:  *  .  P 

« 

Let  a  side  AC  of  one  tntngle  coincide  with  the  equal  side  AC 
of  the  other:  then  AB  r:  AD,  and  CB  =  CD.  * 

• 

'  Draw  BD.  Then  because  AB  =:  AD^  and  CB  =:  CD,  the 
triangles  ABD  and  CBD  are  isosceles,  and  the  angle  ABD.si 

ADB,  and  |he  angle  CBD  =r  CDB  (4«) : 

.  Now  if  the  equal  angles  CBD,  CDB  are  taken  from  the  equal 
angles  ABD,  ADB,  the  two  remainders  or  the  apgles  ABC^ 

ADC,  must  also  be  equal  (33J : 

Therefore  the  sides  CB,  BA,  and  the  included  angle  of  one 
triangle,  being  respectively  equal  to  the  tides  CD,  DA,  and  the 
includv'd  angle  of  the  other,  the  two  triangles  are  identical 
(39 if  therefore  the  angle  DCA  =  BCA,  and  the  angle  BAG 

=  DAC.  jr 

'    47.    tn  any  triangle  (ABC)  the  greatest  ait^/e  (ACB)  Ia 
attended  by^  or  Is  opposite  the  longest  side  (AB). 

Make  AG.z:  AC*  and  draw  CG.    Then 
because  AG  ^  AC,    the  triangle  G AC  it 
itosoelef,  and  the  angkt  ACG,  AGC  are    x 
equal  (46):  . 

But  the  exterior  angle  AGC  of  the  triangle  GBC  it  equal  to 
both  the  anglet  GBC,  GCB  (4t} : 

Therefore  the  angle  ACG  (equal  to  AGC)  which  it  only  t 
part  ef  the  angle  ACB,  eaceedt  the  angle  B ;  cootcq[iieotly  the 
whole  angle  ACB  it  greater  than  B. 

C^nh   Ham  tlM  k»gMt  iide  of  e  iriiDgle  it  oppotilo  tho 


%9f  ^iOMKT&r. 

fmltMt  M^i  fw  H  |a  pfoved  (bat  ACB  o^noljbi  ffMtw  dun 
A,  «4cq>l  AB  M  longer  than  AC.  ,  v  . 

»    ..       k       * 

48.  7A#  lA^leif  /iM  which  can  h  drawn  from  u  givin 
poini  (P)  10  an  indefinite  line  (AB)  ti  /A4fl  right  iip^  &D) 
^hich  is  perpendicular  ioii.  * 

Suppose  PD  11  perpendicular  to  AB :  then .     '  '^  >|p 

my  other  litiej  as  PR,  ^Irawn  from  P  to  meet  '      '    y 


AB  will  be  longer  than  ?D.  Xk,      jTS 

For  the  right  angle  RDP  of  the  triangle  RDP  U  greater  than 
the  angle  PRD,  because  the  latter  with  the  angle  P  are  together 
equal  to  a  right  angle  (41^  corol.  9)^  thtrcfoie  PD  ia  lea  tham 
?R  (47j  corol.). 


Of  THi  CIRCLE. 


DfriMlTlONI* 

49^  AciaCLBisa  plane  figure  bounded  by  one  cumi  lint 
called  its  circumference,  which  is  every  where  equally  distant 
from  a  point  within  it  called  the  centre, 

M»  The  radiMS  of  a  circle  is  the  distance  of  the 
centre  from  the  circumference.  Thus  if  C  be  the 
centrci  CR  ia  the  radius. 

31  •  The  diameter  of  a  circle  Is  a  right  line  drawn  thmogh 
the  centre,  and  terminated  by  the  circumference  both  ways,  and 
therefore  it  is  twice  the  radius. 

99.    An  arc  of  a  circle  is  any' part  of  the  circumference* 

53.    The  chord  or  subtense  of  an  arc  AGB, 

orARB,  is  a  right  line  AB  joining  the  extremi*     A 
tiu  of  that  ar«« 


34.    A  Mgment  it  any  part 
^^ehordf  u  the  Rgment  ABI 

Si.    A  KDiidrcIe  i>  half  th 
»■    vSimeter.    Hilf the  circumf 

-30.    A  Hctor  is  any  part  of 
^^«>  radii  drawn  lo  itt  eitr(.-niit 

"^liui  if  C  be  the  centre,  A< 

^^^/hen  the  angle  at  C  in  rlgl 
itimea  the  ara  AB]  ■■  cilk< 

7.    When  twn  riglit  lines 

lily  of  a  chord  AB,  ami 

learcADB,  thean^Ir  AC] 

:)  u  taid  to  be  in  the  I'lg 

^^  ^.ind  oa  the  chord  AB-,  or  t 

.^^^^  ^.    A  right  line  ta  taid  to 
_         ^-^^tigh  a  pmni  in  the  circum 
^^  of  the  circle. 


hit  line  b  alw  called  a  lang 

P.    A  tectnt  ii  a  righi  line 
•  of  a  circle. 

;Two  circled  art  laid  to 
rercacea  of  -both  pats  ibrotij 
Ing  each  otHcr. 

c-^   ^"-^I.    Wh^.all  theingular  pi 

:-^ "^Jie  dreunifeTei)ce  of  a  cirttc, 

^'"'^^lei  uad  tha  drde  ia  nid  to  c 

^^>    A  ti|bt  lined  6gure  circ 


IW  jB»0¥^TfYt 

•idci  touch  the  eiicuinfereiiipt  ofth^  dr^W;  md  fhe  fiifje  k  mM 
to  be  imcribcd  io  the  ^ipirt* 

89,    The  penm^ter  of  |i  (gqre  is  the  iuni  of  aH  jti  ii^  ta^ 

together*'  .-^ 

6i.  When  two  right  lines  AC,  BC^  hrm  Uk  no^  ACB, 
^d  •  circle  is  described  about  the  angular 
point  C  as  the  centre,  tlie  ar^  GD  intercepted 
by  those  lines  is  the  measure  of  the  angle  ACB, 
the  whole  circumference  of  the  circle  beinc  |hf 
measure  of  four  right  angles^ 


3^' 


To  cUimate  the  opening  or  magniliifk:  of  an  siigk»  the  cirn»nrrmira 
of  the  circle  it  lupposeil  to  be  divided  iiilo  3oO  equal  parti  called  degiven^ 
and  each  of  thoie  degrees  into  60  e()ual  parts  called  niinutts^  and  trach 
minute  into  60  McondS|  See.  This  is  r^illcc^  the  texagetii^  diviiiou^ 
Thus  if  the  circuuiference  ABOK  ii  divided  into  300 
equal  parts  or  degrees^  and  the  dUuii'tcrs  AD^  BR  ii^teiy 
lect  each  other  at  right  angles,  llie  poiuti  A»  B«  D,  It, 
will  divide  the  circumrerencemto  4  e^jual  urcs  0(90  de* 
greci  each ;  and  each  of  the  4  ai.glc^  at  the  centre  C  it 
said  lo  be  an  angle  of  90  de^^recs.  ' 


i^. 


1(  tlie  arc  Dii  is  ^^  of  the  whole  circMUiference  or  J  of  Uiei^  DB«  tho 
aogle  pCn  will  be  UU  {  degrees. 


TufiOgEI^S, 

65.  If  ih$  radius  of  o  circU  Hucis  any 
c&ori.  ii  will  b$  ai  right  angli($  io  ii,  and  ih§ 
arc  of  ijiai  chord  will  ii/iq  h  li^fcitd  Ij/  ihf 
same  radius. 


.1 


Let  C  be  the  centre  of  the  circWi  and  AB  a  chord ;  then  if 
the  radius  CI^  bisecu  the  phord  in  the  poii^t  D^  CD  will  U 
perpendicular  to  AB ;  and  the  arp  AH  equal  to  the  arc  RB. 

Draw  CA  and  CB.    Jbcn  bfc^use  CA  ii  i:qua]  to  CBj  thf 


I 

tJ^koKktis.  )0) 

•  •  .1 

^angW  AliB  ii  Moscelcs,  and  thcrefHre  (4«,  corot.  I.)  CD 
biiccU  the  angle  ACB,  and  i*  perpendicttlar  to  AB. 

And 'because  Oie  area  ARv  B^  are  the  measuRfl  of  th< 
^qual  angle*  ACR>  BCR  (fit),  they  nittit  ihcRfore  be  equal  tb 
<tach  other. 

Coroi.  Hence  4  right  line  which  binecU  any  ebord  at  right 
Inglei,  ^ill  past  through  the  Centre  of  the  cirele. 

66.  In  A  dtcte,  iqiUil  chtH^df  ai^  tqUall]/  distant  from 
the  centre* 


Let  Abt  GD  ht  IM  equi^  chorill  lA  the 
tircle  nrhose  centre  it  C )  then  the  pcrpendiciu 
lart  CR^  CS  drawn  from  the  c5entre  C  will  be 
tmd. 

Draw  the  radii  CB,  CA,  CD,  CO:  then  those  radii  being 
^quil,  and  BA  equal  to  GD;  the  triangles  BOA,  GCD  will  be 
identical,  or  equal  in  all  respects  [i&'ji  and  because  they  are 
isoflceles^  the  perpendiculars  CR,  CS  will  bisect  BA»  ODf'ldt 
ror.  1);  hence  the  triangles  RCB,  RCA,  SCD^  SCG  are  idea* 
tical^  therefore  CR  zz  CS. 

Catot.  Chords  in  t  circle  equally  disUnt  from  the  centre  art 
tqual  toeacholher. 

*7.  tf  tiifo  right  tines  AB>  DG  intersect  each  other  at 
right  anglel  in  P  |  then  if  anjf  circle,  whose  centre  C  it  i/g 
the  line  DC,  Ire  descriltd  through  the  point  of  iniersecHom 
f,  ii  wilt  touch  the  other  tint  AB  in  that  poini4 

braw  CO  lo  any  point  in  PB.  Then  CO 
CP  (48),  the  point  O  must  necessarily  fall 
without  the  circle ;  tnd  as  the  ume  reasoning 
holds  good  with  respect  to  every  other  point 
inPBd^PA^  it  is  endeni  that  AB  cuU  off 
■optn  of  the  circle,  bat  touches  it  ai  P. 


CCf 


\9f(:  CBousTtr*  ^    *    • 

Conh  I.  Heocclheuig1eronnedb7tting»tia«J!ifcl«#nJ 
l!be  niUui  dnwn  tq  tlw  point  uf  coiitui,  u  a  figbt  wglet 

Cant,  9,  Henc^  tlto^  it  app«ata  that  aD]r 
Suimber  of  ciri'ci  tlcicriUd  tlirougb  P,  «iU 
loucb  each  other  id  that  point  if  ihcir  ccntie*  an 
In  the  line  DG.  And  that  AB'  la  a  tangent  to 
themaU. 

Cont  9,  Therefore  if  (wo  circle!  touch  inwardly  or  ouU 
wardly,  their  centres  and  the  point  of  contact  are  in  the  lanM 
right  line. 

69.  Tht  angleJbriHed  ly  a  tangent  aad  a  chord  drawn 
from  the  point  a/  eimlait,  it  measured  tg  halftks  arc  f/'that 
chord. 

let  RS  be  a  tangent  to  the  circle  whoM    |L- 
centre  la  C  t  and  1*A  a  chord  drawn  from  the 
point  of  co^act  P.    I'hen  the  mcanire  of  the 
angle  SPA  ii  half  the  arc  PGA  i  and  the  met- 
aure  of  tlie  angle  UPA  li  half  the  arc  PDA  t 
that  if,  if  a  circle  wcrv  driciibetl  about  the  centre  P  with  the 
radiui  CP  or  CG,  the  arc  intercepted  by  PS  atxl  PA  would  be 
equal  to  half  the  arc  PGA,  and  the  arc  interocpied  by  PR  and 
FA  equal  to  half  the  arc  PDA.  •      •        .• 

For  let  the  diameter  DCG  be  drawn  to  bisect  the  chord  PA, 
and  join  CP. 

Tbch  CNP  ia  a  right  angle  (113)  i  and  the  angle*  RFC,  SPC  . 
are  alao  both  right  angles  (67,  carol.  \). 

Now  in  the  right  angled  triangle  CNP,  the  uim  of  the  tw-o 
•cute  anglct  NCP,*  CPN.  is  ctiual  to  a  right  angle.  (41» 
cerol,  &). 

But  the  latter  angle  CPN  together  with  the  angle  APS  alt« 
valu  a  light  angle  CPS. 


Therefore  the  angle  APS  is  «qual  »  KCP  (S»).  And  linet 
the  irc  PG  (half  of  PGA]  U  the  mramire  o[  ibe  logle  PCN,  lU 
raust  also  be  the  measure  of  it)  equal  APS. 

Again,  the  external  angle  DCP  of  the  tningls  CNP  il  equal 
to  both  (he  inward  opposite  angles,  or  to  (h«  li^le  CPN  ind  • 
tight  angle  CNP  (41). 

And  the  ingle  RPA  it  alfo  equal  to  the  fame  angte  CPN  awl 
I  right  angle  RPC. 

Therefore  the  angle*  RPN,  DCP  are  equal.  And  linee  the 
arc  PD  (half  of  PDA)  ii  the  measure  of  the  ingW  OCP.  it  b 
alto  the  mcaiurc  of  iu  equal  RPA.  ' 

Cent.  Becaute  the  arc*  GP,  PD  together  make  half  tha 
circumfi-rence,  and  the  lum  of  the  two  anglea  RPA,  SPA 
equal  to  two  right  angles,  therefore  the  sum  of  two  right  an^a 
u  measured  by  half  the  circumference, 

89,  The  angle  at  the  clrcamference  e/tclrcUU  wuasund 
l^  half  the  ore  thai  subtends  il. 

Let  GPA  be  in  angle  at  thecireumference. 
Then  hilf  Uie  arc  GA  ii  die  measure 
iqgle. 

Suppose  RS  is  a  tangent  to  the  circle  at  P. 

Then  the  turn  nf  (he  thrc^  iinj^Ici  at  P,  or  two  right  anglei, 
ismcuuredby  bair)heGircumren.-nceof  the  circle  (68, -CtfrAM, 

Put  half  the  circumfefeacc  !•  half  the  arcs  PG.   GA,  AP 

ulded  together. 

Now  the  angle  RPG  ii  measured  by  half  Ibe  arc  PO )  and 
Uw  angle  SPA  by  half  the  arc  A?  (08) : 

Takethoae  tvo  ai^ki  ftondie  tbrae  aiiglcaat  Paand  iber« 
icrnuni  the  angle  GPA : 

And  tdce  the  neiavm  of  tlwie  two  angles  ff  half  iba  aici 


ference.     ■      P      ■ 


?t'  Mm  half  the  ciicuinreicne«,  ant  ihefc  rmams  batf 
GA  for  the  mieuunof  the  reouiniof  an^  CPA; 

Alt  angles  in  tk»  tame  segment  efa  cireh,  #r  tiaud- 
'h»  tarn*  ^fCi  are  equal  te  each  ethen 

ISA»  GPA  be  two  tnglei  iUnding  (m  tM 
z  GA.  Then  will  Ibote  angles  be  equal 
mher; 

ach  of  those  angles  is  nleasiired  by  half  the  arc  GA  (09)i 
^quently  they  must  be  equal. 

.  Hence  equal  chords  in  a  circlci  subtend  equal  angles 
rcumfcrence. 

The  angle  ai  the  centre  of  a  circle  is  ioutfte  the 
il  the  clTcum/ereuce''when  hth  of  them  stand  on  the 

AC  be  an  angle  at  the  centre,  an^  GPA 
I  at  the  circumference*    Then  the  angle 
double  the  angle  GPA* 

CA  is  nleasured  by  the  arc  GA;  and  the  angle  GPA . 
ured  by  half  that  arc  (09}i  therefore  the  angle  GCA 
double  GPA. 

Otherwise  thus ': 
0  be  drawn  through  the  centre  C. 

the  triangles  GCPj  ACP  being  isoscete^ 
B  CGP  will  be  equal  to  the  angle  QPG  | 
angle  CAP  equal  to  CPA  (4«). 

lecause  the  external  angle  GCO  is  equal  to  both  the 
opposite  angles  CGP^  CGP  (41),  it  is  therefore  equal 
le  the  angle  CPG.  And  for  the  same  reason,  tb^ 
angle  ACQ  is  double  the  angle  CPA:  therefore  the 

ngic  GCA  is  double  the  whole  angle  GPA« 
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ft.    TV  angh  GPA  in  a  ifmkircte  is  a  right  Mgh. 

For  it  if  measured  by  half  tl|f  arc  GDA  or 
half  a  aemicirtile  (69),  but  half  a  aemicircle  is 
the  measure  of  a  right  angle  (04)  • 

19.  The  tingle  R?Q  farmed  h/  Ihe  tangent  RP  and  tha 
chord  PC,  is  equal  ia  the  alternate  angle  PAG  standing  ai^ 
the  same  chord  Pp* 

For  the  angle  RPp  |s  measured  by  half  the  arp 
PG(68);  and  t)ie  angle  PAG  is  measured  by 
(lalf  the  same  fxc  (O9);  therefore  those  angles 
must  be  equaU 

• 

74.  The  opposite  angles  of  any  quadrangle  inscribed  %n  4 
arcle  are  together  equal  to  two  right  angles. 

For  the  angle  P  is  measured  by  half  the*  are 
GAR  I  and  the  angle  A  by  half  the  arc  GPR } 
therefore  the  sum  of  both  angles  must  be  mea« 
sured  by  half  the  sum  of  both  arcSj  or  by  half  the 
circumference. 

But  half  the  circumference  is  the  measure  of  two  right  an* 
gles ;  consequently  the  opposite  angles  together  are  equal  to  two 
right  angles. 

*  73.  If  a  sidf  Ghefa  quadrangle  inscriled  in  a  circle  la 
produced^  the  exterior  angle  OAR  will  be  equal  te  the  imuard 
opposite  angle  G?R. 

m 

For  the  angle  GAR  with,  its  opposite  angle 
GPR  together  make  two  right  angles  (74);  and 
the  same  angle  GAR  with  the  exterior  angle 
OAR  make  two  right  angles ;  therefore  by  equal 
•obtractioo,  the  angle  OAR  is  equal  to  the  an^  GPR. 

19.  In  a  circle,  twepofo^Ui  therfi  ^^  Cp  klfrtef$ 
f^ofciACj  9p^ 


«■ 


I    ^ 


tM 


^kbiiiTtr* 
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•  *  ■      "  . 

Join  AD.    Thipo  beciuie  AB  it  parallel  ti''^^ 
COf  the  altemate  angles  BAD,  CO  A,  are  equal  - 
'  to  each  other  (40 1 ;  aqd  therefore  the  arc  BO 
la  equal  to  the  arc  AC  (70«  corq/.').  ^ ;;  . 

77*    The  an^U  formed  by  two  ehordt  AB.  CD,  -inteuecU 

'  ing  each  other  in  a  circle^  %$  measured  (ff  kalftk^  turn  ef  the 

intercepted  arcf  AC,  OB* 

Let  CR  be  parallel  to  AB.  /    » 

Then  the  angle  of  intersection  DPB  is  equal       DJ 

.  to  the  angle  DCR  (40)|  which  is  pleasured  bv 

|iairthearcDBR(69^  '   '  ^ 

•    1-  ■  ■     . 
But  the  arc  Bfl  is  equal  to  the  arc  AC  (7<l)|  therefore  the 

arc  DBR, is' equal  to  both  the  intercepted  arcs  DB«  AC  |  coi|« 
aequcnily  the  angle  DCRj  or  iu  equal  OPB^  ii  measured  by 
|ialf  the  sum  of  those  arcs« 

78.    The  angle  P  tvithcut  a  circle^  Jormed  ly  two  secants 

PB,  PA»  is  measured  by  half  th  d\ff'erence  of  the  interceftei 

^rcs  DC,  BA, 

•■ 

I^et  CR  be  parallel  to  PB« 

Then  because  DC  is  equal  to  BR  (74),  the 
difference  of  the  intercepted  arcs  DC,  BRA  is     B 
'  the  arc  RA«  half  of  which  is  the  measure  of  the       K 
luigIcRCA|  or  of  iu  equal  B|'A, 

79.  The  angle  P  Jormed  by  the  two  tangent^  PS,  P/^,  u 
measured  by  half  the  difference  of  the  two  intercepted  arf\ 
CD,  CRD, 

'Join  the  points  of  contact  Q,  l)  s  and  let  V 
DR  be  parallel  to  PS. 

Then  because  OR  is  parallel  to  CP^  the 
^le  CDR  is  equal  to  DUP  (40),  $ 


f  I 


»./  """•"of 

""■""•■■I,  .r'"'""^ 

''•'"•too. 
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tnUtlogrMM  iut»  tw^  tfiwl  pmtM  m  Iff' 
CEG. 

El  tw  pmlld  to  the  ^  ADi 


he  Irianglet  GBO,  RDO  «• 
and  ihckids  OD  equal  to  tha 
i«ngle«  will  be  equal  in  all  mpecta  (>•),  eoa* 
KD;  and  ihercfore  GA,  =  RC|  hence  Oh 
DS  is  rqual  to  ihc  parallelognn  NfiCB. 

let  the  parallelogram  SGNR  into  two  equal ' 
GNR  (60)j  ihticiurc  as  the  paralltlogTams 
are  equal,  the  trapexuids  GADR,  BCRC, 
two  equal  figure),  must  alio  be  equal. 

:ause  DC  is  equil  to  DR  and  AG  together, 
vRi  it  half  a  paralk-tngram  whose  bale  is  the 
el  siJei  ui'  the  irapetuid,  and  whose  height 
hose  parallel  tides. 

uce  all  right  lines  that  luieiet  the  diagonal  ot  t 
J  are  umiinaied  by  the  sides,  an  also  bisected 

>gramt  tlaniing  upon  tht  samt  late,  and 
paratUh  for  kauing  i^ual  attitudttf,  sfw 


illel  to  DC.    Then  the  pa- 
O  Is  equal  to  the  parallclo- 


il  toCG,  and  DA  to  CBi  and  RG,  DC, 
other  (SO,  core/.),  hence  if  GA  be  added  to 
>pectively,  RA  will  be  equal  to  GB  |  ud 
1  of  the  triangles  DRA,  CGB  arc  respec- 
consequently  the  trianghi  tbcoiselvca  mnst 


\ 


MW 


•KOUltHVf 


I  I 


1>nw  CR  ptraBd  to  AG  I  and  joia 
OB  and  CG. 

i 
» 

BecfuM  the  angles  OAC,  BAG 
aire  rij^t  anglctt  if  to  each  be  added 
the  angle  CAB,  the  angles  GAB, 
CAG  of  the  triangles  GAB.  CAG 
will  be  equal  to  each  other. 


And  since  the  sides  Ap»  AB ;  AC,  AG  including  those  equal 
tnglesi  are  respectively  equals  the  triangle  GAB  is  equal  to  the 
triangle  CAG  (38). 

And  because  BD  is  parallel  to  AG.  and  CR  to  AG^  the  tri« 
angle  AOB  is  equal  to  half  the  parallelogram  AODC|  and  the 
triangle  ACG  equal  to  half  the  parallelogram  AGRI  (6e«.  c^rot. 
l){  therefore  the  halves  being  equal,  the  ^wholes  must  alio  b^ 
equal,  or  the  parallelogram  or  square  AODC  equal  to  the  pa« 
ciJlclogram  AGRL 

And  exsctly  in  the  same  manner  it  is  proved  that  the  triangle 
BNA  is  equal  to  the  triangle  BCS ;  and  the  square  BNPC  equal 
to  the  remaining  parallelogram  BSRL 

CoroL  Hence  the  diflcrence  between  the  square  of  the  by* 
potenufe  and  the  square  of  either  of  the  other  sidcs^  is  equal  lo 
the  square  of  the  remaining  side, 

Tliereforr  ¥rhen  the  lengtlis  of  two  sides  fi(  a  right  sogled  triangfs 
are  giveot  tlie  third  tide  may  be  found  by  extracting  the  s(|uare  root* 

LetACsi,  andBCss3:  Then  the  square  of  AC  is 
IS ;  and  the  square  of  BC  it  9 ;  and  the  sum  of  ihoie 
squares  is  SS  the  square  of  AB«  and  the  square  root  of  that 
square  is  5«  the  leugih  i^if  AB.  ^ 

Again^  suppose  All  s=  10,  and  BC  ssHf ;  then  the  tqnaieof  AB  is 
100,  :ini  the  b^^uore  of  BC  is  29^,  and  live  diflmncc  of  those  squares  i| 
17^-1^  llie  sc^uare  of  AC,  and  the  square  root  ot  77}}f  is  S||  the  length 
of  AC,  , 

If  AC  s  i«  aad  BC  as  2j  the  sum  of  their  sq^uics  is  f<V  and  the  sqinsff 


-i-^ 


TBKOt£Utt 


•OS 


foot  of  80  b  tlMp  length  of  AB :  Imt  the  tquare  root  of  90  b  t  tofd  t  Ihcro" 
hn  ABand  the  other  tidct  are  imommtmurahk. 

When  AC  and  BC  are  equal*  the  hypothenine  AR  b        Jip^.^.^^ 
the  dia^nal  of  the  t  luare  ACRO ;  and  the  square  of  AB 
b  double  the  iquare  of  the  tide  AC  or  CB :  hot  twice  a 
tquare  mitnber  b  not  a  rational  tquare,  or  a  tquaie  whose 
loot  can  he  exat-tlj  obtained ;  therefore  the  diagonal 
of  a  square  and  Its  side  are  inoommensurahici  In  other  wordSy  vhatevcf 
number  of  equal  parts  the  side  of  a  tquare  b,  or  maj  be  divided  Inlo^  tho 
diagonal  cannot  contain  an  exact  nuiuberof  those  parts. 

84«  If  a  right  line  (DB)  i§  divided  into  anjf  number  of 
parU  (DO,  OC9  CBI9  ihe  rectangles  made  If  the  whole  lin0 
and  eaJk  parip  are  ioieiher  equal  to  ihe  square  on  ihe  whoh 
lima. 

Let  AB  be  the  aquare  on  the  line  DB  j  and  from 
the  points  of  division  O^  d  draw  OS,  CP,  per« 
pendicular  to  DB.  Then  because  those  lines  are 
equal  to  DA  or  DB  the  side  of  the  square,  AO9 
SC9  I^B  are  the  itctang;^a  made  by  the  whole  line  and  each 
part  itspectiveJyt  and  these  rectanglea  together  evidently  consti« 
lute  the  aquare,  because  the  whole  is  equal  to  all  ita  parta  taken 
tdgether.  Or  if  we  denote  the  rectangles  alter  the  manner  of 
prodocti*  AO  b  equal  to  DB  K  DO,  SC  equal  to  DB  X  OC9 
and  PB  equal  to  DB  X  CB|  md  Ihe  three  prododi  M^ftthoT 
<ipialtoDB\  I* 
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6f  RATtOi  4110  PaOPQATIOVI  W9ICB  AllfSCY 

Magiiitudsi* 


* 


oirmiTiovf. 


$t.    Ths  fbllowiiig  Definition  of  BaiU  il  usually  g^vtt  Itt 
At  Mk.  Book  of  Euclid*!  ElcmeaU. 

^  lUlto  U  a  mutual  rcladoa  of  two  magnliudet  of  the  f|m« 
kind  to  one  another  in  respect  of  quantity.^ 

Thb  definition  ii  frequently  objected  to  as  imperfect  and  ob« 
•cure.  And  it  seems  difficult  to  acquire  a  oontcl  idea  of  the 
latio  of  two  magnitudes  from  the  definition^  if  we  are  limited  to 
the  consideration  of  magnitudes  abstractedly.  By  the  help  of 
numbers  howeveri  it  becomes  perfectly  intelligible* 
Thus,  if  we  divide  the  line  or  magnitude  AB  into  A)  '»■  • '  'B 
3  equal  parts«  and  the  magnitude  CD  contains  4  1  t.uj  i 
of  those  parts^  the  relation  of  AB  to  CO  is  the  ^ 

same  as  that  of  3  to  4,  which  in  numbers,  is  the  ratio  of  the 
magnitudes  AB  aud  CD  in  respect  uf  quantity. 

Let  GH  be  any  other  line  or  magnitude  divided  into  6  equal 
parts,  and  suppose  IK  contains  8  of  those  parts. 

Then  the  relation  or  iatio'  of  GH  to  IK        rr  i  i  i  t  i  ill 
is  the  same  as  that  of  AB  to  CD,  because     i  i  i  ii4.i»%i..t  i 
GH  is  contained  or  can  be  taken  in  IK  as 
often  as  AB  is  contained  or  can  be  taken  in  CD^  for  the  same 
reason  that  6  is  contained  in  8  as  often  as  a  is  contained  in  4« 
that  isj  because  |  =  f. 

Those  four  lines  or  magnitudes  are  proportional ;  vi».  AB  is 
to  CD,  as  GH  is  to  IK ;  and  are  set  down  in  the  manner  of 
proportional  numbers^  thus  AB  :  CD  ::  GH  i  IK.  And 
,lbc  proportion  must  evidently  hold  good  whether  AB  and  CO 


TUgontMl^ 


•or 


AKcommenfiirtble.or  incominentarable  when  conptrtd  with 
GH  and  IK. 

M.  Qoantitiu  of  the  mme  kind  which  are  cmmentarabk 
or  can  be  divided  itiin  like  parti,  or  parts  of  the  tame  magnU 
tude,  may  be  compardi  in  the  tame  manner  at  we  compare 
nambcrs  in  geometrical  proportion  (133,  1349  ariih.).  Tbos 
if  AB  conuini  fi;    CD,  J|  GH,  4;  and  'Ah4HB 

IK,   6  equal  parts,   those  line^  or  mngni*  CH-HD 

todes  will  eridently  have  the  same  proportion  GHh-MHH 
u  the  number  of  equal  parU  into  ivbich  H  H  I  M  IK 
thejr  arc  rcipccthrely  divided ; 

AB  :  CD  ::  GH  :  IK. 
ff    t    S    ::    4    :    9. 
.     Or  AB  t  GH  ;:  CD  :  IK, 
9-   ;    4    :!    S    ;   0. 

Or  tuppoae  the  equal  parts  are  again  divided  into  n 
like  number  of  equal  parts,  as  10  for  example;  then  AB  will 
contain  SO;  CD,  30;  GH,  40 1  and  IK,  6o;  therefore  the 
quantities  or  lines  will  be  in  tlie  proportion  of  SO^  30,  40^  and 
60|  or  aa  9^  3,  4i  and  69  the  same  as  before. 

Hence  it  is  evident  (if  we  make  use  of  a  common  measure^  * 
as  in  Prjctital  Geomttry  that  comuicnsuralile  magnitudes  may 
be  rrpte^ntrd  by  numbers,  and  their  pmpertib,  as  far  as  re« 
latcsto  proportion,  demonstrated  arithmetically.  In  the  fol* 
fewing  theorems  therefbrr,  we  shall  sometimes  refer  to  the 
articles  in  arithmetic  which  treat  of  proportioni  in  onler  tp 
abridge  the  operations. 


THBOHEICa. 


•7*  ParulMngruvuM  AC»  GK  htlwetn  the  game  poftilhU^ 
m  having  ihtiamM  aliUuie^  uff  to  one  onotker  in  the  some 
fnthMtlkeir  lam AD|  GR« 


torn  ^wittntr 

.  For  mjpfpm  AD  it  divided  iato  S  eqoid 
parts,  and  that  GR  coDlaioa  %  of  thota 
parU*  Tbca  if  lines  are  drawn  frcmi  ibe 
points  of  division  parallel  to  the  sides^  the 
parallelogram  AC  will  be  divided  into  S9  and  ibeparaUelagrani 
CK  into  9  cqiul  p^ralklogrduusj  because  they  stand  opon  equal 
bases  (89^  core/.) 

m 

Therefore 

3  is  to  9t  as  the  paral.  AC  is  lo  the  paral.  GK« 
Or  AO  :  GR  ::  paral.     C  :  paral.  GK. 

And  if  the  bases  AD,  GR  are  incommensurable^  the  like 
proportion  must  evidently  hold  good. 
Suppose  the  base  GR  is  ihe  side  of 
a' square,  and  the  base  AD  its  dia« 
gonal  ^63,  corol.).  Let  AN  =:  GR^ 
|nd  draw  KO  parallel  to  DC :  and 
take  W  so  that  AN  and  NP  arc  commensurable..  , 

Then,  paral.  BN  :  paral.  BP  ;:  AN  I  AP. 

And  by  continually  taking  commensurablf .  parts  in  the 
remainder  PD,  we  may  at  last,  approximate  nearer  to  D  than 
any  assignable  distance.  Consequently  the  parallelogram 
BD  will  ultimately  be  to  the  parallelogram  BN  for  HR)  as 
AD  to  GR. 

Corol.  1«  Since  triangles  are  the  halves  of  their  parallehK 
grama  (89*.  coroL  1.)^  therefore  triangles  having  the  samej  ot 
equal  altitudes^  are  to  one  another  as  their  bases* 

Carol.  9.  If  RK,  and  DC  be  taken  for  the  equal  bases  of 
the  parallelograms  RH  and  DB,  then  RG  and  DA  will  be  their 
altitudes:  Therefore  parallelograms^  or  triangles,  on  equal 
hues,  are  respectively  in  the  same  ratio  as  their  heights. 


/    * 
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THtOKIIMI. 


to* 


8B.  Parallehgrams  CADB|  ORQPf  having  imtftfaf 
hsesand  aliiiudes,  ar§  at  ike  ftelanglti  ^ihi  hn$H  ani 
aliiiudes. 


Tf  A 


Make  BC,  CH,   and  PS, 

ON,  peq)eiidiculjr  to  CB,OP, 

re?pcctirel y ;  then  the  rectangle 

HB  is  equal  to  the  parallel' igram 

ABy  and  the  recUngle  Np  equal 

to  the  parallelogram  RP    89). 

Then,  because  equaU  mu^it  have  equal  rntios^    At  rectangle  to 

rectangle,  to  is  parallelogram  to  parallfl(»gi-am« 

SchoUum.  The  parallelograms  an:  dIviMi.i  to  hf*  in  tlirc*  xpitind  ratio 
of  their  bi^  and  altttiirft «.  For  if  CD  t  OP,  Mirl  hu  t  PS  i)^*iofc  the 
ratio  of  thetia«r«,  and  allittideiu  rt»peclivcl^,  tbi  rti  ii(iii(l«*«  of  ili«»  lorrrt* 
pcNidiii|  tmntorCU  x  DG  i  OP  X  VS  will  denote  llie  coni|K)uiid  ritio 
or  the  r^tio  ul  tlieir  tertan|tei.    (141,  JrHh.) 

Suppose  CB  s:  9»  BG  ss  5,  OP  as  4»  PS  ib  3 ;  then  }  denntct  the 
ratio  (il  CB  to  OP;  and  \  that  of  B(i  to  P^;  Mnd  their  prndttct  2  X  f 
(or  )  2)  If  Uie  compounded  ratio  or  tliat  of  tlie  parallelograma»  namely*  at 
JO  to  m. 

69.  //four  right  lines  AB,  DC.  PD,  BR  are  propar^ 
iional' AB  :  DC  ::  PD/  BR.orAB  :  PD  ;:  DC  :  DK)| 
ihereeinngle  PC  made  with  fhe  /m/o,  meoiri  DC,  PD,  h  equal 
4^  the  rectangle  AR  made  with  the  two  extremes  AB,  BR. 


0       I — 
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Let  CO  =  BRt  and  RQ  r:  DC.  Then  the  recUnglea  AR, 
DO  having  equal  altitude»9  will  he  aft  their  baMes  ^87)$ 
and  for  the  aame  reaaon  the  recfanglea  PC,  BQ  will  alto  beti 
their  bates  I 

AB  :  DC  :.  rectang.  AR  :  rettang*  DOg 
'  PD  :  BR  :t  rectang.  PC  :  reciang.  BQi 
Tot*  t*  Bl 


tl« 


MtOUEtttXi 


Bul  AB  :  DC  ::  PD  :  BR,  tbercfiMe  hy  equaKty  of  tatioi 
rcclavg.  AR  :  fciang.  DO  :t  reclang.  PC  treciaug.  BQf 

Now  the  furfacet  or  redanglei  DO,  BQ  contaiojod  ooder  the 
tame  or  equal  lines  (DC,  BR)  mutt  be  equal;  therefore  the 
contequcnts  being  equal,  the  autecedcaU  or  rectanglctf  AR,  PC 
Will  ako  be  eqiiul* 

Or  thus  i  Since  the  rcctai)gle  of  two  lines  is  analogous  to  the 
product  of  two  numbers;  if  AB  :  DC  ::  PD  ;  BR,  thenAB 
X  BR  =  DC  X  PD  ♦.  (03,  jiriih.) 

« 

Corol.  I.  When  DC  and  PD  are  equal,  the  recUngIc  PC 
becomes  a  square ;  and  its»  side  is  a  mean  proportional  between 
the  olher  two  lines  AB  and  BR  (151,  ^rjM.)« 

Corol.  9*  Hence  also,  the  product  of  the  base  and  perpea« 
dicular  gives  tlic  area  or  buiTace  ot^  a  parallelogram* 


*  Hire  tho  Mirfarc-s  of  tlir  rerlan  'let  or  paralklogranis  AR  ao<l  PC  are 
clcnotctl  by  AH  /  BR.  aiiH  DC  X  10.  And  ii  Alls  K,  UK  =s  3,  DC  s 
G,  and  YD  zz  4  (ux  hi's  for  exunplc) ;  tfim  ft  X  3  aud  o  X  4  ane  the  sur* 
facik  or  fUios ot  ihuM:  rccunglct  m  h^naii:  iiiihcs. 
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Or  StMit«AR  Plans  Figurei. 
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DcriMlTlONI*      . 

V^.  SiMiLAK  rectilineal  figure*  are  those  which  have  their 
several  angles  equal,  each  to  cich,  and  the  tides  about  the  equal 
angles  proportional. 

Thus,  if  the  angles  of  (he  triangles 
ABD»    aid  are  respectively    equals 
and  AB  :  BD  :t  at  i  id;  and  AB 
:  AD  ::  ab  :  adf  &c.  the  triangles     ^ 
are  said  to  be  similar* 

The  sides  opposite  the  equal  angles  aie  called  homologous  t 
thus  ABt  o(  arc  honiologo.us  sides. 

91.    And  if  ABDN,  nltln  are 
equiangular,  and  AB  :  AN  :: 
ol' :  art^  &c.  the  two  figures  are 
similar* 


If 


CoroL    Hence  all  sqiure s  are  simHar* 
99«     All  circica  are  sinular* 


TltCORCMI* 

■ 
• 

OS*  •  If  one  side  of  a  irinfifle  be  divided  into  ant/  num* 
ier  of  equal  parts^  anijrom  the  points  of  division  lines  are 
drawn  throngh  the  triangle  pat ul lei  to  one  of  the  other  sides^ 
those  lines  will  divide  the  third  side  into  the  same  number 
9/  equal  parts. 


Bi  i 


•If 
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Suppose  BR  I  RD,  DA  are  cqual»  and  RS,  DP  B 

parallel  to  AC.    Then  will  BS,    SP^   PCt   bt  jt^g 

equal  to  each  other.  u^i   !|« 

Draw  RO.  DQ,  parallel  to  BC.  ^<t     ^ 

liien  because  the  triangles  RBS,  DRO,  ADQ  are  equl* 
angular,  aud  the  like  mcIcs  BK,  RD,  DA  equal,  those  trianglea 
will  be  identical  or  equal  in  all  respecu  (38) :  consequently 
BS,  RO,  DO,  are  equal. 

But  RP,  DC  are  parallelojrrams,  thertfore  PC  =  DQ«  and 
SP  =:  RO,  and  each  equal  tu  BS.  • 

Corol.  Hence,  if  right  lines  AC,  DP,  RS,  8ce.  cutting  the 
aides  of  a  triangle,  nuke  the  segments  DA  s  DR,  PC  =:  PS, 
&c«  those  lines  will  be  parallel. 

IH*  If  a  line  be  drawn  in  a  triangle  parallel  io  one  ef 
ihe  tides,  ii  will  divide  the  other  two  fides  proportionally. 

Lt\  DP  be  parallel  to  AC. 

Then  BD  :  BA  :t  BP  :  BC. 
And  BA  :  DA  ::  BC  :  PC. 


Suppose  BD  is  divided  into  3  equal  parts,  and  that  DA 
contains  two  of  those  parts;  and  let  lines  be  drawn  fioin  the 
points  of  division  in  BA  parallel  to  AC,  meeting'  BC.  Then 
BC  will  also  be  divided  into  5  cqita)  parts  (93). 

Now,  whatever  psrl  BD  is  of  BAJ  the  like  part  will  PB  be 
of  BC,  let  the  actual  lengths  of  the  equal  parts  in  BA  ai;d  BC 
be  what  they  will :  thus  BD  is  |  of  BA.  and  BP  is  |  of  BC ; 
therefore  the  relation  or  ratio  of  BD  and  BA  is  the  same  u 
that  of  BPand  BC;  consec]ueutly  those  four  lines  are  propor- 
lionalj 

BD  I  BA  :;  BP  :  BC.    . 


THCQKEMt. 
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And  becanae  DA  b  {of  BA,  and  PC  i  of  BC,  tbne  m 
alio  proportionaitt 

BA  :  DA  ::  BC  :  PC. 

And  it  if  also  evident  that  BO,  DA|  BP,  PC  tre  pifvportioii- 
•U ;  for  DA  is  the  same  part  of  BD,  as  PC  is  of  BP  (rack 

hcing  I)  I 

Hence  BD  :  DA  ::  BP  :  PC. 


Otherwise  ihui  t 

Joiii  APt  DC.  Then  the  trianglfs  DAP, 
DCP9  standinf  upon  the  same  base  DP,  and 
between   the  parallels  DP,   AC  are   equal 

To  each  of  these  add  the  triangle  DBP,  then  the  trianglea 
BDC,  EPA  will  be  equal  (39) : 

But  the  triangles  BDP,  BDC  standing  on  the  bases  BP,  BC 
and  having  tlie  same  vertex  D,  have  tlie  same  altitude : 

Also,  the  triangles  BPD,  BPA  on  the  brt!»es  BD,  BA,  and 
having  the  vertex  P.  have  the  same  altitude; 

Thcrtforc  BD  :BA ::  Iriang.  BPD-.triang.  BPA  S7,roro/«  I.) 
And  BP  :  BC  ::  tr'iang.  BDP  :  triang.  BDC. 

But  the  ratio  of  the  triangle  RPD  to  the  triangle  BPA  is  the 
fame  as  that  ol  BDP  to  BDC,  because  they  are  rcspcctivel/ 
equal : 

Therefore  the  ratio  of  BD  to  BA  is  the  same  as  that  of  BP 
tuBC  {$\)i  orBD  i  BA  u  BP  :  BC. 

Coro/»  I.  Because  the  parallels  AC*  DP  make  the  anglea 
BAC,  BDP  equal,  and  the  angle  BCA  z-  BPD  {40\  the  tri« 
angles  BAC.  BDP  are  equiangular  or  similar;  Therefore  si- 
milar  triangles  have  the  aides  about  the  equal  angles  proportional  1 


tu 
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Thus  the  angk  ABC  of  the  tritngic  ABC.  U  equal  lotheaiifrle 
DBP  of  the  trUngle  DBP|  and  BD  t  BA  t:  BP  x  BC*  .  Ad4 
if  Ihe  triangle  BDP  were  applied  to  the  triangle  BAG  so  that 
the  angles  DPB,  ACB  are  made  tb  coincide^  it  naf  be  proved 
in  the  same  manner^  that  the  including  sides  BP,  DP,  and 
BCt  AC  are  proportionals* 

And  conversely,  if  the  angles  DBP,  ABC  of  two  triangles 
DBP^  ABC  are  equal,  and  the  sides  about  those  angles  propor« 
tional^  the  triangles  will  be  mutually  cqui«angular, 

Corel.  S.  Hence  also,  it  lines  (N0»  DP,  &c.)  drawn 
through  a  triangle^  are  parallel  to  the  base  (AC),  the  intercept* 
ed  segments  of  the  sides  (AN,  CO;  ND,  OP,  Sec.)  will  be 
proportional: 

For  BA  :  AN  ::  BC  :  CO; 
And  BA  :  BC  :;  AN  :  CO  ^86  or  89jx 

In  like  manner  BN  :  BO  ::  ND  t  OP : 
But  BiVcBC  ::  BN :  BO ;  hence  AN:CO::ND:pP,  by  equality. 

Scholium.  Hence  all  that  relales  tq  the  composition  and 
division  of  ratios  when  these  respect  the  comparison  of  right 
lines,  will  easily  be  comprehended  :  thus,  if  4  right  lines  an 
proportional^  BD  :  DA  ::  BP  :  PC,  they  will  also  be  pro* 
portional  by  composition  and  division. 

Thatis,BD+DA:BD(orDA)::BP+PC:BP(orPC),B ^D 

D— A 

And  BD-DA:BD(orDA)::BP-.PC:BP(orPC).* 


-P 
B 


On  two  indefinite  lines  BA,  BC  meeting  in  B,  1L<:s 

take  BD  =:  BD,  BP  =:  BP,  DA  and  DR  each        ^..^^^ 

=  DA,  and  PC,  PS  each  =  PC  :  then  u  tlie'    V- V 

corresponding  segments  in  BA  and  BC  have  the  sam^  ratio  as 


TUIOftBMi; 


•If 


I 


tfiose  sides,  ind  the  sides  of  the  the  tritnglet  ABC|  DBP|  RBS 
are  also  proportional,  we  bare 


BA    :  BD  ::     .  BC       :  BP, 
That  is      BD-f  DA  :  BD  ::  BP+PC  :  HP. 

But  DA  and  PC  have  the  same  ratio  as  BD  and  BP, 
Tlicrerorc  BD  4.  DA  :  DA  ::  BP  -f  PC  :  PC. 

Again,  BD  r*  DA  =  BR,  and  BP  -*  PC.  =:  BS,  and  the 

sidcAor  the  triangles  BRS,  BDP  being  proportional, 
BR  (or  BD—DA)  :  BD  ::  BS  (or  BP  —  PC)  :  BP. 
Bat  BR  and  RD  or  DA,  and  BS  and  SP  or  PC  are   pro- 
portional, 

WheneeBD  — DA  :  DA  ::  BP— PC  :  PC. 


Also,  because  the  sides  of  the  triangles  BAC,  BRS  are  pro« 

porlional, 
SD  +  DA  s  BD  —  DA  ::  BP-f-  PC  :  BP.~ PC. 

<And  if  any  number  of  right  Iine4  are  proportional,  BR  :  BS 
t-  X^D  :  SP  t:  DA  :  PC  ;  then,  as  any  anleceHent  if  io  iit  con^ 
'^<7  ueni,  to  i$  the  sum  of  all  iht  antecedents  to  the  sum  of  all 
t^^  consequents.  For  BA  is  the  sum  of  the  anteecdents,  and 
A  CZ  that  of  die  coniequents,  and  the  corrcspoiuling  segments  ill 
B  .^^,  BC,  in  the  same  ratio  as  those  sides,  it  will  be 


^  X^:B  S  v.  BR-f-  RD+DA  (or  BA)  i  BS-hSP^PC  (or  BC). 

^d  the  same  will  hold  good  with  proportional  quantities  of 
*^y  kind;  for  such  magnitudes  may  be  repreateted  by  lines^ 
^  ^  nomben*    (Arith.  art.  130)» .  * 


•  \ 
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9$.  Jlfs0¥€r§l  righi  /iiiei  w$  flng,  #r  imi0r$€ciimg  «acA 
0ihtr  in  a  poinl  P|  ar$  cut  ijf  iw^  paralit!  lii^$%  AB. 
CDt  th$  iHhrc$pled  irgmifHii  will  te  respeu%v$lj/  pr^ 
poriioMuh 

AG  ;  CO  ;s.  GN  :  01  ::  NB  :  ID,  fto«  p 

ForlhetrianglesAPG,CPO;G)*N,OPI}          /7\V 
.  NPB,    IPD  are   fcsptctivcly   equUaiiguiari^       C^..^^ 
and  ibcrtfore  aimilar ;  /-^ ^ — 


^■^ 


Hence  (94,  carol,  n,  AG  s  CO  :s  GP 
:  OP  ::  GN  :  01  ::  NP  :  IP  ::  NB  t 
ID,  &c. 

Therefore  (a I)  AG  :C0  ::  GN  i  01  u 
NB  :  ID,  &c. 

Carol.  Hence  it  it  evideni  jr  AG,  GN, 
&c.  and  CO,  01,  &c.'^re  nol  in  the  aame 
continued  right  hne>i,  but  re«|KCiively  pa^ 
rallel  as  birfore,  that  CO,  OI,  ID,  &c.  will 
be  in  the  aauie  proporiiou  aa  AG,  GN, 
NB,  &c. 

0<}.  Thi^  line  BG  Iheciing  the  vertical  angle  ABC  of  tho 
triangle  ABC,  divides  thf  loie  AC  into  two  parU  having  the 
ratio  of  the  sidet  AB,  BC  : 

AB  :  AG  ::  BC  :  GC« 

Draw  CD  parallel  to  BG  meeting  AB 
produced  in  D* 

Then  because  CD  is  parallel  to  BG,  the  angles  BCD,  GDC 
are  equal  (40). 

And  the  external  angle  CBA  (or  double  the  angle  GBC)  of 
the  uianglc  CBD,  ia  equal  to  both  the  angles  BCOj 
BDC  (41). 
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Therefore  the  angles  BDC^  BCD  are  equity  and  conse* 
qoently  BD  is  equal  to  BC  {4fi,  coroL  9). 

But  the  triaogtcfl  ABG,  ADC  are  aimilari 

Hence  AB  t  AG  : :  BD  (BC)  :  GC  (04»  cor^l.  I). 

CoroL  Hence,  ir  ar  line  bisects  the  vertical  angle  of  t  tri* 
angle,  the  rectangle  of  either  side  and  the  alternate  segment  of 
the  base,  is  equal  to  the  rectangle  of  the  other  skle  and  the 
remaining  segment : 

AB  X  GC  p  AG  M  BC. 

97*    In  a  circle^  if  two  chords  AB,  CD  intersect  each  • 
ether^  and  their  extremities  are  join^dt  the  triangles  PCA^ 
PBD  will  be  similar  I  aitd  the  rectangle  of  the  segments  PA 
X  PB  equal  to  the  rectangle  of  the  segments  PC  X  PD» 

For  the  angles  PBD,  PC  A,  standing  on  the 
ume  arc  DAf  are  equal  to  each  other  (70). 

And  the  angles  PDB,  PAC,  standing  on  the 
arc  CB,  are  also  equal. 

And  the  equal  angles  at  P  being  common  to  both  triang1eS| 
those  triangles  art  therefore  equi-angular,  and  consequently 
similar ; 

Hence  PA  :  PC  ::  PD  :  PB  fgh  carol.  \)i 
Therefore  PA  x  PB  =  PC  x  ID  (69). 

CoroL  I.     If  one  chord  DC  biscct!i  the  6ther  1> 

AB  at  right  angles,  then  DC  is  the  diameter  of     ^^ 
the  circle  (63),  and  APor  PB  is  a  mean  pro. 
portional  between  DP  and  PC, 

t 

CbfoZ*  9.  And  if  AD,  AC  are  joined,  the  angle  CAD  ia 
a  right  one  (7tf);  therefore  the  perpendicular  AP  kt  fall  from 
the  right  angle  on  the  hypotenuse  DC|  is  e  mean  proportional 
between  the  segments  DPf  CP« 


iroLti* 


F  f 
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Thcfrfore  the  anglcn  ABC,'  BDC,  being  equal,  their  liip« 
piraients  or  the  aiHci  CBP,  BDP  niui»t  be  equaL 

Confcquenily  ihe  trianglef  PDB,  PBC  arc  equi-angulart 

Hence  PC  :  PB  ::  PB  :  PD. 
Thciifore  PC  x  Pi)  =  PB% 

.100.  //  iwo  IriangUs  BPD,  bPJ  are  similar  i  the  hasek 
fiD,  bJ|  and  perpendiculars  VX  ?ii.  are  proportional  t 

BD  :  Id  ::  PA  :  Pa. 

Because  die  angles  BAP.  IjV  are  right  ones, 
the  triangles  BAP^f'aPare  alsosuiiilar; 

Henee  PB  :.P*  ::  PA  :  P«  (Ob  cbroL  I),       fe 
And  sinec  PB  :  P^  ::  BD  :'  Id,  ^ 

Thcrclore  tiD  :  bdiiFA  :  Pa  (by  equality). 

101.  The  surfaces  or  areas  of  similar  triangles  are  in 
ike  dupCicate  ratio  (or  as  the  squares)  of  their  homologous 
sides* 

Let  Uic  triangles  BPD,  Ipd  be 
similar;  and  BN|  £/r«  the  squares  oa 
the  lilies  BD,  hd: 


>»'^-.;'^4^ 


Then,  triang.  RPD  ;  triang.  Ipd 
::  M|uare  BN  :  square  In. 

Suppose  the  perpendiculars  PA«  pa,  are  let  fall  on  BD,  Id^ 
rrff|K'ctively;  and  join  DG,  dg. 

Then  because  the  triangles  BPD,  BCD  are  on  tlie  same  baso 
BD,  m-e  have  (87,  corol.  9j. 

Triang.  BPD  :  triang.  BCD  ;:  PA  t  BG  (hD). 

* 

And,  triang.  hpd  :  triang.  bgd  ::  pa  :  Ig  {ld)% 

9 

But  PA  I  BD  ::  po  :  Id  (loo); 
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triang.  BPD  s  tritng,  BGO  ::  triang.  hpd  t  trUng.  tgJt 
or  IrUng.  BPD  :  iquare  BN  ::  jtrUog.  bpd  :  tquait  bni 
bectuie  the  two  squares  must  evidenUjr  have  the  same  ralio  as 
their  halves.  * 

109.  jtll  similar  righi  lined  plane  figur$$  (ABPNG^ 
•bdng)  art  lo  one  another  in  the  duplicate  raiia,  er,  as  ihe 
squares  of  iheir  homologous  sides  (AGj  ag)« 

Draw  GB,  GD^  gb.  gd. 

Then  the  figures  being  similar^  the  angle 
A  is  equal  to  the  angle  a ;  and  the  including 
•ides  AB»  AG;  ab^  ag.  are  proportional 
(90) ;  therefore  the  triangles  ABG,  abg  are 
cqui-angular  and  similar  (94,  corol.  1). 

And  if  the  equal  angles  ABG,  abg  are 
taken  from  the  equal  angles  ABD,  aid, 
the  remaining  angles  GBD,  gtd,  must  be 
equal. 

Hence  AB  :  ab  ::  BG  :  bgi 

AB  :  ab  s:  BD  :  bd; 

Therefore  *(8l)  BG  :  ^^  ::  BD  :  ^J:  ooosequentljr  (94^ 
coroL  I  \  the  triangles  GBD,  gbd,  are  simikr.  And  in  the 
aame  manner  it  may  be  proved  that  the  triangles  GDN,  gdn, 
axe  similar. 

Hence  (101  ),triaiigX;  ADitriang-jr^^:  .G  r>V^  *i  tGRD:^M::C  O  hgdh:GD}i% 
gdii ;  or  GAB  :  gah  ::  GUD  :  gbd :;  GDN  :  /d^: 

Afidl9A,tekU.)GXh: gab  v.CAH  +  CBD^GDS  I  gak  4- gbd^g/iu 

But  Ibe  MilccedcDts  together  is  the  figure  ABDNG»  and  the  conte^iieDts 
the  figure  oMriir; 


Thereioie  AG*  t  eg*  (GAB  1  gab) ::  ABDKG  1  etd^. 
To  U»iistcaie  this  by  an  example  in  Diunben«  suppose  AG 


V. 

h) 
are  « 

f»>r- 
the  i 

AC 
thcM- 
ND-t 

abdn: 
emeu 

Dr.- 


T! 


1 , 


Aiu;, 
Am; 

fic  ul. 

fore  i^ 


lOfec^ 


lia- 
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4|f  8s  S  feet;  and  the  area  or  surface  of  the  figure  ABDNO  a  6MI 
ii|ujrelcet; 

Tbeo  10^ :  8* n  $M>  s  ■  ^  —  ss  416  square  fed,  the  area  or  ma» 
Ikc  of  sbdng, 

103.  The  Perimeien  of  similar  right  lined  plane  Jiguret 
mre  in  the  same  ratio  as  their  homologous  sides.  (See  Uie 
figures  to  the  preceding  Tbeoiem.) 

For  the  angles  being  equals  each  to  each,  and  the  aides  about 
the  equal  angles  respectively  proportional}  we  baie 

AG  ;  ag  ::  GN  :  ^n  t:  ND  :  iicf ::  DB  :  di ::  BA :  hf 
therefore  AG  :  ag  ::  sum  of  all  the  antecedents  AG  ^  GN  + 
ND  -f-  DB  -I-  B A  '.  the  perimeter) :  sum  of  all  the  consequent! 
tg  +  gn  +  nd  +  di  +  ta  (the  perimeter). 

KMt  The  perimeters  af  similar  Polygons  (ABDNG* 
abdng^  inscribed  in  circles,  have  tlie  same  ratio  as  the  tfu 
ameters  {A?f  SLft)  ^f  those  circles. 

Draw  GB,  GP,  ^^,  gp. 

Then  the  polygons  be« 
mg  similar,  the  triangles 
AEG,  algf  will  be  cqui* 
angular,  and  the  angle 
ABG  equal  to  the  angle  abg  (102). 

But  the  angle  APG  is  equal  to  the  angle  ABG;  and  the  an« 
|1c  a/^f  equal  t(i  the  angle  abg  {JO).  And  the  angles  AGP, 
a^p,  being  riglit  ones  (79),  the  triangles  APG,  apg,  are  there* 
ibrc  equt-ongulan 

Hence  AP  :  up  ::  AG  :  4^  ::  perim*  of  polyg.  ABDNG 
.:  perim.  of  polyg*  abdng  (103). 

Carol.  Hence  it  appears  that  the  drcumferencea  of  drclei 
have  the  same  ratio  as  their  diameten»    For  ooncetve  icguUr 


ttt 


GlLOMSTAY. 


polygons  of  the  like  number  <>f  tides  to  be  inscribed  in  both 
cirtles  }  then  it  follows  thai  those  polygons  will  be  itnibr,  and 
thai  their  perimeters  are  in  the  same  ratio  as  the  diameters  of 
the  circleSt  let  the  number  of  sides  be  what  they  will.  If  now 
we  suppose  the  number  of  sides  to  ht  ooniiuualiy  augmented  atid. 
their  lengths  dimiuishedj  it  is  manifest  that  at  last,  the  dif* 
ferences  between  the  perimeters  and  the  circumferences  of  the 
circles^  will  be  less  than  any  assignable  quantities ;  consequently 
the  ultimate  ratio  of  the  perimeters  and  that  of  the  circumfer- 
ences must  be  equal*  ^ 

103.  The  areas  or  surfaces  of  simihr  polygons  inscriied 
im  circles  are  in  the  duplicate  ratio,  er  as  the  Squares  oj 
the  diameters  of  the  circles :  (See  the  figures  to  the  preceding 
Theorem). 

For  the  triangles  APG,  etpg,  being  similsr,  wehave(loi}, 
AP*  :ap^  ::  triang.  APG  :  triang.  opg   :>  AG*   :   ag^ 
::  polyg.  ABDNG  :  polyg.  atdng  (lOi). 

CoroL  Hencct  if  we  suppose  (as  in  the  last  Theorem)  the 
circumference  of  a  circle  to  be  the  perimeter  of  a  regular  po- 
lygon, consisting  of  an  infinite  or  rather  an  indefinite  number  of 
indefinitely  short  sidcsj  it  follows  that  the  surfaces  or  areas  of 
circles  will  be  ss  the  squares  of  their  diameters*  And  because 
the  circumferences  are  directly  proportional  to  the  diameters 
(104|  corol.)  the  areas  will  be  as  the  squares  of  the  circum- 
ferences also, 

lOd.  The  area  or  surface  of  a  polygon  (ABDNG)  is  equal 
ie  a  rectangle  under  half  the  perimeter  and  (CO)  the  distance 
of  its  centre  from  the  sides. 

The  ecntre  of  a  regular  polygou  it  a  point  equally  distant  from  all  iu 
sidvi;  and  is  the  same  as  the  centre  ofthein9€rU»ed«orcireuoAicrikin| 
circle. 
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Suppose  lioet  are  drawn  from  die  centre         ^^ 
to  the  angular  points ;  then  the  polygon  will     p^X^  j 
be  divided  into  at  many  equal  triangles  as      (\   **vlc    i 
it  bu  sides*     And  because  those  triangles       \\  •'  jo  / 
arc  isosceleiy  CO  will  bisect  AG  and  be  per-       ^ — -^  ^ 
pcndicular  to  it  (46) :  theferore  the  area  of 
the  trian^e  ACG  is  half  the  rectangle  CO  K  AG  (899  cor.  9% 
or  CO  X  |AG  J  and  (be  area  of  another  of  the  triangles  (GCN) 
is  CO  K  |GN,  and  to  on :  but  the  halves  of  all  the  stdea 
trtgethcr  make  half  the  perimeter ;  therefore  the  rectangle  CO 
X  half  the  perimeter ^  is  the  area  of  all  the  triangles  or  surfaci 
of  the  polygon.     .  « 

CoroU  Hence  it  appears,  that  the  area  or  surface  of  a  circle 
is  equal  to  a  rectangle  under  the  radius  and  a  right  line  equal  to 
half  the  circumference.  For,  if  we  conceive  the  circle  to  be  a 
regular  polygon  of  an  indefinite  number  of*  indefinitely  short 
sides,  the  distance  (CO)  of  the  centre  (C)  from  the  sides, 
K-ill  in  that  case,  be  the  radius  of  the  circle^  and  half  tho 
perimeter  becomes  half  the  circumference. 

107*  If  semicircles  (Q,  R,  S,)  are  described  upon  the 
sides  of  a  ri^ht  angled  triangle  (BCJ)),  that  which  is  upon 
the  longest  side  {DB)  will  be  equal  to  both  the  other  two 

taken  together. 

< 

For  .circles  being  simtlari  and  in  the  same 

ratio  as  the  squares  of  their  diameters  (103, 

corol.)  their  halves  must  also  be  similar,  and 

in  like  proportion^  therefore 

S  :  R  ;:  CB* :  CD*,  and  by  composition 

S  -*-  R  :  R  ::  CB*  +  CD*  (=  BD%  83)  jCD*  i:  Q  :R, 

or  S  +  R ;  R  :;'  Q  s  R ;  therefore  S-f  R  iscqual  toQ(3l)« 

Hence,  if  similar  figures  are  deVeribed  on  the .  sides  of  i 
right-angled  triangle,  that  on  the  longest  side  will  be  equal  to 
tl^  other  two  taken  toother,  • 
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MM*  A  figbt  lint  it  pcrpeiulicultr  to  t  phot  when  it  it  tt 
light  tnglet  to  til  ibc  ttrjight  lioet  thai  eta  be  drawn  in  thtt 
|4tne,  £rom  the  point  on  which  it  insisti. 

rog;  The  disttnce  of  t  point  from  t  PItne  it  t  right  line 
eonccived  to  be  drawn  fjroni  that  point  perpendicular  lo  the 
pUne« 

Corol.    From  the  two  preceding  Definitions,  tnd  Ati.  46, 
«  itfoHowi,  that  t  pcrpcnJicnlar  is  the  sbdrteit  line  Which  ctn 
be  drtwn  from  any  point  to  tlie  Plane. 

1 10.    The  indinttion  of  one  plane  to  tnother  it  mctiured  hy 
the  inclination  of  two  right  lines  in  those  pltnetj  drawn  from 
tny    |)oint    in    their    common     interlection,    ind    tt  right 
tnglcs  to  the  same :    Thus  ifAB  is  the  line 
of    intersection   of  the    two   parallelogramt 
AG,  A13;    Mid  PR,  PS  tre  perpendicular 
to  AB,  the  inclination  of  the  planes  or  pt* 
rallelograms  is  the  tngle  included  by  the  linet 
PS,  PR. 

Ill*    Parallel  planet  are  tliose  which  ara  not  inclined  la 

each  other,   or  tre  every  where  at  an  equal  perpendicular 
distance. 

1 1 9t  A  solid  angle  is  that  which  is  made  by  the  meeting 
of  more  than  two  (dane  angles,  which  are  not  in  the  same 
plane,  in  one  point. 

113.    Similar  solid  figures  are  such  as  have  all  their  solid 
«  tnglet  equal,  each  to  each,  and  which  are  conttined  by  tho 
ttmc  number  of  similtr  pUnet« 


•irtNITtOHt* 
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1 14.  A  Prism  it  t  solid  whote  •tidt  are  ptrtlletg  ccjnfily  and 
like  plane  figmtfy  and  its  iidef,  cottnecliog  Ihoie  endig  art 
parallelograiBf* 


Thus  AB  ia  a  triangiiUr  priffn,  lu  cnda  being 
the  parallel  and  equal  trianglda  AOCj  DGB. 


11 5.  An  nprighl  prism  if  that  which  haa  the  planea  of 
the  tides  perpendicular  to  he  ends  or  base. 

Thus  AB  is  an  upright  prism }  the  tideSj  or  parallelograms 

CGy  GA|  CD,  being  perpendicular  to  the  ends  or  triangles 
AOC,  DOB. 

lit,  A  Parallelopiped,  or  Paralletopipedon,  is  a  prism 
bounded  by  six  parallelograms,  whereof  the  opposite  tmes  am 
parallel^  equal,  and  like  to  each  other* 

117*  A  rectangular  parallclopipedoni  or  prism^  is  that 
whose  bounding  planes  are  all  rectangles^  and  which  stand  al 
right  angles  one  to  another. 

1 1 9«  When  all  the  bounding  planes  are  squares^  the  prism 
or  rectangular  parallelopipedon,  is  called  a  Cube. 

119*  A  Pyramid  is  a  solid  whose  base  is  any  right  lined 
plane  figure,  and  whose  sides  are  triangles  having  all  their 
ferdces  united  in  a  point  above  the  base,  called  the  vertex 
sC  the  pyramid* 


Thus  AOCV  is  a  triangulsr  pyramid,  its  bast 
bdfig  the  triangle  AOC»  and  its  itiiex^V. 

1 90*  A  Cylinder  ABC D  (somethnes  called  a 
found  prism)  it  a  solid  conceived  to  be  generated 
by  the  rotation  of  a  rectangle  SBCR  about  one 
of  its  sides  SR^  supposed  at  rest  t  which  sidt  $R 
is  called  the  axis  of  tht  cyBnder. 
▼Oli#  u  c  o 


OG  ii  parallel  to  SB*  tboM  Uqm  will  diMCtib* 
thcrelure  every  Kclion  of*  cylinder  p«nlU  to  iu 
de  equal  to  the  bue. 


Tone  or  routul  pyrainitl  AVC  ■•  a  . 
d  by  the  roUtiou  of  a  right  aiigled 
'aboutiuperpeudicularDViCaUed 


rOB  is  parallcrto  DC,  it  will  deacribe  a  circle) 
teciion  of  a  coiie  parallel  to  the  bate  U  ■  cirelc. 


lilar  Cones,  and  Cylinden,  are  tuch  as  have  dmr 
i  llic  iliiinictcri  of  their  baies  proportional. 

iplierc  ARBO>  is  a  »ilid  supposed        '/cT^S 
itcd  by  the  nvolulion  of  a  temi- 
>)  abuui  the  diameter  (ABJ  wliich 
\,   and  ii  lallctl  the  axis. 

f  ON  is  at  right  M\^Ut  to  the  axis  A B,'  it  Milt 
tele  t  ihercrure  any  Kciiua  of  a  sphcrcj  made  by  a 
irck'. 

e  atliluJc  of  a  pyramid,  or  prism,  it  the  perpend). 
e  uf  the  verU'x,  or  upper  plane  tltcitof,  fruui  iU 
baw« 


:<t 


TUEOaEMl. 

r  (•atmoM  teeliou  (GH)  of  two  planet  (AB,  CO) 


me  points  G,  H,  of  the   A. 

I  joined  by  the  line  CH,     \  ,— ^V^T* 

J  in  the  plitne  AB,  and      /  V.r~T."-''\' 


le  eilremc  points  G,  H,  of  the 
:tinn  bejoined 

w  being  in  the  plitne  AB,  am)  V^ 
[>lane  CD  (7.)  it  iherefore  must  ^  ^ 
loa  section  of  both. 


TRiOREMi; 


I 


/TO 
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1 5fl-  If  a  right  line  PB  le  perpendicular  in  two  right  line^ 
RB,  SB,  at  their  point  of  concourse  B,  it  will  be  perpendU 
^ular  to  AD  the  plane  oj  those  lines. 

For  suppose  PR  is  perpendicular  to  a  plane 
pa«sihg  through  the  point  B;  then  all  right 
linos  in  that  plane  which  meet  in  B  will  be  at 
right  angles  lo  BP  (108),  therefore  conver<«e- 
ly,  all  right  lines  (RB,  SB)  which  form  right  ^^^ 
angles  with  BP  at  the  point  B,  must  fall  in 
that  plane, 

127.  if  two  right  lines  (PB,  RS)  are  perpendicular  to 
o  plane  (AD,)  they  will  le  parallel  to  each  other. 

Join  the  points  B,  S,  Then  because  BP  it 
perpendicular  to  the  plane  AD,  it  must  lie  in 
(or  is  the  common  intersection  of)  every  pbne 
that  passes  through  the  point  B  which  in  per* 
peodicohr  to  the  plane  AD,  it  is  therefore  in 
the  perpendicular  plane  that  intersects  AD  in  the  line  BS«  III 
like  manner  SR  must  also  lie  in  that  same  plane,  or  the  perpen* 
dicular  plane  intersecting  AD  in  the  line  SB}  therefore  as  the 
angles  PBS,  RSB  are  right  angles  in  the  same  plane,  PB,  RS, 
will  be  parallel  to  each  other  (40,  corol.  8.}. 

Corol.    Hence  if  rcyecal  right  lines  are  perpendicular  lo  tke 
same  plane,  they  will  be  parallel  to  each  other* 

1S8«      If  two  planes  <AI,    CO)    are  parallel  to   each 
cfher,  thnn  a  right  line  vPB)  wliich  is  perpendicular  to  one 
•  (Al)  will  alio  te  perpendicular  to  the  other  (CO). 

From  any  point  S  in  the  plane  AI  erect  ano*        i  h 

ther  perpendicular  to  that  plane  meeting  the      /  ^PTV 
other  plane  in  R,  and  draw  PR,  BS;  then 
the  planes  being  parallel,  the  two  perpendico« 
Ian  wiH  be  equal  (111),  and  parallel  (197)1 
and  u  the  aoglea  at  B  and  S  arc  right  angles^ 

00  s 


tl•^  OlOlltVAV; 

hi  irliit«vtr  dUceiimi  BS  may  be  drawtt  upon  iIm  iihuMr  Aft 
llift  qiuidrilatoral  BPRS  will  always  be  a  ractanf^  |  cMaequcnlly 
BP  U  pcrpendicttl  ir  »o  PR  or  to  iht  plane  CO» 

Carpi.  Since  BS«  PR  are  parallrl,  iherefoie  the  aectiooa 
(BS»  PR)  made  by  a  plane  (Bl'RS)  inierfediog  two  paralkl 
planet^  are  aliM>  parallel.  And  it  i«  alio  manifeaty  ibal  a  plane 
will  cut  any  number  of  parallel  pUncs  in  like  angici* 

ISO*  If  a  ParalUhpipedon  or  Prism  (AB)  be  cut  ijf  a 
plane  (CD)  parallel  io  iit  base  (AG);  ike  eeciian  will  be 
like  and  equal  ia  ike  base. 

For  by  tuppotition  thd  plane  CD  is  parallel        >^  y\n 

to  the  plane  AG,  tberefore  (128,  coro/.},       I J --•IJb 

tlic  sections  of  those  planes  wiih  the  four     Ci  j  Itfl 

aides  of  the  prism  arc  also  parallel,  namely,       \,,i j^ 

CR  parallel  to  AH,  RD  parallel  lo  HG,  &c.     A  K 

and  because  the  sides  of  the  prism  are  pa« 
rallelograms,  the  sides  of  the  section  CD  will  be  equal  lo  the 
corresponding  sides  of  the  base  AG;  ihereforc  the  section  CD 
is  a  parallelogram  like  and  equal  to  the  base  AG, 

CeroL  And  the  like  is  evident  when  the  base  is  a  polygon 
of  any  kind  whatever :  for  the  method  of  demonstration  will  be 
exactly  the  same  if  the  aides  of  the  prism  are  parallelograms. 

130.  ya  Pyramid  (DVAB)  be  cui  by  a  plane  (dba) 
Parallel  io  ike  base  (DBAj,  tke  seciion  (dba)  will  be  similar 
la  ike  base. 

?or  (1S8|  core/.)  the  sections  db,  da^  ab 
are  respectively  parallel  to  DB,  DA,  AB, 
therefore  the  triangle  dVb  is  similar  to  the 
triangle  DVB,  the  triangle  dMa  to  DVA,  and 
aVb  to  AVB  (»l). 

Hence  DB  :  d6  ::  BV  t  hW  t:  BA  :  6a  tt  AV  :  a? 


TRBORBlIt* 
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s  . 


V.  AD  :  ai  I  therefore  ib.  5tf t  ^d  ^^  ^  ^^^  eorreiponding 
wki  of  ibc  base ;  and  eonsequcntly  the  triangles  dbcp  DBA 
'  are  similar. 

Carol.  In  like  manner  it  is  proved  that  all  sectiona  of  a 
pyramid  parallel  to  iu  base  are  similar^  and  similar  to  the  base^ 
whatever  be  the  number  of  ai  Jes. 

131.  Parallelopipeds  or  Prisms  (ABCD»  AGRD)  on  ih0 
same  base  ( AOPD).  and  having  equal  aliiiudes^  are  equal 
la  each  other. 

By  substituting  surfaces  for  lines^  and 

aolids  ibr  surfiiceSi  the  demonf  tmtion  will  be 

similar  lo  that  in  Art.  89,  for  parallelograma 

when  BR  in  one  right  line.    Thus,  because 

the  plane  AB  is  pamllel  and  equal  to  the 

plane  DC*  and  the  planca  AG,  DR  also  pa. 
rallel  and  equal  to  each  other,  therefore  BC  is  equal  to  GR| 
and  taking  GC,  which  is  common  to  both  those  lines,  from 
each,  there  remains  BG  equal  to  CR ;  consequently  the  solids 
ABGOj  DCRP  are  bounded  by  like  and  equal  planes,  alike 
situated,  and  therefore  are  indentical:  now  if  the  solid  ABCO 
is  taken  from  the  whole  solid  AR,  the  remainder  is  the  prism 
AGRD;  and  the  same  whc»le  AR  kssened  by  the  solid  DCRP 
kavek  the  prism  ABCD:  therefore  the  two  remainders  of 
prisms  AC,  AR  are  equal  (33)t 

But  the  same  oonclu* 
sion  is  manifest  U^m  ihfi 
^Method  of  Indivisibles^ 
which  aopposes  that  aolids 
are  composed  of  an  inde* 
Coitf*  number  of  indell« 

iiitdythio  ekmentary  psrallel  pbnea  or  aectioosi  Thus,  let 
AC,  A  R  be  the  prisma  having  like  baaes  AP,  AP^  and  equal 
altitndca  DO,  DO|  and  conceive  KH,  KH  to  be  two  of  those 


Uulefliiildjr  ibin  plmeti  piralld  lo  the  btiet  AP».AP^  TbcBt  u 
all  Um  ■cctioot  (KH,  KH)  are  alike^  and  equal  in  both  pasmif 
(199«)  U  b  evident  each  pritm  is  made  up  of  exactly  the  aama 
number  of  those  equal  elemenCary  parts  or  sections  lying  olo 
vpon  the  other,  those  in  AC  vertically,  and  the  others  in  AR, 
obliquely :  which  positions  give  their  wholes  or  the  two  equal 
solids  a  different  appearance* 

The  whole  number  of  those  indefinitely  thin  tamiiKB  in  each 
prism,  is  denoted  by  the  perpendicular  height  DO|  for  if  DO 
be  divided  into  an  indefinite  number  of  part?,  those  parts,  or  the 
number  of  sections  taken  together,  must  again  make  up  the 
whole  line ;  hence  it  follows,  that  the  base  AP^  or  any  section 
parallel  to  it,  multiplied  by  the  height  DO,  gives  the  sum  of  all 
the  elements  or  the  content  of  the  prisnu 

Carol.  !•  Hence  any  solid  AC  having  ^  p 
the  base  AP  and  height  AO  equal  to 
those  of  the  prism,  will  have  the  same 
magnitude  as  the  prism,  if  all  sections 
(KH,  &c.)  parallel  to  the  base,  are  also 
equal  to  the  base. 

CoroL  9.  And  therefore  it  follows^  that  prisms  and  cylinders 
of  equal  bases,  and  altitudes  are  also  equal, 

Carol.  3.  Also  because  the  base  of  a  prism  drawn  into  ita 
height  is  the  measure  of  its  magnitude,  therefore  prisms  are  in 
the  same  proportion  as  their  bases  muhiplied  by  the  heights. 
Consequently  if  the  bases  are  equal,  the  prisms  will  be  as 
their  heights }  but  in  tlie  ratio  of  their  bases  when  the  heights 
^re  equal. 

13S.  Pyramids  DVB,  RVH^  standing  upon  ike  same^or 
upon  equal  bases  DAB,  RGH,  and  having  equal  altitudes 
NV,  RV,  are  equal  to  each  othtr. 
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THEOBIMI. 


dab  be  a  see* 
parallel  to  the 
DAB;andViiN 

perpendicular 

the  rertex  V 
the  base  DAB| 
drawBN,'6«r 
point  n  being  in  the  plane  dab). 

lien  the  triangles  DVB,  dVb  are  simile 
»  are  right  angles  (186)9  the  triangi 
1>e  similar* 

nd  since  the  triangles  DAB,  dab^  ai 
es  are  as  the  sqi^ares  of  their  homoloj 

enoe,  triang.  DAB  :  triang.  daB  ::  Dl 
•  :  nV* :    Thererore  the  sections  D 

s  of  their  distances  From  the  vertex  ^ 

ner  it  is  proved  that  the  sections  RGI 

^    Now  the  bases  DAB,  RGH,  an 

g  equal,  the  sections  dab^  rgh,  at  cqi 

the  vertex,  will  also  be  equal.  Thci 
posed  of  a  like  scries  of  indefinitely  tl 
amintt) ;  the  greatest  term  of  the  scrici 
GH,  and  the  least  0  at  the  vertex  V; 
niids  arc  et|uaL    And  when  the  base 

whatever,  the  demonstration  will  t% 
foregoing* 

bn>/*    Hence,  if  we  suppose  a  circle  t 

indefinite  number  of  indefinitely  sho 

Hows  that  cones  having  equal  bases  a 

*^«    And  that  cones  and  pyramids  of  ec 

likewise  equal  to  each  other. 

33*    A  irlangutar  pyram  id  ii  one*ih 
tame  ba$e  andallilude^ 


flifl  «iMii»r« 

Let  ABCDGR  bi  •  priam  upon  Uw  triinga* 
Ur  bus  ABC.  Tbea  if  ii  be  cut  ihrongb  the 
diagooal  RC  ^r  tbe  plue  RBC;  and  thnwgk 
the  two  diagonila  BR,  BO,  by  the  plaiu  RBO, 
it  will  be  divided  iolo  three  c^^aa\  pynmitU 
ABCR,  RGDB,  and  ROCB. 

For  if  ABC  ia  the  baw  of  ihe  pyramid  whoa«  vertex  ia  R, 
and  RGO  thL-  but  of  the  pyramid  wlvue  vertei  ia  B,  iboae 
p}-nmid>  aiut  iIm  pri>m  will  have  ct^ual  bate*  and  altiiudea  i 
tberd(»eth«  iwopyritnid*  will  be  c<iiial  tisu). 

But  tlic  pyranilda  ROCB,  ABCRi  haviog  the  equal  batea 
RAC,  ROC,  aud  the  cnnimim  verux  b,  uiuu  alio  be  equal, 
becauicia  thai  c^m,  tlieir  jliitadcs  will  l>r  ihv  uinv]  thirrefore 
the  three  pyrauiidi  are  cqml  to  eM:li  (kiimr.  Ami  tiiK-e  ibe 
priim  and  (ABCRt  oiie  of  iltc  pyr.iuiJ«  have  the  ume  bate 
■nd  altitude,  thr  truth  uf  the  ibcorem  ia  luauifcat  *. 

Coral.  I.  Therefore  prisma  un  poljtioiial  baiea  arc  triple  the 
pyramid*  on,  the  aanie  or  equal  basc»,  b>  tjia  '•c  prianu  may  be 
dividedjlgto  other  prtama  having  triangular  '  aica. 

Corot.  9.  AodbL'cautc  pritmi  and  cylinder',  and  pyramida 
ttkd  cunei,  having  equal  baiei  and  altituiia*,  are  reipeclively 
equal}  therefore  a  cone  ia  the  third  part  of  a  cylinder  of  the 
same  base  and  altitude. 

131.    ^  tfhtn  is  twththirds  nfiu  cireuwueribhg  cylimdtr. 

Let  C  be  the  centre  of  the  circle 
circumKribed  by  the  iquarc  WBS£  i 
ud  draw  CB. 

Then  if  the  rM^langle  QABS  re- 
vdve  about  AQ  ai  a  fiied  uii,  the 
•quareCABPwilldeacribe  the  cylin- 
^rPHWBi  the  quadrant  APC  will 
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describe  the  hemisphere  CPAH  |  and  the  triangle  CBA  will 
describe  the  cone  CB  W, 

Let  Def  be  parallel  to  PH,  and  join  CO.  Then  the  radiui 
CO  =  CP  =  RD:  and  because  AB  =:  AC,  RN  will  be  =^ 
RC:  but  RO»  (HN«)  +  RO«  zr-CO^  83)  =  RD«|  or  RN« 
•f  RO*  z:  ROV  But  Mnicirdrs  described  on  RC  (RN),  and 
RO«  are  together  equal  to  a  semicircle  described  c>ii  CO  (107.) 
or  RD|  therefore  circlet  described  on  their  doubles  will  also  b)e 
eoual,  or  the  circle  on  Dc/  equal  iu  both  the  circles  on  Nn,  and 
OT:  ctinseqncntly  Nii  the  section  of  the  cone,  and  OT  the 
section  of  the  s^phere  will  together  (in  every  section  p;ir.illel  to 
PH)  be  equal  to  Dd  the  corresponding  section  of  the  cylinder* 
Now  supposing  the  cylinder  to  be  cc>n)p<*>cd  of  indefinitely  thin 
parallel  sections  (Dcf,  tec.)  then  the  cone  on  the  same  base 
(WB)  being  equal  to  one  thifd  of  those  secttoh<«  nr  ^  of  the 
cylinckr  HB  <  13S,  eorol.  9  ,  therefore  the  bmn^pbere  nmst  be 
equal  to  the  rematnini;  {  of  that  cylinder,  or  the  whole  sphere 
=r  •}  of  the  whole  cylinder  £B. 

Caret »  I.  .  A  cone,  hemisphere,  and  c*)Tinder,.of  ihe  <iame 
base  and  altitudcj  are  in  the  proportion  of  ^,  f ,  and  1 1  or  ^j  9^ 
and  3.    • 

■ 

• 

Corof.  flf,  •  If  a1ftOl^p\.ars,ihai  the  '-yh*  t'cpI  fnistum  HTOP» 
is  equal  to  the  clitTerence  between  the  cyltn^^  i  lIcfDP  and  th« 
cone  CnN.  And  that  the  spherical  <o(rment  TAO^  |s  et|ual  to 
thedtflerenct  between  the  cylinder  rfWBD  and  the  conic  fhis* 
turn  »WBN. 

13 J.  Similar  uprighi  prhms  BD,  bd|  are  in  thi  iameprom 
ptiion  0$  thi  tmbes  ^  iheir  altiiudtj. 


'  f .,  # .  , 


tou  t« 


uu 


tS4 


•tOMCTHT. 


^ 


-♦•^•««  •»»■>■>» 


Siippoae  G  and  g  art  cubes  having  heighca  rctpcctifdy  equal 
to  AB  and  aA  die  beigl)U  of  ihe  prituii.  Then  piiima  of  equal 
allitudet  being  u  their  bates  (I3l|  corol.  8)  we  bave 

prism  G  t  prism  BO  ::  base  MN  :  base  AOf 
or    AB*  t  prism  BO  ::  AB*  ;  base  AD^  because  the 
prism  G  is  the  cube  of  AB|  and  the  base  MN  its  square. 

And  in  like  manner.  a6*  (or  prism  g)  :  prism  bd  ::  «6*  s 
base  ad. 

But  the  parallelograms  ABHP^  abhp  are  similar}  and  the 
bases  AD|  ad^  are  alto  similar ;  therefore  (102), 
AB*  :  oi*  ::  ABHP :  abhp ::  AP* :  o/* ::  base  AD  :  base  adi 
or  AB*  :  ah*  ::  base  AD  :  bate  m/, 
or  AB'  ;  base  AD  ::  ab^  i  base  adi 

Whence  by  equaVity,  AB*  :  pritm  BD  x:  a6*  :  prism  bd^ 
because  the  ratio  AB'  :  prism  BD,  is  equal  to  the  ratio  AB*  : 
base  AD^  by  the  second  of  the  above  proportions,  and  the  ratio 
ab^  I  prism  bd  equal  to  the  ratio  ab*  :  bate  ad^  by  the  third* 

If  AK,  aJl»  are  made  the  batet,  and  AP,  ap  the  perpendicu- 
lar heights;  then  the  prisms  will  be  as  the  cubes  of  AP  and  ap : 
Hence, 

CoroL  \.  When  four  right  lines  AB,  AP,  aA,  ap.  art 
proportional,  their  squares,  and  also  their  cubes,  will  be  pro* 
portional« 

CoroU   s.    And  because  similar    plane  figures  are  as  the 

squares  of  their  heights,  or  breadths,  or  other  homologous  lints 

in  thoHc   figures,    therefore    similar    prisms  of    any    kind, 

and  aI»o  cylinders,  will  be  as  the  cubes  of  their  like 
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PROBLEMS, 


WITH  THl 
MUTUOfi  Of  TftACINO  THE  FlOUABl  ONTHR  Cj^OUIIO* 

f  S0«    7b  maka  a  iriapgle  wiih  thra  gh$n  right  lines  AB*^ 
ACf  BC« 

Wilh  the  diiUnces  AC.  EC  at  radiif 
about  the  centres  A»  and  B,  the  exircmi* 
lies  of  the  longest  line,  dctcribe  two  arca^ 
of  circlei  intersecting  each  other  in  C ; 
draw  CA,  CB.  Then  ABC  is  the  trian. 
g'c. 

For  the  radii  or  two  shortest  sides  of  the  triangle  are»  by 
con^iriiciiun»  equal  tu  the  given  lines  ACj  fiC« 

If  both  the  shorti-si  of  the  given  lines  together  arc  Icsa  than 
the  longest  line,  it  is  evident  the  arcs  will  not  intersect  each 
other,  in  which  case  the  problem  becomes  impossible. 

By  means  of  this  Problem,  any  rtght-lincd  figure  may  be 
copied :  or  a  right.lined  figure  made  exucilv  like  unothcr  right* 
lined  figure,  first  dividuig  the  given  figure  into  triaugles* 

A  triangle  may  be  utirktd  on  the  grounil  by  nirans  oi'cordst  or  rutlier 
mtaxming  tapes  ur  iinta:  thus,  uipio^c  it  is  leqianMl  lo  lay  dowa  the 
trt^ngle  ABC,  whose  siUt*  %U%\\  bo  G<^  60,  aiiil  4oy«\/. 


II. IV*  I    tniMtiirnl  out  ARss  CCS/cel^  fast*  n  the  ^nds  of 
two nifA'-u ring  lin**«  at  A  and  B;  Ihfn  (tniw  ih^m  »tr.ii^ht 
OH  tilt  grouiitl,  and  brin);  y^  /%'ct  on  one  Uac  to  40  on  the       /         yN. 
•thrri  and  where  thty  iattncei  will  give  tbe  point  C*         A ^^     A 
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TREOR£lfl«  nf 

VChcn  the  sides  of  the  trianftle  nre  too  looj;  for  the  eon^mon  mftstiriiif 
tapes  or  fines,  faj  down  a  triangle  similtr  to  that  proposed^  tnd  then  pro- 
long  the  siflcs  to  the  lengf  h  requirrd. 

Thus  snppose  AB  =  450^  BC  s:  400*  and  AC  s  3<V)  feei.  Ttke  tkt 
same  aliquot  part  of  each  side,  ^%  (or  example  (in  the  prewnt  cmw),  or 
45, 40,  and  30/Swf»  ami  with  those  diMances  make  the  triangle  Vimn ;  thett 
measure  out  BA  s  4^n^  and  BC  s:  400 ;  and  if  ttia  triangle  Bnm  h  cor* 
irctly  hid  down*  AC  uiti  measure  300/ec/«  t^or,  bj  similar  tri^ngles^  45 
(IWi)  t  30  (mir)  :t  450  (BA)  :  300  (AC). 

It  iseYideot  that  anj  emr  in  the  length  of  fnfi  will  pmdoce  10  times  that 
error  in  AC ;  and  tlierefore  It  may  sometimes  be  necessary  to  repeal  fht$ 
opcralioD  more  carefully. 

137*    jli  a  given  point  P  tn  a  right  lin9  AB,  fo  raiie^ 
perpendicutar  PD,  to  that  line. 


• 

.  On  each  tide  of  P  take  equal  distancca 
PS,  PS,  and  about  S,  Sj  as  centres,  with 
same  radius,  describe  area  intersecting  each 
other  in  D }  then  draw  PD  for  the  pcrpendU 
cular  requirtd. 
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ATHi 


For  if  DS,  DS,  are  joined,  the  triangle  SDS  will  be  isoacelf  s  | 
therefore  ',46|  curol.  \\  PD  is  perpendicular  to  SS  or  AB* 

ffTt^n  (he  given  point  P  is  near  the  end  of 
the  live.  About  any  convenient  point  C  as 
a  centre,  dtscril>e  a  circle  through  P,  cutting 
the  given  line  in  O,  draw  DCB«  then  join 
HP,  which  will  be  the  perpendicular  required* 


o*' 


_V/ 


For  DPB  being  a  acmicircle,  the  angle  at  P  ia  a  right  ont 
(7?) ;  therefore  BP  is  perpendicular  to  DP« 

Thi<  1^  readily  pcricmmdon  the  grmmd  by  means  of  three  norft  or  ffffffj 
mho^  •  ticths  ATT  in  the  pro|M)rtion  of  3,  4»  and  5« 
1'htt<  if  \U»  ir\juf}r  SPD  is  laid  down  (by  the  preced- 
ing i  IS  !rr  )  ^ith  SP=  16,  PDs  12.  and  SD  =  90 
/cft;  tlicn  PD  will  be  perpendicular  to  8P  or 
AB  (83) 


t 


tss 


•tOMITBT. 


McMuit  fqiial  dltlaoctt  I^  N  on  etch  fiiiftdfl  Um  two  lodi  tr 
Ums  8D»  8D,  of  aa  rqMal  length,  will  makt  tbt 
triangle  SOS  iaotcelet;  and  conufqucillly  Ihc  di* 
fccUon  of  the  perpemliruUr  from  P«  if  marked  by 
tbeeoda  whkli  mceiai  IX  j.^....±.^..,^^^ 

Or  fhtu  •• 

When  the  point  ?  it  near  the  end  of  the  lane.    From 
any  convenient  point  C  nnko  CS^  CP,  andCDsm 
CS;  S,  C»  and  D  biing  m  a  rijlit  line;  thtfo  PD  will 
be  perpetidkular  to  PA.    For  the  augle  DPi  it  a  right     j^**' 
one  (7:?)* 

138*  .  To  Used  or  divide  into  two  equal  pariSg  a  given 

right  line  AB* 

• 

With  any  radiua  greater  than  half  the  giTen 
line,  about  the  extremities  A  and  B  at  centres, 
describe  arcs  intersecting  each  other  in  C  and    ^"^ 

D:  then  draw  CO,  and  it  will  bisect  AB  in  tho 
point  P/ 

Draw  the  radii  AC,  AD,  BD,  BCt  then  thoa^  radii 
equal,  and  the  aide  CD  common  to  both  the  triangles  CAD, 
CBD,  those  trianglea  arc  therefore  identicals  and  consequendy 
the  angle  ACD  is  equal  to  the  anglo  BCD.  And  aince  thetri* 
angle  ACU  it  isosceles^  AB  is  bisected  by  CP  (40,  corof.  I). 

In  this  manner  a  line  may  be  divided  into  4,  8,  10,  Slc  equal 
parts.  Thus  APt  BP  bisected  give  4  equal  parts)  and  those 
again  bisected  would  nuke  8  i  and  so  on« 

The  most  expediliout  method  of  finding  the  middle  of  a  lioe  on  the 
ground,  it  to  mtfasiire  eijual  distapcet  Trom  itt  extremltiet.    Tbu^  tuppoia 
A  and  B  are  the*  endt  of  the  line,  and  that  AD, 
BC  (fouOjlUof  oica&uring  from  A  and  B)  are  e&ch 
1)7  /eei;  and  the  renutnipg  part  DC  it  10  /eet^ 
then  O  the  middle  of  the  line  will  evidently  be  9| 
yMftomDocC* 
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^>^  «ifttiiriiig  Hnrt  or  dittiacct  ott  the  groundt  It  tomHlmn  iMy  kt  at* 
^^^^17 10  take  o/-f^f  wlicn  oMaclvt  fall  In  tht  way. 

^ppote  A  and  B  ate  tbe  exlremltlrs  of  a  lioe  to  be  neatoied  t  tad  that 
^  and  S  aie  pooU  of  water  or  twampt. 


\C^        ON 


Having  let  up  markt  at  R*  G, 
D»  C,  io  the  line  AB»  neatiire  Ih— 
cqtnl  of'seU  CN»  DO ;  and  OW, 
KQ»  at  right  angles  to  AB:  then 
the  quadrilateral  R W.  DN  being  rectangular,  QW  will  be  eqoal  to  RG» 
and  ON  to  DC ;  and  the  whole  line  AB  equal  to  AR  4-  QW  4-  GD4- 
0N4-CB. 

139.    Ta  lUect  a  given  rtghi  lined  angle  ABC. 

With  any  eonvenient  radtua  BS«  about 
the  angular  point  B  as  a  centre^. dracribe  an 
arc  SR^  and  from  tbe  centrea  S,  R^  with  any 
radiua  longer  than  half  the  distance  bctweeil 
those  pointa,  describe  two  other  arcs  inter- 
secting one  another  in  D  $  then  the  line  joining  B  and  D  will 
bisect  tbe  angle  ABC^  and  the  arc  SR. 

For  if  the  radii  SD,  RD|  are  drawn,  the  sides  of  the  trianglei 
BRD9  BSD  will  be  respectively  equal,  each  to  each,  therefore 
they  are  also  equina  ngular  {46m) 9  and  consequently  the  anglea 
RBD,  SBD  are  equah 

By  such  bisections,  an  angle  or  its  corresponding  arc  nay  be 
dirided  into  8,4,  8,  &c.  equal  phrts.    Thus  if  ACB  be  aqua« 
drant,  or  an  angle  of  90  degrre.*«  v64«)l  the  firat  biaection  di« 
videa  it  into  two  equal  angles,  or  the  are  AB 
into  two  parts  (DA,  DB)  of  45  degrees 
each:  another  bisection  divides  the  arc  AD 
into  two  equal  parte  of  es^  degrees  ithn 
neat  gi? es  an  iirc  AO  of  1  li  degrees  t  and  if 
tbe  bisecUoB  be  continued  7  times,  we  get  an 
m  of  4t  A  9iinut9$.    Sacb  e  division  is  itg« 


£).!■  A  or  A  Uiktii^uai  wiH 
Lring  the  direct  of  in  in{kf 
Ihal  punxMB  «R  uoi  it  bud. 
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UJ«  To  meatur9  $k$  migk  ACB  wiik  lh$  imkf.  8ct  iM  Rf*  ^ 
Jri.  U3.  AUniI  C  with  ao)  ra<liut  CD|  dctcr.bc  •»  inlcfrcplrd  «|t:  UG. 
Opni  4lMr  Mior  till  It  e  dUi^ucr  iiKlw«ii;a  ilir  Ivaii  ^liiiU  marked  C^  C^ 
(ibe txiicmiiHm Qk  the cbord4iiM) k  r^iul  to  the  nMliu«€lX  iiira  M  U>e 
di^iiiMcr  IKi  beUiU  cniM-w4)B  m\  llio«  clioni^au  ilij|iUf»tfvmiik9  ^^ 
cquilly  di«Uiil  Moin  C«  C.  or  iruui  ll»e  ico&ic*  m  ibe  iMiUiuc^  tlMf  ]^ta 
of  Ums oompaiii  will  lal  on  ilie  iiuiiibcr  ui  ct«r^iee« 
Id  tbc M|;le.  iJiii* il  CO,  l  O,  Ik* Um* cluinmiiMrf 
of  6«»  ck^rcm  eacii  on  tlirbvciur,  (inuvejt#lc*  a  out 
tin*  ci'Oire  O)  aun  DO  liic  cImitJ  cm'  iAoy  uili«r  arc* 
40  degrecM  lor  ifxaiii|iii  t  lh«-u  b)  similar  Irianglet  ^ 
CO  (»lii*  radiui);  DO  (llif  chord  ui  40  clt'|:itYs)  :: 
CC  :  DDi  thfirlan*  h  CC  bi*  nude  the  radiin  of 
ao>  arc^  ur  cirtle»  OO  will  be  lh«  ch«)rd  oi  4o  degrees  in  that  arci«ir  ciitlt; 

Hence  it  it,  that  the  Mrctor  hut  frLCiuently  thr  advantage  of  the  pnrtrac« 
tor»  or  coininun  line  ol  chords  bccau^t*  it  uiay  be  srl  to  diilereni  rudit  f 
the  liiuiti  being  thf  di&iaiKe  bi*twt'en  the  br.is$  |x>iutt  C,  C,  wbeo  tlie  in* 
ttruniint  it  tbut«  and  their  distance  wJien  it  ii  quite  opeo* 


146*  W  hen  it  it  pro|MHcd  to  trace  an  angle  on 
llie  ground  equal  to  aiMiih-r  angii*,  ttie  0|)iiaiion  it 
timilirlo that  in  Ari-  i3d  lhu%  to  U>  (lu\in  the 
'angle  aA/i  e(|U4l  to  tiie  angle  AUN,  ti.edirix'lion  of 
hn  iieing  );ive»*  Measure  it|ual  di^^uncci  RU,  BGt 
and  aUo  the  croin  distance  GD;  thfu  with  those 
^hree  «aUanu*t  lay  do%iu  the  triangle  bdg  (136),  and 
the  [M»iot  g  givet  the  difvctiou  of  &i* 


ar  »  I     ■  ■  4«  •  •  •  •  • 


147*     It'  tlie  angle  ahn  (when  laid  down)  it  to  coo« 
lain  a  given  number  of  degrert;  fir»t,  in.de  .in  angle 
D?>R  on  pa|K.'r  e  ual  to  tnote  dej^ri'tt;  then  having 
mt'annred  the  equal  titlei  SD,  Sl(,  and  tli^  opposite 
aide  KD  on  tome  convenient  tcale  of  et|uul  p  rts  lei  the 
triangle  ghd  be  traced  on  the  ground  with  thn  e  rorret* 
|ionding  distamet  Xin/ctt  w  ^ards,  8u\  (IJu),    Thut« 
•uppot«*  Ibr  angk  BSD  it  41  degrees,  tlien  if  SK,  SU  are  each  40  ^  a 
•cale  of  equal  part*,  liD  will  Im*  'id  on  th«*  tame  tc  tir,  nearly  i  cootci|ih;ntly 
if  the  triangle  ghd  u  iraced  on  the  ground,  with  40,  40«  and  U^^^,  tlie 
angle  0^  will  be  41  degrect. 


.-    T 


•  J  ... 


'414  OgOMITHt. 

fiMind by limllar triuglct.    FbrCR  :  CB  i:  CK  :  CP.   Awt^Hqicii* 
4icylarlMBoiiCR>ittgiveaiediiUjiccGPaA^^  : 

141«    Whoi  il  it  propoied  to  tract    ,  ^ 

•  line  thfoogli  •  g i?cii  poial  P  |ianJld 
to  ao  iMccc«.»ible  linr  AU»  Mt  up  inarlct 
At  any  lonvetiient  poiiitt  C|  R,  in  the 
dlrecUoM  AP,  BP ;  next,  by  iiieani  of 
ihwt  equal  ifoacekn  Irianglrn  Caa,  Paa,  \       *!:<  ^»       'i<3 " 

Oaa,  trace  PO  p;:rallel  to  CB,  and  OD  L:li^^-*^% — '      "^ 

parallel  to  PC ;  then  the  direction  DP  ]L 

It  parallel  to  Aa 

For  by  coottrurtion  OD  U  panillei  to  C  A,  and  OP  to  CB ;  tbertfae  tbn 
trianglet  OitD.  CRA;  andOPR,  CDR.  are  mpccUvely  timUar ; 
Hence  RO  t  RC  ::  OD  :  CA, 

And  RO  t  RC  ::  OP  x  CB;  tbcrefore by  cquaHtj  of 
ftUos,  OD  t  OP  ::  CA  i  C& 

Kow  the  tides  about  tlH>  niual  unglct  DOP,  ACB  of  the  trianglet  DOP» 
ACB  being  proportional,  thine  (riangin  air  therefore  timilar  (94,  com/.  I); 
and  tince  the  iiomologoui  udtt  are  reipectively  parallel  and  lii^  lituatec^ 
the  tbird  df let  DP,  A  B  mutt  al»o  be  parai Id. 

Corel.  Because  tlie  quadrilaterals  RDPO,  R ABC  are  liinilar,  Ifwe  mea- 
iure  tbe  tidet  RO,  DP*  HC,  the  iiiaccestible  distance  AB  may  be  found  at 
one  proportion;  for  RO  :  DP  ::  RC  t  AB. 

131S  In  casiratMniMiicn  it  It  somrlimet  necessary  to  change  tbe  di« 
lection  instead  of  continuing  the  fronts  of  all  the  battalions  or  divisions  in 
the  tame  line*  Let  QR  lie  two  divi»ioii4  of  the  encampment,  the  fronts 
being  in  the  tame  line  01\  and  IL  the  distance  between  them ;  and  let  it 
be  ref|uired  to  place  the  other  di*  - 
visions  GC,  Ace.  that  tlie  fronts        nf     V  Q 

SG,  Ace.  may  be  in  a  given  direc-         /^ '/"o'j^l^i fUZ.  .1 

lionor  parallel  to  a  given  line  BA,       ^         Sl^/c    "^^      i     i«        ^ 

the  distance  between  the  divisions 

remaining  as  before  or  RS  =  IL, 

and  (at  it  usual)  the  two  pro* 

longaiions  RO,  bO  of  tbe  fronts  ecitial  to  each  otler; 

In  BQ  and  BA  Uke  two  equal  distances  BP,  BD»  and  measure  tbe  tide* 
oC  tbe  ito^Uet  Uianglc  DLP;  then  tbe  point  O  U  found  tbu^  DP  i  PB  -a 


iL)  t  no.  Suppose  Br= 

;lh«i30:  JO:;  3il^  la/r 

'_  «  Mrin);  or  tapi-  08=^  17, 

O  mnd  R  «i1l  gi'    lh(  point 

'^  S^**  DBF,  SOK  bring  s><i<iU 

^  m    SRP  arerqual,  indcontn 

'  ~S9.     fVMi  a  ^ii'en  pni 
*Mpoii  a  given  line  AB. 

^i-lxHit  Put  centre  wiih 
*■  *^r  then  the  dUunct-  of 
^^^  an  arc  DC ;  and  Trom 
•■^iSut  greater  th»n  haKD 
-  ■■^cctingeach  other  in  H 
■  «  the  perpendicular  reqi 

-^»-aw  the  radii  RC,  RD 
^      respc-cliTcly,  and  ihc  «ii 
**,  RDP,  thoK  iTiahglf! , 
«aigleiCPG,DPG^reu 

^''tJbre  PG  ii  perpend  icuUi 

T^^'ben  the  point  it  nesrlj 
*  of  the  line.  FfMni  an 
^»  describe  an  arc  Pl>R ;  i 
"liPllhen  join  RP:  am 
'4>«ndictilar  to  AB. 

hf  eonitruction  C  P  b 
perpendicular  to  CD  < 

a  peipradicnlar  it  to  b 
%acc  IbrBoc  CPD  pir.ill. 
Itnlir  to  CD  al  the  I 
riilar  to  AB, 


Mf 


fkiOMITftYf 


BMriM  U  utf  two  coftvcnleiit  imIqU  R,  Qt  is  H. •''  j^ 

A3li^n  M  RF«  QP.  ifficvlbc  perpeodicttUn  ?^V.I\ 

QI\  HN  ;  aad  the  poial  of  inlrrufrtioii  O  gif ct         y*'      Jii^ivH 
tbe difeciiiio  Af  Uuf  pcrpcodicuUr  POG.  j^  jj^VV' ;'Vi  |> 

W«iiaveto  prove  UijI  POG  is  perpendicular  to  AB. 

Conceive  DN  tc>  be  Joine<l :  Tlien  beratite  Ike  oppotitt  Mglct  ODf» 
ONPfOi  tl>e  quadriialt;ral  ODPN  art  right  angles  a  circle  will  pa» 
through  ihepoiiiuO  D,  P»  H,09).  therefore  the  aoglet  ODN»  OPN« 
itanding  on  the  same  chord  ON  (of  the  chicle)  will  bt  equal  to  each 
Other  (70). 

And  siw-c  RDO»  QNO  are  right  angles^  and  the  angle  BOD  eipial  to 
the  aitgV  QON»  Ihrrelore  the  tri;ingWt  RDO,  QNOjire  eqiil*atigolar; 
htmt  DO  :  ON  ::  RO  s  (  Q;  llieMore  the  iriaiiglen  ODM,  ORQ«  aic 
also  cqui-angular  (94,  CiTp/  \),  «onstn|uenlly  the  argle  OKQ  sODN  ss 
OPN.  Rut  the  tti)gl<^  O'  Q«  (•QN.logetlicr  ar«  iqualtoa  right  angle 
(41,  caroiB  2):  therefore  OPN  and  GQN  make  a  n^bi  angle«  and  coop 
•equenlly  fOQ  m  a  righi  angle. 

Caroi.  Hrucc  the  three  perpendiiiilars  let  fall  fro  <he  angles  of 
a  triangle  ujioo  the  u|>posilc  UUcs»  will  intersect  ooe  another  In  tite  same 
point* 

Orihiu: 
Let  AB  be  the  line«  and  P  tii  io.«ccessible 
object  as  before.  At  any  convenient  point  R 
In  AB^  trace  a  perpeudicuLr  liO  lo  Ab»  which 
cooUuue  till  Ol  s  KO.  Mal^e  PI  A  «  right  line, 
then  nivrk  the  point  S  where  tie  lines  AOS» and 
BP  nH«t«  also  the  point  R  or  coinourse  of  the 
lines  AB  and  IbB.  And  PB  vi  ill  be  perpendicular 
10  All 

For  b^t  IC  paralWl  to  AB  meet  AOC  in  C ;  then  AB  i  BB  t:  CD  >  D1  (95)» 
and  by  convpo^ition  (V4,  «c/ra/.)  AB :  RB ::  CI :  Dl.  But  because  the  tri- 
angle* OIC,  ORC  are  similar*  and  Ol  s  OR«  therefore  CI  ss  AR»  hence 
the  List  proportion  becomes 

ABiRRiiAR  tDf. 
And  AP  :  IP ::  AR  :  pi,  by  thesim.  triang.  ARP»IDP; 
Therefore  AB  i  RB ::  AP  ;  IP  (by  cHualil v) ;  theiefore  RI.  Bf 
are  parallel  (9t). 
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CoroL  By  llilt  pfoUnn  we  may  ind  the  dhtanoe  of  an  ioacectiibte 
object  P  from  an  accessible  Hoe  ABl  For  if  we  incauno  AR  and  RB^  il 
frill  be  ARtRI-tABtBP. 

154.    On  a  given  bn^e  AR  to  make  a  Rectangle  whd$§ 
height  shall  be  equal  to  a  given  line  bC. 

At  the  eitrrmitiet  of  the  base  AB  erect  the 
perptniiictil'tra  Ai),  R(%  each  rqikil  ti  BC| 
then  j  tin  DC  I  tttd  ADCB  ia  the  rectangle 
required.  j^ C 

For  AB  and  DC  being  at  the  tame  perpendicular  diMance* 
they  inual  ihcreTore  lie  parillel;  and  «imT  the  .inq;li*<i  at  A  and 
B  are  right  angca,  the  piralleN  AC,  RC»  will  nifct  DC  in 
light  angles  40,  corol.  9  |  ihercFore  DD  is  a  feci.i!igle  (99j. 

Corel,  I.  In  Ilk-  manner  a  inquire  is  ro»Mniclcd 
OD  a  given  line  AR  by  making  the  ptrptndtciilara 
AD,  BC«  e^ch  equal  to  AB. 

Corol.  9. '  Hence  also,  a  hnc  <  DC  /  b  drawn  {wrallel  to  a  giYen 
line  iAB>  at  a  given  distance  (BCJ. 


C 


I3S.    The  followinjf  h  al'^  a  pracUcal  mHhikl      _•!>  , 

of  drjwinf  a  line  DC  panllel  to  aixHher  line  AB^       ^'  : 
at  a  ftfvn  dtttance  I'D* 


(> 


B 


With  the  glTTfi  di^nce  PD  in  the  enrnpst^^ef,  abmit  any  two  poftttt 
t,  O,  in  Ail»  at  cenff  n,-  deicribe  arr«  D  and  Ci  llien  lay  the  edee  of  • 
mler  to  tonrli  Ihoie  arcs,  iad  dniw  the  line  reqalred.  For  if  Pl^  OC  are 
drawn  to  the  poiots  of  contact,  PDCO  will  be  a  r^angW  (47).    , 

Te  trem  a  Itedtmgle  en  the  CrsandL  Having  measured  odC  one  vide 
(the  dircctkin  beiiif  friveti)  to  the  nH|ulrp<l  length,  ereti  perpetidirulara 
at  lb  embi  then  If  iho«  pcfpendkuhn  ate  prolonged  to  the  dlitance 
propoied,  ibcir  eitfcaslties  will  evidently  itark  the  anguUr  points  of  the 
Brctapgk 


•  « 


•  EOHKTHr. 

r  ■  line  It  tracml  p  .ralkl  to 
I  a  pro|>u>ed   diftiDcv  ft 

■ttw  Ucc  01'  ilw  bMtuB  CD.  at  (he 


lltte  point  G  in  Ihr  dircclion  CD, 
XtlicoLtiu  IX;,  and  r.|(Ml  to  300  >■ 

La  ii   Ir^i^^til  )icr|>i.'U(lirular  lo  UB.  it  «iU  b«  panlick 

ll*  cnuilfucteil  at  A  af>aiiHl  Ow  batlion,  Ibe  alMit  (il 
|.  >i>l  tuikc  itt  fit^  CD  in  a  impcndkidai  tUnctki^ 
>i  force  pciJlile.  i 

I  given  luit  AB  to  nuiie  u  panlltlcgram  OB  - 

<,'/ii  GP,  10  fAal  the  tidtt  Al>,  Ait  thaU/ufm 


it  C  in  AB  erect  the  perpetw 
lual  to  tlic  givin  lwighlilS7); 
V  UC  ]mjlM  to  AB  (li9)i 
Angle  Dab  ctjujl  to  that  (ho> 
Ih.ii  iIfuw  BC  paralkl  lo  AOi  and  ADCB  ti 
■im.  Fjr  the  opposite  angli*  being  equal,  the 
liOK  an^kk  will  a|w  be  retpcciivcly  equal  (60)* 

Ice  rrnm  a  eiven  point  (A>  lo  draw  a  line  AD't  lo 
ne  ,0C  '  ilia  given  angle  >BCP'.  At  any  puini 
llin.-,  make  ^  an  angle  DCfi  equal  to  the  aogb 
■mm  the  given  poiat  A  draw  AO  parallel  to  CB  i 

I  ktone. 

m-iJe  a  s'lotn  Una  hC  utnrding  H  mean  ami 
^i.ia  !  or  so,  thailht  reelangla  URder  tkt  whoU 

iirl,  ihall  he  equal  l§  tha  t^uart  m  tkt  tlher 

bG::CGrGA. 

Ipcndiculnr  lo,  aiid  =  ^ACi 
viih  OC  deacribe  acirclej 
I  juiii  DC,  and  parallel  to  it 
|nCA:CG::CGiOA.        ^T. 


#*•' 
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PROBLEMI« 


dci 


\ik  CB.  '■  Thm  the  triangles  ABC.  ACD  liriiv 
>   we  hive,  AD  :  AC  ::  AC  :  AB,  or  AD  :  BE 

ibcctOKC  BD  =:  AC) ;  ihcrcforr  AD  is  clivided  in 

to  mean  and  extreme  proportion:  And  bccanfc  B 
1  to  DC,  it  divides  CA  in  the  same  proportion  in  C 

;ded  in  B  (9^»  corol.  s). 

^L  Hence  AB=:GC.  Forbecauseofthepirallelsl 
wt  have  AD  :  BD  ::  AC  i  GC  (iK)* 
And  AD:Bn::BD:  ABf 
^(  (by  equalit)')  AC :  OG  ::  BD  :  AB ;  now    the 
being  equal,  the  confequentt  GC,  AB,  are  neces 

Ib  « i^ven  einle  tb  inscribe  a  regular  Penh 

ting  diTidcd  the  radius  CA  cby  the 

ing  Problem)  according  to  mean  and 

^proportion  iii  G,  make  GB  =: 

take  AD  =  AB;  then  draw  BD, 

will  be  tht  side  of  the  prntaron,  or 

^rd  of  ^  of  the  circumference  of  the 

....         •# 
w  GR  pannd  to  AB :  then  CR  =  CO,  and 

ittmction,  C A  :  CG ::  CO  :  G A,  or  bcrante  G 
CB:CB::G»:RB. 

the  angle  GBR  is  r=  the  t^^^^^  Crii.  ilic^'^frire 

B;  GB,  RB  about  those  c<|iial  au|^i<.s,  .uv  rrn| 

^e  triangles  BGC,  BRG  arc  equi*angular  (!H«  c 

the  former .  bciiig  iloscelcs,  the  latter  BRG 

cooscqueritly  RG  ::  RB.    But  the  outwi 

the  triangle  GRB  is  equal  to  both  the  inward 

iuid  ihcrdRMre  equal  to  twice  the  angle  GRR 

the  tngk  ABG,  Which  is  equal  to  Gf^C*  is  t 

Bk}  Iheicfoit  BG  bisects  the  angle  ABC.    J 

U  ft  K 


•!•  •iombtbt; 

tht  liOMcIci  tflaiii^  ACB. cM:h of  the  aai^lil  ▲  lalBli 
doobk  tbt  other  angle  ACB. 

Mow  ill  the  eoglet  of  the  irimgle  ACB  being  f  of  two 
tight  tnglesi  the  tngte  ACB  U  i  of  two  right  ang^  and  ito 
double,  or  the  angle  DCB:=^  of  4  right  angtes:  therdbraDB 
iatheehordof  i  of  the  circumfcfence :  aodiofthoie  chorda 
form  the  pentagon. 

CmW.  1.  fiecauie  the  angles  ABG9  ACB  art  equals  and 
the  angle  CAB  common  to  the  triangles  CAB9  GAB^  and  tho 
former  isosceles,  the  hitter  GAB  is  also  isoscdest  and  conse* 
quently  AB  zr  BG  (=:  GC) ;  thertfore  if  the  radius  of  a  circle 
u  divided  according  to  mean  and  extreme  proportion,  the  greater 
aegment(GC  =  GB  =  ABJ  will  be  the  side  (AB)  of  a  rcguhr 
decagon  in  that  circle. 

Corot.  %.    Hence  also,  BD  bisecU  G  Aj  and  the  angle  GBA. 

ISO*  Thiorim.  The  square  on  the  side  DB  of  a  regubr 
pentagon  inscribed  in  a  circle,  is  equsl  to  the  square  on  the 
radius  CB,  and  the  square  on  DA  the  side  of  the  decsgo% 
taken  together  (Euclid,  B.  13.  Pr.  10.): 

Let  Cd  bisect  the  angle  DCA|  and 
joinOA. 

i 
k 

The  angle  DCB  is  equal  to^V  >  of  9  right 

andOCO torV  ^  angles: 

Therefore  OCfi  is  equal  to  1^  of   9  right 
angles. 

And  each  of  the  angles  CDB,  CBD  is  also  equal  to  tV  ^* 
right  angles  i 

Therefore  the  triangle  COB  is  isosceles^  and  GO  -r  OB  I 
Coosequendy  the  triangles  COB^  DCB  are  oqoi«anguhr  | 


fKOl 


I.  OB  :  BC  ::  BC 
C  itequil  to  the  rectangle  un 

And  because  the  trianglet  D 
rgle  ODA  comrooo,  those  tr 

T*herefopc  AD  :  DO  !:  I 
is  equal  to  the  rectangle  ui 

Mid  therefore  the      m  ol 
ual  to  the  sum  oF  the 
B.     But  OB  X  DB  -f  ' 
uareon  BC  +  the  squat 

On  a  given  line  A 

ike  CO  perpendicular  to  \ 

I  through  O  draw  AD  tc 

OC :  join  CD.  and  ih 

e  radius  of  the  circle  in 

( the  side  of  tlie  Pentagoi 


ie  OB  =  OC.    Then  i 

n  Jtrt.  137 1    AD  will 

and  extreme  proportion 

the  radius  of  acirclfi  fi 

e  circle  (138,  coroL). 

t  the  triangles  ADC,  A 
^lence  AD  :  DC  : :  A( 
or  AD  :  DB  ::  D< 
'%!  the  ratio  of  (he  radius 
^2d  decagon.    Htnce,  bt 
B*  =  BD*  (83)}  therrf 
gon,  CB  will  be  that  ol 
e  cifcainacribing  circle  (: 

make  AG,  CG, 
of  Iht  Ofcuaiacrih 

a 


fl  fIffM  IIh9  AC  *•  mutmct  •  ftguhr  Hia* 


>,  CO  cacb  eqiul  lo  AC  (lM)i 
igic  AOC  will  be  equilateral  and 
'  J    then    8  .of  thoK   tritDgtes, , 
•n  KTigular  point  at  O,  w'lU  cvi- 
the  required  Kesagoa. 

I,  or  llexagoD,  when  the  extent  of  (he  ddea  tie  loo  great 
on  Hiea>uriiig  lapei  or  linn,  my  be  (nnd  oa  the  giouiil 
irojiortiuiul  aitUiicc*  (136).  Thu*.  luppoN  U  ll  m}uite4 
h-utaguu  wbuie  wile  AC  ihall  In  100 gardt^ 


le  lite  init'u  iKU  =3  ^J  decreet  oa  paper 
u  rtiiial  tl>-.l.iii>:c>  tU,  (M  nn  a  tctW  ot 
ujipoH.*  00  ii»-li.  (Iik'u  lliti  illtl^ncc  dd  will 


5  liianclet  HOD,  &g,  with  Ihr  cqoJ 
>,  tie.  mch  fi|ujI  80,  anil  DI>,  fcc. 
rf(l3.:). 

lulbr  Irijn^-lei,  94  (DU)  1  SO  (OD) 

!  Qiifiit  nearly  ss  OCi  thcreliire 

lie.    am  iDeuureit  oul  lo  3j5  /M 

Ireiiiilin  will  mark  ibc  angular  poiota  of  ihe  pcntagoa. 

ixagon  iiuy  be  tr^v.l  on  l]i«  ground  la  Ibe  Hme  nunoa  by 
lUilateral  Irianiki. 

ng  Utge  and  regular  WurLt  where  exarloet  1*  renuired,  tbo 
rciiirr*  ihould  be  bi<l  down  vilh  a  llirodulile,  and  iba 
tbe  aoiular   poiuU  vi  the  fulygou    computed    tngoa^ 


the  common  Geometrical  Prndk-mt,  ibt  fcfcfuinf 'u* 
mnI  limpla  and  nircm^ry  in  KuM-jiractke.  It  ii  euf  to 
ver,  thai  peat  accuracy  oonot  be  eipecled,  yaitkiilarly 
und  ii  nul  level, 

•if*       ■  . 

I  divide  a  givtm  tin$  AB  iuit  9  pnfond  wu^ 
Tl$:  iuppou  i. 


tKOBLt 

From  the  extrcmidei  draw  AC,  1 
E»anllcl  to  .etch  oiher  t  in  those  ti 
t^»le  5  cqutl  p3TU  of  any  convcni 
'^■igth  (BO  =:  OC  &c.  =  AS  =  i 
Sa^<.)  join  the  Ofipoeilc  polnl^  or  il 
S^3D;  lod  AB  will  be  divided  ini 
■3  «al  part*. 

-For  BQ  being  ptralld  and  eqii; 
s  o  bepinltcl  and  eqiia!  (eo);  t) 
*.K>«3fiiie  pmnia  divide  AB  io  llie 
F^^  BQ  are  divided  ^04). 

^C^w  ihtu  : — Having  drawn  AC 
^  ^s  (lie  pK^ied  number  of  cqu 
^^  S  thcD  join  RB>  and  panllt 
v^V*  ofdiviiion  in  AR,  and  th< 
^  *~>«=(l  number  of  equal  parit  (03). 

^^^^ben  the  given  line  it  too  t\ 
■"*  ^ ,  llw  fallowing  method  it  eor 
'  *  ^s  purpoRc. 


.'^  - 

ppoie  AB  it  «  given  tine  to ' 
line  CD  of  anv  ronvenien 

#V^-;^  ^^^*  *.  ukc  7  tq"«1  pan*,  tupprtw 
«««  .^^*~*       C  w  Al  with  CB  =-  CA 

AB  =   ihe  given  line  AB 
ihc  iiotcelei  triangle  CBjI 
I  bke  <;c  =  DC.  CR  i^  c 

B  of  divifion* 

^  -^n  hj  rimiUr  trianKlM*  C  A 

CD  ia|of  CA,  DG  will 

--%  f,  Ice  ind  the  ihurtcit  lir 

Henee  it  ttfrlvcd  the  mrthor) 
■  H  ctWnctod  to  lUki.  •(  (be  I 


BiilH  ««lMABfale3«|Ml  putiw 

*a«  IwiwnUkI  bMt  AU,  BK  n'UBi  Mf 
ConNnlcni  Ufta  with  AB  p  U  iImm  Unca 
take  4  «|tul  dbUaon,  Mip|iaN  (itiai  A  is 
fi,  ud  Iroat  B  to  B I  uk)  ibcouih  iha 
|)oliiuof  divMon  dnw  4  liiM  puiUd  to 
ABt  nnl,  i!i¥Jde  DB  into  3  equal  p>rt«i 
thrn  idhr  p'^intioTdivlitan  in  ABrnd  DR 
•rr  Joined  uu|[Oii>U>i  Om  kale  ii  coutntclc^ 

For  by  atmlUr  triangle*,  (B  i  BS  :t  HO  t  O^l  Ihenfare  VO  Mtf 
loTRB;  OP  wiltbcjuf  BS,  or|olf  (or^DfAAi  and  Ibe  next  dirt* 
•ioD  nn  U  At  Sic 

If  QRaCB  »BA  b  the  icak  far  ajM,  OPla  an  imtJk,  misS^' 
InOn,  IP  ■«  13  tVkc',  &G.  ,  ■> 

Bui  if  we  divide  AB  Inla  4  equal  pattit  only  3  nut  be  Uka  la  All  uA 
BK  10  nuke  tuHu.  uT All  (becauM  «  x  •>  a  »)• 

CtiwaUf  r— ItLtnlve  llie  number  lo  which  the  dlvIiioM  an  to  be  c«- 
tenikil,  iulo  iwoT'Clon,  thro  diviite  ihe  given  line  (Al))  iflo  unaoj  equal 
pail*  B«  Ibrre  :irr  unjti  In  oa<^  factor,  and  lA'  *•>  nunj  equal  put*  in 
th<-  Mhcr  linn  (AH,  BK)  at  there  jic  uoil*  m  t>i>:  othrr,  Thu*  if  AB  i| 
dH'lvd  intu 3  equal  p;iil>,  ^iitd  Saretakiiin  AH,  BK;  or  If  AJ)  iitti- 
vhkd  inlu  i.  and  3  tK  tjkrn  in  AH,  BK,  in  ciliier  laie  the  (cale  |ivii 
ISffti.  of  AIL  <>■  tlw  ciiniincMi  VUiti  Sc^let,  the  equal  jiarla  is  cavh  tioa 
are  10,  wlikh  give  ibeUivulouiia  iOOfAi, 

A  liite  divided  lob)  ttfxti  parti,  and  one  of  tke  parti  nbdivlded,  a*  in 
Art.  Its,  or  rke  dia|[<ioali>.  ii  cj|kd  a  Uia  <v  Jbib  i/  E^mU  Pmt:  A 
varii-ty  are  lo  be  KmimI  on  tbc  commoa  Plain  Scale  be|on|iiig  %p  a  Cjm 
•f  luttninenla, 

104.  Ttjiud  a  wktan  Proportlwat  hlwf€»  tw  gm» 
itHti  AB  and  BD, 

Take  AB  and  BO  in  one  line  AD,  which      j^  ^ a 

hiMct  in  C 1  and  about  C  ai  a  centre,  with 
CA  or  CD  dcacribe  t  Kmicirclei  then  if 
BR.  be  drawn  perpendicular  Ip  AD,  it  will 
be  the  mcwi  propoftioDitl  ictjiured  {97, 
ttrtt,  1). 


( 


**»■».        "■'"•OP, 
«>r  OP  fc_- 


Ot 


Uk  of  1000  jranfr.    Tlib  dlvUcil/iAd  MbdIvMcJ  U  (Ike 

ikli  Mch  ofllie  Intt  4i<rMoai'ti  IOO,y««k. 

le  coDitntciiMi  thiu)    TVf  ^^t«j)fe.OP  neMR4  wa 


a  t  I  »  t:  1000  :  0-9By«  <Mdk,  the  kivlltoriw  tb 

i»^  ■  ■■■.  ^«  -■-:■  S!     -■      .   ....-■ 

Ian  in  ihe  bil  Eupplc  be  reduced  la  a  Sble  of  i  tel  l» 


leialui  Una  .     ., 
In    the  lut 
rOE=IOM.,    , 
1  (Ih.  nid.     ■  -^ 

'-^>^-:\, 

Vkl  conve-          O 

<s>ul|»iui 

Kl  pU>M  U 
then  OW  li 
mlia  to  tb« 

' '.' ■  -k    '■'  .\vt 

A 

'   i           •C.'jt" 

C  >*  OW,  and  CC  K  1, 
iile^)  uiaU-  llw  butci-tei  (rir 
!B  brcauM  aaj  t^a  con** 
■M  Ml  Ihe  PliM  inu*t  be  In 
.ion  ■»  Ihe  IwomlMtlfAR 
to  tlic  lcH)<ih  of  Ihe  Umi 
s  AD  itt  bre;i()lh,  RN  and 
panlkl  ta  CC)  wiU  be  the  l»|;ih  ani  bccadtli  af  tin 
■4^ 


TKOIL 

^k,  Without  the  conilruciinn : 

•^1  IS5S  I  1-53  itck.  (01')  ::  ITf-O 
»*-Je  to  tbe  n»  AHCD. 

"rtte  Implh  ■nd  bmdih  of  llip  Pla 
ivdy; 
■■J^itKP,  1-73  1  1  :i  fag  i  iTo,„f, 
1-73  1  I  !I  1-15  1  0-(i7 

^^^  mrani  of  Ihe  Itian^lc  ACC  *r  r 
V^n  to  th«  other  rx^rtly  in  Ih 
■-9  «h  «tf,  ab,  «««.  KmiikI.  For  any 
^  Sicpnipirtianal  dhtan<'<^oal'if 
^^^  -anlMi  to  CC.  But  (lie  /'rn, 
,^  ""  ''•■-  ^fd  fiir  expnlltion  In  npcrjliom 
.^^  *  **  "  ^-  [iwlnimenl  UH,  al  ihe  umr  ojir 
.^j^  *  -^^  equal  toflocof  trie St-alr^  (AC 

0-  *~         ^«flH  p<|Uil  to  the  olhi.f  Scale  (O 

i-»^Z^    *~^  '^'""  ■*  '•^  '"■'*  •'"  *'" 
,^_  ^  ^  ^* ■! ll« Other.    Oranjrtwn  Ime 

*-^^  md  Inlead  of  the  Scatei  thei 


^W  rfc»  Nfsl,  anj  t*o  corrwpond 
^^    asd  the  Imglh  of  one  ^kale,  »i 

5uppo<e  a  Map  )i  Uid  down  t 
^be  reqnircd  (o  adapt  ■  Scale  (P 
^*    «ame  Map. 


Xn^ 


*■»*., 


*^  Tntw(i^M3t5  yanli 
'  *B  «  M/fc(aeari]r  tht  Scale  AD. 


■■   5>S,OG.  making 

^ngle  at  O,  Mt 

■^^"IS  B  4fl*,  aod 


«ideat    Ksk    of    O 
j^^*  I    parti,     miko 
^~~     ^UirKafeA9;joinSC  andtl 

^hankortvUn. 


cl««tliorUttKalt  ABU  1-73  tefatf 

I4-84M.  I  l*',34if.  x:  im.  t.»>43to.  llivlraglbflf  IIm4«I« 

I,  «r»7  part  of  It,  may  be  ralirieil,  ,cr  diqdililicd  to  a 
ttttube  nuQun'  of  £Jump.  u>  For  wecu  inpftm  ABCO 
rt  oT  a  hritc  nta. 

en  line  AB  to  uukc  »  G£uri:  NB  ^inihc  to  a  lifU  Uat4 


I  AB  Buki-  llie  lioiota  Uiaafjk 
Inw  titc  (liaitoiub  GS.  UCi 
'  foRgoiiiit  ExiiHip.  uy  line*  of 

b«o{  bid  on  GD,  lh«  cam- 
if  Ibe  rctiulrcd    figure  viUI   b« 

DD.  TltiM  If  GW  s  iitt  di- 
I  GO  s:  DH;  WW,  mhI  OO 
idjI  AQ.  BDd  lidi-  UQ.  . 

!  ntay  Iw  cuiuttucUtl  an  iIk 

iB,  thm  draw  na,  oa,  and  «( 
C,  and  CP. 

ang)pt(  preferable  to  any  other 
in*,  bci^iuie  the  p^nilld*  (WW, 
■wrtkioali  MO  biuuii  hUIi  ^rulcr 


jpMDg  conMructliM  «!iic!i  n^i^ed  (Im  reduclioii  oTiiiuit^ 
•lUMil  to  a  iiitall  *ralc ;  but  (be  mcUiod  may  be  cxlcwM 
I  of  any  mm  utuitci«r. 


N(f  the  ctnlr*  of  a  given  Cir<l*t 

-d  AB  be  bisected  at  right  attj^ 
thertfore,  ftill  be  a  diameter  to 
n  C  ihe  centre  of  CD,  wilt  alao 
r  the  circle  (63,  ctroL).  ^ 


\gh  thnegivnpoinlSf  mt  (yiar;  w  «  right  Unt^ 
ircle,  ^§ 


rKOBLCMB. 


1 


i" 


1 


f ,  f 


Ay  By  D|  be  the  three  points.    Dra\f 

.^   BD,  and  bisect  those  lines  with  the 

ndicalars  RC,   PC:    then    the  inter- 

on  C  is  the  centre  of  the  circle  (65» 

4.)9  which  describ^-d  with  the  radius  C  A« 

or  CDp  and  the  thing  is  done* 

nd  in  the  same  manner  a  circle  is  described 

'O.    Tkrough  a  given  poini  P  to  draw 
It. 


P  is  in  the  circumference  of  the  circ 
the  ndius  CPy  then  a  line  through  P 
angles  to  PC  is  the  tangent  rei)tiircd  (( 


1). 


hen  the  given  point  P  is  without  the  ci 
e  centre  C ;  and  on  PC  describe  a  semi* 
then  PA  drawn  to  the  intcrMTction 
circles  will  be  at  right  angles  to  the 
s  CA  (79)|  and  therefore  a  tangent  to 
ircle* 

!•    To  draw  a  Tangeni  /a  a  tircU  par 
AB. 

w  the  radius  CR  parallel  to  AB,  and 
I  the  radius  CP  perpendicular  to  CR; 
a  lane  through  P,  panllel  to  CR  f  and  AB] 
toach  the  circle  in  that  point  because  it 

a  right  angle  m*ith  the  radius  PC. 

mS 


On  n  given  line  AB  to  describe 
^t  thaU  eonlaiii  a  given  angle. 


L  Li 


h 


■teiiliTK^; 


At  Aa  ciUcnuiiet  A,  B,  «r  ihi  givta  ' 

t,  oiakc  etdi  of  the  uglc*  CAB,  CBA  ' 

111  to  the  ilifcrcoce  of  the  prppcMt-d  ingle 

d  a  right  ocw  i  aitd  witli  CA  or  CB  de< 

ibeacin-Ie:  ThentheM^DientAPB  on 

!  Mine  tide  of  AB  as  tlie  cciiir  C*   will 

itain  the  ^ycQ  angle  when  it  is  Uti  ibaoa  ti^bt  onei 

i  the  oppoiito  seguiviit  AOB  will  contatD  it  when  It  it 

raler. 

For  if  RQ  be  a  tangent  at  tlie  point  A|  It  will  be  pcrpcndi- 
lar  to  the  radius  AC  {67,  corol.  i))   then  thiB  angle  CAB  . 
the    illflcrrnce  of    ilie   right  angle  CAQ    anil   the    atlgla 
lQ  ;  but  BAQ  is  c<iu;tl  to  the  augic  (APB>  iulbe  MgmcDl 

'B(73). 

hnd  the  angle  CAB  is  equal  to  the  iliflremice  of  tbe  right 
;l«  RAC  and  tbe  inglc  RAB,  but  this  kiitcf  angle  is  e^nal  to 
'  angle  (AOB)  coolaincd  in  the  segment  AOB  (13), 

17s.  To  cut  off  a  ttgmcnifrom  a  given  ttrtU  Ikat  skmll 
ilain  an  angle  equal  (0  a  given  angle  ABC.  Or  to  draw 
/lord  in  a  given  circle  that  shall  subtend  a  given  angle  at 
I  tiraimj'treace. 

About  B  with  the  radius  of  Mie  circle,  dcKribe 
!  arc  AC  t  mike  the  arc  DRG  =  double  the 
:  AC,  and  draw  the  chnid  DLi :  Then  the  an- 
(DPG)  in  tbe  segment  UPG  is  v(\»t\  to  the 
;le  ABC  (O9). 


I 


Or  Ihui  f— At  any  point  (P)  in  the  circumference,  maka  an 
;te  (OPGJ  ccjudl  to  tbe  given  aiiglei  then  the.  line  (DC) 
iiiiig  the  extientitica  of  tlic  siJui  including  the  angle,  iitba 
)rd  FL-quired. 

174.     To  inscribe    an  equitaterat  triamgh  in  a  gwn 


Bi»ect  the  radriii  CD  •(  right  iti^ 
lie  choni  AB  ;  join  BP,  AP;  and  Al 
riuigle. 

Draw  AD,  BD,  AC,  &C.    Tlicn 

'C  =  OD,  and  the  Bide  AO  commnn 

igic*  AGO,   ADO  will  be  identical 

t».il  to  the  radius  AC  or  CD;  consrq 

CrO,  BCD,  are.ei|uila1crat;   but  Uic  i 

»  A  =  PDA  (70)  J   and  the  rtniai 

I^OorDCB(;t}j  tlierefoK  the  iria 

:S  equilateral, 

^^  Sijiiare  is  injcrihcd  in  a  circle  b 
t  -y/o  diameters  which  intersect  cnch  o 

75.     To  intcribe  a  circle  in  a  gnu 

■iicct  two  of  the  anglen,  ABD,  D: 
1  the  iiitersccrion  C  of  the  bisccti 
fall  perpendicubn  CS,  CG,  Cl> 
-j;  then  if  a  circle   be  duicribed 

!~n  either  of  those  perpendiculars,  it  v 
sides  of  the  triangle  in  S,  G,  and  R 

the  two  angles  it  A  being  cqni 

^hl  ones,  and  the  side  AC  cotninn 

■C,  those  Irianglei  arc  therefore  ide: 

sides   CG,    CS   in   equal.     Ai 

iner  tl  is  proved  that  CR  and  CC 

the  sides  of  the  triangle  will  be  ta 

S  ,87). 

irof.     Hence  three  lines  bisecting 
inUnect  6ne  another  in  llie  same 

78.    7b  interiie  a  csrc/a  in  a  re, 


t0t 


•lomttTi 


Biteet  tny  two  adjaccni  aidcf  (BA»  BD) 
with  perpeiulicuiAiii  CO.  CR|    Uien   tUclr 
intcncctiw  C  is  ibc  centre  of  ibe  inscribed  ,  A^ 
circle. 


Draw  BC.  Then  the  hypotenuse  BC  being  cocninoii  to  bolb 
the  right  angled  triangles  bOC,  BKC,  and  BO  =  BR,  the 
•quares  on  OC,  RC,  ^lil  iheref'ore  be  eqaal  to  each  other  [83^ 
toroL)^  and  coniequcntly  OC  zz  RC.  In  like  manner  it  is 
proved  that  the  pcrpeiidiculars  bisecting  Uie  other  sides  are  all 
equal  and  nii*et  in  the  same  point  C.  Therefore  a  cirele  de* 
.  scribed  with  CO  or  CR  will  touch  all  the  sides  of  the  po* 

lygon(ti7j. 

Aud  it  is  also  evident  that  CB  is  the  radius  of  the  circum* 
$crU'ing  circlt;  but  this  line  bisects  the  angle  ABO :  There- 
fore  to  circumscribe  a  regular  Polygon  witli  a  circle;  bisect  an 
two  of  its  angles  (except  (ippobiie  ia\t:%)  and  the  intersection  of 
the  bisectiug  lines  is  the  centre  of  the  circle,  : 

}77«    To  make  a  square  equal  io  two  given  squares. 

« 

Let  BA,  BC9  the  sides  of  the  ^ven  squares 

be  drawn  to  form  a  right  angle  ABC;  join 

AC,  which  w|U  b€  the  side  of  the  square  re* 
quired  (63)« 

And  in  tha  same  manner  a  square  may  be  made  equal  to 
Ihreci  or  more  squares*  For  example,  suppose  the  sides  of 
three  given  squares  are  AB|  BC,  and  BG;  then  because  the 
square  on  AC  is  equal  to  the  squares  on  AB,  BC,  if  BR  be 
made  equal  to  AC,  it  follows  that  a  square  on  GR  will  be 
*  equal  to  the  three  proposed  squares, 

178^  To  make  a  square  equai  to  the  difference  of  tuo 
given  squares^ 


iMM^Mrf.  .  ,^i*«.*.,«^.  •«M.4ft.««i««t,M*rM.*rfb.< 


l^rf.jr -*•—**-•' 


PftOfeLRMtt 


•«• 


1 


With  two  imlcflnile  tight  Koct  BO,  DRf 
make  a  right  angle  B{  take  BA  cqtial  to  the 
fide  of  the  lest  square ;  and  about  A  as  a  centre 
with  AC  the  side  of  the.  greater,  describe  an 
arc  to  intersect  BR  in  C ;  then  BC  is  the  side 
of  the  required  square  (83«  coroL). 

179*  On  a  given  line  AB  ie  make  a  rectangle  efual  i$ 
a  given  rectangle  AGCD* 

On  AD  (produced  if  necessary)  take  AB  =:       s ]l 

the  line  AB ;  draw  BR  parallel  to  DC ;  and  g] 
through  O  let  AQ  be  drawn  to  meet  DC  pro« 

duccd ;   then  if  QS  is  made  parallel  to  OA«  A       £ 

BRSA  will  be  the  rectangle  required.  -^         ^ 

For  the  triangles  ASQ,  ADQ;  and  ORQ,  OCQ  being 
respectively  equal  (80),  the  quadrilaterals  ASROt  AOCD  must 
therefore  be  equal  (33);  but  the  fbmieri  together  with  tht 
triangle  AOB,  and  the  latter  with  the  triangle  AOG^  makt 
the  two  rectangles  BRSA,  .AGCD,  tliose  rectangles  must 
therefore  be  equal  to  each  other,  because  the  triangles  AOB^ 
AOG  are  equal. 

180.  On  a  given  line  AB  to  tfiake  a  triangle  A^  equat 
te  a  given  triangle  ADC. 

Draw  AG  and  CG  parallel  to  DC,  and 
DA,  respectively s  then  the  parallelogram 
CD  will  be  double  the  given  triangle  ADC 
(69'',  coral.  l)i  take  AB  equal  to  the 
given  line  AB ;  and  by  the  construction 
in  the  preceding  Problem,  make  the 
parallelogram  AR  e'.|ual  to  the  parallelogram  GD;  draw  the 
diagonal  SB )  tnd  the  triangle  ASB  will  be  equal  to  the  given 
triangle  ADO. 

^or  the  parallefegrams  AGCD»  BRSA  being  eqiial,  their 
balves  must  also  be  equal* 

18!«  2>  fiioA#  •  TViangte  t jita{  f#  o  given  Xhiairilatiral 
ABCD. 


««• 


«IQ||»T&Tt 


TutJM  to  tb9  dUgonal  BD  drtw€0  Ift. 
meet  AD  produced  i  joia  BGt  ihea  itie  iri* 
angle  ABG  U  equal  lo  the  giren  quadfi^ 
lateral. 


■•**» 


For  the  triangles  BCD,  BCD  on  the 
same  bate  BD,  and  between  the  same  paralleU 
BD9  CG,  are  equal  (S^*),  therefore  the  triangle  ABD,  tpgtther 
with  the  triangle  DBG  it  equal  lo  the  same  triangle  ABD 
together  with  the  triangle  BCD  (32)j  or  the  triangle  ABG 
equal  to  the  quadrilateral  ABCD. 

168.  To  make  a  Triangle  equal  io  the  irregukir  pentaB* 
gularjigure  ABCDG  cfi  the  side  AB» 

Let  CR  be  drawn  parallel  to  BD^ 
and  join  BR.  Then  the  triangles 
CBR,  CDR9  on  the  side  CR  and  be. 
tween  the  parallels  CRj  BD  are  equal 
(83«);  therefore  the  figure  ABCRG 
with  the  triangle  GBR,  is  equal  to  the 
same  figure  together  with  the  triangle 
CDRt  and  consequently  the  given  figure  ABCDG  is  reduced 
to  the  quadrUateral  AfiRG, 

Now  the  quadrilateral  ABRG  ia  reduced  to  a  triangle  by  the 
preceding  Problem,  thus :— Parallel  to  the  diagonal  AR  .draw 
GS  to  meet  BR  produced  j  then  join  AS ;  and  the  triangle  ASB 
will  be  equal  to  the  quadrilateral  ABUG|  and  therefore  equal 
to  the  given  figure  ABCDG. 

And  in  like  manner  any  multi-lateral  right  lined  figure  may 
be  reduced  to  a  triangle* 

« 

183.    To  make  a  rectangle  equal  io  a  given  triangle  ABC* 

Let  the  base  AB  be  bisected  in  D|  and    R      ft       9 
draw  CR  parallel  to  AB ;    thenif  AR,  DG 
are  made  perpendicular  to  AB,  the  rect* 
angle  RD   will  be  «qual  to  the  triangle 
ABC« 


mOBLlMt, 


Mi 


M 


Draw  BO  paraHel  to  DO.  Then  the  triangle  ABC  U  equal 
to  half  the  rectangle  RB  (89  ,  coroL  1) :  but  RD  it  half  tht 
Tectangle^  therefore  it  is  equal  to  the  triangle  ABC* 

And  therefore  a  rectangle  whose  height  is  half  AR^  and  base 
AB  will  also  be  equal  to  the  triangle. 

,184.    To  mdke  a  tquan  equal  io  q given  uelangU  ABCD* 

Extend  AB  till  BR:rRC,  and  on  AR  de-      p_ J5 

scribe  a  semicircle ;  then  produce  CB  to  G  } 
and  the  square  on  BG  will  be  equal  to  the  rect* 

angle  under  AB,  BR  or  BC  (I64K 

• 

SchoL  Hence  by  thisi  and  the  preceding  Problem  t  a  square 
may  be  made  equal  to  a  given  triangle :  and  consequently  tqual 
to  any  gireii  right«lined  figure  (I89}« 

185.  To  make  a  rectangle  qf  a  given  magnittide  having 
it$  sidei  in  the  ratio  of  two  given  right  linei. 

Let  AB  and  BC  be  the  given  Knet* 
Upon  their  sum  AC  describe  a  Semicircle^ 
and  make  BD  perpendicular  to  AC  ;  pro* 
duce  DB  (if  necessary)  till  DG  is  the  side 
of  a  square  equal  to  the  given  magnitude ; 
join  DA,  DC,  and  through  G  draw  RS  parallel  to  AC  meeting 
DA,  DC  produced  (when  necessary) :  Then  RC,  GS  are  the 
sides  of  the  required  rectangle* 

For  the  angle  RDS  being  a  right  one  (79\  and  DG 
perpendicular  to  RS,  therefore  the  rectangle  RS  x  GS  is 
equal  to  the  square  on  DG  (97f  corol.  8),  or  equal  to  the  given 
magnittide  (by  the  construction)!  and  because  RS  is  prirallel 
to'AC,  the  ftdea  RG^  GS,  are  in  the  given  ratio  of  AB 
toBC(9S).    : 

186.  If  AC  is  a  square  on  the  line  AO,  and  AQ, 
Qf  twa  ghon  right  lines  i    io  find  another  square  4hat 

TOit  t*  .  MM 
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ihall  hioih§  9quar$  AC,  4M  AQ  M  ta  QP«  tOr»  ft/wrf 
iw0  iquaf§%  having  ik§  raiio  ofiwo  giv$M  riglU 

In  any  convenient  direction  from  A^  tike 
the  given  lines  AQ,  QP;  join  QO,  And  pt» 
rallcl  there. o  dr^v^  PR  to  meet  AO  produced 
(if  necettary J :  then  if  a  semicircle  be  described 
on  ARj  OS  will  be  the  tide  of  the  required 
square* 

Complete  the  rectangle  RC.  Then  because  QO,  PR  are 
paralleli  the  trianglef  AQO^  APR  will  be  similar, 

Hrnce,  AQ  :  QP  : :  AO  :  OR  (94,  eorot.  ^9).  But  the 
parallelograms  or  rectangles  AC,  OD  having  the  same  height 
(AB  or  RD)  will  be  in  the  ratio  of  their  bases  AO,  OR  (87) : 

Therefore  AQ  ;  PQ  : :  AO*  (reciang.  AC)  :  reciang.  OD 
(=  OR  xOCorOA): 

• 

But  the  recUngle  OR  x  OA  is  equal  to  OS*  (97f  corol.  9) : 
and  consequeutly  AQ  :  QP  ::  AO*  :  0S%  the  required 
square. 

167*  To  iescrile  a  fi<;urg  (CRNO).  similar  /o  a  given 
rightMntd  Jigurt  BWAO,  so  that  the  latter  may  la  to  the 
former^  aiHkfi  line  AQ  is  to  the  line  QP* 

Find,  by  the  last  Problem,  a  square  (OS*) 
•0  that  AQ  :  QP  ::  OA*  ;  OS»;  and 
make  ON  =:  OS;  draw  NR,  RC  parallel  to 
AW,  WB,  respectively;  and  CN  is  the  figure 
required* 


A 

ft 


P 


M 


vr 


For  the  6gures  CRNO.  BWAO  being  similar  (165,  Ex.  4)| 
.and.  because  similar  plane  figurci  are  as  the  squares  of  their, 
homologous  sides  (loej,  ue  have  BA  :  CN  ::.A0*  :  ON/ 
(OS*) ::  AQ  :  -QP  (hy  the  conaruciion.) 

By  this  Problem,  plane  figures  are  augmented^  Of  reduced  in 
Area  according  to  any  given  proportion* 
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.    n  maU  a  triangte  (ACS)  of  a  gh&n  magnltuif, 
shalt  alto  be  similar  io  a  given  iriangh  ADB* 


AB  make  the  rectangle  AR  =r  to  the 

^^^n    triangle  ADB  (IBS);   then  on  AB 

(P^x^duced  if  necessary)  let  the  rectangle  AN 

^  ^^mstnicted  equal  to  the  magnitude  of  the 

^^\iircd  triangle,  having  its  sides  AS,  SN 

'^^^be  ratio  of  AB  to  BR  (18i>drawCS 

Vtrmlld  to  BD,  meeting  AD  produced  :   and  ACS  is  the 

Mangle. 

For  the  triangler  ADB,  ACS  being  similar^  and  also  the 
rectangles  AR,  AN,  we  have  (102)^ 

reclang.  AR  :  reetang.  AN  ::  AB* :  AS*  ::  iHang.  ADB 
Mfiang.KCSi 

Of,  rectang.  AR  :  reciang.  AN  : :  ADB  :  ACS ;  and  the 
sntecedents  being  equal  (by  the  construction)  the  consequents 
ANy  ACS  must  also  be  equal,  or  the  triangle  ACS  =  the  given 
magnitude  (by  construction.) 

Schol.  Therefore  %  triangle  may  be  made  similar  to  one  tri* 
angle  and  equal  to  another. 

'  189*    To  describe  afgure  (ASOWP)  similar  io  a  given 
^gure  ABCDE»  and  equal  io  a  given  right-lined  Jlgnre  G. 


Let  the  twp  6gures  EB|  and  G  be  reduced  ^ 
to  squares  (181,  184.).  Then  the  construc- 
tion will  evidently  be  exactly  the  same  as  that 
of  the  preceding  problem.  For  if  the  rect- 
angle AR  be  made  equal  to  the  figure  EB, 
and  a  similar  rectangle  AN  equal  to  G  (183), 
the  side  AS  of  that  rectangle  will  be  the  base 
of  the  required  figure :  then  the  sides  SO, 
0  W,  WP  being  drawn  parallel  to  the  cones. 
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ponding  MenilJi,  the  Iguic  VS  wiBbtWDilat  ltBB»awl 
«qual  w  AN  or  G* 

M9lhodi  ^  i^Uf mining  dhianea  ly  mom  ,0  iimilar 

Trianghs  iructtd  qh  tht  Onmni. 

100.  Tajind  ihe  hngih  of  ike  linn  AB  aeeurihU  M^jr  nt 
loih  nndi. 

Having  filed  on  mme  convrnienl  point    j^^ 
Pi  mcMure  BP  4nd  AP;  and  piolong  those 
lines  till  PG  n  PB.  and  PD  =  PA ;  then  OX^C 

the  distance  between  the  points  D  and  G 
will  be  equal  to  AB. 

For  the  sides  of  the  triangles  GPD,  BPA  about  the  equal 
angles  at  P  arc  respectively  equal,  therefore  the  third  sides  GD» 
BA  will  also  be  equal  (38). 

Orikus, 

Having  measured  PB,  PA  (as  before),  take  PC  some  convex 
•nient  aliquot  part  ot  PB»  and  PO  the  same  aliquot  part  of  PA ; 
then  measure  the  cross  distance  OC,  which  will  be  the  like  ali« 
quot  part  of  the  required  distance  AB» 

For  the  sides  PO,  PA;  PC,  PB  being  proportional,  the  tri^* 
angles OPC.  APB  will  be  similar; 

Heuce  PO  :  PA  ::  OC  :  AB :  therefore  whatever  part  POU 
of  PA,  the  like  OC  will  be  of  AB  i94). 

Suppose  PA s 392,  and  PD=41i/£e/;  and  let  PO,  PC  be  f  of  PA 
PD,  or  equal  to  78/.  5/m.  ami  8?/.  !>{//i.  And  suppose  OC  measure  93} 
fia ;  tkoQ  AO  ss  93^  X  5  ss  >67  }  feci. 

IQI.  men  tk$  lin9  (AB)  i$  accwihU  m  nnn  tnd  (B) 
wnly. 
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I  S10(  K  SM  (  UU  >M  twurfy  M  DO. 

I  the  imwt  eipeilitiooa  ntthod  of  lafiag  At  db. 
niccctiible  object,  it  by  Mem  oft  Rhombui,  m 


0  iht  objectf  and  OB  tha  rttpiirti  . 
iVith  a  line  oc  meuuring  upe  whoN 
uJ  lo  tbe  tide  of  ihc  inieodcd  rhom- 
'o  one  lide  BA  io  the  dinciioD  BO, 
SDOiber  aide  be  in  iny  cnivenieot  (li> 
en  two  enda  of  two  oF  tboM  liun  »t 
ea  ihc  other  end*  (at  D)  being  lept 

1  the  lipei  itretchcd  on  iKc^tHiDd,  thowlinci  AD* 
n  ihc  other  two  aidct  of  the  rbonibut.  Set  up  a 
here  CO,  AD>  iniertect  i '  and  measure  RD : 

iidci  of  the  (riangles  RDC,  CBO  being  mpectiveljr 
trianijlcs  will  be  aiuiilar  j  heaGe.  RO  ;  DC  a  CB 


lideoTlhe  rhoinbui  U  100 /ctf,  aod  RD  «  |l/Tfo,thcq 
>00  I  %ajui  -eartg  a  BO. 

•Having  laid  down  the  rhombui,  ^  is^ 
'.oatK  of  the  linei  06S,  BCS,  and  '(^^ 
;    ThcnCS;CD::AD:AO.         Af \? 


B   e~i 


b  nearly  kvd,  arliontbuiwboteddeli  liXI>«r  will  delcr- 
to  the  eicleat  of  300  yardi  withka  a  vcrjr  few  feet  of  Ibc 


iFiii  fA«  Unglh  t>S  an  iHaeciuUlt  Km*  (QR)  jy 
'tomlut- 
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hz 


t,   tome  eonTenient  point  B^ 

the  rhombus  (BADC), 

t  two  of  iti  tides  BA,  BC 

directed  to  the   extrcmitiet 

lie  line.     Mark  tlie   inter* 

ons  O  and  P  (as  in  the  firki 

of  the  preceding  problem)  t 

the  triangle  ODp  will  be  similar  to 

OP  parallel  to  QR« 

r  each  of  the  rectangles  DO  x  BQ,  DI 

square  on  the  side  of  the  rhombus  (; 

•  >  they  must  therefore  be  equal  to  each  ( 

P  X  BIT;  therefore  DO  :  DP  ::  BF 

^^L^iglea  at  D  and  B  are  equal,  the  triangle 

Uar  (94,  €9roL  1).    Therefore  OD  :  < 


ODs  9/.  Uti.  ?D  rs  11/.  lOiif.  OPsa 
rlioiiilNit  mz  too /id* 

lU]t  100  tt  loot  ii^^sRB. 

■'if 

foK  »A  {0D)|  13A  (OP)  w  —  (Rl 

srq; 

ore  the  inaccessible  distance  RQ  is 

square  of  the  side  of  the  rhombus  b] 

v>o^ct  bj  the  product  of  OD  and  PD. 

length  of  an  inaccessible  line  maji 
m  quadrilateralf  u  in  jfrt^  151»    B 
necessarily  confined  to  moderate 
cam  in  Ihr  txecotion  in  order 
MolU. 
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PLANE  TRIOONOUETRTk 


DiriNITlONI. 


ITkiamou  hM  ihfecatdeiiadttirMKi^lHt  AM 
it  ihow  being  ginu  (the  thrte  angles  tioept«d)  Ibe 
fmuai  by  meaiM  of  limibr  triuiglet  t  This  U  the 
rTftiGUNoytTiiv. 

fence  U  fbllowi  that  Plane  TrigonoaKtij  iritt  idiiiit 
:rcat  Casei :    For  the  data  may  be 

:  ude  and  two  inglca. 

erefore  the  id.  angle  ia  alio  given,  j4rt*  41). 

a  lidei  and  an  angle  oppoaite  to  ooe  of  thoD. 

0  aidca  uti  their  included  angle* 

•  three  aides. 

he  aides  nf  the  aimilar  trtanglea  (or  linct  prcfioitMnil 
idea)  which  rater  into  the  compulaiiona,  an  calkd 
fMfa,  ucantSt  &c. 

M  C  be  the  centre  of  a  circle, 

la  perpendicular  to  the  diameter 

PCB  an  angle*  iu  meanire  bc«    'I""    q    a.]/ 

OB  (»«,  144). 

e  chord  OS  and  BC  perpendicular  to  UwradiuaCB; 
iP  perpeodicular  to  the  radiua  CR. 


I  .r^/^ 
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AO  it  the  Sine. 
AC  or  OD  the  Cosine 
BG  the  Tangent 
RP  the  Cotangent 
CG  the  Secant 
CP  the  Cosecant 


or 


^«  The  Cosine^  Cotangent^  8cc 
f  the  complement  of  the  angle  I 
angle  {ce  being  a  contraction  of 

lUtOD  Of  AC  is  the  Sine^ 

RP  the  Tangent. 

CP  the  Secant  of  the  angle  1 
ot  oft*  e  angle  PCB  to  a  nght  at 
together  make  the  right  angle  B 

The  Sine^  Tangent,  and  Set 

Sintf  Tangent,  and  Secant  of 

flfereoce  of  PCB  and  180  degree 

•  Kb  it  the  versed  sine  of  th< 
W  the  V€T$ed  sine  of  the  angle 

•  When  the  arc  it  t  quadrant 
diuSt  and  cosine  0 :     But  the  tt 

because  thty  become  parallel  an 

^jt^  CR  ia  the  sine  of  go  degrees 

The  degrees,  ninutet,  &c.  eo 
\^Sj  marked  thutt  %  '9  "$  &c« 
"igraei,  57  minutes,  4f  seconds. 

'     '  C&rollarieSi 

^»   Henee  it^  appears  that  (AO)  th 
^tkedmd  (OS)  ofc  twice  that  arc  ( 
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9.    Becauie  the  lifie«  io  and  about  the  qua^aol  RC9  fttfi 
cquiaogttUr  Iritnglesi  we  have, 

CA  :   AO  :s    CB     }    BG« 
Wf  cosin$  :  sine  ::  ndiui  ;  iangent^ 

^    And,  CA  :  CO  ::  CB  i  CG.    Therefore  the  tadim  U 
mean  proportional  between  the  co$in$  and  iecoffi  of  an  angle. 

And  BG  :  BC  ::  CR  :  RP.    Hence  the  radiui  ia  ako 
mean  proportional  between  the  iawgeni  and  coiangemi. 

•  3,  When  the  angle  it  43^  or  half  a  right  angle,  the  $int  an 
coiiMe  are  equal ;  and  the  tangent  and  coidngeni  each  eqoal  I 
the  radius. 

And  other  propertiei  are  easily  derived  from  the  aame  figure 


0/  compuiiffg  the  Sinet^  CosineSt  Qc. 

SOS.  Since  4  right  angles  contain  360^  x  M  or  HIM 
fRinti/eij  it  follows  that  i  the  side  of  a  regular  polygon  o 
10800  sides  inscribrd  ia  a  circle,  is  the  sine  of  an  arc  or  angl 
of  I'.  Half  the  side  of  a  polygon  of  5400  sides,  is  the  if» 
of  9f.  And  half  the  side  of  a  potygon  of  9700  sides,  the  sin 
of  4',  &c.  But  these  figures  cannot  be  inscribed  geometrically 
for  which  reason  the  formation  of  the  Trigonometrical  Canow 
or  Tables  of  Sines,  Tangents^  &c.  has  been  attended  with  mud 
labour*  Before  fluxions  were  invented,  the  method  of  approxi* 
mation  was  by  coijtinual  bisections,  which  brought  out  chordi 
corresponding  to  i|i^s  in  a  dti$ctnding  geometrical  progressions* 
in  tliis  manner,  the  chord  of  a  small  are  being  obtained,  th» 
chords  of  other  small  arcs  were  inferred  from  analogy  on  a  lufc 
position  that  the  chords  and  arcs  are  nearly  proportional  whc 
the  angles  are  small:    To  explain  this. 


^78 


TRICONOMITAT. 


Pfoduee  SG  liD  OR  h  oquti 
to  the  diameter  SB,  aiMl  join 
PR}  then  SR  ii  eqiui  loSO 
ind  SB. 


Now  the  qoadriUleral  SGPB  being  in  i  ditle,  the  rxtemal 
angle  TOR  it  equal  lo  the  an|^  PBS  (75).  And  becauie 
BS  =r  GR^  and  PB  s=z  ?G,  thci^ore  in  the  triangka  PGR» 
PBS^  the  aides  about  the  equal  angles  PGR»  PBS  are  equal, 
therefore  the  trianglea  are  identical^  and  consequently  the  third 
aides  PR»  PS  arc  also  equal.  And  because  the  anglea  PSC, 
PSG  are  equal  (70,  roro/.],  the  it^oscelea  triangles  SPR^  SCP 
will  therefore  be  equiangular.  ^ 

Hence  CP  :  SP  ;:  SP  i  SR,  or  SPi  =  CP  X  SR. 

Now  if  the  radius  Cf  be  I ,  SP^  will  be  equal  to  SR^  and  SP 
equal  to  the  square  root  of  SRj  or  equal  to  the  square  toot  of  the 
sum  Q  +  SG^  (because  GR  =  SB  -  e). 

Hence,  if  the  supplemental  chord  vSG)  of  any  arc  (BG)  be 
increased  by  thi  diameter  (9),  the  s(|uare  root  of  the  sum  will  be 
the  supplemental  chord  (SPj  of  hall  the  arc  (BG)« 

SOS.  Let  ihe  chord  BG  be  equal  to  the  radius,  then  BPG  ia 
an  arc  of  60°.  And  because  the  angle  SGB  is  a  right  one  (7S), 
SG  is  equal  to  the  square  root  of  the  diflcience  of  the  squares  of 
SB  and  BG  <  83,  lOfL). 

The  square  of  SB  is  4,  and  the  square  of  BG  is  I,  therefore 
SG  the  supplemental  chord  of  the  arc  BG  or  f  of  th<  circum* 
ference  is  I*73t060807^6b87  &c,  the  square  root  of  3. 

Consequently  SR  is  r:  t2  -f- 1*73203080756687  &c.  and  ils 
square  root  is  1*93183165257613  &c.  ..:  SP  the  supplemental 
chord  of  ibc  arc  BP  or  ^  of  the  circunofereqce, 


f 
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And  the  iqotre  root  of  9  -f-  1*03185185957618  ftc.  it  =: 
98888978974768  tec.  the  lupplemenUl  choid  of  4  ^^e  tro 
#  or  -/v  of  the  circutnCercnce* 


In  this  mitmery  after  eleven  bisectiontit  we  get  9  -f 
1*999^9973854476  the  square  of  the  supplemental  chord  of 
Trfrr  ^f  ^h^  circumference  or  1'  45"'{^ :  VVhich  taken  from  4^ 
the  pquareof  thedtameteri  leaves  0*00000086145599  the  square 
ofthechordof  lU5"f}:  And  the  fiquare  root  is  0*00051139^)99 
the  chorJ  of  1'  45''7}9  of  the  side  ol  the  inscribed  polygon  of 
K3B8  sides*. 

Now  the  chords  of  small  arc^  being  nearly  in  the  tame  pro« 
portion  as  the  trcs  ihemselve^  we  have,  1'45'44: 0*00051 139699 
::  9" :  0*000581 7764  the  chord  of  the  arc  ol  9')  and  iu  half  or 
01)009908898  is  the  sine  of  T. 

And  the  Ci^iiiie  is  r:  O-99990P0577  the  square  root  of  the  dif- 
ference of  the  squares  ot  the  raJius  l,  and, the  line. 

909.  The  si  fie  and  roitiie  '}f  T  being  given^  the  sine  of  8' 
will  be  equal  to  twice  tU  produci  of  thai  sine  and  €Osine» 

For  let  B  be  th^  centre  of  a  circle, 
and  OD,  DC  the  irtie  and  cosine  of  the 
msc  OB  or  angte  OCB,  and  C^P  the  sine 
of  GB  or  twice  the  arc  HO.  Then  if  CR 
1^  [icrpendicuUr  t'  SG  it  will  uiso  bisect 
it  65>  And  bt-cause  xh  anglrs  OCB,  GSP  are  equal  (71)9 
^nd  CO  cqusi  to  SC,  the  triangles  SRC,  CDO  will  be  equal, 
therefore  SG  is  equal  to  twice  the  iosine  CD,  and  the  triangkt 
SPG.  CDO  are  simibr : 

Whence,  CO  :  OD  ::  SO  '8CD)  r  GPj 

Therefore  when  the  radius  CO  is  r  l,GPis  n  9CD  x  OD(89). 

•  •♦ 

Again  CO  :  CD  ?;  SG  (9CD) :  SP: 

*  See  Lnilolpli  Van  Ceulm  *  Ciftnte  sf  AJxn'piif,  where  the  bhectioiis 
tfecontinoedaotUDc^  and  the  suppjencolal  chords  brouglit  oetto  48 
flaccseCigeM, 
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H 


cjTdr 


i7t  TAlOOHOMfTlYt 

And  if  CO  it  1^  SPUssCDy  CD,  ortCD^i  and 
€OiM  CP  equal  to  the  diflemce  of  SP  and  SC,  or  the  dtficttcrr- 
ofsCD^andl. 

Theicfora  if  the  angle  OCB  it  I',  GP  the  it«#  of  f^  will 

s  9  X  O099iNNMI^77  X  0«OOOd90888«  =  0-000581 77^* 

And  ihe  diflerence  of  twice  the  square  of  0*9999990577 
1»  it  0'9999998308»  tlic  cosine  of  9. 

910*    But  to  find  the  sine  of  3',  or  the  m#  of  triple  an  ai 
when  iti  sine  and  cosine  are  given^ 

Let  SH  he  the  sine  of  the 
arc  BS  ;  OS  or  OG  the  sine 
of  half  the  arc  SDG;  and  GP 
the  sine  of  the  sum  of  hoth 
arcs  BS  and  SG     Then  DS 

is  the  common  diflfcrence  of     *  '    '  '   (f  ^ — ikl  ill 

the  arcs  fiS  and  fiO.  and  BD 

and  BG|  and  therefore  the  arc  BD  is  an  arithmclical  mean  be* 
*  tween  the  arcs  BS^  BG. 

On  CB  let  fall  the  perpendiculars  DK«  CI.  and  draw  SR, 
OQ  parallel  to  BC  :  Then  because  OS.  OG  are  equal ;  QG 
and  QR  will  al&o  be  equal  (93):  and  RG  being  the  difference  of 
the  sines  HS,  PG,  therefore  QG  or  QR  is  half  their  differenccj 
and  01  half  their  sum. 

Now  the  triangles  COI»  CDK  being  similar,  we  have 
CD  :  DK  ::  CO  :  OI;  therefore  when  the  radius  CD  ii  1, 
01  %vill  be  =  CO  X  DK: 

Hilt  DK  is  the  sine  of  the  mean  are  BD  :  therefore  the  pro* 

duct  of  DK  the  iineof  the  mean  arc,  and  CO  the  cosine  of  ibe 

f  common  difference  DS,  is  equal  to  OI :  consequently  3C0  X 

DK  is  ec|ual  to  twice  OI  or  the  sum  of  HS  and  FG :  and  there* 

fure  PG  is  equal  to  the  difference  of  tCO  ^  DK  and  HS. 


TRIGONOMBTRY. 

w  if  the  arcs  BS,  SD,  DG  are  each  1^  iIm 
r  I'l  CO  it  the  cosine  of  l';  and  DK  it  It 
Doff: 

Smcrcfore  to  find  PG  the  sine  of  r,  muUiply  Iw 
'  liy  the  sine  of  f ,  and  tubtracl  the  iiiitf  o 
cu 

<i  if  the  are  BS  is  f ,  and  SD,  DG  each  V 
Sne  of  J'y  and  PG  that  of  4': 

d  PG  is  equal  to  twice  the  cosine  of  l'  x  iff 


-V 


manner,  if  BS  r:  3' }  SD  and  DG  each 
f  d'  will  be  =  twice  the  cosine  of  I'  x  iii) 
Sii#  of  3' :  and  so  on  for  the  sine  of  any  n 

If  the  mean  are  BD  is  6o*i  then  CK  t 

equal  to  ^CD  (S05);  and  because  the 

plement  of  IOC  to  a  tight  angle,  tlic  tr 

r  to  the  triangle  OCI  or  DCK,  ibcrefore  F 

(the  arc  BD  being  <kr)  or  the  sine  of  the  a 

uently  PG  (or  PR  +  RG)  will  be  equal  t 

icfore  if  two  arcs  be  taken,  one  greater  tha 
'^  as  much  less,  the  sine  of  the  greater  arc  v 
mne  of  the  less  arc,  together  with  the  sine  ol 

common  diflcrence  from  00** 

uf  if  the  two  arcs  are  IS*  and  45* ;  then  i 
^15*  added  to  0*7071  &c.  the  sine  of  45*'; 
^h^  sine  of  75*. 

1 1,    The  ilnfs  and  rottnes  being  foond,  th 
cfsif,  Itei  air  obtained  from  similar  triangh 
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:  1   AO   : :  CB    ;  BO, 

•  :   tint  : :  radiut :  laa^Mf*  (tM)* 

>  t   AC   :i   CR    ;     RP. 

«  t  cosint  %  i  radiui :  cotaMge»t» 

D  :  CO    :i    BC    i    CG, 

#  :  radiut  i :  reditu  :  tecamt, 

>  :    CO   :i    CR    :■     CP, 

«   :  radiut  i :  tadtia  i  eojeeaiil* 


D  ibc  jijiti,  coiiffN,  ft:c,  are  c 
,3%  and  arranged  m  columni,  tbey  fona  k  Tabk 
/  fJNCf,  cuinM,  &c.  to  every  miuuie  of  Uh 
ew  are  called  aatural  lines,  ftc.  becuiM  tbey 
gihi  in  pant  of  ihc  ndiiu  :  •»  itu  hagawitkmt 
en  or  natuni  ainci,  &c*  com.HiK  the  artiJUiid 
c  Canon. 


Ikw  Taih  of  Sinet  and  Tangenlt. 

Table  cootaioa  the  Logarilbmi  of  the  Sum  and 
cry  minute  of  the  quadrant.  Two  degree*  are  in 
i  the  minutea  iu  the  lefi^  ajul  rij^ht  band  colinuni, 

for  both. 

I  up  to  45  are  «t  tnpt  tbe  minulea  being  in  tbe 
nnj  but  (he  degr«ea  flrom  4i  to  90  neceiMiily 
ary  order  at  bottom,  and  the  oiinutei  are  num- 
onthe  right. 

c  or  angle  he  IL"  17'  ({uge  38)  1 

line        S-i30933  ....  tbetMte  ^ 

-"""•      ='-^'"^"  '""      (of«-«'. 

larig.        9-436370 totang.C 

wlai^.  10-iG343a  „  tang.   J 


.TatooNomtftv* 


iUd  IIm  McvoT  Oie  arithmcikd  compkmciil  oTtteli^^ 

iilA*  To  fifid  the  log.  versed  sin9  of  an  arC|  add  Ibe  log. 
of  the  number  0  lo  Iwice  the  log.  sine  of  \  the  arci  and  tha 
aunii  f^ecung  lO  in  the  indeX|  U  the  log.  icquiicd. 

For  kt  ADB  be  a  temi.eirck.  DR  and 
KB  the  line  aud  versed  sine  of  the  arc 
DB:  Then  ADJB,  DRB  being  right 
angles,  the  triangles  ADBj  DRB  will  be 
aimilar^  and  we  have 

AB  :  DB  ::  DB  :  RB, 

consequently  DB  is  a  mean  proportional  between  AB  and  RB: 
and  when  the  radiue  is  l,  the  diameter  AB  will  be  9j  thereibrei 

DB* 

if  for  AB  and  DB  we  substitute  their  measures,  — -^  is  the  ti. 

0 

lueofRB. 

Bisect  DB  in  O;  then  DO  or  BO  is  the  sine  of  ^  the  arc 
DB  I  and  because  the  square  on  any  line  is  equal  to  4.  times 
the  square  on  i  thai  lincj  4B0'  will  be  equal  to  DQ*  j  therefore 
4BO* 


^ 


or  sBO'is  Xht  versed  sine  RB* 


Suppoie  the  arc  DB  s  30S  tktn  SO  h  tlic  sine  of  I5«  i 

^•it^.sine    9'i\ti996 
^ 

«log.     0301030 

rersed  sine  oi  30^  lag.    9'12102Q 

Sine  RB  :  RD  : :  RD  :  R A ;  therefore  RA,  the  Terscd 
sine  of  the  aupplementj  is  a  third  proportional  to  the  t erjed 
iiae  and  itna  of  an  are. 


TtlOOHOMETKt 


hg.'ttntiu 
Siifpi.  trried  tint 

Sir*  ir  It  tny  liroe  tt  •hould  be  iho: 
■^  oft  iag.  lint  or  tangent  lo  pari*  ol 
k»ik|  tolerably  near  bjr  taking  tbe  p 
■•^rence  t>f  iTic  hg.  tines  or  tangenlt 

C^«^  nppow  the  tog.  UngttU  vS  IT'  SO"  ii 

IT/flf.  ftmf.    7-fi!)4l79 
W'  Ay.  toff.  TTIT'iwi 

•J'g»    diflcRni 

■•■^,  at  M*  I  S*S«  i:  SlTt  B275  uliUr 
r«  "^rw1-10J*5«  Ike  Ay.  tang,  nf  IT  VO"  neji 
^»  ^t  In  tbii  part  of  (Iw  Quadrant,  the  «G| 
*^E='<cmoii,  dccreiK;  Tur  eaainple,  the  di 
*        and  ■!('  It  Ini  tbin  tlul  brtimn  ihe/iy. 

*~ai)  the  foregoing  'Operation  rcveriifi! 
inJing  to  a  given  log.  11/10  or  tan^ 

'^3i,\o  find  the  arc  or  angle  antwcrlng  la 

Riven  Inc.    8-6437 14 
aexl  k-H    rctaififl  U-g.Hmt'ZX 
dlff.    ;      Tljl 

«3  tbe  dldtrettce  of  (he  Ay.  tiim  of  C"  3 1 

'«■,  MSSU  :  CO*  II  1151  I  74*;  Ibtn 

V  •.  To  find  the  natural  tine, 
'*%  legarithmie  titie,  &c.  when  ti 
>Y)er  aniwering  to  the  given  logarii 
^v^tbmi  of  tbe  natural  nuinbera;  il 
'^t^ll  be  u  many  places  to  (he  rigl 
'_^  *^^  iO|  or  aa  Tir  to  the  left  of  at 


«^  TAIOOMOiltTEt* 

logarithni  *9ill77  k  17459^  Uwfdbrc  0*0017453  U  tiie  iMlMralftoorc^Ui 

■  •  .  • 

AgJdm,  suppoie  «•  wuld  fipii  the  fiofMrol  l0V«nl  of  S9«  $i\     . 

The  liy.  lomy.'lt  10*9^120,  and  Che  number  to  the  log.  •S^ICO  b 
169091 ;  BOW  the  Index  being  10^  the  first  ^rc  un  the  left  will  be  an  Uh 
kger;  tbeiefoie  I-6909I  Is  thciM/irj/  langeui  of  Mi*  84'.  In  like  manner, 
the  mOurtU  Umggia  corrttpomiing  to  the  leg.  Uuig.  19*104901  la 
127  31?  I  Le. 

SIQ.  The  tiae  of  the  ainea  in  the  rcfolutipn  of  Plane  TrU 
tngica  will  appear  from  the  following 

Th£orcm.  The  sides  of  every  plane  Triangle  are  in  the 
same  proportion  as  the  sines  of  their  opposite  tingles. 

LelABDbet  triangle  I  C  >AB 

the  centre  of  it«  circum- 
acribing  circle  :  then  the  ra- 
dii CA,  CB»  CD  being 
equal,  the  trianglea  ACii^ 
ACD,  BCD,  are  iaoaceles. 

About  C  with  any  radiua 
CN,  desciibe  a  circle,   and 
draw  the  chorda  NS,  NQ,  QS»  which  biaect  with  the  perpendi- 
culara  CO,  CR.  CP;  and  the  anglea  NCS.  NCQ,  QCS,  will 

also  be  bitted  (45^  corol.  !)•  .         •     . 

And  aince  the  sidea  or  radii  CN,  CQ,  QS,  are  equal,  the 
triangica  NCS,  NCQ,  QCS  wjll  be  iauscilca  fnd  aimilar  to 
ACD,  ACB,  BCD,  rcspcclivply ; 

whtnre  NS   :  AD  : :  NQ  :  AB  :;  QS  :  BD; 

and  NO  :  AD  : :  NR  :  AB  ::  QP  i  BD,  because 
the  halvea  of  any  lines  must  have  ibe  same  proportion  as  the 
wholes. 

But  NO  is  the  sine  of  the  angle  NCO:   NR  the  sine  ^^ 


TRIOOHOIUKTItri 


tes 


of  NCR;  and  QP  the  sin0  of  QCP  to  the  time  radiai  {W4, 
€oroL  I):  And  (fl)  tbe  tngk  NCO  it  equal  to  NQS  (or 
ABD) ;  NCR  equal  to  NSQ  (or  ADB)  |  and  QCP  equal  to 
QNS  (or  BAD).  Therefore  the  tidef  AD,  AB,  BD^  have  tha 
time  proportion  u  NO»  NRf  QP»  the  sines  of  their  oppotiie 
angiet. 

Tbof  if  tke  tngle  A  s  49%  B  9  64%  D  a  74«.    theh  the  radivf  CQ» 
CSorCNfcdngss  l>. 

NO  s  -tSSt  &c.  sifu  of  64*  the  tngle  B^ 
NR  tt  -9613  kfu  sins  of  74*        angle  O,  ^ 

QP  ss  -66DI  tec.  ftiff  ef  49^  tngle  At  end  their  double^* 
or  NSs  1*79769  NQ  s  1«9326,  QS  e  l-33t2  tre  the  tides  of  the 
triangle  NQS  which  it  timllar  to  the  triangle  ABD.  llen<»  if  one  ride  of 
the  triangle  ABD  be  given»  the  other  tidtt  are  found  by  proportion.  Lai 
DB  (for  example)  =  1 00  yardt : 

Then   QS    t     KS    : :  BD  :  AD,  • 

Hx.  ••3582  I  1-7976  ::  100  ! 
or    *669l  t    -8939  ::  100  :  134  3  ^dr^t  nearly,  by  using  the  $htef 

«ir  halves  of  QS  and  NS»  which  have  the  unie  ratio  as  the  wlioles. 

# 

And  Q?    :    QN  :;  BD  :  BA, 
or  *6C9I  t  *96I3  ::  100  t  143*7  ^ffr(£r  nearly,  by  taldng  the  lialrrs 
of  QS  and  QN«    But  it  b  much  more  expcditiotis  to  worl^  with  the 
logarithiM  of  the  sines. 

990.  But  independent  of  computation  by  the  tabic  of  Sinctv 
Tangentti  &c.  the  teveral  caset  of  Trigonometry  are  also  re« 
iolved  geometrically  I  and  insirumenially.  A  tcalc  of  eqiuil 
partt,  with  a  Line  of  Chords  or  a  Protractor  for  laying  down 
or  measuring  angles^  are  sufficient  for  the  geometrical  cotiUrnc^ 
iioiif  which  it  the  mott  aimple  but  least  accurate  method  of 
solution.  '  I 

The  Sector  ia  in.tnitrumen|  particularly  adapted  for  trtgono- 
metrical  operationt.    On  each  of  its  legs  are  laid  down  the. 
natural  tinet,  tangenttj  See.  together  with  the  corresponding 
radiut  divided  (on  the  6«tnch  Sectors)  into  100  eqiul  partt:  by 
tbote  finet,  the  common  proportioiU  in  trigonometry  may  bf 


•M 


rmicoMoiiiTit¥« 


WWQghH.UkfMf  conccl/  Bnt  ibe  Logarittimiieor  Giiofer^ 
^ale  U .  Uie  motl  commodious  for  iha|  furpoie.  Thit  Scik 
€D  ih«  lector  luually  ooii<isU  of  |hree  ionligonuf  lioct^ 
Atmely^  the  line  of  iiumbcn,  that  of  ainett  and  the  other 
of  laDgeiitf,  marked  N«  S,  T;  pari  liea  on  one  leg,  and  part 
on  the  otherj  and  therefore  the  sector  must  be  quite  open  when 
it  is  used*  * 

The  Line  of  numbers  is  nothing  more  than  the  logarithms 
of  the  natural  numbers  from  1  to  lo  taken  from  a  scale  of  equal 
partSi  and  each  extended  from  the  beginning  of  the  Jine  on  the 
left  baud,  towards  the  right  t  Thu^j 

From  a  scale  of  equal  parts  take  •301  the  log.  of  9,  which 
set  from  1  to  9. 

And  from  the  same  scale  set  off  *477  tlie  log.  of  3,  from  I 
to  3 : 

And  *d03  the  log.  of  4,  from  1  to  4 :  -and  so  on  to  10* 

Then  the  line  AB  will  be  the  log.  scale  of  nu  nbers  from  1  to 
lOi  or  from  10  to  loOj  or  from  lOO  to  looo^  &e. 


r 


+ 


1 


-j  i  nn 


?- 


«■« 


-J 


And  because  the  logarithms  of  IQ  and  s  added  together  make 
the  log.  of  fiOj  if  the  distance  between  1  and  9  be  set  from  B  to 
C^  then  AC  is  the  lo^.  scale  of  30  when  AB  if  that  of  10^  or 
of  200  when  AB  is  lOOj  &c, 

« 

But  in  taking  the  logarithms  from  a  soale  of  equal  ptrts^  it  is 
r(»t  necessary  to  consider  them  as  decimals;  for  instead  of  *301| 
*ir7>  *602|  &c.  we  may  use  any  convenient  numbers  in  the 
#:.nie  proportion,  as  3*01,  4*77>  0*02,  Sec.  or,  30*1,  47*7f 
CO't!|  &c.  And  when  the  scale  is  of  sufficient  length,  these 
primary  divisions  may  be  divided  and  subdivided  by  laying 
off  the  logarithms  of  I'l,  1*2,  1*3,  &c.  &c«  asw^  find  them  nv 
the  !2  feet  ruler  called  thi;  Gunter's  Scale. 


^RIGONOMBTRT.  WJ 

fa  adapttogthe  Sines  and  Tangrnis  to  the  Scale  of  Numbers, 
the  lineAB  is  considered  as  the  logarithm  of  the  radius;  for  which 
reasoa  the  sine  of  90^  and  the  tangent  of  45*  arc  coincident  with 
10  (or  B)  on  the  scale.  And  when  the  sines  and  tangents  cor- 
respond to  a  radius  of  10,  their  logarithms  are  laid  down  from 
the  left  towards  the  right  by  means  of  the  ^me  scale  of  equal 
parti  used  for  the  logarithms  of  the  natural  numbers :  Thus,  the 
radius  being  10»  the  sine  of  ^C  is  5  (dOO),  and  therefore  30* 
on' the  line  of  sines  answers  to  S  on  the  line  of  numbers. 

But  because  the  radius  is  a  mean  proportional  between  the 
tangent  and  cotangent  of  an  arc  (904  %  it  follows  that  the  log* 
tang,  and  cotang.  together  always  make  double  the  log.  of  the 
radius  or  tang,  of  45\  whence  it  is  that  the  dt-grees  above  45 
on  the  Une  of  tangents  are  numbered  in  a  contrary  order :  thus 
SO''  is  also  marked  70^ ;  lor  the  log.  tang,  of  70*  is  equal  to  the 
log.  tang,  of  45*  together  with  the  difference  of  the  log.  tangents 
of  SO*  and  45*.  This  inverted  order  of  the  tangents  above  45* 
may  be  said  to  reduc^  the  scale  to  half  its  length  with  the  same 
extent  of  divisions. 

Having  premised  what  may  be  thought  necessary  respecting 
die  Trigonometrical  Canon,  and  the  Logarithmic  Scale }  we 
ihall  now  proceed  to  resolve  the  several  Cases  of  Plane 
Triangles. 

CASE  I. 
MU    Wrbn  one  aideand  the  angles  ire  given. 
Bmmp.  \.    Given  AD  :=  860. 

15' 

Angh 


SA  =  43*  15' 
D  =  79  51 
B  =  65    54 


« 

Required  the  aides  AB  and  DB  P 


fM#  .tatooiioiiit»v< 


G^nMificoUji. 


^% 


t       4  I 


FRMtt  any  Cdiifciiiiol  scab  of  equal  parl% 
ndce  A0=3A>|  then  al  tbe  cxticoiitict  A 
andDbydownlbeaiigle  A=:43''15'|  aad 
the  angle  D  =:  7t*  51'  (144)|  produce  AB 
and  DB  till  Ihty  meet,  and  ABD  k  ihe  Iri- 
angle* 

ABf  and  DB  measured  on  the  scale  upon  whacb  AD  vat 
takeuj  viH  be  found  380^  and  g75  nearly. 

ArilhmetUaUy^  or  h^  €omputatiotK 

BjUie  Theorem  ^fir»9ia.  At  Ihctineofanyanglci 

It  to  its  opposite  side» 

8o  is  the  ^ine  of  any  other  angie^  ^ 

To  its  opposite  side,  / 

Thenaturaidrnjof  S  g^  '^l  >  .„  j  J:,^3^J>  ^^ 


to  the  radius 


Theretbie -aaao  (j^ii. an^  B)  1 360 (AD)  is  -9S55  (stfaaof^D)  tM-1 
naariy,  xsAB. 

And  -1980  !  960  :  t  -6859  t  {sin.  ang.  A)  t  S74«t  Mtltj,  m  BD. 

But  the  usual  method  by  the  logarilhmie  sines  is  much 
ahortert  thus^  .   ' 

As  theiTitfofthe  angle  B,  63*  Si'     log>  9-953?90 

UiHin\04trfik€Oit^lg6^fifk') . 
To  the  opposite  tide  AD  s  360     log.  9*556303 
8o  is  the Ai/f«  of  tlie  sag.  D,  12^  5 1'  log.  9-5)80747 
To  iU  opposite  side  AB,  383*  1      log.  ^-bHyjfio 

And 

Al«^w63*54' ^ log.  9-953?90 

U  046110 

To  AD ^....Icig.  3-556303 

So  Is  the  siM  of  the  angle  A,  43«  15'     log.  9  835807 

To  the  opposite  side  fiD«  274*7  log  g'<3»stAi 
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nt ;  Wben  the  two  first  tcimi  of  the  |m>p6tlioA  wtt  tt^ 
peatedy  u  in  the  preiKMl  example,  the  operation  may  be  tome- 
yhat  abridged  by  taking  the  smn'  of  th^  arithmetical  complex 
ment  and  the  log.  of  the  fii.  term^  initcad  of  aelling  them 
down  icparately  a  second  time } 

TlMi,  9T<)3013  b  tbe  flum  of  [  ^J^ 
9^mn(n  log.  ane  43^^  \b' 

g  ♦3<l»J0  lof.  of  a74?7  M  beJbTBb . 


A  ^VWv  W^V^^WWvW^Wb    ^y^y  OvP^P 


crGwUir'sSudi0 


\ 


Set  one  foot  of  a  pair  of  Compatset  at  63«  54'  on  the  line  of  Sinet  and 
extend  the  other  to  1^  S\\  then  that  extent  viO  reach  the  same  way  frons 
360  to  38J  on  the  line  of  Nambcn. 

And  theextent  from  63^  54' to  43»  ly  will  reach  from  3G0  to  975. 

.  The  reason  of  this  operation  is  evident  from  the  nature  of 
logarithms :  for  when  4  numbers  are  directly  proportional^  the 
sectmd  divided  by  the  firsts  is  equal  to  the  fourth  divided  by 
the  thirdt  and  vice  t^er la  (es,  j4rith,) ;  therefore  Xhi  difference 
of  the  logarithms  of  the  first  and  second  terms  is  equal  to  the 
difference  between  the  logarithms  of  the  third  and  fourth 
(1839  Arith.) :  Thus  the  difference  of  the  log.  sines  of  03''  54f 
and  43^  IsVis  equal  to  tlic  difference  of  the  logarithms  of  300' 
and  9747* 


Examp.  %.    Given  AD  =:  33* IS. 
Angles 


J   A  =  «9*   O' 
D  =  56  11 
B   =  m  4» 


Requited  the  aides  AB  and  DBf    ' 

Here  the  fintterwiof  theplopoitioos  isthesiaeor94«49^or IJP  ir(900)t 
and  (he  sides  win  be,  ABts  Tt'64,  and  BDss  14-IJ. 


«r#ft* 


•19  TRIQOMOMITAVf 

Examp.  t«    Giveo  AD  z:  1863. 
Angle.  5  ^  =  *»•  »'' 

Required  the  Other  two  tides  ? 

CanHfuclion.  Take  the  hate  AD  =  1B6S  ftom  a  icale  of 
equal  ptrui  and  make  the  angle  A  =49^  17' ;  then  if  DB  be 
erected  perpendicular  to  ADj  the  triangle  it  constructed. 

CompuMiiJtu  Slnre  the  triangle  U  right-angled  at  D,  the  angle  B  it 
the  compleiucot  of  the  aogUs  A  t 

Therefore^*.  .«  . 
Af  au/nt  cif  angle  A  ••••—••  log.  9'S14\G0 

To  AD.  It63 ^  log.  3'CT0J13 

So  Mine  of  angle  A,  49*  17*    U)g.  y '87  5)6.17 
ToDB  ^2164*7  log.  3J3j3l^Q 

And. 

At  oitiifii  of  (he  angle  A  .^ OISS540  Mritk.  fomp. 

To  AD  Ing.    3','70'il3 

So  it  Mine  ut  angle  D,  !#U«    kig    l<vno«v  (Hi 

To  AO  285tf  ...... .^ >..**> ....log* ^IFtjj;  j3 


B^  ih§  LogarUhmie  Scaie9 

The  extent  from  40»  43'  to  49^  17'  on  the  line  of  ttnei,  will  icaeh  oo  the 
Bne  of  nuinhen  from  1863  to  2165  uearlvi  for  DB. 

And  from  40^  43'  to  9Qf^  will  reach  from  ia(»3  to  ?835«  the  hypotliemiit 
AB. 

«  • 

€23.  But  the  angle  at  D  being  a  right  one,  the  operation  for 
finding  the  perpendicular  DB  it  rather  more  timple  by  meant 
of  the  tangeni  of  itt  opposite  angle  A; 

Thuit 

Atther^Mi ^ log.  lOOOOOOO 

1o  lilt*  taNg.  of  Ike  angle  A,  49«  17'  log.  I0*0ti617a 
So  i,  AD,  ItO I<>g.    S^Ty^il 

To  DB»21C4-7 log.     :vJ.i>Ji*t 


VftlOONOMETIlt. 


ttr 


Ana  the  j«Mrf  of  49n7Mak^  for  tiM  tft:mid  Icm  of  die  piopMl^ 
find  <rf  tlicl«v««'»  vUl  bffiBf  out  Uie  tide  AB. 


B^  the  Ing.  Sta!$. 

The  etleot  Item  45*  to  49^  \Y  (ia»  43^)  cm  the  fine  of  tangenb  (ITTO) 
win  reach  (tbt  oootrarjr  wa})  Irom  11(0  to  9165  oeirtj^  oo  the  tm 
of  Bomhcfta 


CASE  II.- 

t94«    Wa  iM  two  tides  and  an  angle  opporile  to  ofMf  oftheoi 

are  given, 

r    AB    =  946-5 
Examp.  I.    Given  <    BD    r:  370*5 

(Ap^.kiz  101^91' 

Required  AD,  and  the  other  two  angles? 

CoMstruelhn.  At  A  the  extremity  of  nn  in* 
definite  right  line  AC,  make  the  anisic  CAB 
=  101^  91%  ami  set  off  AB  =:  916*5  from  any 
convenient  scale  of  equal  parti ;  about  B  with 
BD  r:  870*5  taken:  from  the  same  scale,  de* 

ft 

•cribe  an  arc  intersecting  AC  in  D|  draw  BD|  and  ABD  ia 
the  triangle* 

The  measure  of  the  angle  ADB  is  41%  and  that  of  B^  58% 
nearly :  and  AD  is  930  on  the  scale  of  es|iial  parts. 

Compfdaiim.    The  proportion  in  this  case  for  8ading  aa  angle  Will  bo 

A%  the  tide  opposite  the  a^vrn  angles 
h  to  the  rir^  o«  that  angle« 
So  it  the  fithft  ^\m  tidf. 

To  the  jiirt  of  its  oppoilte  angle  t  Mng  the  levefle  of  that  ta  the 
former  Cam  far  finding  a  side. 


pri 


tit  TtlGONQHtTEf* 

A9W>»9T04  fVM«M«— •-•^•^f.— •«  log.  >-56i7IS 

To  #^M  of  Mfle  At  I0l*9i'  .:...••.••  log.  »^9i;14if 

80  b  AQ»  946'S  -  ...-  log.  ?J9I>I7 

Tolhe<teortlieai)^1>i40«43\...  log.  9"8!44i>i 

Now  Ike  two  iogkt  A  Md  D  lo^eUicr  iwO^e  U3«  4^  U^cfcfa^^ 
aBgleBitd7«5^(4l}. 

Then  by  C4m»  It 

MOntsiMOi the  ingle  ADBL  40*43'  log.  9'«l44Sf 

To Um oppoUce tick AR «*.»•  I^g  S*39l8n 

80  «iW  of  angle  B,  3Vb^ bg.  t>»7BH<l04 

,  To  AD,  uyr3 ^.. log.  T3g5»fiQ 

. 

B^  ihi  Ing.  Scale.  Tbe  extent  from  370}  to  245  \  on  tbe  ttot  of  auoi* 
bcfi,  will  reach  from  78^  3il'  (tbe  fupplenwnt  o(  lOi^il*)  to  41*  oo  the  line 
of  fiueSf  for  tlie  angle  ADB. 

SAB        =  49*6 
BO        =61  , 

Ang.  A  =  90* 

Required  AD|  and  the  other  two  anglei  7 

Thif  it  constructed  in  the  same  manner  at  the 
preceding  eiample. 

Cunfttfiaiiim* 

■ 

A«DD«  at i log.    roosm 

To  liue  o(  the  oppoitie  aitgle  A«  90*  log  10*u00000 

So  U.AB,  49a ^... log.     veifbiM 

I'o  tipuf  U  the  angle  A^DH,  37*  46*  log.    0'1H6^ 

And  52<  I  r  the  complement  of  37<>  46'  it  tbe  angle  & 

At  th«>  sing  of  thi*  angle  A,  90^     log*  10*000000         "* 

To  bj>  Iqg.     f908»85" 

80  is  the  sine  of  B,  5'J  14' log.     9'8f»7t'0H 

ToADf  C4ti3  log,  ImjioJi/j 

M5.    But  AO  may  be  found  independent  of  the  angleti  thua 
(6d»  coro/.j : 


I 
> 


TftlOONOMCTIlT* 

8(MfeprBD=:6*i6l 

diir.  4i.)0-»^  asd  its ttjuare root  is  64-0)  nctrij^  tl 

CAB       =  4516 
£xamp.  3.    GiTen  -^BD       =:  2791 

(  Ang.  A  =  SQ''  so' 

Required  the  other  angles,  and  side? 

W>if5/mclfOfi«    Having  made  the  angle  A 

^tf*  M',    and  AB  =  4516,   about  B         ^ 

87 tl  describe  an  arc  D</  to  intersect      ^^v^/ 

A     iT 
Z  draw  BD»  Bd  to  the  pciints  \A  inter- 

i  on )  then  either  of  the  triangles  ADBy  A(/B  i 

it  it  manifest  that  when  the  arc  cuts  the  base  I 
points,  either  AD,  or  Ad  will,  be  theunknnwr 
ambiguity  must  alwaj's  take  place  when   the 
itc  the  given  angle  (A)  is  less  than  the  other 
),. except  the  arc,  instead  of  intersecting  A 
h  it;  in  which  case  the  angle  opposite  AB 
m  one  (679  tarol.   !)•    The  single  auf^wert  an 
^cd  to  examples  where  an  angle  opposite  a  give 
%  one,  and  such  as  have  the  side  opposite  the  j 
^r  than  the  other  given  side. 

mnpsUaiicn. 

As  BD  or  BA  97SI k)g.  3-4^4 

htotlie#<rfeof Ibeopponite  anftle A,  ?:i^2<»'lofr.  9'6J( 

8r)itA9,43)6 A log.  J'fi5l 

TotlwjfMcol  34^24'or  lU supplement  l?3<>36'  K'g.  O^ji 

(dit  the  angle  ADB  a  I95«  3^  Anrl  AiB(BIV 

ABDs  25    4  A^ 

Ijf 
.As  the  ilNt  of  the  angle  A log.  9'(g>009g 

03iS^:MK| 

m%  to   WD  ••••9— •••—*•••*••• ••••••#•  log   3*4j479y 

HifstkitoortlwaBgleABD,  95«i'  log.  0*»^:7O3O 

*|:oAI^  f9S3<8  •^••MoM««.tt««M.-o..-  ki|.  3J7I66I 


I     •,^.'*"* 

■, w-  '.Sn»l 


CASE"'-         ,  ,ji.ati*- 
I  .Ici  •»*  ** 


.-  S^^'^'"^'^ 


■cut  u*  "'" 

IftO-  nd  .*«  »°*        „\=  COB  •• 


■  .on""'         ,WiCU»'^         .hiuis"**'  ,^ 


THIOOMOMBTIIT. 


t9S 


(CDB);  thertfbre  BRO  or  RED  is  ha{fihe  i\ff€fenc%  of  the 
•nknowir  angles  CBD,  CDB  *• 

Let  RA  be  partllel  to  BG.  Then  the  angle  RBG  being  a 
right  one  (79  )f  BG  and  RA  will  be  perpendicular  to  BR« 
Now  if  an  arc  was  described  about  R  with  the  radius  RB,  and. 
another  arc  about  B  with  the  same  radius,  BG  would  be 
the  tangent  of  the  angle  GRB  or  half  the  sum  of  the  un- 
known angles!  ^"id  RA  the  tangent  of  the  angle  ABR  or  half 
their  diflcrence. 

But  CG,  CB.CR  are  equal,  therefore  DG  is  the  sum*  and 
DR  the  diflerence  of  the  given  sides  CD  and  CB. 

•  _ 

And  because  GB  and  RA  are  parallel,  the  trUnglea  DRA| 
DGB  will  be  similar;  whence  we  have, 

DG  t  DR  ::  GB  :  RA; 

That  is,  as  the  suni  of  the  sides,  is  to  their  diflerence,  to  la  the 
ian^ent  of  half  the  sum  of  the  unknown  or  opposite  angles,  to 
the  tangent  of  half  the  difl*erence  of  those  angles* 

Examp.  I.       Let  CD  =  4100 

CB  zz  S26S 
Angle  DCB  =  67*33'. 

Required  the  other  two  angles,  and  the  side  DB  ? 

CMStruction.  Make  the  angle  DCB  =  87^  5S';  and  from 
a  scale  of  equal  parts  set  off*  CD  =  4100,  and  CB  =:  8965 1 
join  DB  i  and  the  triangle  ii  constructed. 


*  Half  the  diflTercnoe  of  anj  two  mimben  or  lines  added  to,  and  sub* 
tnct«d  from  hsIftMr  sam,  give  the  grejiter«  snd  leit, 
mpcetivrlj.    Let  BD,  BR,  be  eich  eqtisl  to  half    f(      TfY^^H^ 
the  dlffbrmct  of  two  linen,  and  B8,  BM,  each  equal      I       I    I    i       \  ' 
to  balf  their,  sum  i  then  R9  Is  the  grrater,  and  KM 
tbt lc«.   for  BM  Is  thasQiq,  and  RD the dil/ereoce  ofthoie lines, 


fltd  TBtOONOIIBTBY* 

OB  mcffQicd  on  the  same  scale  of  equal  partf  if  46lo  neariy; 

And  the  mwiufet  of  ibe  anglei  O  and  B  aie  9</*  and  8a^ 
Mariy* 

CD  e  4100  ISO*     ' 

CBs»W5  Inclttded  angle  DCB ai    87  Sg 

•om  t>3<iS  Sum  oi  the  unknown  aiigtei  sa    u^ a 

i  diC  m3  Angle  CbK  or  CUB ....  •.. ...  s    46   4  half. 

At  €36S jog.  3  a0379a 

To  IMS    .....: log,  3-263G56 

Sou  the loiif awl uf  46^  V (BRC)  log.  10^^6174 

To  the  tattgma  of    \&^0  U»e  jingk:  RBA  ....  kg.    9-476(012' 

Greater  ang.CBD96£44  sum 

Lest  CDB=v^4  ilidf. 

The  tide  DB  it  Awod  by  Cast  1.  thu«, 
Attlieai/i.  orCBD,62°44; 
litoCD«4100« 

So  it  the  Uti0  uf  the  angle  DCB,  8T*»  bi\ 
To  the  oppotite  tide  Dll«  to()9*3«  ' 


B^  Mcr  L^garithmi€  Scale* 

Having  taken  the  extent  from  (»365»  the  tarn  of  the  tidet,  to  IS3S  Iho 
dilTerencei  on  the  line  of  piimbcn,  tet  one  fool  of  the  cooiptftct  at  'IS^  o« 
the  line  of  tangents,  and  let  the  other  rest  on  that  line  while  llie  fool 
¥hich  wat  on  4^"^  it  moved  back  to  43^  56'  (or  46^  4') ;  take  od  Ibe  cum* 
fiassct  and  ^et  one  ibol  on  45^  again;  then  the  other  will  extend  to 
W  30'  nearlj«  the  Ath,  term  of  the  proportion. 

To  explain  thit  operation,  it  may  be  necetsary  to  obter? e,  thai  If  Ihe 
laogcntt  above  4  5*  were  laid  down  on.  the  scale  in  their  natural  order 
to  the  right  of  ib\  the  extent  from  6365  to  1835  would  reach 
from  46®  4' to  XG"  30'  on  the  left;  thervf«»re  the  dittance  of  1^  30' 
from  45®  mutt  be  Icsi  than  that  extent  by  the  dittance  from  45^  to  43®  5^ 
(iCO) ;  now  the  diflereme  wai  foimd  by  moving  one  foot  of  the  compaiiet 
from  45^  while  the  other  retted,  and  contcquently  tliat  dilVerence  or  extent 
when  laid  from  45®  will  give  tlic  4ih.  term  of  the  proportion,  at  in  the  latt 
ttcp  of  tlie  proceft. 


TRtConOMETltT. 


t»» 


CCD 

£xawp*9.  Given  ^CB 

(included 


Requtml  the  oUut  anglet,  and  tbe  third  >ide? 

Aniw«r.    An|b  D  : 

B  : 

DB  : 


140  »% 

TO-7. 


J>  fA«  Logartlfimft  Sc4U, 

CD  =  9»  180"    ' 

CB    =J  ^S  Ineloded  tngle    ?g    20 

Sow  '-W  g)'51    40  • 

Jiff  m  2^ ^  hairnmofoBkMWDaB^ 

The  nctrni  rtnm  170  to  en  on  the  line  nf  oumbni  will  RMh  ftom 
7l'i0'{af  11"  loV''<l'30'(Ml3''30)fie»r1y,  on  the  line  of  tangmU. 
Here  (he  extent  from  (he  fint  term  of  the  proportfontotbciecond  bfrom 
tifh(  to  left  on  the  lifw  of  nambcn,  but  the  contn?  wKj  ftom  tbe  third 
(othc  hurthonthelinenftan^nK,  brc3uir(ai  It  bufaeenobicned)  th* 
ttngemi  ibore  15" ire  counted  to  Ihe  left, 


Angle  1 


Jf"  ?0'  <ihe  ingte  C)  to  3«»  ?ii'  (anftle  C)  on 
ich  the  UDK  wij  on  the  Knr  of  Mtinbtn  fiOM 


Now  the  extent  fn 
the  line  or  •i'ir<,  «il 

C  BD  =  ?9-6* 
fxanrp.  9<     Given  <  BC  =r  36-4 

^  Angle  B=lK»* 

Required  the  «ng?e«  at  Q  and  C,  and  the  side  DC? 

Contlructien.     Erect  BC  perpendicular  to  BD; 
then  ftotn  ■  icale  of  e«]ual  parti  (which  ihouM 
hire  ■  diagonal  wait  dccinulljr  divided)  let  off  BD  '  - 
s:«r04,andBC=:M*4|  J^DCiumIDBC  it    ___. 
■«helri»|te.  ^^ 

TOL.  1.  •  • 


n» 


VmOOMOMITaT. 


PC  on  Um  mom  Ktk  mcMuin  41. 

And  Um  Mglet  D  mm!  C  with  Um  dioda,  will  U  kaa4 
«••  mm!  tt*. 


»      • 

I 


BC  m  ^*4 
lUm  5IHU 

Af5P*04  ^ - ^  lo|.     ITfUii 

Soil  tllelm^.or45^  half  tlie  turn  of  aogleiD  and  C  lof.  lO-QOOOOQ 
To  the  img.  of  13  n  hairthcif  diffeitoce  ....^.-  lof»    »36747i 

wiD  5S  7    angle  D« 

dlir.  31  53  angle  C. 

And  DC  Ibund  by  Cm  I  it  i2'%0  &c. 


Bj  iht  ijogarUkmk  ScsU^ 

The  extent  from  59*04  to  13*76  on  the  line  of  numbrr4«  «riil  reacU 
lirom  4.s«  Ui  13^  10*  oo  the  tangents  for  half  the  ditfereucc  of  tlie  angli^ 
DaadC* 

Half  turn  45<»' 

Ihlfdiff   13  10.  ^ 

Ang*D     58  to 

C      31   50 

Thentheexlentfrom3i*50'to90«on  thelineoriinc^  will  reach  from 
29*^  to  43  nearly,  for  DC  on  the  line  of  nmnben. 

997*  But  when  the  included  angle  if  a  right  cmioi  aa  in  the 
preient  example,  if  cither  of  the  given  aidea  be  made  radiui^ 
the  other  will  be  the  tangeni  of  iu  oppoaite  angle  ( I99)»  Thcit* 
fore  to  find  an  unknown  anglci  auppoae  D» 

.AiBD«  tfS*C4  •« logi    1*354376 

1*645 1 'i« 

It  10  DC.  3<t  4  • log.     1*561101 

So  \%  Ihi;  radius    • ••••••••# \o^,  |0*000000 

To  the  ian^.  of  56*  V,  the  angle  D^  aa  before ;  log.  lu'V0f>225 


TR1C0N0MITKV< 


•M 


} 

1 

1 

« 


Mf  ihi  log&rilhmU  Suk. 

Tbecxlfot  fRMn  99*^  to  36-4  on  t)ie  nneofmnnbrn.  will  finely  m  tlio 
fine  of  Ungenh.  from  45«  to  58«  ICf  (31«  5(/)  the  tngle  D.  Par  the  tA 
term  being  grcntcr  than  the  ftnt,  the  iih.  mint  be  gieetvr  thna  45^ 

But  the  unknown  tide  DC  nay  be  fiHind  withcml  the  tn^ett 
thui  (83|  rofo/.) : 

■ 

t<)iiare  of  BD  8   5fr>*569f 
of  UCs  1321*^*? 

Sum  m3T'5.i9(?;  and  the  M|itaft  loot  of  thli  mi  la 
iZ$6  ke.  tUe  hjrpotennte  DC,  at  belorcw 


CASE  IV. 


ii 

ft 


^28.     When  the  three  tides  are  given. 

We  shall  lay  down  two  methods  of  finding  the  Angles* 

f  •  Suppose  ACD  the  proposed 
triangle  |  and  let  the  perpendicular 
CP  divide  it  into  two  right-angled 
trianglct  APC,  DPC : 

Then, 

At  the  side  AD, 

Is  to  the  sum  of  the  other  two  sides  AC,  DC, 
So  is  the  diflference  of  those  sides  AC,  DC, 
To  the  diflference  of  PA  and  PD,  the  segmeiiu  of  the  base  AD« 


Demonstration.  Produce  AC ;  and  about  C  with  the  sk 
CD  describe  a  semi-circle,  and  draw  CO.  Then  the  radii  CRt 
CD,  CB  being  e<)ual,  AB  is  the  sum  of  the  sides  CA  and  CD, 
and  AR  is  their  diflTcrencet 


And  because  FO  and  PD  are  equal  (65),  AO  will  be  tha  di 
(ereoet  of  the  segments  PA  and  PDt  Ihcicfbit  (91), 

««  t 


iop 


TKieoaoiicTtv 


•  • 


AD  :  AB  II  AR  :  AO  which  being  taken  firooi  AD»  and 
the  renuioder  OD  divided  by  9,  give*  PD  (or  PO)  ooe  of  the 
•cgmeiiU )  and  the  •um  of  FO  4od  AO  i%  ibe  oiher.  Then 
the  ingles  of  Ihe  trianglet  APC|  D PC  ace  found  b/  Coit  !!• 


Examp.  1, 


Let  AD  IT  469  ) 

CA  =:  384  >  required  the  tnglei } 

CD  z:  169  S 


The  Construction  from  a  Scale  of  equal  parts  is  according  to 
jtrL  136. 


CakuUUion* 


CA  9  384 

CDs  ir»9 

Sum  ^».i 
Dili;  2\ . 


All 
AK. 


At  AC2  :  563.::  CIS  s  C57  33 

46i 

DiflT.  *iOl''^5 

Half  li  i  33 

1?.7:JS 


AO,  nearly* 
.\U. 

OD. 

PDorPO. 


:AO. 

rv  -'i^  =  AP. 


Now  in  the  trianglet  APC.  DPC* 
are  given  AC  s  334 

AP  =  369CS 


and  DC  n  lip 
DP  m  109*93. 


And  the  anglct  found  by  Ca^c  II*  will 

lie  PCA  s  690  30*  and  PCD 

PAC  s  eo  30  PDC 

Theitlbrr  the  angles  arif»  C  =  I06«46' 

D  ss    59  44 
A  s=    so    30 


37«l# 
59   44 


By  ih$  iMgariikmk  SaJ$. 

The  extent  Jfrom  469  to  553  on  the  line  of  numben^  will  reacb«  the 
wayt  from  915  to  957  neatly*  on  tlie  lanae  line. 


The  perpendicular  howcTer^  may  bf  drawn  from  either  an* 


TKieONOMITRVt 


Ml 


gle;  but  when  it  fiillt  without  the  tritngte,  it  mon  nieft  \h% 
oppoiitr  tide  produced  |  in  which  case  the  calculation  it  no 
ways  different  from  the  preceding:  Thui»  tuppoae  A  CO  to 
be  the  triangle;  and  let  the  perpendicular  CI*  ntct  AO  pro* 
ductrd ; 


Then  AO  :  AB  (CA+CO)  ::  AR  :  AD|  and  half  the 

diflerence  of  AD  and  AO  it  the  fegnient  PO  as  before :  now 

.the  angles  PCO,  PC  A  being  fmind  (by  Cai$  IU\  theiriTi/l 

ference^  instead  of  the  mm,  will  be  the  angle  (ACQ)  oppoaiti 

the  base» 

999*  Melhod  9.  This  is  principally  derived  from  the  pre« 
ceding  Demonstration.  Thu9,  suppose  CGA  is  the  proposed 
triangle  I  and  let  it  be  n  quired  to  {^ 

find   the  angle  CGA  opposite  the 
base  CA; 

Make  GO  =  G A ;  and  OC  will 
be  the  difference  of  the  sides  GC  and 
GA:  then 

As  the  rectangle  of  the  sides  GC  and  GA, 
^.Is  to  the  recungle  of  half  the  sum  and  half  the^'dMirenoe 
of  C  A  and  CO, 
So  is  the  square  of  the  roJii/f , 
To  the  square  of  the  sine  of  half  the  angle  CGA* 

DemoMiration.  Let  AO  produced  meet  CD  drawn  parallel 
to  GA,  and  make  GS  and  CP  perpendicular  to  AD: 

Then  the  triangles  OCD,  OGA  will  .be  isosceles  and  similar; 
and  the  angles  OCD,  OGA,  and  alM>  the  opposite  sides  are 
bisected  by  the  perpendiculars  CP,  GS. 

Now  if  AD  is  the  base  of  the  triangle  ACD,  and  AC,  DC, 
the  other  two  sides*  AO  will  be  the  diflference  of  the  segnients 
PA^  PD|  eiactly  as  in  the  preceding  demoostration  i 


V 


iM  moovonmrt 


X  t; 


♦  • 


AttheddtAO,    . 

Ii  to  CA  •!■  CD,  tfit  ffini  of  tfa*  odwr  two  lidab 
80  U  CA— CD,  the  diflercooe  of  Ummc  Mdc^ 
To  OA.— Or  bccauw  CO-  CD,  it  wiH  bo 
.   At  AD  ;  CA4-C0  t:  CA^CO  :  OA: 

And  their  halvci  will  alio  be  proporliogulj 

••         • 

oTj  As  {  AD, 

To  half  ibe  •am  of  CA4-  CO, 
So  it  f  the  diff.  of  CA — CO, 
To^OA. 

• 

TbcrtTore  the  rectangle  iAD  x  iAO  it  equal  lo  the  liCl^ 
angle  under  the  ^  sum  and  i  diff.  of  CA  and  CO  (80J* 

fl 

But  OPsi:|OD,  and  OS  :r  4  OA,  theitfbre  OP-f  OS  or 
PS  =  4-  AD ;  and  consequently  the  rectangle  PS  X  OS 
(=  4  AD  X  4  AO)  it  equal  to  the  rectangle  ot  the  afbittaid  f 
turn  and  4  diflferenceo 

Now  the  tritnglet  OPC,  OGS  being  timiltft  wc  have 
OC  :  OQ  ::  OP  :  OS;  and  byc»mpotition(iH,  irAol.) 
OC  +  OG  (GC)  :  OG  ::  OP+OS(PS)  :  OS^ 

orGC  :  OG  ::  PS  :  OS; 

And  GC  >c OG  :  OG  X  OG  ::  PS  x  OS  :  OS  x  OS,  by 
taking  tquiquiUiples  of  the  two  6rtt  terms  of  the  proportion^ 
and  also  of  the  two  last  ( Arith.  05) : 

or  GC  x  OG  :  OG«  ::  PS  x  OS  :  OS»: 

whence  GC  x  OG  :  PS  x  OS  :;  OG*  :  OS*. 

But  PS  )c  OS  is  =:  the  rectangle  under  the  4  *uot  and  4 
difference  of  CA  and  CO»  hence  the  last  proportion  become^ 
At  GC  X  OG,  or  GC  X  GA» 
Is  to  the  rectangle  of  4  ^^^  itim  and  4  ^®  i'^*  ^^ 

CA  and  CO^ 
So  U  OGS  to  OS' : 


TRIOONOMtTmTf 


Therefof^  if  OG  or  GA  be  made  the  raiius,  OS  willU 
the  siiif  of  the  tng'e  OGS,  or  of  half  the  angle  CGA. 

EMompht.  Le'  *he  tides  of  the  Triangle  CGA  be  as  io 
the  preceding  aampl^  namdj^  CAss4M»  GCssSMf 
CA  =  1S9. 


Thaef 
GA 


384 

9IS  diC 
469 


V4l5<;fi9  §Hik.  €omp.  IQC.  314  as  OC. 
CAB46e^  7  77^113  tfrftUbCMif.  log.  109  8  GA. 

torn  e77^  hair  s  333*5  \o^    8*599569  (IM,  ArUk.) 

dif.  947^  half  s  193*5  k^g.    9-09I6C7 

ratf «»  ffMrif  1o§.  90'0(Kyoo 

ajiywoixioa 

Angle  OGS  53«  33' lo^  itfiit    9'9045a4 

I 

Aofle CGAs  tf»6  46  as beUni. 

The  other  two  aoglet  are  feand  hj  C4Ut  II 


The  method  of  worlung  the  last  proportion  by  the  L<^rith» 
mic  Scale  ii  omitted,  it  being  rather  complex,  and  thcrtfom 
may  produce  considerable  uncertainty  in  the  rrsnhs,  particu* 
hrly  on  the  MX-inch  Sectors.  We  nay  also  remark  in  general 
lespecting  these  operations,  that  when  the  sides  of  the  trianglea 
exceed  1000*  the  calculations  should  be  made  with  the  pen, 
bccaoae  there  is  too  much  guess-work  on  the  Scales  when  the 
integers  are  more  than  three. 

ApplUation  ^f  Trigontmeiry  io  ffieasuring  HeigMs  and 

DUiancei. 

t30«  Tri  Inatniment  proper  for  measuring  horixontal  and 
fertkal  aai^  in  common  1  rigomimetrical  operaiiona  is  a  The* 
odolite  liimished  with  one  or  two  Telescopes,  and  a  Vertical 
are  t  And  if  the  horiiontal  circle  i|  not  less  than  about  0} 
inches  to  diamtter,  the  observed  angles  may  be  read  off  to  half  a 
siLrati.    Tlw  atndtnt^  howefer,  wooM  btnali  little  frgm  g 


*  a 

lkieripli<Mk  cif  thi  Intirutnenf.-  btcauii  di^  Ai^iM'^  c|t. 
unining  tad  ieorrtetUig- the  Spirit«Wt^er«,  ft^."inir  ^iictiii^ 
the  whole  for  ^baenration,  iuiu\be  aoquired  luuk'  <bc.cyc9f  * 
'MMter.      ■•  •  ■'  ■'..  ,     ■ 

Bui  after  aQ  the  care  that  may  have  been  bestowed  In  cor* 
reeling  the  line  of  coliimation,  teletcopc*lcvel«  &c.  it  Midom 
happena  thai  the  elevations  or  depressions  hhown  b^  the  Instru* 
inent  are  correct*  It  is  thenrfore  always  adviseable  to  cleter* 
inioe  the  €rrar^  or  how  much  the  elevations  or  depresiions  are 
too  greats  or  too  little.  This  may  be  done  in  the  fplbwing 
■lannert 

Let  C  be  the  centre  of  the  earth,  SR  an 
arc  on  its  surface,  A  the  place  of  the  tele* 
scope  when  the  Theodolite  stands  in  the  ver* 
tical  line  CA.  B  the  place  of  the  telescope 
when  itsumis  in  the  vertical  CB»  AG  (per* 
pendicular  to  AC)  the  horizonul  line  at  A 
drawn  to  meet  CG,  and  BO  (at  right  angles 
to  BC)  the  horicontal  line  at  B. 

Then,  if  the  telescope  at  B  be  directed  to  i  mark  or  object  at 
A I  the  elevation  of  that  object  abovp  the  horiiontal  line  BO  ia 
the  angle  OB  A ;  and  when  the  telescope  is  at  A,  and  directed 
to  an  object  at  B,  its  depression  below  the  horiioa  AG  will  be 
the  angle  GAB. 

LetSD=:RB»  andRPnSA.  Then  because  the  triangles 
APC,  OBC  are  isosceles,  and  the  angles  CAG.  CBO  right 
ones,  the  angle  CAP  4-  angle  PAG  =  a  right  angle ;  but 
the  angle  CAP  -f-  half  the  angle  ACP  also  make  a  right 
angle,  therefore  the  angle  PAG  or  its  equal  DBOj  is  equal  to. 
half  the  angle  C. 

Now  the  depression  or  angle  GAB=CAP+PAB   (or  ABD); 
or  GAB=:PAG-f  DBO-f  OBA;  butPAG4>DBO=angle  C: 


tollGHTt  AMD  DttTANCU*  90$ 

m 

herefbte  the  depretsioo  GAB  r:  ang,  C  4*  ^'^*  OB  A  t 
mpr.  GAB  -«-  etev.  OB  A  =:  ang.  C  +  twice  the  elev.  OBA| 
weFore  the  ekvation  and  depretsion  together,  let^ened  hf 
^^^       ^ngle  C,  in  cqud  to  twice  the  elevation :  consequently  half 
^^    ^^ifference  between  the  sum  oflhe  elevation  nnd  depres$ifm$ 
Ihe  nngU  C,  u  the  elevation. 


a 


•  whale?er  be  the  error  in  elevation  or  depretsion^  their 
'will  be  eonntant ;  for  one  it  always  diminishec)  by  the  same 
tity  that  the  other  is  augmented ;  hence  the  preceding  rule 
the  true  elevation^  except  the  angle  C  be  greater  than  the 
tion  and  depre^on  together,  in  which  case,  the  ^aid  ha{f 
^rence  is  the  true  depression  uf  the  highest  of  the  two  points 
f  >|ecU  At  B« 

>od  when  the  observations  are  both  elevations,  or  both 
^ssions,  their  difference  is  constant,  and  half  the  difference 
^een  the  angle  C  and  that  constant  difference  will  be  the 
elevation  of  the  highest  of  the  two  points  A,  B,  if  the 
^^^(tf  C  be  the  Ifff,  but  equal  to  the  true  depression  of  thai 
^^Shest  point  or  object^  when  it  is  the  greater. 

Should  both  the  reciprocal  observations  be  depressions  for 
^Ui  elevations),  and  equal  toeuh  other,  the  vertical  heights 
^A,  and  RB  are  equal;  and  the  true  depressions  wilt  be  half 
the  angle  C. 

Exam  p.     The  fuHowing  obtervationt  verv  made  with  a  Theodolite  for 
determiDtiig  the  error  in  tlie'vcrtical  angles  takert-wiib  that  instrument. 

Two  markii  A  and  B^  wcrt  set  up  exactly  at  the  tame  height  above  the 
fmniid  as  tlir  height  of  the  telescope;  and  at  A,  the  dt-pmsion  ol  B,  or 
the  angle  GAB  vat  9V ;  and  at  B»  the  elevation  of  A,  or  the  angle  OBA 
as  1^  The  distance  of  the  statkws  or  arc  2>R  was  9600  ^erds^  which,  allow* 
Ing  e9|  oMies  to  a  degree,  gives  T-fil  of  a  degrct  neat)} ,  the  angle  C 

jl^^gtf'f^H*— y-gS^  yf.^^  ^  ^i,^l  I^M  ii^e  tnie  eletstiop  of 

lagleOBAt  censeqycntly  ir| «-  IS'cs  y|  Is  the  iifo*.  or  what  the  altl* 
todes  shown  by  tbt  InstfuntBt  weie  too  I  nle^  or  the  dt-ineviioui  too  great 

Vol.  u  r  r 
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A  dUUoet  of  floo  or  JQO^ards  howeirer»  U.^uf^piKUiJot 
tryiog  t  Gommon  Theodolite.  lu  which  case  the  angle  C  maf 
be  ucglected»  and  Ihe  venicalt  SA  and  KB  confidered  at  paral* 
lelt :  ihe  eipreisiont  then  become  more  tfimpic*  Thus  if  oae 
observaiion  be  an  elevaiion  zz  17^  i&nd  th<^  other  a  depreatum 
7  l$\  then  half  iheir  sum  =  iV  ia  the  true  elcvatkm  or 
depression  I  and  11'  '^  15'  z^  9'  is  what  the  instrument  givca 
devatioiis  to«)  grcat.-^If  both  are  elevations,  or  both  depreasiona 
half  ihe  difference  is  the  true  deration  of  one  aiativn,  and  tht 
IruedcpriSiion  of  the  other. 

Here  the  observations  themselvea  are  supposed  lo  be  correctly 
made;  for  the  result  will  evidently  partake  of  any  error  thai 
may  arise  in  coi\scquence  of  a  mistake* 

93 1.  Short  Bases  for  temporary  use  onlyj  are  sometimes 
measured  with  Rods,  or  the  Gunter*s  Chain  of  60  feet.  But 
the  common  50j  or  100  feet  Tapes  are  much  better  adapted  f9r; 
expedition:  with  these  lincij  when  (he  ground  is  tolerable 
ievel^  and  the  direction  or  alignemeni  of  the  base  pretty  cor* 
recti  the  error  in  distance  will  probably  be  about  3  inches  iu 
50  feet,  or  -^^v  ^f  ^he  whole  tncasnrement  as  long  as  the 
Tapes  are  kept  dry :  aficr  frequent  use  however,  they  should 
be  tried  on  a  level  pavement,  or  long  floor,  for  which  pur* 
pose  a  distance  of  50  fei  t  may  be  laid  dovia  by  means  of  one  or 
more  Rod)»  pro|^rly  adjusted  in  respect  of  length. 

233.  When  a  Base  U  measured  on  sloping  ground,  it  muu 
be  reduced  to  the  corrcspondin);  horizontal  liue,  if  horizontal 
angles  at  its  extremities  are  taken  with  a  Theodolite.     Suppoie 

\B  is  abaseofaooyarJf;  OBaThco-  U O 

lolite ;  and  let  the  height  of  the  siatT  A II  ^ 
be  equal  to  OD  the  height  of  the  instru- 
ment; also  suppose  HOR,  the  angle 
of  deprcMsion  of  the  top  R  below  the  horizontal  line  HO  ia 
5^1  then  if  OC  is  perpendicular  to  HOj  the  line  ACt  pa* 
ralU'l  to  HO,  will  be  the  horizontal  base  corresponding  to  tb^ 
measured  base  Ab* 


iftlOlrtt  AND  DtSTA^ 

Kow  (he  tngles  HOR,  BAG  being 
hse  I.) 

At  radius  .•••/•/• 

To  AB,  300 

So  it  cosine  of  5*  (the  angle  BAG) 

To  AC^  fi9S*9 • 

difference  of  AB  and  AG  is  only 
Miction  or  this  kind  sccmt  unneccs^ai 
^  it  inchned  to  the  horison  in  a  sniall 
^m  it  intended  to  produce  a  very  accur; 


Examples. 


•   To  find  the  distances  AO9  DO  fron 
inaccetsible  object  O,  I  mea^turcd  A 
ground  being  nearly  level ;  and  havir 
B,  the  angles  at  those  stations^  taken 

lA  =  ,5f  19', 
^^^(B  =  94  43.    Whence  the  d 
required  ? 

angle  at  0»  or  luppleme nt  of  the  anglr< 
nJ  B  if  9S'  3'.  And  the  Comtrutlion  and 
ulafim  will  be  exai tlv  the  tame  at  in  tlie  twc 
exani|ilCT»  Cue  I.  (221). 

^    .   5  AO  will  be  found  =x  Sng-o/rrf, 
^""    IDO  =619-7 


Wanting  to  know  the  breadth  (D 

a  base  AB  of  400  yards  along  the 

itict  A  and  B  took  angles  to  an  obj 


C  angle  OB  As  37^40^9 
^  {angle  OAB  n  39  13.    Hent 
K4uired  ? 


.     .^>«:-. 


lot-  VBIOVTI  4«D  9ltTAll«Btf 

Citumifiioft.    Makf  BA  K  400  ti«»n  any  ^  lljS^.^ 

coovHIicol  tcaltof  cc|iitl  piun;  and  ai  tbii   *  ^     ■"*^'  i"j\'  ''"" 
cxtfemitka  B  aii«l  A,  L)  down  tlie  mpcdivt  *  x      I  \  ' 

ingl€t37*40'  and  5B^  IS  ;  Ibcn  ike  pt-rpendini-  ^    >  _|^>j^ 

larOD  upon  tht  b;iie  «A  (IS?),  will  b^  the     "|f^"   "    *  'X 
brcadtliiei|iiii«d.  And  iU  measure  US  linearly. 


Cfl/fufatfow.    By  Cas#  I.  0?! ). 


]■ 


f   t 


A»  the  #<!!•  of  tht  angle  BO  \,  SJ«  y  (the 

•uppleinrui  ol  tbe  un^  UamI  A)  •««•«<..  kf.  P'flPflS^    . 

0*0(13179 

It  to  BA,  4O0' log.  C-6W0t» 

bo  it  ii/ifor  itiiKle  B,  37«4Qr .\ log.  g'^anOHg 

ToAO .* M....  log.  'i.>;>i3?l 

Then, 

Aft  Wfff  of  the  angle  ODA.  90« •  •  •  log.  10-009000 

h  to  AO •  .  .  •  lot(.    9-3P19:i 

ho  i%  the  4ifM  ol'ilie  ttn^W  A,  59«  15' kg     £^9^1199 

To  OD,  Slf6  ^ar4s log.    9  3t?5  30 

jy  the  Ingariikmh  ScMi$.    The  extent  from  IS^  5'  to  37*  40^  on  ilm 
alitet»  will  resell  Crom  400  to  24S  (AO)  on  the  Hna  of  numben. 

Then,  the  extent  horn  90^  to  59*  tS'  on  the  lioet,  will  reach  (lom  945  to 
f1(V  lorOD»  ou  thelintfofniunbeii. 

3.  To  find  the  bt* ight,  and  the  distance  of  the  object  O  on 
tbe  top  of  A  hill  from  the  station  B,  we  measured  a  base  BN  of 
649  j/fifdi  up  the  sloping  ground  BC,  directly  friun  the  object 
0|  tbe  points  O,  B,  N^  being  in  the  same  vertical  plane,  then 
havij^  ^et  up  a  staff  BS  who^st;  length  was  equal  to  the  height 
of  the  Theodolite,  we  found  the  angles  of  elevation  and  de- 
pression to  be  as  follows ; 

4.  i_     .    •      xj    ^  object  O  elcv.  3*  59*  =  ang.  OAH, 
At  tbe  station  N, -!         c     fre^A  »  uac 

i  top  of  staff  S  depr.  39  =  tng.  HAS. 

« 

At  the  other  station  B,  tbe  e!ey.  of  O  =:  5*  59'  =  ang.  PSO« 

Hence  the  horiionta)  distance  BR,  the  height  RO,  and  also 
CN  lh#iheight  of  the  atation  N  above  B,  are  required  ? 


BlIOHTt  AMP  DltTAKCBtf  tpg 

Ueikoi^CunstntcUem.  DrawRGIndelliiitcljIorepivi^ttliboritoiiUl 
fine,  and  ffom  iny  poM  B  dnw  the  ilope  BC  naking  the  aii|k  CBO 
s539^(tbranKl«HAS): 
then  from  a  scale  of 
cqtial  parts  «H  or  BN  ^^    •-•;•:" 

ts  ^^,  and  make  BS     /kJ^C '^    x'V        • 

prrpendicular  to  BO         xJi^<^*%..^..;;;'^^ l^ 

aadcqualto  the  height        ^    ; 

of  the  Theodolite  N  A;  ^ 

kt  SA  be  parallel  to 

BCand  equal  to  BN,  and  AO  parallel  to  ffif  alto  draw  the  horiaootal 

Maef,  AH,  !!>Pi  then  if  the  anglei  0^>P.  OAH  are  msde  equal  m  A«  59*, 

and  9*  59'»  the  angles  of  deratloo  itspeetltelj.  and  OR  h  perpcadMar 

la  GR,  the  Hgore  wW  bt  comtraded. 

Cthdaiiof% 

Angle  OAH  »  3»  5P' 

Has  g      39  ••••  its Mpplemeot  179^91' an^le  Aft?.  . 
Angle  0A8  sT*3t  aobtract     5  59  angle  OSP 

Theidbfe  tYie  angles  of  the  triangle  OAS  are  OSA  es  173*  99^ 

PA8  8     4  3t 
AGS  as     1   53 

Bj  Ctit  I.  (991).                                • 
Ais/MfA08,  l«53' ••••••# log*  t'Slinr^g 

l«'83ni 

To  AS,  g49  ••.•• log,  9*g(V7535 

So  if  f /fie  of  OAS,  4«  39'    • lo^.  ^H07?97 

ToSQ •••••••I V  kig.  3'l!'giO^ 

Then, aijfjsf SrO,  90^ • log  iO*oorooo 

To  SO   lug.  3'lPltl06 

8objffreOSP50  59' log.  f>'Oo?5i5 

To  the  height  OP,  161*3 •••• kjg.  7vo7(i7T 

SO.— •  log.  3* IPS  106  (99?) 
5^59^coffit#....9fl977l9 

DtltaMe8PssBR83l569ir  kig.  3' 196895 

• 

Asf/iieang.NGB90««.«.* • log.  10*ooonoo 

ToNB649 \...  bg.    9«aa7i35 

8o«/ji#NB039' log.    §-05^781 

T^  W 1^  t/mii,  mmAf ..•••  kig.  0-96/31^ 


'  Audit  iB(m)  tht'belfbt  of  the  TImdonte  wMi  tU^^Bg  aiOm 
gfouod,  be  added  tdOP,  we tkallluve' Uie lieiglu oT  O ateire  llie  hork 
•ODtalliaeGR* 

.  •  .    .    .  •     ■    • 

N.  B.  If  t  correct  result  it  required  Trom  ao  openlion  of  thU 

kind,  the  error  (if  any)  in  angica  of  clevatiou  should  be  deter* 

mined  (930)  |   and  care  mutt  be  taken  to  adjutt  the  height 

of  the  iotuument  when  at  Bf  to,  th^  the  telescope  may  be 

exactly  at  the  height  BS  from  tlve  ground. 

4.  Wanting  to  know  the  dittance  (AC),  of  a  bill  from  the 
ttation  A,  and  also  the  height  (OC);  we  measured  a  base  AB 
of  SOS  yards  on  ground  nearly  horizontal,  and  at  the  extremi* 
ties  A  and  B  observed  the  horizontar  angles,  BAG  (or  B  AC)  ss 
49*  I7\  ABO  for  ABC)  =  79''  99'  ;  and  at  A  the  angle  of 
elevation  OAC  was  4®  51'.  Retjuired  the  distance  AC,  and 
height  CO  ? 

Method  tj  Consirueiiim*    The  three  poinli 
A,  B,  C  being  suppo^d  in  a  plane  parallel  lo  ^^1-. 

the  horizon,  and  the  plane  of  the  instrument  at 

A  ami  B  iu  that  pltue,  the  angles  taken  lo  the  y^ "'y^l 

|)oint  O  in  the  peqiendicular  CO* h ill  be  the     jr"  ^ — ^ 

ianie  at  they  «^*ould  be  if  the  telescope  was  di- 

nt:ted  to  the  point  C,  because  the  horiionUl  circle  o'  th  Theodolite  !•  not 
moved  by  elevating  or  depressing  the  telescope.  Therefore,  having  made 
AR  =  e9S,  and  the  angle  BAC  s:  4?^  17',  ABC  sp  79<>  79\  and  OAC  s 
A^jV,  raise  the  perpendicular  CO ;  thi-n  AC  it  the  dhtance,  and  CO  the 
height  sought* 

CakulaiicH'  The  angle  ACB  is  58*  14'  (be  tuppiement  of  the  boriaootal 
angles  at  A  and  B. 

Asxifffof5S<»  14' log.  9*0:9521 

6'o76i79 

To  AB,29a log.  2'474*<;i6 

SdisfiMfofABC,  79<>?9'  log.  9^992643 

ToAC, 344*6 log,  ei37338 

Ang.  OAC  =  4®5I' ....  iang.  a  9?Bf»5a  (253) 
Heiglit  CO  s=  29-3 log.  I  4<ij996 

And  the  height  of  the  initrunoent  bciog  added  to  29«2  yarrff  vUl  give  tbo 
wliole  height  of  the  top  O. 


HBIOUTS  AND   DISTANCE!* 
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5«    To  6nd  the  distance  of  the  ohject  O  on  the  top  of  t  hill 

m  the  station  A9  aiid  also  its  height,  we  measured  a  base  AB 

t210yar(ff  up  slOjMnggroundy  its  inclinatidn  with  the  hori* 

'^^^Hital  line  AC  beitig  9*  3o'  the  angle  BAG ;  and  the  horisontal 

^vigles  at  A  and  B  (found  by  directing  the  telescope  to  O]  wert 

^CA  =  64*  10',  and  PAC  z:  76*  17')  also  the  angle  of  elera- 

^on  OBH  (HB  being  an  horiaontal  line)  was  5*  $4\    From 

lieoee  the  heighti  and  distance  of  the  object  0  ire  required  ? 

M$ihod  ^  OiioiMoft.  IM  the  hoHtfintil 
fines  BH,  AP  meet  OP  the  line  from  O  perpen. 
4iaiUr  to  the  horicoa ;  and  tuppoie  AC  is  the 
koriaontal  base  (232),  and  BC  perpendicular  to 
AC. 

In  the  right  angM  triangle  ACB,  the  hjpote- 
nuse  AB  und  all  the  angles  are  given,  whence  CB 
the  height  of  the  st;ition  B  above  A  will  be  fpuiid  s  3 1*7  ^ards :  and  AC 
tbe  reduced  base  s  901«1  ^«fnrfr. 

« 

Tbeii  AC.  and  the  arglcf     S  JJ^J  =  ^^^  \^ 
of  the  triangle  ACP,        /^^p^,  _  ^^  33  ^.„  ^^  ^p  ^^^  y^^ 

flontal  distance  from  A  ss  292*$  fordt ;  and  CP  the  horiiontal  distance 
from  P  ^  3l6f«rA  ss  BU. 

Now  In  the  right  angled  triangle  OlIB  the  side  BH  and  all  the  angles  are 
given*  whence  HO  sz  30  8  ^ardt  the  height  of  O  above  B,*  to  this  add  BC 
and  we  have  OP  s  (>5'5  ^ardt  tlie  hHgtit  above  A.  To  thli  alto  shoufd 
he  added  thf  height  of  tbf  lastrumeut  for  the  whole  height  oTO  abuve  the 
ground  at  A« 

r 

9.  At  B,  di$  lop  of  a  castle  which  stood  on  a  hill  near  the 
sM  shore,  the  depression  ol  a  ship  at  anchor  was4o39'  (the 
angle  HBS)«  and  at  R,  the  bottom  Af  the  castle,  iu  depression 
was  V  t' (the  angle  NRS).  Ret|uired  the  horisontal  distance 
of  the  fesselt  and  also  the  height  of  the  castle  above  the  level  of 
the  aea^  smppoaing  RB  tbt  casUe  itself  to  be  54  feet  high  ? 


•If 


ailOHTI  AUB  ll|IT4N0Ii« 


S4t  Md  dr4«  tlM  horuoftUl 

Km  BN«  au  H  righi  angle!  JL^^. 

to  BR  I  lei  UMMgtet  HBS. 

NRSbeoMilecB4«59',  and     ^.^r^w^^ —  ^       . 

4*9'»ietpcctively;lhefiifSA       ^  ^ 

It  drawn  perpeiidicttUr  to  BR 

pioduced,  U  wUl  be  the  lioruooUldlftaw:e*  and  AR  the  Mgtt  of  Ik  btl< 

tomoftlieeattle. 

Meikodtf  CaiciMiom.  Ttie  anj^le  BSR  It  equal  to  SOT  iho  dificikpco 
of  the  aoglct  of  dejifeitioot  ibrfrloffe  by  Ganil.  (Siri|» 

As  the  WiM  of  50' 

Is  to  BR,  S4, 

So  b  the  UH€  of  the  angle  8BR  (the  »dm  of  4«  SS*), 

To  SB. 

And  as  the  iinc  of  ang.  A*«  9QP 
ToSR. 

So  ii  $in§  of  ang.  RSA  (NR8)  i*  t. 
To  AR«  260/m^. 
And*  soisotesfirof  4*2',  to  3690>bl  ss  AS  the  horiaoalal  dbl» 

T*  In  surveying  with  the  comptsai  an  object  C  bolfo  SE  b  8| 
and  when  we  bad  gone  840  yardi  in  a  S W  direclionv  the  ob« 
feci  bore  E  b  S.  Required  ila  distance  from  the  acaiiona  B 
sndA? 

ComiruciioH.  Ltt  the  circle  whose  centre  is  B 
leprusent  the  cooipatk;  E,  \V.  S,  the  i*ait,  west* 
and  south  points ;  dr^w  EbS  onr  point  or  ll^deg. 
Ifom  E ;  S  E  bS  thive  points  or  33|  d«*g*  from  S ;  and 
8W  four  points  or  4j''  from  S ;  and  ii^ke  BA  s  310 
from  a  scale  of  equal  parts;  then  if  AC  be  drawn 
parallel  to  the  E  b  S  direction*  C  will  be  the  place  of 
the  object. 

Mtthod  0f  CakvLition. 

Jang.  ABC  ss  7  f^'nit  cir  78*  45' 


ACI)  ss  4  fsotnis  or  45 
BAC  s  5  poitUs  or  56    15, 


I 

4 


;> 


K 


rtttbati  AMD  DtSTAHCBI.  9l| 

And  the  tide  BA  s  340,  whence,  hy  Gut  I.  ACcs333,  tmlBCsSlft 

• 
8.  If  BG  the  height  of  the  rampart  ABRC  be  1 9feH.  and 
the  exieriof  talus  BR  of  the  parapet  is  inclined  to  the  borison 
in  an  angle  of  4*  t  what  is  the  diflference  in  the  distance  (BO) 
of  t  nuskel  shot  nude  directly  in  front,  and  another  (BS)  in* 
dined  to  that  direction  in  an  angle  (OBS)  of  40%  •  both  tholi 
being  nade  in  the  plane  of  the  talus  ? 

CakubUoH.     • 

As  i^i»  of  aog.  GOB,  4«    log.    $'S43585 

0-15^415  5^:^. 

ToGBia.^ ^    log.    1-204ISKI  /i9\''. 

Soj^ofang.GPO*....    log.  lo*oooooo  >X"         I     \  .....V;;.; 

To  BO^  929*4  ^•••.•«.k.«    log.    y3fi03.15  A               O     C* 

Now  OS  It  the  intersection  of  the  plane  of  the  horiion  and  that  of  the 
tahii*  thftefore  the  direct  tiiot,  or  the  line  BO  is  at  rigtit  angles  to  0S»  and 
connqneatly  the  angle  BSO  is  thecoroplemenf  o/OBS; 

Whence^  as  cmm  of  40* —•••«.••••-  log.  9*SS1254 

To  BO ^ log.   2'3r.053$ 

So  rin$  of  BOS,  9{fi ^....  log.  10HXKHK)0 

To  BS  s  999  4 log.    e'iTOTSi 

BO  s=  y?9'4  •—— 

difl:      70   feet,  Am. 

p.  Warning  to  know  the  horiaontal  distance  between 
the  inaccessible  objects  0»  W,  and  alio  their  heights^  wo 
measured  a  bane  AB  of  670  yordi  on  ground  nearly  hori* 
sontal)  and  at  the  eitremities  A  and  B  took  the  following 
angles : 

A   a  5BAW=r40M«'.    Eleration  of  W  s;  8»  46\ 

Al  A,  ang.  j^^Q  s  37  40.  of  O  ss  •  t9. 

a    tt  CABO  =  49*  99* 

'^^"'"«*{0BVV=r  71     7. 

Hence  the  Mgfatti  Md  dutanee  OW  «f  fcqtdrad  > 
rot.  t.    '  «  • 


tl4  4III0HTI  AND  OlIIANCCS* 

'  CmiintcHm.   Frooiuiycoikvenieoticaki  .    ■* 

of  cquil  pwt^  omIm  AB  ss  670,  and  lay      A^ ^ 

down  Ite  mpcclivc  horuonUl  anglft  at  A  ^^>>                .^-  • 

•A4B;joiAO,W,thrpoiutc  of  concourse  ,y'    / 

of  tbe  Unci  from  A  ami  B;  and  OW  niea-  ^^^^^^^^ 

sufcdott  the  leak  from  which  AB  was  taieoi  '             y'     \     / 


.••/ 


•.  .• 


will  be  1110  ^.  nearly*  Ihc  diilaiice  be>  jr'  jj^ 

tweeo  the  objccU 

CakuUiim. 

(ABO  s:43«2tl* 
The  angles  of  the  triautle  AOB  arc  {  OAB  ss  07    5fi 

(AOaa39   42 

Whence*  by  CUm  I.  (221),  AO  will  be  found  a  706*1  ^or^. 

(HAW  =    40O  16* 
And  the  angles  of  the  triangle  A\VO{AUW  ss  113   39 

(AWB  s    26    iS    . 
%UI  give  AW  es  I3I»*4  ^ardu 

Now  in  the  trUil)|leOAW  we  have  given  {^q  ^  '706-^ 

and  the  included  angle  OAW  s  57«  40^. 

To  find  OW  (by  Cm  111.) 

AW  S3  1389-4 
AO  s   706-8 

18QP  0'     sum   U<^'j6"2  log.    3*391433 

^1   40  6-67S567' 

'  sum  of  unknown  ang.  122  20     diflT.    GS^-6  log.    8*834166 

half     61   10 tMng.  10*259233 

half  diflT.     30  3<>  law/.    9-771966 

nng.  OWA  a  3o  34 

Tho^  asi/JieOWA,  30«  34' log.  9  70^26 

U*-'!3674 
loAO   k)g.  2-84!'3IO 

'80  is #iiM ang.  OAW  ss  57040' log.  9-!>2683t 

loOW,  Wli^ardi log.  3'U6t;815 

t 

The  Unci  AW,  AO  In  the  preceding  figure  aro     O 
tepietented  as  drawn  to  the  objects  W  and  O  on       v\T 
the  elevated  iiiuationi,  because  the  telescope  of 
the  Theodolite  is  pointed  to  them  when  the  an-  \\     v^ 

gles  are  obienred;   but  the  distances  by  con^  V 

imction  and  calcutaiion  are  the  karixoniai  iines 


ait  MMSVi  ^M»  PHtAUCU. 

Maodtiig  M  Ike  ground  at  toy  coiitfidcribit  disUBfiti  mUam 
9ffur.  tftn  through  good  telescopes^  tuiBcieiilly  defined  to 
pennit  the  anglet  to  be  taken  to  that  precision  which  is  evidenly 
neceatary  when  a  iatiffactory  result  is  required;  for  a  small 
error  in  either  angle  will  produce  a  very  considerable  one  in 
the  distance.  Thus,  in  the  foregoing  example^  suppose  an 
error  or  variation  of  3'  in  the  angle  OCB»  or  let  it  be  y^  tS*  in* 
stead  0(9' 13% 

Then,  as  19"  (the  diflerence  of  9'  19"  and  9^  is  to  9%  so  is 
400  to  4000  ycififs  the  disUuce  CB,  iustead  of  3900/ 

Again^  Let  the  base  AC  zz  300  yarit^  and  su|ipose  the  an- 
gles  at  A  and  C  are  3'  90*"  and  4!^  rtspcctivcly ; 

Then,  as  40"  (their difleiencc),  is  to  3'90'%  so  is  300  j/ards^to 
MOO  yards  zz  CB. 

Now  admit  an  unvertainfy  of  3*  in  each  angle,  and  tske  that  at 
A  =  8'  93%  and  the  other  at  C  =  3'  57  %  and  we  have 

■ 

As  34''  (the  diflerence)  :  3'  93'' ;:  300  yardi  :  1704  yarit|  the 
difference  is  99i  yards  in  about  a  mile;  an  uncertainty  per« 
hapi  UK  great  as  that  in  an  estimate  by  the  eye  at  the  same 
distance* 

1 1.  If  CS  be  a  line  of  cavalry ;  to  determine  the  wheeling 
intervals  between  half  squadrons  marching  en  echellon  from  the 
right,  when  haUed  and  formed  on  the  line  AB  which  is  in* 
dined  to  CS  in  a  given  angle t 

CoHMiruGticn.     Let  CS  consist  B 

of  two  squadronft  Cii  sod  ES ;  y'y^ 

Ihs  eiit%nt  of  each  ^  43  y^trdu  ^!^        \ 

dspth  GE.SS  7i>tfrJi,  tlieiiiUr-  ,    f\       ^jp 


vsl  HE  =:  I6yurdt,  unil  siipptne  ^^    ^ 


the  angle  BAS  =  35*«  ^tzzOji'^ 


^1! 


Drawn  Kn  perpendicular  to  CS 
fthe  halfsqusdron  NS  bring  sup«         •*'  O 

dirteiiaa  perpendicuUi  to  CSJ,  • 


\ 


■tl««Tt  AWB  DISTAirCtf*. 


•tf 


't 


wU  mkt  flffByC,  aftsEH;  AQ,  QTeacliaNEt  tnibomn,^^ 
Q»  T»  draw  Uses  parallel  to  CS,  and  on  thoM  linet  make  paraNelograiM 
ckIi  eqiul  to  GN  for  the  half  iquadronf :  then  if  the  hall  •qnadront  vhcd 
on  thp  i^Tott  «»#,  Q,  Tt  till  their  fronU  are  In  the  line  AB.  the  extent  TB 
viMbeeqoaltoCS^  with  the  |m>per  intertal  between  the  iquadropM^  or 
fc»HE. 

CUMiltfoMi    We  want  the  perpendicular  distances  Of,  IP,  and  VR,  OR* 

«yi  as  EN  SB  94  ^^rdt  a    72  fiet. 
cQss  NH  s  40  y^r^s  a  ICO/M. 

In  the  right  angled  triangles  «Tfi»  QRtf  the  angles  at  Q  and  t  are  35^ 


::  fffi.  35®:  41*9  /Sr«f  s  nf,  whence  01  sl9yM»  nearly; 
rAt  :72 !:  amif.  95*  :  59  /€rr  =;  cl,  whence  IP  ss  I3>M,  nearly, 
radl !  l20(=fQ):Mt>ff.  33*:  68  sy^/seR, whence VRs46/lief»nearljr. 
ro^. !  120  :t  cust'ii.  35*  :  98  fid,  nearly,  whence  DR  as  86/crl. 

But  the  meastirrment  of  tliose  lines  from  construction*  wiD  be  toiBclently 
correct  for  practical  purposes. 

934*  In  the  preceding  examples,  the  angles  tubtended  by 
distant  objects  are  supposed  to  be  in  an  horixontal,  or  in  a  vertical 
plane:  We  shall  now  give  the  method  of  compiitatioa  when 
they  are  measured  in  planes  oblique  to  the  horixon. 

Angles  oblique  to  the  horixon  arc  usually  taken  with  a  sex* 
tant  or  Hadley*s  quadrant,  which  is  held  in  a  position  so  thai 
its  plane  passes  through  both  objects  and  the  eye  of  the  ob- 
server. And  elevations  are  found  by  reflecting  the  object  from 
an  artiScial  horixon.  •  But  whoever  intends  to  observe  with  a 
sextant  must  acqutre  the  method  of  using  it  from  practice 
under  the  direction  of  a  person  who  is  master  of  the  several  ad« 
jostmentSy  he;  for  which  reaaoo  wt  aball  not  attempt  a 
dcKription  of  the  instruiiient* 


EXAMPLIS. 


!•  Siippoae  ON  is  an  object  atanding  OD  the  horiioota)  plana 
HNPt  HA  and  PC  two  suvca  or  roda  equal  ta  h«i|iEi\^^aDiai\ 


•I* 


ailMITI  AN*  0I1T41IC11** 


ef  Um  9fi  ind  kl  ilM  pkne  ABC  be  parAlId  to  «lNk  boriiOBUl 
plant  HNPt  alio  luppcise  HP  or  AC  is  a  bate  of  ^M  yardii 
and  that  the  anglea  taken  in  tha  plant  OCAt  are  OAC  rr  30* 
46\  and  OCA  :=  6^  54';  the  angles  of  elevaticHi  OABt  OCB 
being  6^  4o't  and  f  C.  respeciivcly.  Hence  ibe  height^  and 
borizonul  disunces  AB,  CB,  are  required  ? 

When  one  of  the  sides  (AC)  in« 
eluding  an  angle  (OAC)  oblique  to 
the  plane  of  the  horiaon,  is  horisont 
tall  the  angle  is  reduced  to  the  cor« 
responding  horizontal  angle  by  the 
following  proportion^ 

As  the  couM  of  the  angle  of  elevation  (OAB)| 
Is  to  the  cosine  of  the  given  ang.  (OAC)» 
So  is  the  tadiui  or  sine  of  90^^ 
To  the  cosine  of  tht;  reduced  angle  (BAC)*  ' 

« 

For  let  DBO  be  a  vertical  plane  and  the  angle  ADQ  a  right 
ope ;  then  the  triangles  A BOj  DBO  being  al:»o  right  angled  at 
Bi  we  shall  have,  {Case  I.  S9l)  . 

Sine  ABO^  90 "^  :  AO  ::  sine  AOB  :  AB; 
Sine  ADO,  QO^"  :  AO  ::  iiiia  AOD  :  AD; 
Therefore  by  equality, 

sine  AOB :  jineAOD  :s  AB :  AD  ::itMADB^90'':it«t  ABD; 

or,  sifte  AOB  :  sive  AOD  :;  sine  OQ^ :  sine  ABD : 

But  AOB  is  the  complement  of  the  elevation ;  AOD  the  com* 
picment  of  the  observed  angle  OAC }  and  ABO  that  of  the 
reduced  angle  BAC  ;   therefore^  &c. 

Ai  CMi/ff  6®  4C'  log.     P'f>97053 

To  roffiiM  5fi*46' log,    9*738820 

SiiM/«#iO*  '. |i>g«  l<iM<K)  0 

To  cofine  56®  il'  Uiv  ivJuced  aogle  BAC  log.  "FTTiToT 


HIteHTS  AND  DItTANCBt. 


*1» 


A%mimt^€^  ^^M 


••«••••••••»•••••••••«•••••• 


it 

■1 

i 


log.  9'096€M 

TooMi'iw  (5?«  54^ ^ log.  9*(i38:>3l 

So  Jtfif  900. ..«•«....- log.  lO'OOOQOQ 

ToconfM  6S*  4(f  tlw  reduced  angle  ACB  5>'66I874 


Therefore 
•  leduccd 


the  tnglefl  of  the  triangle  AOC  5  Ar»  ^  «S*2ft 
d  to  the  horixonUl  pUne are        |^^,  =  ^J  JJ 


And  the  side  AC  lieing  950  yards,  we  shall  have  (by  Cut !.  291)  AB  ss 
9&4'4,  and  CB  s  f38'8  yards;  n^ hence  BO  ss  29*7  yardi:  to  thtt  add 
>}B  the  height  of  the  obienret^i  ere  abore  the  borixontal  pbnc  HNP,  and 
tte  tniB  will  Ik  the  whole  height  NO. 

But  the  diitabcet  AB,  CB,  and  height  BO  tnty  be  calculated  %^*ilhout  any 
reductioo  of  anglei ;  for  AC  and  all  the  anglct  of  the  triangle  AOC  being 
^rtn,  the  tidei  AO»  CO  are  found  by  Cas$  f .  and  then  the  right  angM 

trianglcf  ABO,  CBO,  will  give  AB,  CB,  and  BO  at  three  proportiont. 

•  • 

And  ihould  it  be  necessary,  the  reduced  angles  may  be  found  from  tbt 
Met  of  the  triangle  ABC,  by  due  IV.  {jQn). 

9.  If  A  and  C  are  two  atations  on  sloping  gronnd ;  O  an  ob« 
jcct  on  the  top  of  a  hid :  and  the  angles  OCA,  OAC  (meaaured 
y^'ith  a  sextant)  e^ual  to  79""  ^If,  tnd  63*  11'^  rtspectiTely  $  alio 
•uppoae  the  angle  of  elevation  at  A  is  =:  6*  Sft  at  C  =  S^"  29' t 
What  are  the  horitmital  distances  and  height  of  ^objeet  | 
AC  being  =:  410  yaitfi  ?  ^^ 


-  LrtOCbeperpendicnlar.and  AG,CB» 
^araBel  10  the  horijon  1  tbea  AG,  CH  ars 
tbt  heriaontal  distances. 


la  the  triangle  AOC  JgJJ  =  g*ff 
tfaeanglesaie       (aOC=5  37   SO 

And  AC  ss  ilOyardu 

WheBea(«l)AOs  654*7,  CO  cs  C03  4,  tbeueliypotrnuiet,  with  the* 
^s>|M  of  devatkm  OAG»OClk  la  t)ie  right  angled  triangles  AGO,  CBO,  gift 
AOmUiyh  OC  ass  TC*!.  Claa  600-7,  OB s  S6*4  yardu 


SM 


HIICUTI  AND  DllTANCfti* 


tBC«  fai  lk«  hdf hto  of  Um  lUtiooib  Af  being  MippotccllKirlaoAlit 

TiM  lidft  AC»  CF,  wiU  glv«  AP.  Aad  the  tag Wi  oT  Ike  triaogk  AOC 
wheo  peduocd  to  the  koriioo*  may  bt  found  from  t^ie  bonaonul  i^trttnm 
Ar«  AG.  CB^  taken  at  tke  ddeioT  a  triengle  (038). 

3.  At  a  mile-itone  N  on  the  tsoending  road  MS  we  obienred 
tfie  angle  SN W  between  the  next  niiIe*stone  S  and  the  windmill 
W  on  the  top  of  a  hill,  and  found  it  to  be  ^e*"  37'}  the  elevation 
of  W,  or  angle  WNP  waa  3"*  49^ ;  next>  at  the  mile.»tone  S.  the 
angle  NSW  measured  9i**  4'.  Hence  the  horisontal  diitanct 
NP»  and  height  P W  are  required  ? 


46*  ar 

91     4 

43    19,  and 

1760  ^ardit 


TbeangletofthefK^w  ! 
triangle  ^WNaie^^^^^-j;^  ] 

N8    1 
tlieie  give  NW  s=  S6i4  x 

Tlien  in  the  triangle  WPN,  right  angled  at 
F,  the  hypotenuie  NW  and  all  the  anklet  are 
given,  whence  NP  s  2008  i  and  P W  ss  174 


In  thb  example,  no  reducUoA  ii  neccwafj  on  tccount  of  tU  fncHnntioo 
of  the  baM  NS  to  the  horiioo.- 

4.  Lei  BC  be  a  measured  base  of  370  yorJi  on  the  plane 
ABC }  and  suppose  marks  are  set  up  al  the  stations  Af  Bj  €» 
and  the  following  angles  taken  with  a  sextan!  lo  the  tlerated 
object  O :  • 


..   ^^^*Y©AC=    SO^AO* 
^^r    *OAB=    80    18 

A*  n    fOBAs    73   44 
^^^    lOBC  zz    10     4 

.-  «    (OCB=  149    10 
***'    (OCA=  MO     e 


nilOHTt  ARD  DtlTANCei. 


Required  the  diitance  ofthe  object  O  from  Uie  ititfon  C,  t 
il>  height  ftbove  the  pline  of  the  base  BC. 

Tic  an|l«  of  11k  tri*n{b  >  OAC,  OAB,  OBC,  are 


o\Cb  m'iif 

OAU  ta  iQ»  IS* 

one 

OCA  e  1*0     « 

OHA   ss  73   44 

OCH 

AOC  =t    19     «. 

AOB  s  23    ». 

DOC 

Tbne  ihrM  triangle*  fiinn  (Ik  ilda  of  the  pf  nmld  whote  vertex  li  O,  ' 
and  bate  ACB  i  we  ha^e  lIxmfoK  ta  find  Id  height  CD,  and  the  pulnt  O 
MheretbepspendiciilarODiRectitlieplaM  ofthebaie.  • 


CaknUtim, 

H»tffilH.    _S-4t>fi1H 

RCtsSTO  lot.  »■*<.«»?(  ' 

ObC  =  IS' t'itn-9'jmea 

■    CP  log.  3*«a3UT 

AOC  »  in"  4'  Jin.  9JI HIJI 
AC  s  3C3  log.     g-itTTori  . 


B-Tim.in  ifir.  149*  id's  OCB  ■• 

*    itUTlJl'l   log.UB 

O'lH  i:;;tar.ct>.TrN.Bn«iA'BOAB 
itC4i:irt  j<w.  Ji"  an'  g  AOB 
Jf-jC'loJ  log.  AB  =■  J30-3 
n-3l«(iTfi«r.M.«»l.35»SS',AOBi 
HlftfJST  jro.  73'  44',  OBA 
Vgiuiua log.  AO. 


!         Th^(i(leiorthe5Ar  Z  212 
ltia,.gleACC      JaB~ 


330-5  give  the  angle  ACB  s  S3>  f  (C9S). 

Let  OP,  OR,  meet  AC,  RC  pmdiictd,  at  right  anglei  In  ?  and  R  {  and 
mppow  OD  I*  the  pfrpeodicular  on  the  plinc  of  the  bate,  and  join  PD» 
CD,  RD.  TVnOCP  s  39<>1|-  (ihe  lutipk-mMtirfOCA))  and  OCR 
s  JO*  JO'  (the  nippleinent  of  OCB); 


Tbm,  39<>  51'  eoilft  9'SH4SS9 

CO  log,  ■2_ii"3<>bl  ■ 

CPatr  301  ■»  log.  a-4w»!t4ii 


30' i(t'  totim  S-MSSaS 

CO  log,  g-60.-l9.»T 

CB  =  345  log.  fl-537779 


Now  )n  the  quulrilalnal  CROP  (in  (lie plane  nf  (he  hue  ABC)  we  have 
tlK  tide*  CP,  CR.  ana  th«ir  Intlud^^l  anftle  =  »"  >'.  wbeKC  (!K6)  we 
^t  the  angle  CRP  s  iT  =CDP  (l>ecatiie  (he  anglei  CPD.  CRD  being 
>1ghl  onei,  a  circle  will  cirnimicribe  (he  i|uadri1ataal},  tbetefoR  CP  and 
«II  the  angira  of  (he  right  angled  triangle  CPD  are  given  (  whence  Vim 
liiftance  CD  =  3ffT-S  yir^i ;  from  tliii  ride  and  Ike  hypOtg»m  CO,  lb* 
■dkulai  OD  will  bt  feiud  E3 169-3  MrdN 


XT 


VOL.  I. 


•ft      •  Of  »Bf HACTIOir* 

If  (WtriiBglft  A9C  is  pn  Irvd  grpyMl.  CO  U  lli«  kOfinM  ^MMCtoT 
tho  ol^  O  from  ihe  lUtioQ  C|  f  lid  OO  iu  MihU 


or  TERRESTRIAL  REFRACTION. 

tSf  •  A%  the  appanni  or  obt$rv§d  ilevoHowi  of  objecU  tfO 
ilwayt  greater  than  ibe  irue^  ic  may  luH  kt  impropei;  to  gm  t 
abort  explanalioo  of  Refraction. 

Let  E  be  the  place  of  an  ob«erver*i  eye,  EH  tbe  borisontal 
*  luie«  and  O  an  objcot|  auppoM  on  tbe  summit  of  a  distant  bill. 

Tben  if  the  rays  of  light  proceeded  .  T 

Itom  the  object  O  to  the  eye  at  E  ^^^.s^::::^^^ 

in  a  atraight  line,,  the  object  would      ^.,,^-'^'^'*'^''\.x^'^^^^"^ 

appear  in  its  true  place  at  O,  and      i ' '  H 

OEH  would  be  tbe  elevation  (consi. 

dcring  £0  at  a  right  line) ;  but  the  rays  in  passing  through  the 
*  atmosphere  are  continually  attracted  or  bent  downwards  from 
a  rectilineal  directiooj  by  which  means  the  object  is  aeeo  in  the 
direction  ET,  which  U  supposed  to  be  a  tangent  to  tbe  cunre  at 
£,  and  therefore  the  apparent  or  observed  elevation  is  the  angle 
TEH  I  and  the  angle  TEG,  or  rather  the  angle  comprehended 
by  TE  and  a  right  line  from  O  to  E,  will  be  tbe  lefractiont 

This  Refraction  which  is  callcinhe  terrestrial,  to  distinguish 
It  from  that  which  uflccts  the  altitudes  of  the  heavenly  bodies« 
ia  not  constant  at  the  same  elevation  and  diilance,  but  is  found 
to  vary  with  ihe  changes  in  the  atmosphere,  as  brat,  a  different 
dennty,  moist  vapours,  &c«  &c.  At  the  distance  of  8  or  10 
miltf:»  it  is  »ometimes  no  more  than  about  30  seconds,  but  in 
panicular  states  of  the  air  w^  find  it  amount  to  upwards  of  S 

936.  It  is  a  difficult  operation  to  determine  the  exact 
(quantity  of  refraction  at  any  particular  time.    The  following 


su 


8UilV£\'l  NC« 


I  If  000  of  the  objecta  (Bl  iutlead  of  being  depressed,  it  ele« 
TAledy  luppoM  to  the  poUil  R)  tiicn  ihe  sum  of  the  tnglts 
dAB  4-  dBA  will  be  gitaur  lliaii  ihe  suui  OAB  -f  OB  A  (or 
togle  C)  by  the  angle  of  elevaiion  RAG;  but  if  fruni  the  sum 
iIAB  +  JBA  we  take  the  depression  HBAt  there  will  remain 
iIAB  ^  oBA  the  sum  of  the  two  refractions  {.  therefore^  if 
the  depression  he  subiracied  Jrom  ihe  sum  pf  the  centained 
arc  and  elevation,  half  the  remainder  is. the  refraction  in 
this  case. 

It  is  almost  unnecessary  to  remark  that  the  distance  between 
the  places  of  observation  A  and  B  should  be  known  sufficiently 
near  to  give  the  contained  arc  SS  true  to  a  very  few  seconds  of 
a  degree.  The  refraction  however^  is  generally  too  minute  to  be 
of  consequence  in  the  operations  ivith  a  common  Theodolite^ 
which  are  usually  conCiud  to  moderate  distancei. 


Of   SUKVEVINC. 


/ 


fST*  Surveying  is  the  Ait  of  laying  down  the  true  po« 
sitions  of  the  principle  features,  and  exhibiting  an  exaet  repic* 
•entation  of  the  boundary  of  a  country,  or  any  part  thereof^ 
on  a  plane  or  paper,  so  that  the  dimen.^ions^  &c,  may  be 
readily  measured  by  nieaus  of  a  scale  of  mileSf  yards^  chi^ins. 
&c.  &c.  When  fiilili  or  other  inilo«urtii|  and  Cendemen*a 
estates  arc  surveyed,  not  only  a  correct  ilelineaiion  of  the  bono* 
daries  is  required,  but  the  suix-rfleial  comcnt  in  crcrei,  tec. 
must  be  computed.  This  is  called  Land  Sur\'eying,  or  Land 
Measuring. 

S36.  To  lay  down  or  make  a  Map  or  Plan  of  any  consider* 
able  extent  of  Country,  a  series  of  connected  triangles  should 
be  carried  iu  all  directions'  to  its  boundaries  from  a  long  and 
well  measured  base  as  the  foundation :  For  that  purpose  the 
most  conspicuous  pointS|   as  tlio  summits  of  hills,  roofs  of 


lURYEYlNG. 


9fi5 


i 

.-f 


churcb-toweri.  &c.  &p.  must  be  choien  for  lUtioni ;  and  alt 
ftmarkablc  objecU'  in  view  thould  be  intersected  at  e?ery  place 
where  tbe  instrument  for  taking  the  angles  is  set  up.  When  t 
high  pointed  spire,  or  the  like,  opon  which  the  instrument* 
eatinot  be  conveniently  placed,  presents  itself  at  a  proper 
situation  for  cariying  on  the  trianglcSi  it  should  always  be  in* 
-^  ter»ecled  from  several  stations  in  order  to  compare,  or  correct 
tbe  connecting  distances  by  a  computation  from  independent 
triangles. 

939*  It  will  be  adviseable  ^o  observe  every  angle  of  the  prin* 
eipal  trisngtes  if  the  situations  permit ;  then,  as  the  sum  of  the 
three  angles  of  each  triangle  ought  to  be  very  nearly  equal  to  two 
right  ones,  the  deviations  will  in  some  measure,  enable  us  to  judge 
of  the  accurjcy  of  the  work. 

940.  The  sides  of  the  principal  triangles  should  be  calcu* 
lated.  But  objects  situated  within  those  triangles  may  be  laid 
down  by  means  of  a  protractor  :  these  objects  however,  should 
if  possible,  be  intersected  from  three  sttitions. 

S4 1  •     The  principal  triangles  and  interior  objects  laid  down 

on  a  large  scale,  suppose  3  or  0  inches  to  the  mile,  will  be  a 

Sufficient  ground  work  for  Military  tfkttchcs  which  are  usually 

drawn  by  eye  without  any  actual  nicaturcnicnt.    The  method 

of  adapting  a  scale  to  the  PLin ;  and  enlarging  or  dimini«hin;  it 

to  any  particular  size  is  gi\cn  in  ^r^  167* 

• .   • 
S4S.     But  the  most  difiScuh  and  teJious  operation  coti:u  ctrd 

with  a  Survey,  is  that  of  measuring  a  ba5c-linc  accurately.  We 

shall  therefore  recommend  a  pcrui^al  of  the  Account  of  the  Tri. 

gnndmetrical  Survey  (636)  to  tho<ie  who  may  engage  in  an  tin* 

dcrtaking  of  this  kind  when  great  exactness  is  required.     A  ba<e . 

for  ccmimon  surveys  may  bemea^ured  with  a  iOfeei  dcaUrodi  for 

this  purpose  a  rope  not  less  than  1 00  yarrfi  should  be  stretched 

very  tight  along  the  ground;  the  rod  must  then  be  applied  to. 

the  rope,  and  its  extremity  may  be  marked  with  a  small  pin 

stuck  in  the  ro^ie  to  preserve  the  distance  while  U\\!  i<^d\%xttc«xn2\% 


H6  tOAvivmo. 

Wboi  the  meataiemmi  ii  c«nied  oa  lo  Um  citcnt  of  the  mpit 
A  p^  should  be  drtfca  io  the  gnHiiul  and  a  notch  cut  on  iu  lop 
enictly  under  the  end  of  the  kit  lod.  The  rope  moit  then  be 
taken  up  and  alretched  again  in  the  direction  of  the  baae^  and 
the  meaturemcnl  continued  a«  before* 

When  the  measurement  is  carried  over  hoHowa  or  ditcbesj  it 
nay  be  necessary  to  support  the  rod  in  the  middle:  it  should 
not  however,  be  made  very  slender. 

If  rising  grounds  iutervenci  the  slant  distancrt  must  be 
measured  scparately'as  hypoihtnuses,  and  afterwards  reduced  to 
the  corresponding  horizontal  lines  (932):  the  elevations  or 
depressions  may  be  taken  with  a  Theodolite  which  has  a  verti* 
ealarc. 

It  may  be  necessary  to  observe^  that  Mje§i  should  be  trans* 
ferred  to  the  rod  from  a  standard  measun.  And  with  re> 
spect  to  expansion  and  contraction,  it  is  pretty  well  known  that 
well  seasoned  deal  is  subject  to  very  little  alteration  while  it  is 
kept  dry. 

943.  If  a  measurement  of  this  kind  be  performed  with 
tolerable  care,  we  may  safely  conclude  there  will  not  eiist 
an  error  of  mare  than  Vv  of  an  inch  in  each  rod  of  ^o/eei^  or 
S6i  inche$  in  a  mile.  Supposing  however,  the  accumulated 
errors  amount  to  5  feet  in  a  base  of  9  miles^  and  that  a  series 
of  triangles  whose  sides  are  about  3  miles  to  be  determined 
front  such  a  base,  then  combiiting  the  probable  errors  from  ob- 
senations  made  wiih  a  ThetJolite.  the  uncertaintv  in  a  direct 
distance  of  90  wilts  from  the  base  cannot  amount  to  30  yards. 
Erroneous  as  this  may  be  considered,  we  believe  most  of  the 
County  Maps  have  been  laid  down  from  operations  less  ac- 
curate. 

fif4.    If  the  variation  of  the  Magnetical  needle  is  known, 
the  direction  of  the  meridian  may  be  drawn  sufficiently  near 
for  M  Map  or  Plan  by  means  of  the  compass  belonging  to  the 
TbeodiJiie. 


•URTiriHO. 

'^r  ahtll  now  proceed  to  luch  trigoi 
-«j«lly  occur  in  the  practice  uf  Surreyini 

m*S.  Lei  AB  be  a  base  of  9  miUt  or 
e  polei  or  fla^-tuffi  are  let  up  at  the  ■ 
■«j  that  the  aiiglcf  at  thoie  alationi  taJiei 
B^^  foUowing ; 


namcl;,  CAB  =    ti'stf 
CBA  =     IS  \5 
ACB  =     40  IS 

I 
C 

c 

lum  ISO    3 

BCD    =      43  41 
CBD  =     81     s 
BDC  =     63  14     . 
lum  ISO    S 

I 

c 

\ 


Zt  if  required  to  find  the  diiuace  of 
eion  Ar 

e  error  In  the  mm  of  the  thfee  obwrre 
ft*  of  ihe  fiml  trianutc  it  /;  in  the  •ewiid  3' 
in  ll>e  thlrO  ::'■    The  angle  at  Pin  Ihe  fourt 
■igle  h  lopplemeotal. 

ul  oo  certiin  role  cm  b?  gi«en  for  cwieclin 

obterred  anglrt :  ihli  mml  be  kA  to  Ih 

It  of  Ibe  obirrrcr,  who,  fiom  eircuii 

will  Hrtdom  be  ■!  ■  luU  Iw  point  ot 

Ihe  greate«t  unccminl^  tiet.    To  malii 

atppnie  the  corrected  angtei 


m  CAB  =    «'  bf 
CBA  =    1i    14 
ACB  3    to    IS 

no     0 

DCO 
CDG 
COD 

BCD=     !3    40 
CBD  St    6t     1 
IOC  m    01    1.1 

DGE 

oot 
era 

Mt  iUAVlTINO. 

ACB  m  i(A  11'  M.M..-  9im.    PtlOTO, 
i     AB  M  35^......MM«tM  lof.    3'M6j4S  .{       ^>.'-, 

CAB  s  «♦♦  2»' #/«.  js;:»sA^»»«  ^  * 

«        '  3*691  US  log.  CB.  .       '    ' 

*..    .    DDC  m  62«  13*  IT.  CO.  Jrfw.  Opi3l9$  ,       .,  1.,  ; 

BCD  s  63   40 •^...  *iVi.  9-90i»m 

.  3  6i_.r»5  log.  BO  ^  44Tr4.'      ■ 

CBD  ss  dl«r.-....-.»«  #/«.    g'>0j»O!»o  -    ^.    . 

3*u^4^4J»  log.  CD, 
COD  s  54"  3V  or.  co.  sin.    0  e38i>5l 
DCG  =s  73   68... tin.    0-0^060 

3-7701 J7  log,  CD. 
CPD  5*  C-J«  ^'  tfr.  CO.  iii»^    0'0j393I  v 

^        DCiP  5S  14    7    ...^..^  sin.    5>97.S97» 

3h'>oot/2  k;g.  DP  «  6310*5. 

■    • 

'  Now  from  the  tides  SA,  BD,  and  iKc  included  ancle  139^24'  wefcl 
Ibt  aogle  LUA  s  17<>  48%  and  AD  =i  7501-1  ^ards,  (2:6). 

'  '  '        -  ^ '  . ' 

And  if  BDA  be  Ukeo  from  150^  32'  llie  angle  BDP,  Uicrt  rt|natM  13^ 
44' Ibe  angle  ADP,  which,  with  Ihe  iiiduding  kides  AD  8  7301*lt  Mi 
DP  s  63 1U*5  will  give  |hq  duiaiice  (torn  P  lo  A  s:  I3(i59  yor^Vt 

When  Irianglei  arc  carried  on  from  the  original  baie  in  til 
direciionif  the  distances  towards  the  extremities  nayi  in  aonie 
respect,  be  verified  by  independent  calculations. 

N.  B.  All  the  principal  diitanccs  should  bo  laid  down  from 
a  scale  of  equal  parts,  because  a  triangle  can  be  protracted 
snore  accurately  with  its  sides  than  with  the  angles. 

S46.  Suppose  in  making  a  Survey^  the  distance  between 
ihe  spires  A  and  B  has  been  determined  equal  to  6394  yardt ; 
and  that  C  and  D  are  two  eminences  conveniently  situated  for 
extending  the  triangles. 

Now  if  we  observe  the  angles  ^ 

jT^.: YiV 

„  CAGB  =:  84'46'  ,  _  5ADG  =  31»48'  \  >r  :» 
•*  ^   JbGD  =  23  46.  •'  '^   MDB  =  08     5.       i     7  "li 


'W  iuavLYiNO. 

S4r*  ^Wbeo  Ihe  top  of  a  Church  uet^  bcMa>n.t  •uSoa 
ia  conaequence  of  the  wioii-vine  or  t  pinoiplf  b»it^  bcru  iifUf- 
Mcted,  the-  inMrunient  u  placed  in  the  moil  convcuieot  hui> 
ilioo,  and  *  ttductioaof  iIk  observed  angles  will  in  that  mac  be 
neeeuafy. 

Let  A  and  B  nprLKiU  llic  wiiid-vanes  on  (wo  itccplta^  Atar 
diUancc. having  been  delenninMl  equal  to  9i61  yardt  =  AB| 
and  lUppoK  N  b  the  place  uf  the  Theodolite  when  it  ia  oa  the 
stceplfrA»aiidSittiilu<iiun  on  the  tlecplc  B;  atw,  tuppoteihc 
obttrved  angles  at  ttiow  tlaiions  arc  tliefullowingt 


tl  N 


lONB  =  ii'Jfi' 
{ONA  =90    O 


tOSA  =     fti'H- 
"*  JOSB  =  Mr    - 


/  , 


And  let  the  distance  from  N  to  (he  wind.vaiie  A  be  ll{ 
Jtet,  and  that  frum  S  to  B  =  iO\Jeat.  Hence  it  ii  required  to 
find  the  angleii  OAB,  OBA,  or  wha^  .|he  obMrved  anglet  (o 
the  diitant  object  O  would  beif  ihe  initrumeni  waittthepoinU 
AandB? 

Th«  »slei  4&>  43',  10*  J*;  and  63*  3S' 
their  tupplei)Mnl,  wittithe  dhlance  ABis 
X5S7,  will  Hive  9066  jnil'JT34  yariU,  the 
dlUancet  BO,  AO.  neaily. 

Then  (124)  ai  AO  :  tin.  PS-  (OH.t)  1 1 
MA,  3-83  ^dt  1  tin.  i'  im^ ly,  Die  aii||le 
AOM. 

.tnd»6»  — ti'*!*—  sets'.  llwiBjIcM^t     j      "  ■    ■ 

Uence,  AO  i  ^n,  ta*  18'  i:  NA  i  hh.  4'  iw)u)>-  llv  * nk  AQM. ,  .     .     . 

Therefore  the  turn  of  ilic  t«uVii<-i  MOR,  NDO  li  gnjftr  Itiarf  th« 
lumortlietwDunglet  AOB.AtlObv  t)i«<iiiTer(iic«ar'AllN,  ABN;c(mn   ' 
Kqueiilly  ONB  » Int  ihaa  OAB  by  1';  ihtTdurr  AOB  ii  n  40  43'.    ' 

AMin,  uBOti/M.  ltT>(03ll)::31.yarii  (SB)  ;  jin«  3*  pnrij^  tha 
ingl<    OB.    MA,  AB  :  ttu-  It:'  21'  (A3BJ  ;:  3|  C^  i  iTn.  3*  Mlrif« 

Uk  sugle  :>AB. 


lURTtVlNC. 

Now  ilie  inglci  &A0.  SOA  lo^hfr  an  lei 
K  ^::JA  by  Ihe  turn  of  tlw  ■nglet  SAB,  SOB;  id 
k-  ^WbyllHinim;  tienccthctnetrAROs  TC 
K^O,  AO  uk-iilal^d  «tili  the  corrprled  migl 

It  i*  not  nccefiary  tint  the  nnglct 
■"^s-  Ty  ■ccuritcly  taken ;  but  llie  dUunM 
'^>a  Wy  mcaiured, 

848.     If  A,  B,  C,  be  thivc  object 

s-«ch  other  are  AB  =43)fi,  AC  =  48( 

suppoie  It  (he  station  Swrobecn'c 

W,  BSA  =  110'  is';  it  i*  tcciulreJ  t 

be  itatioQ  to  the  three  objccti. 

OmilnKHom.  If  the  Iriarfle  ABC  U-  1. 
with  (he  Ihrpc  pivcn  iliili'mii,  and  •< 
nrnil*  of  circle!  detctibcd  upon  anjr  tun  lii 
:o  conlain  lite  nnglrt  thty  luttlcnd  (17'.'),  I 
jitcncrllon  of  the  area  will  evidcnlly  U  llic  « 
lion,  whether  it  filli  uiihin,  or  without  Ihe  i 
ing'e.  But  the  liitluwinK  mef  hml  It  nlhcr  nu 
lim pie.— About  AB  dMcril)c  a  cirrle  w  tliM  I 
irgincnt  AB.S  ihallcomiln  Iheungle  tio*  I 
iiake  tlie  angle  BAB  ss  fiJ°  4'  tlieiupplem 
jt  I  \T  SO"  (CSB),  Join  CB  ;  and  V,  irhere 
'talion.    For    if  A^,  SB,  BR   are  drawn, 

>'  bf  conitrtiction  ;  >nd  RSB  btinp  equal 
.  n|lc  CdB  which  ii  iU  lupiilement,  will  bt  1 1' 

CaktJaMtyt.    Tbc  three  «idn  4JIC,  4300, 

Angte  ABR  (^  ARRlbeiupplenientet  / 

BAN  « 

AltB  ,...«. 

«lttADfl<rcBRc=4?>l'3. 

rrbe  mitle  IIBCb4B«  S'  4-Te*tt's 
iodti^ddci,  |iteBCBaa3r4r,tn(lC 


■  UKVKVINO. 


^aritbcNfmallllw  u|l«  «f  Iht  tfin^ 


SCB  SB  MUY 
CdB  B  1 17  M 
S8Ce    S»  II 

■ncet  8A.  SB;  SC,  wc  biiid  to  be  3U0,  lUt. 


lnull)>«lrungk(*u|>powitB)it  bcvMnllhl 
J  Ihat  lite  Milwird  N|pDcnt  ABB  tluUcMUbi 
■ARBi  ihc*  if  Ibe  angkt  ABS,  BAS  b«  Mil* 
I  oIncc«<hI  luglM  AKC,  BBC,  simI  CB  dn«B 

ligle  Alt))  ibitulii  be  ct|(ul  lu  Iba  mppkuieat 
licli:  will  |M(i  through  lh«  paint  C;  bt  vhiik' 
Pclrtmiiijtft  for  Ike  angln  ilanding  pn  the 
uiiiu  in  aU  puim*  of  the  arc  ABU,(70.) 

■Icm  will  be  found  uicful  id  iccoiuioiiring 
1  or  plan ;  fi)r  ihe  angle*  taken  lo  aof ' 
I  laiit  tlowiii  will  dciermiiie  the  aitualiun 
liall  pocket  rcxtaiii  i*  the  moit  convenient 
l-iiig  the  Aiiglca.  And  it  appe an  from  tbe 
I  (liat  it  ia  not  ntccs:iary  to  deicribe  a 
I  if  tlie  tUlion  be 


me  equal  to  the  obacncd  anglet  ARC* 

II  CR  bnng  drawn  through  S,  wd  lh« 

|a(]e  tqi]»l  to  ASR.  BSR,  BR  and  AR 

I  station. 


•URYBTIlia< 


■i 

<  k 
« 

.0 


In  lliit  latter  ette  liowcver,  when  the  point  S 
bjcct  Ct  the  consirueiion  miy  give  the  point  B 
ide  of  the  truth* 


950.    In  making  a  Survey  we  found  two  f| 

veniently  tituatcd  for  itationa;  and  at  S  to 

SA  ::  59""  5^,  NSB  r  55*  4\  to  the  spires  /i 

t  M  an  intervening  height  hid  the  spire  B ;  we 

rved  the  angle  between  the  wind-mill  W  and  s 

3:^nd  it  =  SB""  4\  and.  then  took  the  angle  SN 

I*  40'.    Now  AW,  AB,  BW.  being  respect 

S8S9  440O,    f678  yards,    it   is  required  to 

ceSN? 


t^tomimeHon.    With  tlie  three  ^xtn  sIcIm 
y  down  the  triangle  AW&    Then  alMut 
II   and  AW  detcribe  drclei  fo  that  the 
e;gmeot  ASB  thall '  contain  an   angle  of 
08«  2*  (5t}«  5S'  -f-  5&«  A') ;  and  the  «eg^ 
iient  ANW  HO  angle  of  79<>  50'  (5S«  4' 
41®  4^7.    Draw  the  chord  AD  to  ttib- 
«iid  an  angle  (AND)  ±s4l«46',  and  th^ 
hofd  AG  to  subtend  an  ai^  (ASO)  b 
:2«  59' ;  j«Mn  IX; ;  and  the  intenecthm  B, 
win  be  the  ttitiont.    For  if  ^B^  SA  1 
Jk^  M  W  are  drawn,  the  anglei  at  S  and  N 
the  three  objects  will  be  equal  to  the  ob^rved  an; 
I,  and  Art  TOb 

CaktUaiion.    Draw  DW,  OB.    Then  all  the  anglei 
^OW,  AGDarsglfeo; 


a.  DXW 
OKA 


DAW  es    dS«  4' 
DWA  m    41   44 

ADW  tea  lOH   10 


csn 

GSA 


OA 
GG 
AC 


A«  jia.  ADW  t  593S  (AW)  ti  Hn.  DWA  t  354( 
•ABdflv.AGB  t  4490  (AD)  i:  Hn.  GUA    1  97a 

rhf  tidei  of  the  tHanglr  AWB  glre  the  angle  WAB 


•N  ivftiriri«i#» 


t 


4 


I 


I 

>  • » 


WAB        ...•-.^  s    3u  47 
SAO  B    BSO     s    »5    4 

DAG  c=  u^  ^5  wiik  thii  Mgit  «mI  4li«  in. 
dudiflf  lilies  m  get  ADG  :r  l^o  a  AWN;  thmfoft  io  thu  tri«Dgl« 
AWN  all  Ibe  aoglct  and  Ibe  tidr  AW  aiv  given,  wlieiue  AN  cs  9571 ; 
theo*  at Iheaoglcf  ofUie  tfiangle  A^  are  abu gives,  vegelSNsMII 
jfiflnrff*  ../.'": 

»  "J 

And  tbr  method  of  construction  and  calculation  will  vary 
littk  from  ilu:  prcci-ding.  howaocvcr  posited  the  sutiuns  may  b|B 
in  rcspca  ot  tbe  three  given  objects.  .  • 


Of  Surveying  mih  th§  Compass. 

951.    Ih  this  operation  we  do  not  measure  the  angles  siiIh 
tended  by  disUiit  objects  in  the  same  manner  as  with  a  The* 
tKlolitCi  but  take  their  angular  di>>taM:es  or  bearings  from  Ihc 
magn§iical  meridian.    Thu»  it  NS 
represents  the  magnetic  needle  or      ^k 
meridian,  W  the  west,  and  £  the      ^. 
eisi ;  and  suppose  the  sights  on  the 
Compass  are  directed  to  the  wind- 
mill A :  then  if  the  angle  ACN  is 
40%  for  example,  the  wind-mill  is 

said  to  bear  NW  40*,  or  40*  westward  from  N  the  magneticiJ 
north.  Or  if  the  sights  arc  directed  to  the  spire  fi,  and  the  an* 
gU  SCB  is  64"*  then  the  spire  bears  SE  64*. 

If  CH  represents  the  direction  of  the  true  meridian,  the 
angle  NCH  is  called  the  variation  of  the  magnettcal  needle; 
wbichj  at  this  time^  is  about  sa"*  or  84^  westward  at  London. 

959.  Let  A  and  B  be  two  stations  bearing  SW  dl*  and  N£ 
01*  from  each  other] 


-I .  ^    ..  «•  C  Q  bears  NW  «o« 
illAc objects  ^  ^  SW5^ 


•OftTIYlMOi 


ntjr  tern  liMrcvcr,  ••  the  gnnind  woik  o(  or  for  corrcctiog 
Miliury  tkctchct. 


For  tcmponry  uac^  it  will  lomdunct  bo  Moesstiy  to  moi* 
•me  t  diiunce  by  pacings  in  order  to  adapt  a  acak  to  tbe  plaa 
or  sketch  (16J). 

m 

t54«  Tbe  Conipa&t  will  also  be  found  useful  in  rtcooooit* 
ring  a  country  with  a  map  or  plan  when  the  direction  of  the 
meridian  is  laid  down,  and  we  know  m 

the  magnetical  variation.  Let  SN  be 
the  direaion  of  the  true  meridian  on  a 
map;  and  suppose  the  wind*mill  O 
bears  N£  08%  and  the  spire  R,  NW 
38*  by  the  compass ;  also  let  the  vari* 
ation  be  $1*  W. 


i 


Make  the  angle  MCN  =:  93%  then  CM  will  represent  the 
magneiical  meridian :  let  the  angle  MCP  ::i  66%  and  MCO 
r:  ae*"  s  then  if  OB,  RB  are  drawn  parallel  to  PC,  DC,  re* 
spectively,  the  intersection  B  will  be  the  place  of  observation  on 
the  map  or  plan.  If  however^  the  intersection  (B)  is  very  acute 
or  obtuMy  the  position  thus  determined  may  be  considerably 
wide  of  the  truth*         i 


C    w?   ] 


MENSURATION. 

■ 

Of  Rlghi'lined  PIqm  Figures. 

f  55«  Th  I  meuure  of  the  space  or  nurface  ccmttined  withia 
the  bmindariet  of  any  plane  figure  it  called  its  An  a  or  Super* 
fictal  Content  This  is  estimated  in  acres,  square  yards^  squart 
fceti  or.  some  other  fixed  or  determinate  measure.  Thus^ 
if  we  suppose  A  BCD  to  represent  the  top  of  a 
rectingular  table  whose  length  DC  is  5  feet,  and 
breadth  DA  =  3 ;  then  the  upper  surface  will 
contain  5  x  3  or  15  square  feet  v89f  corol.  i)i 
a  square  foot  being  the  unit  or  integer  by 
11'hich  tbe  area  is  estimated. 

But  if  the  dimensions  are  taken  in  yards,  its  length  will  be 
1|,  and  breadth  1  yard;. and  the  supeificial  content  =:  l<f  x  i 
=:  1^  square  yards;  for  AOPD  is  the  square  yard,  and  the 
rectangle  OC  is  |  of  a  square  yard  :  in  this  case  a  square  yard 
is  the  measuring  unit.  And  when  the  length  and  breadth  ara 
denoted  in  inches,  a  square  inch  becomes  the  measuring  unit 
or  integer,  and  the  area  will  be  M  X  38  s  8100  squaif 
inches. 

To  Jtnd  the  area  of  a  Parullelogram  tfanjf  kind. 

f58.    MuLTiPLT4he  length  by  the  perpendicular  breadthf 
or  the  base  by  the  beigbty  and  the  prodiKi  will  be  ibe  area. 

IXAMPtlS. 


1.  What  is  the  content  of  the  parallelo- 
gram  DGLC  whose  length  DC  is  S  feeig 
and  breadth  CB  is  3  ? 

Am.  i  %  9  s:  lUfuaro  foot. 
TOL.  t.  %x 


it 
-J 

'   hi 


■.■« 


i 


\ 


V*i 


I 


1' 

I.    .  * 

«;■ 

■•:   ." 


^. 


rf.f 


1 


'.I 


s  .. 
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For  let  DA  Im  perpcndicuUf  to  DC  s  then  the  pmlfelogram 
GLCD  it  equal  to  the  icctmigle  ABCO  (SfJ}  and  the  area 
of  the  lattfcr  is  DC  x  CB. 

9*  What  is  the  euperlicial  eontent  of  a  rectangular  boards 
Ihe  length  bebg  13/1  3iii.  and  breadth  10}^  inckei^ 

Mi.  1  \f.  106^  h. 

8«    How  many  acres  are  contained  in  a  square  field,  the  side 

being  1 1  chains,  56  links  f 

Aus.  I  Sac.  58*1370po/ei» 

4t  How  many  yards  (iu  length)  of  matting  that  Is  |  of  a 
yard  wide  will  cover  a  floor  4f|  feel  long,  and  t!6[  broad :  .And 
what  will  be  the  expcace  at  U.  5;  J.  per  square  yard  7 

Aus.  1601}  yards  in  length* 
Expcnce  0/.  9s.  5jid. 

5.  What  length  must  be  cut  off.a  board  which  is  16|  inchea 
broad,  and  4|  feet  lougi  su  that  the  part  remaining  shall 
be  equal  to  3  square  feet  ? 

Ms.  IOtV  inches. 

To  Jind  the  area  of  a  Triangle. 

857.  M u  LTi F LY  the  base  by  the  perpendicular  height|  and 
half  the  product  will  be  the  area.  Or  multiply  the  base  by  half 
the  height,  or  the  height  by  halt  the  base. 

For  a^^angie  is  equal  to  half  a  parallelogram  of  the  same 
base  and  aliitUiiet  (62'>,  carol ^  l). 

EXAMPLBS* 

!•  How  many  acres  arc  contai*  ed  in  a  trianguki  field,  one 
aide  being  470  yards,  and  the  perpendicular  on  that  side  = 

tB0y$r4if 

Aau\Vf\« 


5:^8 


iURVETINO. 


ACBw 

i    AB» 

CAB  S3 


4Ct  II' 


•«• 


1' 


DDC 


6i9  sm' «/!•• 

62«  13'  «r.  ^  ^' 
63    40 — .M  »i'** 


/ 

4 


3  At6MS  .  : 

9;9553o8 

3-691 149  log.  C& 

0*0>3196 
9-9CU)iH 

3  6j  »si  log.  BD  9  417 IS*' 


°  1 


»  .  . 


...'J 


CBD  ss  64*7'.M...«^.M  sin. 

COD  5=  54"  J34'  «r.  co.  /in. 
DCG  s  73   63.... ii>i* 

GPD  rx  cr^  ^'  tfr,  co.  fin^ 
DGP  s  11    7  ^ sin. 


1>\0:»401>Q 
3'ii.'<h4J»  log.  CD. 

9-9i?  (769 

y776lJ7  log.  GD. 
0*03393 i 
f)'97.S974 

3h«>ootVj  k,g.  DP  »  63IOr3. 


Nov  from  the  tides  BA»  BO,  aad  the  included  ancle  I39<>S1'  wefcl 
Ibt  aogl^  LDA  s  17<>  48',  aad  AD  zs,  7501*1  >tfn£f,  (2:6). 


a 


I    • 


And  ir  BDA  be  Uken  from  150^  32'  ihe  aogit  BDP,  tliert  ftpialna  13^ 
44' the  angle  ADP,  which,  with  the  iiiduding  »idci  AD  s  7501*1 «  %tA 
DP  s:  6310*5  will  give  thq  distance  from  P  to  A  ss  |9(i69  ymi^%  . 

When  irianglei  art:  carried  on  from  the  original  btie in  til 
direciion<f  iht:  diitancci  lowarda  the  extremities  mayi  in  iooie 
respect^  he  verified  by  independent  calculatioas. 

N.  B.  All  the  principal  diltances  should  be  laid  down  from 
t  scale  of  equal  parts,  because  a  triangle  can  be  protracted 
more  accurately  with  its  sides  than  with  the  angles. 

S40.  Suppose  in  nuking  •  Survey*  the  distance  between 
the  spire*  A  and  B  has  been  detcruiined  equal  to  6A94  yard* ; 
and  that  G  and  D  are  two  eminences  conveniently  situated  for 
extending  the  triangles. 


Now  if  we  observe  the  angles 
«  C  JbGD  =  S3  5(1.  •»  ^  \ 


)ADG 
ADB 


A  -(it 

a;.- Ill 

3I«48*        \      •••..:-•:» 

—  •  •  •  •.  ! 

08   e.     G"7-ji 


OP  PLA1 


Then  4  AD  x  CP  is  the  area 
CO  that  of  the  triangle  ACE 
r  BCD. 


J)at  CP,  CO,  CR  are  equal, 
t  her  or  half  the  perimeter  of  i 
liua  of  the  intcribed  circle  is  th 

bout  G  in  BG,  the  line  bi^ 

an  arc  of  a  circle  is  describ 

^tottch  BS,  BT,  and  AD ;  ai 

the  perpendiculars  GS,  G1 

n  BS  and  BT  will  each  be  equ 

alf  the  perimeter  of  the  triang 

D :  For  AS  =:  AI,  and  DT 

(79,  enrol.  9)f    therefore  E 

BT  together  are  e(|ual  to  t 

of  three   aides.      And  cot 

ently  DT  or  DI  is  the  diiferen 

f  the  perimeter  (h  1)  and  th 

rencc  of  half  the  perimeter  (I 

ut  PD  =  RD,  RB  z=  OB,  i 

^fore  f  PD  +  90B  +  SOA  i, 

=:  half  the  perimeter ;  I 

PD  =  AS  =  AI :  now  if  P 

PD,  the  remainders  must  bt 

nd  since  PD  =:  AS,  AD  will 

ore  OB  (the  diflferenee  of  I 

the  perimeter  and  the  side  A 


7 


nd  because  DT  =s  DI  = 

of  BT  an()  BD,  thercl 

between  the  half  perin 

U)a  quidriUtcrals  ASGI,  i 


•4t  MimURATIOIf 

Md  O  nd  P  Ave  riglit  onet,  ihereTofe  OCP  +  O AP  aft  cqul 
to  two  right  ai^cf 9  tod  iince  OAP  ^  SAI  make  two  fight 
anglca,  SAI,  =:  OCP,  therefore  SGI  =:  OAP»  and  the  two 
quadrilaterala  *  are  equiangulary  and  becauie  GI  =  GS^  and 
CO  :^C?9  they  are  alto  liniilar.  And  since  the  triangkaBOC, 
BSG  are  limilar,  we  have 

OA  :  OC  ::  SG  :  SA, 
and  BO  :  BS   s:  OC  :  SCj  therefore  lUO^Ariih.) 
OA  M  BO :  OC  X  BS  : :  SG  x  OC  :  SA  x  SG ::  OC :  SA 
::0C  xBS:SA  X  BS(87); 

or  AO  X  BO  :  OC  X  BS  ::  OC  x  BS  :  SA  X  BS ; 

Consequently  OC  X  BS  the  area  of  the  triangle^  is  a  mean 
proportional  between  OA  x  BO  and  SA  X  BS|  that  ts^'tbe 
square  of  the  area  rz  OA  x  BO  X  SA  X  BS. 

Carol.  Hence  the  perimeter  of  the  tria  i  Ic  ABD  will  always 
be  equal  to  both  the  tangenu  BS^  BT,  w*  atever  may  be  the 
position  of  the  fide  ADj  provided  it  is  drawn  to  touch  the  circle 
whose  centre  is  G.' 

Let  BD  ss42»  AOss  3O9  and  BA  =229  as  m  the  preceding  example;^ 


Tlien    42  /    1" 

30 

47  lialf  tlie  pcriinelcr 


/ 


"I 


tlie  tliree  rcmainderf* 


And  47  X  S'X  17  K  25  ra 99S75the  coatinucd  product;  and  tlieiquaie 
loot  ol  99a75  ii  3 1  (I'OJ  nearly^  the  area  of  ihe  triangle. 

Mlft    To  Jind  ihe  area  oj  a  Trapezoid. 

It  is  proved  {jiri.  81|  coroL  1)  that  a  trapesoid  is  equal  to 
half  a  parallelogram  whose  base  is  the  sum  of  the  two  pa* 
rallel  sides,  and  height  equal  to  the  distance  of  those  si(' 
therefore. 


OF  PLANBt* 


aa 


J 


Maliiply  itie  mm  oF  the  two  ptrallel  tidft  bf  thdr  (trpeiMlU 
colar  distance,  ind  half  the  product  will  be  the  atta* 


EXAMPLBIft 

yt.    What  is  the  doii^ent  of  the  trapexoid     A 
ABCD  in  yards,  the  parallel  sides  AD,  BC 
being  94^  and  16t  feet,  respectively,  and 
the  perpendicular  distance  OP  z:  18  feet  ? 


i?4 


4i|^  tuni  of  the  panHd  lidet,   which  imiUiplied  by  la 
gives  74t?;,  hall  of  which  b  37l|  the  ^xitent  in  /xi^  equal  to  4I| 

9*  Suppose  the  parallel  sides  AB,  DC  of  a 
field  are  6  ch.  68  linh^  and  8  cA.  58  l%nk$f  and 
their  perpendicular  distance  AD  =  p  cA.  7  links i 
what  is  the  content  ? 

An$.  7*00204  acres. 

3.  What  cost  fio  boards,  each  being  I6i>  feet  long,  144 
inches  broad  at  one  end,  and  19^  at  the  other,  at  ^\d.  the 
square  foot  ? 

An9. 6/.  101.  Hi. 

S62. '  From  a  given  triangle  ACB  to  cut  off  a  trapesoid 
ARSB  of  a  given  area. 

Let  CP  be  perpendicular  to  AB»    Then 
jAB  X  PC  ii  the  area  of  the  triangle  ACB ; 
from  this  area  subduct  the  given  area  ARSB 
and  the  remainder  is  the  area  of  the 
RCSj  which  ia  equal  to  4RS  x  OC. 


ailHIHAATIOIf 

Now  iIm  IfUni^  ACB,  RCS  bciiig  uuSkr^  wlmm 
iAB  X  PC  t  PC*  ::  |RS  x  OC  :  OC*  (lOl)i 
And  MB  :  PC  s:  iRS  X  OC  :  OC*  (87)« 

Lei  ABsi40,  aad  PCsSlttiKl  fuppo«  tlie  aret  oTiIm  tnpcaoid 
to  be  410.  Then  lOSO  is  the  .ireA  oi  the  triaofle  ACB;  awl  1080  -.  4«0 
oi  COO  Um  area  of  the  imi%W  RCS  s  ^RS  x  OC,  ilierdim  Hit  lart 
fwoportioo  will  be.  y  ;  54  ::  600  i  1690  sz  OC^s  and  the  •quaie  lool 
of  16i0  it  40*35  nearly,  ss  OC  t  wlieoce  54  — 40^95  ss  13}  s  OP  Oic 
breadtb  of  Ihe  Irapeioi  J«  ^ 

Exam  p.  9.  What  length  musi  be  cut  off  a  board  that  U  18 
feet  longi  lb  iachet  broad  al  one  cnd^  tnd  14  at  Ihe  olherj  to 
mako  10  feet  acjuare  i 

^ns.  7 '  1  ftei  It  the  grciter  end* 


S8S«    To  Jind  ih^  area  of  a  napezium. 

Let  the  Trtpeiium  be  divided  into  two  trianglea  by  a 
agonali  then  the  areas  of  ihc  trianglea  added  together  wiU  be 
content  of  the  Trapezium. 

Eramp.  I.    What  ii  the  area  of  the  tra* 
peaium  ABCD,  when  the  diagonal  BO=      b. 
49*79  and  the  perpendiculars  on  BD  are  CO  ss 
83*3»  and  AP  =:  ^22  ? 


di. 
tht 


49«7  X  33*5 


4J>-7X   11 


S32'475  area  of  triang.  BDC. 
M67^_ area  of  irianfr.  DBA. 


13721  175  ureaofABCD. 


8«  Let  the  measured  sides  of  the  quadrangular  field  ABCO  be 


•  • 


AD  =  15cA.  U  links, 
AD  =:  lloA.  \4  links. 


CB  =  iSrA.  88  links, 
CD  =:   ,9ch.  OO  links: 


And  suppose  the  angles  at  A  and  C  taken  with  a  Theodolite 
|m  DAB  z:  105*  9B',  and  DCB  z:  80*  54', 


What  is  the  content  in  acres  } 


Of  PLAN1 


The  Met  AB  ind  AD  with  the  indudei 
irea  of  the  Iriangic  BDAss  81*SU  cha 

And  CB  and  CD  with  the  indadcd 
«935  €Mfu  the  area  .of  CDB ;  tha  ivr 
s  I7'5l(i9am»« 

Having  meafured  the  fide  A1 
ind  it  to  be  St  1  gardi,  we  observe 


BAG    zz  4V9Qr 
CAD  ==  41    19 


] 


ence  the  content  of  the  field  is  re 


-nth  AD  aad  Uie  liten  anglet  of  th 
BDC,  Ink!  the  diagonal  DB,  an< 

(95S)  BD  and  AD  with  the  Incliu 
^riangl^  ADB  ss  4*1335  acrts :  and  li 
p  that  of  the  triingle  BDC  s  4*317: 
oftbetrapfiiunu 

7V»  find  ike  area  a/a  regu 

t 

ULTIPLT  hair  the  perimeter  b 
ita  centre  on  one  of  the  aidea^ 
of  the  polygon  (1O0). 


tXAMPLI 


^    ifDB  the  nde  of  t  pentagon 
bethetret? 


C  be  the  centiet  the«  the  angle 


M*.    Thmtn^)raHustUmi 


•  < 


OL.  t. 


TT 


MIHinATlOM 


OiwnirtlMp 


ThtaiMl'TSOirr  winMmua«ii<ri^ll«rlbrtpdinclha 
coDUatofinyetberKguhrpcaUgoairiMMeNdtfugiTeBi  that, 

t.  SuppoN  it  is  required  to  find  tlw  eootcat  of  a  pcmUgan 
whoM  Nda  ii  SO  I  Tbm,  uaul«r  plane  tigurea  bong  io  tbt 
•ame  proportioa  aa  the  aqoarea  of  thor  homotiigaiu  sidei  (in}p 
we  bare  . 

1'  :  l'rSM7r  :i  to*  :  400  X  1*710477  or  flsne  the  am 
Tcquiied. 

9.    IfthaaidaofaKgular  hexagon  bt  I,  what  ia  the  area  ? 
»  lltbexaioabcflcapiMeilofCcquihUraKriaD^aieKhiMabeing  I. 

Now  l|x|X<Ml9A'*  **>'  »*l<un  «r  tfa*  im  of  om  of  Iha 

tiianitk*  (.'60);  and  tbe  Miui.re  lOot  o(  ^  h  -433013  nrarlr.  therriai* 
•433013  X  4  s  S'HIint,  ibc  tiMilrnt  of  th«  hexagon.  Aftd  Uih  ana 
will  b0  a  muaipllir  bt  fiudug  iLe  owi'lrnt  of  ny  other  rr|ular.  bcufoa 
«ltOM  tldt  ll  BivcB. 

Stfs.    To  find  the  area  of  on  irregular  PolggoH* 

DiviDK  the  polygon  into  triaoglci,  or  into  triaoglei  and 
Irapczudi  j  then  their  aicu  added  together  will  ba  the  coolcnt 
of  the  polygon. 


1.  What  ia  the  content  of 
the  octangular  figure  BG*  tbt 
leiiglhi  of  tbe  aenral  paralleta 
and  pcrpendicolara  being  ti  fot- 


^ 


or  rtAMBi. 

AOs 

44|               01 

0P  = 

18H             RH 

PR  s 

80               TG 

»Q  = 

41                  PB 

QS  = 

130^                QC 

ST  = 

50               SD 

TE  s 

5«* 

] 


In  tand-meuuriog^  an  bftniment  called 

be^ery  useful  for  finding  the  point!  O,  P; 

perpendicttlari  lO,  BP,  HR,  &c.  fiill  froc 

Field  «ipon  the  base  line  AE«    Or  the  Moi 

with  a  pocket  Sextant,  thus:'  Set  the  inde] 

Walk  akmg  the  line  AE  (if  towards  £)  dii 

object  at  E,  then  suppose  you  see  the  coi 

by  fftflcction  when  jom  are  at  P^  the  ai 

Hghl  one. 

9«    Suppose  the  adjacent 
gan  to  represent  the  per*  ' 

icttlar  section  of  a  ram* 
<aut|  the  several  heighta 
wid  breadths  being  u  fbl* 


a: 


vim.  AB  s  16 

BD  :=  18 
DHs  « 
HK=  8 
KL  =  8 
LP  =  i% 
PS    s  10 


BC 

DE 

HG 

KI 

LO 

PR 


What  la  the  superficial  content  of  the  set 

The  pcrpqwiicolan  dl?idt  the  figure  Into  8  triar 
Tsetangltt  Md  their  aitss  added  together  msk 

ed., 

TT8 


•0  HlMSMl^AtlOll 

St    Let  ABC  be  the  b 

IMTolile  or  perpendipiilar      ^^^^-^       'A  ^^  <    A 

■ecUoQ  oftbrtatt-work,    JT;' " iHT ]V^. 

andEPUut^Miedilcbi  C p 

now  luppose  the  area  of 

the  tection  ABC  in  B8/cr/»  the  dcplh.of  the  dilch  RD  ss • 
fiei.  and  £R=:3/ee/t  what  ii  ibe  breadtb  of  thedilehal 
lop  whea  the  scctioni  of  ibe  ditcb  and  breul-work  are  equals  or 
wbeo  tbe  earth  thrown  out  of  the  ditch  ii  luppoted  to  make  the 
breast*work? 

If  the  ilopeon  each  liJe  ef  the  cUtch  U  the  tame*,  the  areai  ef  the  III* 
analet  EUDi  SPO  tnp!ther  nuke  18  fcci,  which  tikca  (roni  18  leafci  70» 
the  area  of  the  rectaugle  RP;  this  divided  by  tlic  depth  RD  or  SP  gives 
II)  B  R^  thcrcfure  £0  the  breadtb  of  tlie  ditch  at  top  is  11)  -i-  6  s 
17)^cf. 

4.  Let  the  secttunof  tbe  breast^wdrk  ABC  be  as  in  the 
preceding  exAmple,  and  EO  the  breadth  of  the  ditch  at  top  ^= 
90fteii  also  suppose  the  slopes  of  the  dilch  are  unequal  ac« 
cording  to  the  following  proportions^  £R  :  KD  : :  9  :  3^  and 
SO  :  SH  : :  9  :  4 1  RD  and  SH  being  perpendicular  to  £0 : 
Now  what  must  be  the  depth  of  the  dilch,  if  the  earth  when 
.thrown  oQI  is  also  to  form  a  glacis  whose  height  is  S/eei,  and 
base  OG  =  14  ? 

Area  of  ARC SH 

of  the  gUri.>  s  1 )  X  U  =  t.M 

of  ENTO JU9  secuon  of  dilch. 

Let  DQ  be  parallel 

to  TO.  aud  VL  peiw 

..^if^^'^^'                    ^  V  R  Q  T.         S 
tteiHiiciuar  to  £0.  v      ^^•••••••••.•••••.•.» ^.^.i.h .-▼....•»»••.  ,. 

beiBg  the  coocouive 
of  CN,     OT^pro* 

dttccd. 


ike  triangiek  U>Q«  SHO  are  similar,  whence 

HS  I  SO  1 1  DR  :  RQ  ^ 

or  4  I     Su     5   :    l)a  RQ}  therefore  EQie 94*  l| 9 3^ 


f 


OV.VLANBt« 


4teca«ellKtriaBgkiIDQ,EV0aittimilir,  ntha^ 


EQtBDttEOtLV 
cr3|   :    3    tt  90  t  17f  as  the  perpendicvlar  I 


n4  ITiX  m  a  1^1^  the  am  of  the  triangle  £VO. 


ENTO 


6>4  ifta  of  triangle  NVT« 


(3etf),  lEQ  t  KD  t:  triflfir.  NVT  :  VK« 
or  1|    t    3    tt         62f        t  f^^  a 
ii  10*3  oearij,  as  VKs  whence  the  depth  LK  xa  1 


Sttppoaetbe 

of  the  profile 

C   s=    100 


••. 


^        » •    \  T  r 


•••• 


And  BD  =r    1 

'  DCl:    fl 

BZ  =  10 


2P  =  IS 

PS  =    8  depth 
IP    =     tjttU 


at  muat  be  the  breadth  of  the  ditch  ao  th 

T  ahall  be  equal  to  the  profile  ABGC  and 

Kon  of  the  glacis;  togetherj  when  the  talus  BO 

▼ior  alope  of  the  glacis  are  in  the  same  plane 

n*0  being  e4ual  ? 

An$.  IT  breadth  at  top  :s 


OfiheCircU^    . 

^000511 39094  be  multiplied  by  19961 
J 1 8319990  the  length  of  the  perimeter  of  t 
goa  of  199S8  aidea  mhen  the  radios  of  th 
Tbia  perimeter  must  be  ?ery  nearly  equi 
ferenoeof  thectrdc^  but  somewhat  leas.  It 
be  worth  while  to  calculate  the  perimeter  of 
poljrgw  of  the  same  number  of  aidesi 


MEMtURATlOtf 


\ 


aw  of  th«  aide  murt  be  giMlir  tfun  Ihi 
be  othefa 


Ottik    hut 


Iht  centra  of  tlM  dfclt.  ABllMiMt 
ibed  polyfOft,  and  GD  that  of  Ikt  cor- 
circiiiiMcrilMiig  one;  and  luppoie  CR.  it 
ir  to  AB  and  GD. 

h  *00(»55e346  or  half  of  -0005 1 133^99 1 

ig  a  1»  we  get  CO  9  •9999999672S  nearij.  (D,  teni^. 

use  the  perimeter*  of  tiinllar  pUne  figuici  art  b  the  ume  peo- 

tieir  homologout  sidtt  ( 103)  we  have 

i  CR  u  ferim.  iitscrihed  poiyg,  t  ferim.  draumufol^g. 

999671^8  I  1  :s  6 2S31S5I91796  :  6283ISS4  nearly,  the  |Kri- 
e  circuiuicribing  polygon.  We  thereibre  conclude  that  the 
ce  ofthedrcJe 

it /etf  than  6*3S3 1854 
but  ^eolrr  than  6*2831852 

jf  half  their  turn  or  63831853  must  be  very  nearly  the  di^ 

diameter  being  9,  the  dicurolvrence  of  a  circle  whme  diameter 
hair  of  6-3831853,  or  3*  141 59365;  which.lt  correct  inthelaH 
nd  sufficiently  near  to  give  the  circumierence  of  the  Earth 
I  than  3  inJta,  tuppotiog  it  giobuUr  and  the  diameter  8000 


luch  accuracy  It  not  required,  the  proportion  of  the  diameter 
umference  may  be  taken  at  1  tu  3*  1416.  Or  that  of  7  to  99 
rir  common  purposet*  The  ratio  of  1 13  to  355  it  a  nearer 
lion  than  either. 


Tojnd  ih0  area  of  a  Circle. 

ULTirtY  the  radiua  or  half  the  diannoter  by  half  the 
enoe^  and  the  product  will  be  the  area  (iQ6^  caroL). 

^r  the  tquarc  of  the  diameter  multiplied  by  *7M4 
area** 


or  rtANii* 


tsi 


III.   Or  multiply  the  iqvaie  of  the  ciicomleRBM  If 


fj 


IXAIirLBS. 


^ 

b 


1.  What  it  the  area  of  a  eircle  whote  diameter  10  1 ) 

lUir  the  diameter  it  -S.  and  halfthe  dicumfcreiica  It  1*570790  Ite. 
-S  X  I  *57079«  8  *7853P8  Of  *7854  iieaflj.  the  aita.        ^ 

Now  7834  it  a  commoii  multiplier  for  finding  the  area  of  anf 
other  circle  whose  diameter  it  given :  thuSj 

9.  Let  it  be  required  to  find  the  area  of  a  eircle  whote  A^ 
ameter  it  SO? 

Then  circlet  being  at  the  tqoarct  of  their  diameten  (lOSf  ctrvl.)  wt 
hare    .  . 

1«  r  -7854  t!  20^  :  400  X  «7854  a  31416  the  area  toaght  (mJ^II). 

3.   Required  the  area  of  a  circle  whote  circumference  it  1  > 
At3UI5936  :  t  It  1  t  OltSI  ncarixt  thedianctcrt 

Thmfore  |  x  -^i|^cB*019ft77  the  content.    Which  h  a  mnhiplitr 
ht  finding  the  area  when  the  circnmlcrtnce  It  given  {Ituh  III .}• 

4«    How  many  tquare  yardt  in  a  circle  whose  radiut.  it  15^ 

fttif 

An9.  81*1 708»  nearly. 

5.    What  it  the  diameter  of  thai  circle  whote  area  it  a» 

Acre  ? 

Am.  784  y^rih  neatly.. 


T9find  ih0  area  tf  ihe  Sector  ^a  Circle. 

868.   Wniir  the  diameter  and  length  of  the  are  are  given. 
Multiply  half  the  diameter  by  halfthe  aitt  ixi4  iib%  ^|tb(Bta^ 

will  be  the  aiea  X  ^Ihit  it  efidcQt  firom  iMt  Mril^V 


lit 


lUNIUBAtlOK 


ISAMMiEli 


l«   Wliil  it  Iht  ai«A  of  tha  dfoihr  leelof  if  the  fiditti  i» 
flOi»  and  kagih  of  dw  u«  S0  ^ 

ff(»^  >r  ltssM9.  diu* 

m 

t«   Whattt  ihc'afraof  a.icctorif  ihcradiut  te  ig  udibQ 
are  coouint  40* } 

WiMtiM nMBiM hl,fim clfcumrmace b 9^1311^  (26d)t 
And  01745  X  40  ;=;  -^1  is  the  lepgih  of  Um  aic  of  40». 


And  tlie  area  of  the  lector  ss  1  x  ^  9:  *)49  ilw . 

S0O«    Let  CA,  CG  be  the  radii  of  two  aimilaf 
fectpraCAD^  CGO:  .     ^ 

Then  CA  :  AD  ; :  CG  :  GO« 


& 


or  1  :  *01743  X  40* ::  CG  :  *0174a  x  40*  X  CG  llie 
kngtb  of  the  arc  GO  when  the  angle  C  is  40* : 


Therefore  if  the  number  of  degrees  io  a  aeclor  be 
by  the  radius  and  that  product  by  the  decimal  *01745  the  lesull 
will  be  the  length  of  the  arc  of  the  sector. 

Since  the  area  of  the  sector  CAD  is  CA  X  iAD,  or  1  x 

>oi74a  X  40^  ^.f  ^1^  ^^^,^  ^  .^  ^^^  .^  ^.„  ^ 

CA*  :  CG*  ::  i   x   '^'^^^^  ^^  a  aita  of  sector 
CGO  (IOS|  coro/.)« 


or  »tA>i«i 


<si 


or    <    {  CG*  :t  HWtrtM  x  «0*  >  CG*  x  *0987«M 

Coosequentljry  if  the  square  of  the  radintt  the  mmiher  of 
degree*  in  the  tectoft  end  the  decimal  •0(M7t89  aie  mtdtipBdl 
together,  the  product  will  be  the  area* 

EMtrnp.   Wbat  h  the  aiea  of  a  tcdir  wben  the  ndiit  b  Nb  io4  to 

94*J4'i8sa4«*575 
And  50*  X  94-515  n  *0087i66ss  3063  9955  the  aiea  loeght. 

970.    n^nd  the  area  of  a  Segment  of  a  CiftU. 

Bx.  U  Lit  ADB  be  a  segment  whose  chord  AB  =  i6t 
sad  height  or  Tcrsed  sine  OD  =  8 }  C  being  the  centre  of  tho 
circle. 


Tbea  DO  X  AO  :s  AO  t  OR  (97»  €orol.  1) 
cr     S    x   IS  t:   IS  t  iO^sOR 

S    gOD 
IT)  4]^s  DR  diam.  ofdrde 
vU  theradiyfc 


Now  OB  Mog  IS,  M  prH  (»4.)  the  angle  OCB  m4n^$%f, 
tke  SBgle  of  the  wctor  ACb  s  95*  51'  m  W^5. 

And  the  area  ofthe  sector  ADBC    b  491SS  (Ml) 

area  of  thetriany.  ACB  s5(OBxOC) 

Am  of  the  tegment  ADB diff.  \V9*3i 

t.    If  the  height  or  versed  sine  be  M,  and  the  tadioa  of  th»4^ 
circle  40|  what  is  the  area  of  the  segment? 

Jn$.  BIOitTtf 


971*    A  miat*nne4  Dgore  Is  one  ooomm  hf  both  l^ght  ttNf 
ennrcd  lines,  as  A0« 

VOU  I.  ft  t 


*  No  feiMal  riik  era  te  given  for  obulnuig  the  tsici  ecmteali 
•f  all  figufct  of  ihif  detcripiicm.  The  oiual  meibod  uf  afH 
praxtnulkm  it  to  dtviile  the  curved  or  crooked  Eoei  iaio  iliofft 
ptru*  and  then  consider  each  of  those  parts  aa  the  side  of  a 
right-lined  figure. 

JBxaaip.   .!•    Suppose  AD  is  divided  into  S ' 
equal  paru,  and  let  A£,  BG,  CI,  DO,  be  per-     ^f-^ 
pendiculir  to  AD ;  also  suppose 

AD  =  tl  CI    =  10 

AE  =:    6  DO  :r    0 

BG  =    8 

Then  if  we  suppose  EG,  Gl,  lO,  to  be  right  lines,  the  figure 
will  consist  of  3  trapezuidi  having  equal  bases  AB|  BC^  CI 

And  ~^  X  7  s=  49  =s  trapezoid  AG  (26I.) 
^       X  7  s  G3  =s Bl 


104-  9       ^       ^^.  ^^ 

— - —  X  7  =J  6«1  =5 CO 

luin  na[  the  whole  conient. 

But  the  same  result  is  obtained  by  multiplying  the 
ticAl  mean  breadth  by  the  base  or  length  AD*    Thus,  take  half 
the  sum  of  the  extreme  brcaJtha  AE  and  DO  for  one  breadth, 
to  which  add  BG  and  CI»  and  divide  the  whole  by  S  (the  num* 
'  her  of  parts  into  which  AD  is  divided)  for  the  mean  breadth. 

^  f»,th€  luoi  of  the  3  fractioDt  having  the  common  deuooiiMtoi  2 
l  '       6+ 8 -fit  4- lOX  104.9 

it x.— — X — r^,  or  7;  +  a  4-  lO, 

Theieforc  the  turn  7^  +  S  -♦-  10  x  7 ;  or  25J  x  -3^-  or  ^  X«l, 
0, 11'^*  'V       X  91  =s  17S|,  it  equal  to  ihe3  traprtoidt:  where  7|  is 

71  -t-  B    fc^  10 

]^r  tlie  tstrcmc  breadths  AE»  DO;  tod    i^^  T      or  S^  ii  thenma 


Of  iOLlDt. 


9H 


It  if  evident  thtt  the  tret  49  it  /to  great,  bectuse  the  curved 
lide  EG  if  convex  towtrds  the  apposite  fide  AB :  but  GI  tnd 
10  tre  bent  the  contrary  wty,  tnd  consequently  03  tnd  69\  tre 
lx>th  (90  liiiU.  Hence  it  tppctrt ,  thtt  the  grttter  ibe  number 
of  equti  ptrU  into  which  the  btse  (AD)  it  divided,  the  noif 
accurtte  will  be  the  retult. 

Exnmp.  9.  The  length  or  btse  of  tn  irregoltr  figure  being 
37*9t  Mid  the  bretdtht  tt  9  equi-disttnt  pitcet  0»  4*4^  9*$^  V9$ 
5'4|  8,  5*9p  0*lt  0*5;  whtt  ii  the  tret? 

Ani.  tl8*8l5. 

• 

479.  The  following  method  of  reducing  t  crooked  boundtr]f 
to  t  straight  line  if  sometimes  practised  in  ltiid*metsttring« 
Suppose  ABC  D  is  t  field  protracted  from  t 
sorvfy,  the  side  DC  being  very  irregultr: 
Then  to  reduce  this  side  to  t  strtight  line, 
lay  t  fine  thretd  GR  tcross  it,  tnd  guess  by 
the  eye  when  the  parts  of  the  surface  ex* 
eluded  on  one  tide  of  the  thretd  tre  equtI 
to  those  ttken  in  on  the  other ;  then  draw 
the  line  GR  with  t  pencil  |  tnd  the  surface  of  the  field  will  bo 
reduced  to  the  qutdriltterti  ABRG.  A  fine  silk  thretd^  or 
horse  hair,  slretchid  after  the  manner  of  t  bow-ttriogi  wiU  bo 
found  very  convenient  for  this  purpose. 


MenmraHon  of  Solids. 

S78.  By  the  mensuration  of  solids  ure  undcrsttnd  thtt  of 
their  superficies,  ts  well  tt  the  ctptcitiet  or  lolid  contentt* 


if  a  solid  it  bounded  l«y  pitnet  they  mutt  be  right*tiaed 

figum(lt5)i  and  their  trett  tdded  ibfpthtf  will  fin  tbt  lilMlt 

sorfiMtoftbttolidt 

•  tt 


1.    TeioltheMf«tGiMortlMnetia|irfirfriM«rrMl. 
Wopiftd  fiC,  iu  height  bang  s,  brradth  St  tod  IhiiIi  4* 

tx4  MttwcaorADoMoftbilniiulMM. 


U  ivintUaralerAB. 


tt    What  iiilwwiperficinof  ftcube  whoMudeait'rf 

7  X  1  n  49  am  of  OM  of  the  c  equal  bm. 

4»  X  i  a  9H  the  whole  %tuiux. 

S>  Whtt  will  be  dw  npenie  o^  lining  a  icctanpibr  ciitem 
with  ibeel  lead,  iu  length  being  Ih  breadtli  4,  and  depth  H 
^It  at  9(f.  the  i^iuic  foot? 

Ml.  Si.  ti.  4ld. 

4<  What  i«  the  area  of  the  inner  lurfkce  of  a  diicb  iar> 
Nundiog  a  iquate  fort,  the  ttope  oo  each  aide  being  cquil,  and 
the  breadth  at  lop  SO,  at  botiom  96,  and  depth  9J$4t  j  and  ibi 
aide  of  the  inner  aquue  300 /tW  ^ 

UairtbedilTrreiKeofSQandtfC  U9.  Ibadan  (»■)  tU ayian not  of 
40  (or  3fi  +  4}  wlU  be  the  tUnl  depth  of  the  diick 

■     Uppef  lideorionerilopeAriorUMwbokdilcbaOOjMt 

lAwcr  tide .^ ......  M4 

Vp|wr  tide  of  outer  ilope.,,  ,„..... _..  MO 

lAwertide « » ....—....„  9SS 

4X  ~1^-^X  ^40,or4x  303x  v' 40  airaoriaiwrilopeanwid. 
4  X  ^^^-|^^  X  t^  40b  or  4  X  »•  X  v' 40  area  of  outer  dopeanmwd. 

IVtUDiitix  «0X  ^40.-.„. H  l6MTMa)7. 

A»d4x-°    j'""x  9fiareaorbatla(Banr6uads943» 


•»  iOtlDI. 


357 


5*    Wbtt  if  the  toperficiei  of  a  tetraedron  or  pyramid 
ttined  by  4  eqailateral  IriingleSt  etch  fide  being  0  ? 

Am.  69*8538  netrlf* 


0 
* 


\i 


To  find  tht  convtfJB  tmfaet  of  an  upright  (^Under, 

m 

f  74«  Ir  in  upright  hollow  cylinder  of  piper  or  other  thia 
nuterial  be  cat  in  a  direction  perpendicular  to  itf  ends,  and  then 
opened  flat^  it  will  form  a  rectangular  paralldogram :  Therebre 
to  find  .the  con? ex  Mirfacci  multiply  the  length  of  the  cylinder  bf 
itf  circumference* 

Exampo    Whal.b  the  whole  auperficiea  of  a  cylinder,  ita* 
length  being  10  Feett  and  diameter  3  ? 

The  dnmmlmooe  b  en  3  x  9*1416  s  9-49%$  ^ 

AmI9*4?48x  10  (tlie  convex  tarfaoe)  ..f.— .m...,^..,.  es  94*948 

Cooteots  of  both  ends,  add  .•..^.-.^ ^.^...  «g  M'I377 

Ahs. M        10V^3f^>bf« 


Tojini  ik§  convex  iurjace  of  an  uprighi  Cona* 

875.  CoNCEtTE  the  surface  to  be  opened  out  in  a  plane, 
and  the  circumference  of  the  base  will  then  become  the  are  of  a 
sector  of  a  circle  whose  radius  is  the  slant  height:  Hence,  half 
the  circumference  of  the  base  multiplied  by  the  slant  height  will 
give  the  curve  superficies  (909). 

Examp.  What  is  the  conrea  surface  of  a  oone,  whose  height 
b  80  feett  and  the  diameter  ofiu  base  10? 

Tbsslaot  height  Is  70*6155.   Circomferenet  of  Iliekasa8t418t 
And^-^I^X  80*8155  0  393-888  fe€t.    Am 


•4» 


• 


VSmU  RATION 


njind  ih§  CMMjr  imfac^  0/0  Comic  Fhuhm.  tr  a  fmi  eul 
Jfm  ih§  Uiiom  hy  a  piano  paralM  io  iho  base. . 

97A«  If  the  lector  BCA  rcpretenlt  the 
carve  turface  of  the  whole  conci  BDGA  will 
be  that  of  a  fruaum :  therefore  the  difference 
of  the  teaort  BCA»  DCG^  if  the  furfacc  of 
Ihefruitum. 

Examp.  ■  Suppose  the  circumfereiicef  of  the  two  eodt  of  the 
firustum  are  94  and  1 5»  and  the  slant  height  0 ;  what  it  the  ctirvc 
•urface  ? 

Became  the  ucibn  BCA,  DCG  are  similar,  we  lia?e 

BA  t  DO  ::  aC  I  DC 
AndBA  — DG  :  DG  ::  UC  — DC  :  DC  (H.xkoL) 
or  'J4— 15  :  15  s;  <i(BD)  :i  lOsDC: 
Tbea-rori:  V  X   10  =   75  area  DCG 
and      Y  X   16  sr  19?  area  RCA, 
dlff.  JJ7  area  BDGA. 

Or  Mia;— Since  the  segment  BDGA  is. analogous  to  a 
trapezoid,  if  half  the  sum  of  the  parallel  sides  0C»  BA  be 
multiplied  by  their  perpendicular  disUnce  BD|  the  product  w  ill 
be  the  area, 

15  4-24 


U 


X  6  8  1 17  the  cnrvc  surface,  as  bdbre. 


To  find  tko  surface  of  a  Glolo  or  Sphoro. 

t77.    Mu  LTIPLT  the  diameter  of  the  sphere  by  its  circum< 
ference^  and  the  product  will  be  the  superficies. 

Let  the  semi*circle  EVW  be 
cifcumscribcd  by  the  recungle 
£R,  and  suppose  IO»  which  is 
drawn  to  touch  the  circle  in  P, 
to  be  bisected  by  the  radius  C  P ; 
sdso,  let  CV  be  perpendicular^ 
Md  AB^  CD»  QO  parallel  to  EW. 
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Then  if  the  lemi-circle  and  rectangle  rerolfe  aboui  the  aib 
C V»  the  former  will  describe  a  hemiaphe re ^  ttid  the  latter  a  ef»  ' 
Tinder}  and  10  will  describe  the  curve  aurface  of  a  conic 
fruitiun. 


Let  OB  be  perpendicular  to  AB :  then  the  trianglea  PCS» 
OIB  are  timilary  whence  PC  s  PS  : :  OI  :  OB}  but  QAss 
OB,  and  GS=:CP»  therefore  OS  t  PS  : :  OI :  QA : 

But  the  circumferencet  of  circles  are  as  their  diameters  (lOSy 
coroL) ;  and  because  CD  is  double  GS»  and  PN  double  PS, 
we  have  (from  the  last  proportion) 

As  circumf,  circle  CD :  circumf.  circle  PN  : :  OI :  QA; 

whence  QA  x  circumf^  CD  =;  01  x  circumf.  PN^ 

But  QA  X  circumf.  CD  is  the  curve  surface  of  the  c}iindery 
whose  height  is  QA  (974).  And  because  PO  =  PI,  the  cir* 
cumference  described  by  the  point  P  will  be  half  the  sum  of  the 
circumferences  described  by  the  points  O  and  I,  and  therefore 
the  slant  height  OI  x  circumf,  PN  is  the  curve  surface  of  the 
conic  frustum  described  by  OI  979;)  whence  it  appears  thai 
the  convex  surfaces  of  the  cylinder,  and  conic  frustum  described 
by  QA  and  01  are  equal. 

Now  if  the  points  Q  and  A  nearly  coincide  with  G,  the  con 
responding  points  O  and  I  will  nearly  coincide  with  the  point  P, 
and  in  that  case,  we  may  consider  the  indefinitely  small  conical 
surface  as  coinciding  with,  and  equal  to  the  indeGnitely  small 
portifM)  of  the  spherical  surfarei  and  as  this  will  hold  in  every 
part  of  the  quadrant  EV,  the  sum  of  all  the  conic  surfaces  must 
be  equal  to  the  whole  spherical  surface,  which  thereforci  will  be 
equal  to  the  corresponding  surface  of  the  cylinder  :^Hence  the 
aarfarc  of  the  hemisphere  ia  equal  to  that  of  the  cylinder  £R,  or 
the  anrfaoe  of  a  sphere  equal  to  that  of  ita  circumscribing  cylin« 
der,  or  equal  to  4  times  the  area  of  the  circle  whose  diameter  ia 
that  of  the  sphere* 


IUMI9lM^t&P« 


. '  C^mL  J«  Hmm  alii^  tht  eonrrs  mabm  #f  «7  fpbcrictl 
jifWMilt  Of  MM»  in  equal  Icr  Uie  cirttimfciinff  of  the  tpbeio 
viuliiplitd  by  the  iKighi  of  the  aaid  fcgmeott  or  aojMu 

Corol.  f  •  '  And  beciuse  the  treit  of  circlet  are  at  the  sqiuret 
4tf  thotr  diamctersi  or  circumrereiiceat  tbt  aurfacei  of  tpbcict 
will  bo  u  tbt  aquaitrof  their  diametert.  Of  ciicuaifrrciieca«    . 

ExAHrLgt. 

1.  What  it  the  tuperficiet  of  a  globe  whote  diamettr  it  4 
iDchet? 

4  X  3*U16ihe cifcum&mnee;  and  4  x 4  X  3*l416s  50Ja56 iiichct*  Jhs^ 

$•  What  would  be  the  cott  of  gilding  a  globe  10  feet  in 
fliameter^  ai  ad.  the  tupcrficial  foot  ? 

Ms,  Jl.  17'OSf, 

3«  At  what  height  above  the  earth  mutt  a  pertoo  be  to  tea 
one  fourth  of  itt  turface,  fupposing  the  earth  to  be  perfectly 
f  pb^rical^  and  itt  diameter  8000  milet  ? 

Jns.  4000  miln. 

I 

/ 

To  find  ih€  tolid  or  cubic  conipnis  o/a  Prism  or  Cylinder. 

91%.  Multiply  the  area  of  the  bate  by  the  height,  and 
|)k  prodiict  will  be  the  tolid  or  cubic  oontentt  (lai^  and  coroU). 


£XAMrL£|. 

1  •  How  many  cubic  inchet  are  contained 
in  the  rectangular  pritm  or  paralldopiped  ABj 
the  length  AD  being  3  inchet^  breadth  AC  ::  t^ 
and  height  CO  =  t  ? 

e  X  3  SB  6  area  of  the  bate ; 
And  6  X  9  s  IS  lochct  the  cubic  conteoti^ 


0 B 


bf  fedLibt. 


«6l 


'1 


i 

I 

7 

1 


1^11  )s  calii  (I  cuHc  measure  bccaate  tbe  <^ip«city  or  magni« 
hk)e  ii  f  Miniated  in  cubic  intcgrrt t  as  cubic  yartlt,  cubic  fcetf  or 
tubic  inches :  ThuS|  in  the  preaent  ezamf'lei  a  cubic  inch  is  the 
ffheaturing  integer  or  li^nit^  the  tvhole  prism  contaiiting  19  of  ihea€ 
units  or  inch  cubes* 

9.    How  minj  gallons  of  water  will  a  cubic  ciatem  eontaini 
its  depth  being  4  feet  t^ 

4  X  4  X  4  s=  S4  eubtc  fcet^  thr  capacity  t 


/ 


And 


61  X  nn 


47S  ^  Jf  gallons  wine  tmasurii 


S.  What  is  the  vaUic  of  a  cyrmdrtc  stone  pillar  whose  dia» 
tneter  :r  i{  feeti  and  height  8Q  feet,  at  9/.  lOcf*  the  cubic  foot) 

Ms.  97f.  3i.  'iid. 

4*  if  the  Velocity  of  water  through  a.  cylindrical  pipe  i| 
inches  in  diameter,  be  13  inches  per  aecond|  what  tiuantity 
Would  it  supply  in  94  hours  7 

jinf.  t50i  gatlonSi  U'tfte  HHvasure. 

5.  tf  the  depth  of  an  oblique  parallelopiped  be  4  fibet,  th# 
acuttf  ingle  of  the  base  49"",  and  the  including  sides  7|  and  J 
(eet>  what  is  the  content  in  cubic  yafds  7 


Tojini  ike  iolld  c^ntenii  6f  a  Pgramii  •r  Cone. 

970*  MutrtfLT  the  base  by  the  perpendiciilar  height^ 
and  I  of  the  product  will  be  the  area.— Or,  multiply  the  bast 
by  i  of  the  height    (idS). 


Examples. 

I.    How  iiiiny  cubic  feet  in  a  triangulir  pyramidi  the  aidci 

of  the  base  being  7,   8i  and  9  feet|   and  the  perpendiculaf 

height  17  7 

ulif •  13t*M  0eirly« 

TOL*  If  a  A 


Ml  MINiUlATlOir 

<•  Rcqoifid'tlit  mimber  of  cable  yiivU  in  aH  opHght  |iy* 
fimid^  the  bate  being  a  regular  heptagoiij  i^boae  side  ia  10  feet^ 
and  the  alanl  height  ftomlhe  middie  of  the  aide  of  Ihe  baae  ± 
JOfeetr 

S.  How  many  cubie  yards  in  an  uprighl  cone,  the  eircum« 
fercQce  of  the  base  being  70  feet|  and  the  slant  height  SO  ? 

j4n$.  134*09* 

4«  What  is  the  content  of  an  oblique  conei  the  grtatesl 
slant  height  being  90  feet,  the  least  lOj  and  the  base  a  circle 
whose  diameter  is  8  feet  ? 

Ans.  834*656  fitiL    - 

S80*      To  find  ihe  €onieni$  of  a  Cuneus  or  fFedge^ 

AwEDceisa  solid  having  one  of ' 

its  ends  flat,  and  the  other  an  edge  A_ t 

made  by  the  concourse  of  two  op*         /\  ^ 

posite  plane  sides.    Thus  the  trape.     ^   .U »v»....^ffl 

soid  ARBO  is  the  flat  end ;   and      J,>::|^^ 
GC  the  concourse   of  the  planes. 
AOCG  and  RBCG»  the  other  end 
or  edge  of  the  wedge  BG* 

When  the  planes  AOCG,  and  RBCC  are  rectangular  and 
equal,  the  end  ARBO  will  also  be  a  rectangle,  and  the  wedge  is 
of  the  common  iorm,  or  half  a  paralltlopipcd  having  the 
rectangle  AC  for  its  upper  side,  and  OS  (which  is  perpendicular 
to  BQ)  for  the  depth  or  thickness;  BQ  being  parallel  toOC— 
Or  the  wedge  is  a  prism  having  the  triangle  BOC  for  its  base, 
and  OA  the  height ;  and  the  content,  in  that  case,  is  =  OA  X 
area  iriang.  BOC. 

Suppose  the  planes  or  sides  AOCG  and  RBCG,  and  also 
the  end  ARBO  arc  trapezoidsj  and  the  latter  any  how  inclined 


t- 


'^^ 


>*/. 


n 


Maomif^       .       "  «ftc  whole  Wi»*i-^  •*  * 

L  «        "■  'f  AI  i.  Ill-  . 

And  £2-t£C 

AadPO^j^  '^''•' product, 

*^  •«»«  „  r^  ^^  '^'  "*  *0S  the  conjen. , 

BulAp+p„.  •     **'*"*  "fOie 

AodAP+^*"9"«'teAO; 


9H  MKMtVAATION 

But  AO  4  OC  4-118  nnlUplird  by  AI  K  408  li  IImmim 
M   AO  ■*■  CC  ■«-  RB  „„,,;p|}^  (,y  AI  ^  |oS,  (be^iuue  i 

Now  AI  X  |OS  i$  the  tnui  of  the  perpcpdicttlar  Mapgyiaf 
icciioD  of  ibe  wedge  i  ibat  iff  if  we  tuppotc  CO  to  bot  fttjpm^ 
dicular  to  AO  an  J  GC,  and  OB  at  right  anglet  to  A0«  Ihca , 
OCzrAI*  and  the  triangle  BOC  U  thai  triangular  fecliom 
md  ooniideriiig  OC  as  the  ba^,  OS  will  be  the  altitude  of  the 
triangle :  Hence  to  find  the  content  of  a  wtigc^^^jidd  ike  edge  ^ 
and  those  two  liJes  of  IheoppotUe  end  ihat  are  parallel  io  iho 
edge  together^  and  muiiiply  •§•  of  the  sum  ly  the  area  of  thai 
section  of  the  wedge  which  is  perpendicular  ia  those  Ihre^ 
lines;  and  the  product  it  the  content    (Rule  )•)« 

Examp.  \.    Let  AO  =  4,  GC  =i  3,  RB  =  9{f  the  peN 

pendicuhr  AI  =  19,   and  OS  the  perpendicular  diftanoe  gf 
9R  froni  the  face  AC  (produced)  -  S\Jeet; 

Then  ^+^'!"^^  j^  13  j^ ili  -5  ggj cublc^.  the cootenti, 

Examp.  9.  Suppose  the  depth  of  a  waggon  road  ia  5^  feel 
below  the  common  surface  of  tlie  ground j  and  that  another  roa4 
leading  out  to  the  surface  is  to  be  cut  obliquely  through  the 
bank  or  side :  now  if  the  length  of  the  new  cut  at  top  ia  a i  feetj^ 
the  perpendicular  breadth  at  top  g  feet,  and  the  narrowest 
breadth  at  bottom  6  feet ;  what  will  be  the  content  of  th<^ 
lixcavation  7 

1fthetrape?olJ  ARCO  H  tlieoprn*      j^  ^ 

Ing  iu  ibr  bank  or  foirAnce  ol'  thr  new       /\,  rV 

iut,  CIJU  will  be  one  ol  its  Uopirg    ;<[     ^y '^ft^V 

sidrs,  and  the  parallolognm  AOCG  x^^^"^  \ 

the  lop  uluue  l<*ugth  it  51  feet,  anc|  h  ci 

pttpcnditrular  brvaclih  CD  s  9,  and 

\(  the  pUne  BIM  it  parallel  to  the  tide  RAO  (as  In  the  prrcf ding  fMmple), 

then  CI  (6  feet)  vkiU  be  tl^e  narrowest  o^  perpendiculaf  breadth  at  thv 

^trance  ji^ii 
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88» 


Kow  becittse  AG  x  CI  li  the  aret  of  the  partnelogram  rO»  ind  00 
X  ID  that  of  the  paraflelogram  PC;  thereforey  if  Instead  of  AO  and  OC 
and  thdr  prrpeodictthir  dittance  (at  in  the  foregoing  example)  W9  raali« 
lite  of  the  other  tfdet  AO  and  OC  and  thdr  per|icndictt1ar  dtttance  OOf 
the  content  of  the  wedge  or  excavation  BG 

win  be  GD-f  GD-f  01  or  2GD  ^  CI  mv^pHti^  ihtproimi 


or24x5i>e^ 


COi  X  51  s  1 19i  coUcy^,  the  Anntr. 


Henee  it  appetra  thtt  whatever  may  be  the  obliqui.tjr  or  dt« 
rection  of  the  new  cut  with  reaped  to  the  other  road^  the  €ubi% 
contenta  of  the  excavation  will  remain  the  aame. 


881.  To  find  the  contents  of  the  Fhistum  itfa  IFedge,  0r  m 
fart  cut  off  the  end  opposite  thi  edge  ly  a  plane  parallel  ia 
thai  end. 

Soliils  of  thif  kind  are  aometimea  called  Priamoida* 


a- 


iriMMMi 


Let    the     trapezoida     J^ 

JiKEO,  and  SDWZ  re- 

yreient   the   greater  and 

^t$$  ends  of  the  fruitum, 

^mh&    auppose    the    aidca 

^J^SDRi  and  OBWZ  are 

Tpendtcular  to  the  enda* 

If  the  frustum  is  cut  through  S  and  D  by  the  planea  SCGZ, 
EIW  perpendicular  to  the  ends^  it  will  be  divided  into  two 
;*edgea  AZ  and  £W,  and  the  priam  CDG. 

The  content  of  the  prism  ia  the  trapexoid  CEIG  ntnltiplied 


J  the  height  DE  or  SC,  or 
ing  pcrpcodicttlir  to  RB  pnd 


CG+EI 


«rfM^ 


nTK  n  OEt  RQ 


MIVIVKATIftW 


TiM  ceotou  of  tb*  wedg*  DRBW  U  '^^  **•  ?  1"^^^  n 

9 

J—  (M0|  JImm  I.)  or    ■     ^  »      X  I     (Wcsoit 

DW  s^;  DW  bdog  iht  edge,  ibe  utpemid  EIBR  Oifi 

^^          RN  X  ED 
opposite  end,  and  the  content  of  the  tcian|^  which 

!•  the  lectiQii  of  the  wedge  perpcodicultr  to  £1,  RB,  D  W : 

And  the  content  of  the  wedyAZuA^^^^fi  x  ^^^^\ 

^O  being  e<|u«l  to  the  edge  wbofe  extremities  ar^  S  and  Z. 

Consequently  those  three  results  added  together  will  be  th^ 
content  of  the  frustum. 

Examp.  1.  What  is  the  capacity  of  a  ditch  surrounding  a 
•quare  Fort  whose  side  is  100  yardS|  when  the  breadth  of  the 
ditch  at  top  is  10  yard^»  at  bottom  8»  am)  depth  3,  and  the 
bottom  of  the  inner  slope  \  a  yard  from  the  perpendicular  ? 

Here  the  friHtum  AW  rtprcssnU  |  of  the  dUch  ^ 

And  KB  ss  100  the  inner  side 

AOsB  120  the  outer 

£Q  ss  10  the  bre^AclUi  at  top 

DEsa  3  the  depth 

UNss       k 

NPss      a    the  breadth  St  bolkMn 

PQ  =      4 

CQs=  117 

s  101.  ^ 


I. 


tl. 


Thee 


117  +  101 


xaxs 


BB4.2EI    RNxED    222    ij 
3        X        .^        ■  J  '^  « 

A0+9C0    PQx  C3     Jm    n 

a       *      u       ■  ;i      V 


•••••• 


••• 


961€   eoelcet  efprisss  Sa 
•«•      "'if  ••••••  Of  wtuf/^  Ew« 


•••••• 


f65f  .^•«.  ef  wedge  KL 
sum  >/!'>7  theftmtemAW> 

Aed  r^yi  X  I  =  lisas  cubic yardi,  the  whole  caca7atioe« 


of 


or  SOLIDS* 


•6t 


■ 

f 

i 


I 

I 


1 


«8<«  When  the  oppptite  facet  DRBW,  and  SAOZ  ire 
equtlly  inclined  to  the  ends  RN  and  PQ  are  alto  equal,  and  the 
content  i^  equal  to  half  the  turn  of  the  ends  or  top  and  bottom 
multiplied  by  the  depth.  The  tame  thing  howeveri  appears 
from  a  diflercnt  consideration ;  for  if  B V  be  a  perpendicular 
lection  parallel  to  RQy  then  the  solid  VW  cut  off  by  the  plane 
BV  is  equal  to  half  a  prinn  whose  breadth  is  VO  and  depth 
ED|  and  therefore  its  content  is  the  perpendicular  section 
VB  K  |VO  :  In  like  manner  the  content  of  the  solid  DQ  it 
ss  the  section  RQ  x  |AQ  i  therefore  the  frustum  AW  it 

QV+  tVO  +  |AQ  or  ^^  jf  '^^  or  the  length  along  the 

middle  of  the  lop  or  bottomi  multiplied  by  the  perpendicular 
sectioni  or  half  the  sum  of  the  trapezoids  AB  and  SW  muU 
liplied  by  the  depth  ED :  * 

fYs.    !2SjiJ22  X  ^--^x3^2970tbefrunttmAWw 
slopes  are  equal. 

Examp.  f  •  What  is  the  capacity  of  a  ditch  surrounding  a 
regular  pentangular  Fort  whose  side  is  150  yards:  the  breadth 
of  the  ditch  at  top  being  10  yards^  at  bottom  8|  and  depth 
B ;  supposing  the  slope  on  each  side  to  be  equal  ? 

Let  the  preceding  figure  represent  \  of  the  dltch^  the  plafies  AD,  OW 
through  the  angular  points  A«  R,  B,  O,  being  pcrpendictilar  to  the  ;top 
of  the  ditchf  as  la  the  foregoing  example. 

Thee  RQ  being  10  jmv^  and  the  angle  RAQ  a  54\  %ve  get  (m) 
AQ  SB  7-86J4  9trdt\  theielbre  AO  s  130  -f- 14*5308  s  l«l-33oa  ^tri^ 

theoQtersideortfaedlteh;  and  ^^^^  x  3  ^  97  the  perpe&dlcular 
lectioBt 

WhCKt  '^'^^^"^^^  X  97  a  4946  1658  ymris  the  cubic  contents 
of  4  of  the  ditch;  and  4946-1658  x  I  »  91930*899  the  whale  caca* 


it$  ItkMlMBATlOll 

AodllM  wEd  coatottf  of  »  nmptrt  hunag  Mfiint  a^gk* 
IB^  bs  Ibond  in  «  MiBihr  nuuKT  t  (orUtbaan^ktMithmetti 
bjr  peipcodieulir  McUontt  the  puts  of  the-  nmpwu  belwcca 
tboM  KCtiont  are  mdiljr  divided  into  prifou  and  wedgca> 

kxamp.  3.  IF  BRAD  be  the  perpendicular  aeetioai  and 
£T0B  the  lop  of  a  ditch  next  the  rounded  angle  ECB  of  a 
fortification: 

And  BD  =  lOgardi,  the  breadth  t^- s^ 

at  top.  "Y """vS 

RA  =  IS  breath  at  bottom.      'VlZiT"" '  ■    xX 
PR  or  OA  =    4  depth.  '"V      "N.X  \  \ 

BP  =    1  \  \  \  \  \ 

OD=    8  \ WI.ApJd 

Angle  ECB  =  I80»,  ^         ^   5:^^ 

ndiua  CB  =:  M  gOTds.    What  is  the  cubic  capacity  ? 

The  ditch  bcli^  the  (hidum  ora  tiniJar  tMiga,  if  Uw  circular  |>t«m 
HPI  and  AOS  are  perprndicular  to  the  bolloni  RA.  or  parallel  lo  BE,  the 
fhMliunorexcanlkwwlllbe  divided  into  a  circular  priim,  aad  twociT' 
tubr  wvdgit. 

And  became  CBD  b  a  rljthl  line,  we  haw 

Tbeffdff    CB  a  50  andtbeam    BE  s  lM-7 
CP  IS  51  PI   =a  IOS-794 

CO  s  M  OS  K  134018 

CD  =  60  DT=  138  901^107^ 

Ttte  (OBlrat  of  the  piiim  li  the  am  ISOP  multiplied  b^  the  depth  PR| 
ot  the  area  of  the  bottom  of  (be  dilch  n)ulti|illed  by  (be  deptk,  or  half 
the  ium  of  the  area  PI,  OS  multtpUed  bjr  tlie  lectiaa  KPOA  t 


yaCin  +  131016 


X  53s«;ci-0(!^an/t, 


TkaedgcofUie  Inner  wedge  t«  equal  lo  the  arc  FI,  Ihnefore  the  mm 
bE-|-9n  midtiftiti  £y  PE  X  iPB  1*  the  content  of  the  vcdgc,  (W)} 
ffW«3);  - 

orSlt-9ISx  4  X  J>s:2l3'l93y«nli. 


or  SOI  101. 


909 


1< 


And  the  content  of  the  outer  wedge  s  the  nan  DT -f  90S  mMpiiti 
lyOAKiODt 

or406*23«  X  4  X  |  »    54)*64S  ^wrdt. 

62hl06  . 
turn  7014-9    the  wlioleexctvatloii* 

ir  the  slopes  BR^  DA  are  equal,  the  content  will  be  half  the 
'  mim  of  the  extreme  arcs  BE  and  DT  multiplied  by  the  perpcn* 
dicular  section  BRAD : 

or  ■  ■     ■   X  5S  ss  7044*2  cubic  yardt. 

m 

In  the  same  manner  the  solid  contents  of  the  circular  part 
%i(  the  rampart  are  found,  for  it  may  be  divided  into  circular 
prisms  and  wedges* 

Examp.  4.  How  many  galk^nsy  wine  measure^  will  a  cis* 
%em  contain,  if  its  length  and  breidth  at  top  are  S  and  4  feetf 
respectively,  and  at  bottom  4  and  $  ftet  {  the  perpendicular 
^kpth  being  H/ee// 

Am.  414Vt. 

Examp.  J«  Suppose  a  bank  of  earth  40  feet  thick  at  bot« 
tom»  19attop9  And  each  nf  its  sloping  sides  18  feet;  now  if  a 
voad  6  ieet  broad  at  bottom  and  10  at  top  be  cot  directly 
ihroitgb  the  baoki  nvbat  will  be  ilie  content  of  the  exca* 
oration. 

Jn$.  fM7*7  culie/eft. 


S83.    Tojind  ih$  content  nfihe  thutum  of  a  Pjframid. 

Let  GC  be  the  frustum  of  a  pyramid^  the  ends  CD  and  BC 
lietng  squares  {  also  suppose  the  face  OA  is  perpeiidieular  to 
%beends« 


y 


•y«  UINaUKATlOII 

II  iba  plaiM  EDR  u  pinnd  to  the  &c« 
CA  it  wiU  difide  the  fnutimi  into  t  w«^ 
JIDEC*  uA  lh«  ftuMum  of  a  wedge  RG. 

The  eoDlCDt  of  RG  ii  half  the  nim  of  the 
oppoiite  r«cei  BR  and  DG  mutUplicd  by  the  height  OP  |«B3),  or 
AB  X  AR  +  BE'  ^  ^jp.  ^g  ^  ^jj  ,^^  ihe  &ce  BR. 
and  ED*  the  lop  DG. 

Now  let  the  eqiun  BC  ruprewot  the  hue  of  X.'  "j 

the  fruitum,  and  the  mjimk  BD  iu  topi  then    ^     ■"" 
'  EC  ii  the  hate  of  the  wedge. 


A.    il. 

And  the  content  of  the  wedge  if  sDR'  4  SDE  x  DR  mul* 
SDE  X  PR . 


iipliedt^^(9M.)  or?^ 


•xop. 


But  the  rectangle  AB  x  AR  ii  =  DE*  4-  DE  ( AR)  x  DR  i 


.      .      ABxAR-t-DE»      -._ 
'  therefore  ~ x  OP  = 

ODE*  +  3DE  K  DR 


9DE»+DExDR 


kOf^ 


X  OP  the  content  of  CR  t  and  th« 

.  nun  of  both  lolidi. 

«DE*+flDExDR+SDR*  ^.  sDEVsDExRD-f-DR* 
or  g  X  tJr,.or  ■  , 

X  OP,  w  the  content  of  the  frudum  GC 

But  the  two  cquirei  BD  and  DC  together  with  the  two  equal 
rectangle*  AD  and  £1  or  twice  the  rectangle  AD  make  the 
■quare  BC,  or  DE*  +  <DE  x  DR  +  DR*  »  the  area  itf  the 
baM  BC,  and  DE*  ii  the  area  of  the  top  CD ;  alao  DE  -I-  DR 
is  the  tide  of  the  ba»,  and  DE  the  tide  of  the  top,  and  their 
rectangle  or  product  it  DE'  4  DE  X  DR ;  bow  tho«c  three 
arcai,  naurly,  DE*  +  «DE  X  DR  +  DR*  the  baie,  P^ 
the  lop,  and  0£*  -(•  D£  x  DR  together  make  3DE'  -(-  3DE 


'■i 


Of  lOLtDI.  971 

X  DR  4-  DR*  I  but  ihe  product  of  two  numbert  it  i  mean 
proportional  between  their  tquarea  (Arith.  188,  Elramp.  7), 
therefore  the  farm  DE  4-  OR  muUipHei  hy  DE  is  a  mean 
proportional  between  the  square  of  DE  -t-  DR  and  the  square 
of  DE,  or  a  mean  proportional  between  the  ends  of  the 
frustum  t 

Therefore,  if  the  two  ends  of  the  frustinn  be  added  to  the 
mean  proportional  between  them»  and  \  of  the  sum  multi« 
plied  by  the  height,  the  product  will  be  the  content  of  th8 
frustum* 

Now  !t  is  evident  (13?)  that  the  frustum  CC  is. equal  to 
the  frustum  of  any  other  pyramid  hating  an  equal  base, 
whatever  may  be  its  figure,  provided  the  heights,  and  also  the 
opposite  ends,  arc  respectively  et]ual :  And  therefore  the  aanm 
rule  will  also  give  the  content  ol  the  frustum  of  a  Cone* 

This  however,  may  be  obtained  without  comparing  it  with 
a  frustum  of  a  pyramid  having  plane  sides,  if  we  conceive  the 
conic  frustum  to  be  composed  of  a  cylinder  and  a  circular 
wedge. 


EXAMFLCS. 

1 .    Let  AC  =:  7f  OD  =  5,  and  the  height  OP  =  0 : 

Then  7  X  7  s  49  the  area  of  llie  hate;  and  5  X  5  ta  95  that  of  tbo 
top  GD;  and  the  mean  prpportional  between  49  and  25  is  the  sqnare  mot 

ofl9  X  95  or 7  X  3 ss  35 ;  therefore illt^L±2i  X  6 at tS thecontcnt 

Or  ihe  conleni  of  the  frustum  may  befonnd 
thu$: — Let  V  be  the  vertex  of  the  pyramid 
when  completed :  then  the  diflerence  of  the  con« 
tents  of  the  whole  pyramid  BC  V  and  the  upper 
pyramid  GD  V  will  evidently  be  that  of  the  firui« 
turn  GC# 

til 


37t 


MENSUftATIOlf 


Let  tbefict  GAbe  perpcndiciilar  to  the  ends  of  Uie  fnulaiii^ 
and  OP  (perpendicular  to  BA)  its  bcighl,  u  aboft )  then  by 
toiUr  ttUngictf 

As  ibe  difference  of  the  tides  AB  and  OGj  lo  OPf  so  is  OGt 

to  ihe  height  of  the  upper  pyramid  or  the  diaance  of  V  from  the 
base  GD}  this  added  to  OP  will  give  the  height  of  the  whole 
pyramid  BCV. 

Su|)po»c  AC  cs  7,  OD  ss  5«  and  OP  s  6,  (u  before) : 

Theu7  —  5  :  6  :t  5  :  15  Ihe  allituiic  of  the  pyrawid  GDV,  which 
added    to     6    (OP)   it   :>1  the  aliUude  of  the  pyrjiiikid  HCVt 

TUnkut  iO  X   ^  zx  3\2  thi>c'mteDinrihepjraiiiidaCV(l33)t 
Aud      ::5  M    V  s&  I'Jj  Ihui  t>l  GOV : 

ilUU     "^  cuiiU'iit  oi'ilie  frustum,  at  before. 

9*  Required  the  solid  contenta  of  the  frustum  of  a  triangular 
pyrauiii^  ihe  sidiiof  the  base  being  6|  6»  and  10}  and  .of  the 
top  3|  4j  and  Sg  supposing  the  height  30  ? 

Jit$.  490, 


4 


3,  How  many  cubic  feet  in  a  aquared  piece  of  Timberj 
the  artnt  of  the  two  enda  being  504.  and  37S  intrAcSj  and  its 
luigtb  31  {ft^eif 

Ami.  03*4. 

4«  If  the  length  of  a  tapering  round  piece  of  Timber  or 
body  of  a  tree  be  Mfeei,  and  the  diametera  of  the  enda  $9j  and 
18  inckeff  reapcctively ;  what  ia  the  solid  content ) 

0 

23*  X  *7S54  ss  390- 134  itukes,  ariNi  of  grraler  end 
IS*  X  '7S5i  £s  9^4*47     of  the  ktai 

And  the  square  toot  of  iheir  projuct  it  311*01S  the  mean  proportiona) 
belweea  the  areas  uf  tlie  endit 

^_   g54'47  4-380*134  4- 311  OIS        ^..o/v,     •.•  •.       •«..».. 
Then         ■    ^       J — sa  3 i 5*207  which  multipbed  by 

S6  X  19  Cim  9S3I5  eutic  iiuhes,  oibS-y/pH,  the  content* 


or  ioitbi; 


S7f 


9,  If  •  tMtk  6f  litrrel  in  the  form  of  two  oooio  fhittumt 
joined  at  the  greater  cndf^  hat  its  bung  or  middle  diameter  18t 
head  diameler  14,  and  lertgth  SO  inches;  how  many  pounda 
of  gunpowder  will  il  contain^  supposing  30  ciibic  inches  to  tho 
pound? 


4 
i 


•S 


< 
.■J 

♦ 
I 


S84«    7o  Jlnd  ih§  solid  content  of  a  Globe  or  Sphere^ 

Multiply  the  superficies  by  ^  of  the  diameter^  and  the 
product  wilt  be  the  content. 

Lei  C  be  the  centre  of  a  ftphere,  and 
ABGN  its  circumscribing  cylinder:  then 
the  diameters  of  the  sphere  and  cylinder     ^ 
are  equal  {  and  the  former  b  }  of  the  lat« 
ter,  (I34),  jj 

The  base  of  the  cylinder  is  1^  x  ^i^^*  (106,  eotol^ 

A  j«*        *    .NG     cjrciim/l    ^.^     ^,^      NG*xarettmA 
And  lU  content^  X — j-2L  xNAorNG,ori -— ^j 

Therefore  the  content  of  the  sphere  is  |  x  ^^'■^^''^^^^ 

NO 

or  NG  X  circumf.  x  ~y  }  that  U,  the  rarftce  (NC  x  ctrcum.) 
multiplied  tf  {HG,  . 


tXAMPLBS. 

1.    What  is  the  tolid  content  of  »  iphert  whoie  dianeter 

« 

Tbe  cirnunfeitnce  Is  9*14159  kz. 

ff 

Aad  the  superficies  I  x  3*14159  fre, 

Tbcrefars  the  solidiMtcot  b  1 X  1^14159  ltc«  X  ^vi^VV^U 


•74  litiriVllATIOH 

f.    JUquirtd  (be  CMtem  oft  tphcrt  whoetdiMMir b  Ml 

.  KocttplMrwiitttlbteulMiofilwircliaiBctovltdS^iariA 
At  1'  I  '5^6  n  90*  I  tOOO  X  '3336  s  4ll6*i  tlic  mm$r. 

Thercrore  ihe  cube  of  ihe  diameler  of  a  globe  or  fpheit  vul* 
tiplicd  by  tbe  decimal  *dS36  give^  the  content 

a.    Tbe  diameter  of  a  olb.  iron  ihol  being  4  inches  nrtcljr^ 
then  wbat  it  the  weight  of  a  cubic  inch  of  cast  iron  ? 

4*  X  *5236  s  93*5104  cubic  Inchei  the  coateat; 
9  X   16 


And 


dJ6|u4 


4*297  ouncei  nearly,  the  answer* 


foola 


4*  If  the  gilding  of  a  Globe  cost  S/.  at  Cd.  the  au 
what  it  itt  cubical  content  ? 

Mi.  \%rt/9€i. 

5.    If  the  Earth  be  a  sphere  6000  milet  in  diamettri  what  it 
iti  cnbic  content  ? 

Jns.  S6808e379800  mi/et. 


*    iJSSt    To  Jind  ih0  solid  content  of  a  Segment  of  a  Spherem 

Let  PDOT  (see  the  preceding  figure)  be  a  spherical  tegmenta 
itt  base  PO  being  parallel  to  ihe  diameter  WZ|  and  alio  to  the 
tndf  of  the  circumscribing  cylinder. 

Then  3M416  X  AB  x  DT  is  the  convex  surface  of  the  seg. 
nient  (27  7f  cvroL).  . 

And  lecaute  the  solid  content  of  the  sphere  is  the  surface 
mnltiplied  by  ^  of  the  diametery  therefore  the  content  of  the 
ci)n'ii:ul  solid  CPTO  having  the  convex  surface  of  the  segment 
for  Its  base,  and  C  the  vertex^  will  be  that  surface  mulltplicd 
by  i  of  tbesphcrc's  diameUr  (or  4  of  the  height  TCJy  or  3*1416' 

X  AB  X  DT  X  ^,  or  ^^  X  AB«  x  «DT. 


6f  80UDS. 


3rf 


AndPO 

its  area  will  be 


the  diameter  of  the  bate  of  tlie  cone  PCOf 

3*  1416  X  PO*    ..      -      ,.  .         -  . 

~ p  therefore  the  content  of  tho 


3-1416  X  PO*  ^  DC         3-HI6  ^  -^,       -.^ 
cone  If  1 X  -x-i  or  — ^^-^  x  PO*  x  DC. 


3 


Id 


And  the  difference  of  the  cones  or  solids  CPTO  and  CPO9  or 
the  difference  Ah*  X  9DT-P0*  X  DC  muUiplied  bg  ll|^ 
•r  the  decimal  *fi618^  is  the  segment  PTO:  tbcrtlbrei  . 

Multiply  the  square  of  the  sphere's  diameter  by  twice  tbo 
height  of  the  segment^  . 

And  the  square  of  the  diameter  of  the  segment's  base  by  tbt 
difference  between  its  height  and  the  radius  of  the  sphere  t 

.  Then  the  difference  of  the  products  multiplied  by  the  decimal 
•96 18  is  the  solid  content  of  the  segment.-^ A  shorter  practical 
fule  howereri  may  be  derived  algebraically. 


fXAMPLES. 


!•    If  PO  the  diameter  of  the  base  \%€g  and  its  height  DT 
:r  9,  what  is  the  content  of  the  segment  ? 

Bccautt  PD  it  a  toe  an  proportional  •between  TD  and  Dl  {91 ,  eorot,  I)  wt 
have  DI V  ^  SB  y  ea  S;  iheitTdre  the  diametv  TI  ss  10,  and  DC 


TD 


3| 


Aad  10*  X  4  ss  400 
a«  X  3  =s  I9S 

ditf.  ^2L  ^^^^  araltipUtd  by  •Mil 
gifci  54*4544  the  eoolciit  of  the  segment  FTO. 

f .    If  the  diameter  WZ  s  «» and  PO  s  3^  what  is  the  con* 
tent  ofthft  ffttittta  or  soot  WPOZ  ? 


•»!• 


MtllSUItATIOMi 


CO* 
DO* 


9 

9  73  and  DC 
CT 
DT 


Vkact  lilt  codIcdC  of  the  iegmeDt  FTO  s  1449T 

hcmitphera  WTZ  ss  56-549 

looe  WPOW  88  ig-H<  ag  iw^ 

■ 

S*  If  Ik  legment  9  incbea  high  be  cut  from  ii  fbbe  0  incbet 
ia dimeter^  what  it  iu cubic  cantcni? 

Jm.  98*gfl  inchii. 

4.  Suppose  tbe  muxile  of  a  99  pounder  U  stop!  .wilb  1 42U. 
ball ;  required  ibe  content  of  the  part  within  the  bore»  if  ^  of 
aa  inch  hu  been  allowed  for  windage  ? 

jtus.  98*5  cubic  inchet. 


We  recommeiid  the  uie  of  $nodeit  for  all  the  toridf  haTiog  plane  ti< 
Tbe  planet  may  be  cut  In  Mllttpasie^boofdi  and  whm  folded  up^  the  edges 
are  eaiilj  fastened  together  with  slips  of  thin  paper  and  pm^m^tr. 


•»!• 


MtllSUItATIOMi 


CO* 
DO* 


t 

aid  and  DC 
CT 
DT 


V€S9$ 
TSXPT 


Vkact  lilt  codIcdC  of  the  iegmeDt  FTO  s  1449T 

hcmitphera  WTZ  s  56549 

looeWPOW  m  iglij  tA  Jm.  ' 

■ 

9.  If  a  legment  8  inches  high  be  cut  from  ii  fbbe  0  inches 
ia dimeter^  wbsi  is  iu cubic  cantcni? 

Jn9.  98*00  inch$$. 

4«  Suppose  the  muxile  of  a  39  pounder  is  stop!  .wilb  i  49JI. 
ball;  required  the  content  of  the  part  wUbin  the  bore^  if  ^  of 
aa  inch  hM  been  allowed  for  windage  ? 

jlut.  S8*5  cti^jc  inches. 

We  recommeiid  the  uie  of  tnodelt  for  all  the  tolidt  hsTiog  plane  tidet. 
The  planes  may  be  cut  In  Mtlttpasie^boafd;  and  whm  folded  up^  the  edges 
arc  eaiUj  laitcned  together  with  slips  of  thin  paper  and  pm^wgitf. 


■  I 


>tA€TlCAL  etoviTtr. 
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10.  If  die  rtdittt  of  t  circk  be  10;  whit  ttt  the  ttdet  ol 
the  regular  inscribed  trigod^  tetragoiii  pentagoii|  beiagon^  oc< 
tagODy  and  ilecagoD  } 

An$%  17*39— U*us  — 11736— 10— 7*034— 0*18,  nearly* 

.17*  A  plan  of  a  fortified  town  has  a  scale  of  lOo  toiscs  which 
is  1*0  inches  in  length;  the  plan  is  30  inches  lohg,  and  14 
broad ;  now  what  will  be  the  siae  when  it  is  copied  to  a  scale 
of  0  inches  the  English  mile  ? 

/     Ans.  13*0  in.  long*  and  10*9  broad« 

18.  If  the  length  of  a  pair  of  .proportional  compasses  be  7 

inches;  how  far  from  the  ends  is  the  centre  answering  to  the 

divtiion  3  on  the  line  of  Lines  ? 

An%.  1  j>  and  5|  inches. 

« 

19.  Suppose  the  length  of  a  pair  of  proportional  compasses 
to  be  eiactly  9  inches ;  hpw  far  from  the  ends  mu9t  the  centres 
be  for  enlarging  or  diminishing  a  plane  surface  twice^  and  a 
solid  three  times  i 

Am.  3*726  and  3*979  tn*  in  Xht  former  case. 
3*683  and  3*J13  in.  in  the  latter. 

90.  If  the  length  of  a  cannon  be  8/1  10  in,  its  diameter  at 
the  breech  19|ta«  at  the  mouth  14x1^.  at  what  distance  would 
the  outer  surface  meet  the  axis  of  the  bore  supposing  both 
were  produced } 

An$.  ^^^Jeel^  from  the  muxzte# 

91*    How  many  degrees,  Sec.  are  contained  in  that  are  of  8 
circle  whose  length  is  eciual  to  the  radius  ?  1 

Am.  37''*993779  nearly. 

99.  If  the  line  of  numbers  from  1  to  10  on  a  togaritkmie  ot 
Cunler^$  Scnte  ts  i  foot ;  required  the  distance  from  1  to  Ji— 
And  what  is  the  distance. from  10  on  the  line  of  nnmbers  to  4CF 
the  line  ef  tangents  f 

Ans.  r3876  kc.  eai  O^OM  kt.  inekis.  . 


7.  In  the  pteoeding  riample^  whti  b  the  length  of  the  tan* 
gent  to  the  circle  drawn  from  the  given  point  1 

Jbnu  W'984  tit.  in. 

g.  To  what  extent  on  the  aurface  of  the  tea  ^eiduaive  of  the 
effect  of  lefraction)  can  a  person  ace  from  the  top-mut-head  of 
a  man  of  wari  hia  height  above  the  water  being  SO  yardi,  aud 
the  earth's  diimeter  7900  miles  f 

^iii.  11*6  «i7^i,  nearly. 

9.  If  a  line  10  inches  long  be  cut  according  to  mean  and 
extreme  proportion;  what  arc  the  lengths  of  ihc  two  parts  ? 

jins.  6*16  and  3*69  in*  nearly. 

10.  If  die  baie  of  a  triangle  be  40,  and  the  other  two  sides 
60  and  60;  what  is  the  length  of  its  perpendicular  ? 

jtns.  14*56  &c. 

11.  If  the  base  of  a  triangle  be  40,  and  the  two  sides  30  and 
60;  what  are  the  segmeoU  of  the  base  made  by  a  line  bisecting 
the  vertical  angle  ? 

Jns.  94  and  Iff. 

16*  If  the  diameter  of  a  circ^p  be  30 ;  what  is  the  side  of  the 
inscribed  equilateral  triangle  ? 

jtni.  93*08  nearly. 

13.  If  the  side  of  an  equiUteral  triaogle  be  10 ;  what  are  thai 
ladii  of lUa inscribed^  and  circumscribiog circles? 

jins.  9  6868  and  3*7736  nearly. 

« 

14.  The  side  of  a  square  being  iO ;  theo  uiiai  ia  the  radium 
of  iu  eircumacribing  circle  ? 

/ins.  7*071  &c« 

13.  If  the  side  of  n  legidar  ^^ntagim  be  10;  what  are  the 
radii  of  its  inscribcdi  and  circumsc  ribing  circles  7 

Jns  •  (J* 889  atid  6*30  8  nearly. 


i 


} 


rHACTlCAL  CKONITf 

10.  If  Ibe  raditif  of  a  circle  be  10 ;  m 
the  regular  inscribed  Irigcin,  tetragon,  pen 
UfpOf  and  iiecagoo  ? 

Jtnu  I7*3J— U-U2  — ir736  — 10— 7* 

.17*  A  |>ltn  of  a  fortified  town  hat  a  tcaU 
if  1*8  inchea  in  length ;  the  plan  it  30  i 
liroad ;  now  what  will  be  the  tise  when  it 
0  inchtt  the  English  mile  7 

.      jins.  13*6  tir.  lot 

18«  If  the  length  of  a  pair  of  proportir 
nchea ;  how  far  from  the  ends  ia  the  cent 
ivitfion  5  on  the  line  of  Linet  ? 


Ip.    Suppose  the  length  of  a  pir  of  pro 
be  eiactty  9  inchea )  hqw  far  from  the  en 
for  enlarging  or  diminishing  a  plane  ti 
id  tbree  timea ) 

Am.  3*726  and  5*97S  in.  i 
3*683  and  3*J13  in.  i 


90.    If  the  length  of  a  cannon  be  8/1  U 
he  breech  19|tff«  at  the  mouth  li^in.  at  \ 
he  louter  aurface  meet  the  aiia  of  the  be 
ere  produced  ? 

Jln$.  ^5^Jeii, 

81*    How  many  degrcet,  &c.  are  con  tail 
ircle  whose  length  it  equal  to  the  radiut  ? 

jtns.  J 

88*    If  the  line  of  numbers  from  1  to  10  < 
HMfer^a  5cife  ts  a  foot ;  required  the  dista 
lid  what  it  the  ditunce  from  10  on  the  line 
the  Une  •/  langenis  f 

An$.  rs878  &c.  and  i 


M  -   A9BITI01IA&  IXAIiriBI* 

two  wbit  u  itw  length  of  43*  OD  Um  MiM  Boe  V 

jiiu,  rs  i».  Bctifjr. 

t4.  If  the  raditu  of  «  drclc  be  lOi  what  trt  Uw  Ici^hi 
f  the  riMf  €9iintt  tang9at,  eotamgtntt  MMNf,  umI  ctwcanf 

fso-r 

jtflij.  10— 17-39— 11>947— $4-841— «'094— 40. 

t5.  If  Uw  Imm  of*  right.ingUd  triangle  be  4,  and  the  per* 
«ndieuUr  S :  whit  are  the  leagthi  of  the  JtNe,  coitnr,  tangtut, 
ad  catangtnt  of  the  leait  angles  if  the  nrliiu  be  1  ? 

^N>.0-6  —  0*B—0'7S-^  1*333  tee. 

SO.  If  the  bue  of  a  right-angled  triangle  be  Q-SB,  and  lb* 
idjaceoi  acute  angle 50°  It'j  what  arc  the  other  (idea? 

Ans.  O-3460,  aud  0-46(H. 

t7.  The  bate  of  a  righl.aiigled  triangle  being  74-7  yards, 
oditaoppofileanglesi*  13';  what  are  tlic  other  «dci' 

Ml.  198*4,  aiid«06'4y^. 

S8.  The  hypoienuae  of  a  right-angled  triangle  being  347S 
fgtl,  and  one  of  the  acute  angles  so'  A  I'}  then  what  arc  tb* 
otlicr  tide*  ? 

Mt,  4746  and  S793*3/e«/. 

Iff.  If  Ibe  three  anglei  U  a  plane  tiiangle  are  I06*  4|',  49* 
U',  and  S6*  Si',  and  the  aide  oppusite  the  grcalcit  an^  = 
t97*6  jfdi.  then  what  arc  the  other  »iilct  t 

Mt,  383,  and  HO-7  yardt, 

so.  SuppoM  the  angVi  of  a  plane  triangle  to  be  ■■  in  the 
preceding  ciamplc,  and  lite  fide  oppoiiie  the  lean  angle  C97*8 
ft9li  required  tiie  other  udea } 

jim.  476-1  and  6S0>7/»f. 

31.    The  bypotemiM   of  a    righUanglcd    triangle    bcwg 
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f 


\ 


14  f.  10  in.  and  the  hut  \0f.  J  in^  then  what  it  the  per« 


Ans.  10 f,  4*7  tfi. 

39.  Two  tidei  of  a  triangle  being  311  and  397  yaidt^  and 
the  angle  oppoiite  the  greater  of  those  tides  =  38*  33';  then 
what  It  the  third  tide? 

Ans.  589*7  gds. 

33«    Suppose  two  tides  of  a  triangle  are  31 1  and  981  yardt^ 

and  the  angle  opposite  the  leatt  of  thote  tidet  it  38^  33' ;  re* 

quired  the  third  tide  7 

Jus.  349*4«  or  137*04  ydi. 


34.  If  two  tidet  of  a  triangle  are  179*8  and  18f8  feet,  and 
the  included  angle  70*  31'  {  what  it  the  third  tide  ? 

jins.  198*5  feet. 

95.  The  bate  and  perpendicular  of  a  right-angled  triangle 
being  11S9»  and  1074  yardt;  required  the  acute  anglet^  and 
hypotenute  ? 

jfnsi  43^  19^  —  46*  41'—  hypoU  =  1585*5  ycb. 

36.  If  an  angle  of  a  triangle  be  K9*  34' t  tnd  the  ratio 
of  th«  including  tidet  at  4  to  7 ;  what  are  the  other  two 
aoglet  ? 

%  An$.  38*  88*  7"— 1  r  5y  53". 

« 

37*  Row  many  inchet  subtend  an  angle  of  l"  at  the  distance 
of  7  miles  ?. 

An9»  8*1  nearly* 

38.  Suppose  the  sides  of  a  triangle  are  14878^  ISUlj  and 
1 1799  yerds ;  required  the  angles  7 

Ms.  W  U'i  —  39'  38'i  —  50*  47^ 

39«  If  the  tides  of  a  triangle  htte  the  proportion  of  4^  4^ 
and  \\  what  are  the  anglet  7 

^8l»n7*  ia'46''~3a*8t^l«*  — 80«83V« 


40.    trt  tht  h$iB  of  t  rigbl'iutif Ml  Uiiiiglf  be  ttl^  antf  tfit 
fitio  of  Um  other  two  iidcs  m  I  to  v  i  what  art  tkmac  lidca  ? 

jfnt.  17*399  and  34*04  nearly. 

41» :  If  tiM  bypotenuM  oft  righif^ngltil  triaogit  be  100^  and 
the  otber  aidea  aa  I  lo  3 1  what  are  those  mdt$  i 

Aus.  44*  7  S  and  89*44  nearly. 

43«  If  the  hypotenuse  of  a  right  *anglcd  triangle  be  40^ 
and  the  aum  o(  the  other  two  aides  50 1  what  are  those  sides  f 

Ms.  11*771—  3b*^$0  nearly. 

43.  Suppose  the  hypotenuse  of  a  right*angled  triangle  to  be 

40,  and  the  difference  of  the  other  sides  10 ;   required  the 

aides? 

Ans.  33*639  —  33*630  nearly. 

44.  If  the  base  of  a  right-angled  trianglf  be  40,  and  the  sum 
of  the  other  sides  60 ;  what  is  the  perpendicular  ? 

Jlns.  30f 

45.  If  the  perpendicular  of  a  right-angled  triangle  be  40, 

and  the  difference  of  the  other  'sides    lu;    what  are  those 

sides? 

Ans.  75  and  65. 

46*  Suppose  a  regular  pentagon  whose  side  is  1 70  fathoms, 
to  be  fortified]  and  that  the  salient  angle  of  the  bastion  is  71^, 
and  its  face  47  fathoms  \  required  the  tiankj  and  curtain,  sup- 
posing the  line  of  defence  is  perpendicular  to  the  flank  ? 

#  Am.  Flank  95  65 

Curtain  64*57* 

47«  If  a  square  whose  side  is  170  fathoms  is  regularly  ibro 
tjfi^i  and  the  salient  angle  of  the  bastion  61^;  uhat  are  the 
principal  dimensions  if  the  Itngth  of  the  face  of  the  bastion,  is 
to  that  of  the  (link,  as  7  to  3 1  the  line  of  defence  being  per* 
peudicular  to  the  flank  7 

An%.  Face  of  bastion  46*6—- Flank  3a--Curtain  69'6« 


TtlOOMOIItTllT. 
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*«8*'  If  tt  the  tot»>  •f  a  itiaiihtain  the  true  depression  of  th« 
lioiiean  of  the  set  it  feund  to  be  1*  Si';  what  is  the  mwn^ 
uin*s  height^  s«{>puiii^  the  eerth  a  sphere  whose  diameter  i» 
eooomilee? 

Am.  1*4  miUtp  nearly. 

49.    In  sunreying  with  a  compass  an  ofiject  bore  NE  50*; 

and  when  we  had  gone  170  paces  in  aSE  55"  direction^  ita 

bearing  was  N£  ^*    Required  iu  distince  from  each  Sta* 

tionf 

Ans.  914|  and  937  paces. 

*.\:iO*  Wanting  to  knoW^  the  breadth  of  a  river»  we  measured 
a  straight  baie  of  30  chains  along  the  bank*  and  at  its  ex* 
iremities  took  the  horizontal  angles  64*  \l\  and  78*  38'  f» 
an  object  -on  the  opposite  shore.  Hence  the  breath  is  fe« 
quired  ? 

Ant.  964  yards. 

Sl«  From  the  top  of  a  hill  I  ob^enrcd  two  mile  stones  in 
the  same  direction  on  level  ground ;  the  dq)ression  of  the  nearest 
wu  14*  y;  and  that  of  the  other  3^  56'  below  the  horisontal 
Ime :  hence  the  height  of  the  hill  is  required  ? 

Ans.  501  feet. 

5ef  Having  observed  iho  elevation,  of  an  object  on  tbo^ 
top  of  a  distant  hill|  aod  found  it  S^  fi7'f  we  measund  a  baaci 
of  5eo  yards  on  sloping  ground  directly  towards  the  object,  andi 
^t  that  end  the  object  was  elevated  8*  4^  Now  the  farthest 
citreroity  of  the  base  was  found  to  be  10  /ee/»  higher  than 
the  othfr«  Henoe  the  height^  aod  distance  of  the  hill  are  re« 
quired? 

Am.  Height  above  the  lowest  end  of  the  base    187  yds. 

Disunce  from  that  end  837 1  yds. 

^9.    To  fihd  the  hdght,  and  distance  of  an  object  on  the 
of  t  liiUy  fit  UMinred  a  base  <of  470  yards  on  e|oping 


$84  ADP1TI01IAI»  tXAlf »LtI# 

grooad  which  wu  inclined  lb  tb«  horinNi  ia  m  M^ 
of  4*44'}  ami  then  obierved  the  horifooUl  aii|^  betircea 
the  hue  and  objecl  al  the  lower  and  upper  tnda  of  the 
base,  and  found  them  to  be  gi*  laf,  and  W  ^f$  ictpec- 
tivcly }  alio  at  the  lower  end  of  the  bate,  the  object  wu 
elevated  4*  S\  Hence  the  height  and  distance  of  the  hill  ait 
required  ?"^*^ 

Am.  Horisontal  dist,  from  the  lower  end  of  the  bate  104Oyd!f  • 

Height  above  that  Old    lid^cfi. 

54.  At  the  top  and  bottom  of  a  tower  which  stood  on  a 
hill  near  the  sea  shore,  we  observed  the  depressions  of  a  ship^ 
at  anchor  to  be  1  *  ag',  and  1  *"  0*,  respectively :  hence  the 
height  of  the  hill,  and  also  its  distance  from  the  vessel  aro 
required }  the  tower  itself  being  7fi  feet  high  ) 

jtns.  Bottom  of  tower  above  the  sea    iM/ftl* 
Horizontal  distance  of  sbip884A« 

53*    To  obtain  the  height,  and  distance  of  an  object  oo 

the  summit  of  a  hill  I  measured  a  base  of  450  j/ardi  on  level 

ground,  and  set  up   marks  at  its  extremities  equal  to  the 

height  of  the  eye*    At  une  end  of  the  base  the  angle  betweea 

the  other  end  and  the  object  was  found  with  a  sexlani  to  be 

74*  95';  and  at  the  other  end  IT"  4V  where  the  elevation 

of  the  object  was  observed  =  0*  89'.    Hence  the  height  of  * 

the  hill,  and  iu  distance  from  each  extremity  o   the  base  are 

required  ? 

Ans.  Height  of  the  hill  105*3  yds. 

Disunces  g96*8. 

938*6. 

58.  In  surveying  with  a  compau^  a  spire  bore  NE  18  \ 
distam  8  miles  \  and  the  bearing  of  a  wind-mill  was  N  W  80% 
now  the  distance  of  the  wind-mill  from  the  spire  was  known 
to  be  H  mile*  •  hence  its  distance  from  the  station  is  required? 

Am.  8395,  pr  3153  ^ardi. 
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57m  A  laiMer  98  feet  long  will  reach  from  one  side  of  i 
ditch  which  it  90  feel  broad,  to  the  top  of  a  wall  on  the  othe 
tide:  what  it  the  height  of  the  wall  ? 

58«  From  the  top  of  a  work  13  feet  high,  a  point-Uanl 
•hot  itruck  an  olject  on  the  ground  at  the  horisontal  din 
tanoe  of  190  yards.  What  was  the  deptession  of  th( 
piece  ?. 

An$.  «*»  23% 

59*    Two  forts  commanding  the  mouth  of  a  harbour  bor 
SE  lO''^  and  SW  W^^  distant  1}  and  9|  miles,  respectively 
requirod  the  distance  from  one  to  the  other^  and  also  iheti 
? 

An%^  Distance  9670  yds. 

Bearing  68*41'  N£  and  SW. 

00.  At  the  extrcmiiics  of  the  base  AB  of  40  chains^  w< 
took  the  following  angles  with  a  theodolite  to  the  elevates 
objects  C  and  ]>: 


At  A 


.(CAB=5l*«'  ^.n  JCBA  = 
1DAB=:63  5  ^*^  fDBA= 


C  elevated  A""  \V 
D  eltvated  3     8 


Hence  the  distance  from  C  to  D;  and  ako  their  heights  an 
required) 

Mt.  Dist .9199  j/dt. 

Height  of  C  f07*l 
of  D  47*9 

8K  Ul  W  Ic  West  Wycombe 
church,  H  High  Wycombe  church, 
and  P  Penn  beacon-pole :  Now  at  the 
atatioiis  C  and  S  we  took  the  following 
ang^  with  a  theodolite. 


f 


VOLt  !• 


sn 


AVVITIUHAI.   KXAHr*... 


(res  =108*14'  cwsc=  4»>4^ 

iCH  =    «8   VO         atS^CSH    s    S3    SO 

iCP   =    33  31.  ^CSP    s  1«6  so. 

#     • 

evioui  operation  Ihe  duUncc  WH   (between  the  ^ 
wu  found  to  be  4040  ^ards.    Hence  the  diitanoe 
i  beacon  to  West  Wycombe  church  it  required  ? 
,  Ms.  9144  ifis. 

n  reconnoitriag  a  county  by  the  help  of  a  map^  wo 

J  two  tpirei  A  and  B  in  the  lanie  direction.  A  being 

CM  I  we  then  observed  the  angle  «ubicnd(*d  by  A  and  a 

>ire  C  and  found  it  4 1  ^  5^  t  now  the  distance  of  A  and 

asured  on  the  scale  to  the  map»  was  3040  yardSf  of  A 

4980,  and  of  B  and  C  5460.    Rc<}uircd  the  distance!  to 

ires  A  and  C  ? 

Ans.  from  A  4387  y^t. 
From  C  0403. 

!•    In  surveying  with  a  pockel^sexlaui  I  obKnred  the  angle 

icnded  by  two  churches  A  and  B  =:  43^  30^^  and  that  be* 

icn  A  and  another  church  C  =:  83^  iof^  all  in  the  hori- 

mal  plane  nearly :  The  distance  from  A  to  B  was  8i,  fiom 

to  C  8|,  and  from  B  to  C  4^  miles,  the  church  A  being  the 

earest.    Hence  the  place  of  observation  is  required  ? 

Jiis.  3314  yards  from  A* 
3300  ....  from  B. 
7140    ..••fromC. 

04 1    From  the  top  of  the  tower  A  wc  observed  the  angle 
BAW  between  the  wind-mill  W  and  the  spire  B,  atid  found 


1.. 


"'»o„«„„. 


'nun  B  a 


""""lUirtJ, 


iM  ADOItjONAL  IXAUrLU* 

nap)  was  1|  miles,  uf  A  from  C  8  mtlel;  and  that  of  B  firoio 
C  9^  miles.    Hovr  fiur  did  I  walk  per  hourt  suppouog  iho 
rate  equable  ? 
Jms.  1907  jfds.  the  whole  disUnce  walked,  or  S933f  per  hoof. 

07 9  The  base  of  a  parallek)gram  beinfr  8i,  and  its  perpeo* 
dicular  S7{fe9i  ^  what  is  the  content  in  yards  square  ? 

jlns.  854|- • 

68.  The  length  and  breadth  of  a  rectangular  field  are  13 
chains,  6%  links,  and  llch.Qlin.  Required  the  content  in 
acres f 

Jnt.  13M2670. 

C9«    Ttie  parallel  sides  of  a  trapezoid  are  37^1  10  in.  and 

lOy.  Sin.  and  their  pcrpcnJicuLir  diitancc  11/.  6  in*   What 

is  the  area  ? 

jfns.  3\3ifeei. 

70.  If  the  base  of  a  triangle  be  17f  yards^  and  its  perpen- 
dicular  I  If  yards  |  what  is  tlic  area  ia/csi  f 

jtns.  eCt^iv. 

71«  If  the  side  of  a  rhombui  \%  90\  fcet^  and  the  acute 
angle  6:S° ;  what  is  the  content  in  yards  f 

j4ns.  86*38  nearly. 

79«  The  sides  of  a  triangul  ir  field  h^ng  171,  iGi^  and  US 
yards  |  tlien  what  is  the  area  in  acrvs  f 

Ans.  2'C5'27  ncarlv. 

79,  The  sides  of  a  quadrangular  field  being  sucecssivdy  S6» 
90»  lAf  and  10  poles,  and  the  angle  (taken  with  a  theoJoUte) 
included   by  the   two  longeU  sides  ==  5(]\     Required   iu 

content  7 

Ans.  9S7*676  poles,  or  1  ac.  4^7*676  poL 

f40    The  breadth  of  a  ditch  at  to^^  being  79,  at  bottom  38;, 


MINfUltATIOK. 


389 


the  sloping  rides  8B|  ind  M  feet,  ttid  the  top  and  bottom  of 
tbe  ditch  boriaonlal.  Required  the  area  of  the  perpendicular 
tectipn? 

•  jtns.  BM\/eei. 

15.  The  area  of  the  perpendicular  section  of  a  ditch  being 
135  feet,  tbe  breadth  at  top  90»  and  at  bottom  13  feel.  What 
it  the  depth? 

^  ^«i.  6  feet. 

78.  If  the  area  of  the  perpendicular  section  of  a  ditch  bo 
154  feet,  iU  depth  3^  feet,  and  the  breadth  at  top^  to  that  of  the 
bottom,  as  0  to  3 :  what  are  those  breadths  ? 

jtnt.  38  and  wfeet. 

77*  The  area  of  a  right-angled  triangle  being  803»  and  the 
ratio  of  the  base  to  tbe  perpendicular  as  s  to  3  :  what  arc  those 
sides? 

Am.  89  and  55« 

78.    What  is  the  side  of  that  equilateral  triangle  whose  area 

is  100  ? 

Ans.  15*197  nearly. 

79*  ir  the  side  of  an  equilateral  triangle  be  10;  what  will 
be  the  side  of  another  eiiuilateral  triangle  whose  area  is  oif#* 
fourth  of  the  former  7 

Am.  3» 

80. .  If  the  area  of  a  triangle  is  looo,  and  the  sides  are  in  the 
proportion  df  h  it  i  I  ^^at  are  those  sides  ? 

Ans.  4^*074) 

50-093  >  nearly. 

86-7913 

81  •  If  the  hypotemise  of  a  right-angled  triangle  be  1 7|  and 
iu  aru  .80*1  what  are  the  base  and  perpendicular  ? 

^fif.tandi3« 


«90 


AOOITIONAt  ISAMrtll. 


8f  *  How  naiijr  teres  would  be  conuincd  wilhin  tiic  boinN 
diriet  of  the  peotwgu'ar  foitificaiioii^  Examp.  46,  Mippoting 
it  cumplelcd  ? 

Ans.  196069jfdi«or  fiA*031«  &€•  oortf. 

n.  If  Iha  equal  lidca  of  an  isoscckt  iriaogle  arc  each  17« 
and  its  area  190 1  what  U  the  bate  ? 

Ams.  16, 

8  i.  If  the  diamrtcri  of  two  concentric  circlet  are  M  and  so ; 
what  is  the  content  of  the  annulus  or  space  cpntamcd  by  ibe 
drcumfcrcuces  ? 

83.  If  the  anea  of  a  circle  be  100;  what  is  the  area  of  its 
inscribed  square  ? 

jtms.  d3*M  nearly* 

60*  If  the  base  and  perpendicular  of  a  right*ang1cd  triangle 
are  each  1 ;  wl.iai  is  the  area  of  a  circle  having  the  hypotenuse 
for  its  diameter  ? 

Jms.  1*3708  nearly* 

87*  If  the  circuniferencc  of  a  circle  be  1000;  what  is  its 
area? 

88.  If  the  area  of  the^sector  of  a  circle  be  100|  and  the 
length  of  its  arc  80;  what  is  ihe  angle  of  the  sector? 

Jns.  114*  33*3'  nearly. 

89*  If  the  centre  of  a  circle  whose  diameter  is  SO,  is  in  the 
circumference  of  another  circle  whose  diameter  is  40 ;  what  are 
Ibe  areas  of  ^e  three  included  spaces  7 

Jns.  173-639* 

140'308. 
1118'338. 


"noun;  "^     '"""pj  fco 

•"f"*  brio.  Jl^^-wr  „•,„„.  ""■"•"Ort^. 


•ff  AO»ITIO»AL  IXAHPLtl. 

91.  Suppoivdw  triangle  BCA  ii  (he  bua  of 
«  pyramid,  V  iu  veitrs,  the  side  BC  =  io/$tt, 
10  inelut,  tnd  the  inglet 

.VAC=BO*»'     VAB=80«I8    VBC=  !(!•  4'      /  1  ' 
VCA  =  I40     fi      VfiA=73  44    VCB=:U9I0 

What  it  the  cubic  cament  ? 

Ans,  I709S3(1S  culicfiel^  nearly. 

B0>  If  ■  cuk  which  ig  two  equal  conic  fnistuma  joioed  lo. 
gethertt  ibc  baM*,haa  in  bung  diameter  31,  bead  dianii:li:rS7, 
and  depth  00  iQchci ;  how  many  galloni,  ale  incaiurc,  will  it 
conUiD  ? 

jint.  130,  neirly. 

100.  What  ii  ihcdiHVrenct  betwc-cn  a  bushel,  runuiitgm 
iiin,  wheo  mcamred  wilh  a  Wincbeilcr-buibcl  which  it  I8j 
incbea  indiaoKt^r,  and  measured  with  another  buihel  only  13 
inchei  in  diameter,  auppojingthc  cop  or  rap  or  conical  part  i*  i 
of  the  diameter  in  height  f 

Aniu.tr.  'I'liv  bujer  lutrtSOl  cubic  iitchei,  or  upwaiJi 
of  a  galluii  in  t\tiy  butl»:l  by  the  oanaHT^t  inf;i>ure. 

101.  If  a  piece  of  squared  limber  be  SS  feet  long,  the  siile 
of  the  greater  end  30  inches,  and  that  of  the  less  16  j  what 
length  must  be  cut  off  (he  less  eitd  to  make  10  cubic  feet  ? 

Am.  if.  A  in, 

lOSt     If  the  depth  of  a  vcbhI  in  (he  form  of  a  conic  frus- 
tum,  be  10  inches,  and  the   top  and  bottom  diameters  in  (he 
*   proportion   3  (o  3;  v.\iitl  are  those  diameters,  supposing  the 
vessel  holds  so  wine  gallons  ? 

Amm.  SJ-7«i,  «nd  U-i33  inchei. 

103,  Suppose  the  following  arc  the  dintensiotu  of  the  bed 
of  a  waggon. 


MENSUlATtiOK. 

vix«      length  •••• 

dq)Ui    •  •  •  • •  •  •  • 

breadth  at  top  behind 

■  at  bottom   #  •  • 

breadth  at  top  in  front   •••••••• 

*— — —  at  bottom     •  • 

How  many  bushels^  dry  measure,  will  it  c 

An$.  40A  gall,  or  3 

104.  If  the  ulicnt  angle  of  r bastion  be  71 ' 
^aces  50  fathoms :  required  the  number  of  cub 

^rt  of  the  rampart  next  the  faces,  supposing  J 
-.-Examp.  9,  is  the  profile  or  section  perpendicular 
-angle  of  the  shoulder  ? 

1 05.  Suppose  the  breadth  of  a  circular  ditcl 
bottom  19},  the  outer  slopfB  10^  and  inner  slope 
lively  I  lequiftd  its  capacity  in  cubic  yards  |  tl 
inner  circle  or  edge  of  the  .ditch  being  000  feet^ 
bottom  of  the  ditch  horisontal  ? 
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PREFACE  TO  VOU  11. 


1  HE  tubjecti  eompofing  thit  Volume  are  jtlgilra^  Conic 
SecttQUif  Mechanlcif  Hyiroslalict^  tnd  PntumaiicM.  But 
the  ptrttculars  ere  enumerated  in  the  table  of  contents  which 
lendera  a  detail  in  this  place  unnecessary.  We  therefore  hare 
Kttle  more  than  a  few  detached  observations  to  offer  by  way  of 
preface* 

After  Fracttonsy  the  arrangement  in  Algebra  is  not  exacily 
similar  to  that  usually  found  in  more  extensive  treatises.  Some 
reasons  are  given  for  a  particular  deviation  (p.  89} #  And  it  is 
from  considerable  experience  in  teaching  that  wt  were  induced 
lo  prefer  the  order  in  which  the  several  rules  or  parts  follow  one 
another.  Learners  however,  generally  consider  the  management 
of  radical  quantities  as  the  most  difficult  task  in  Algebra:  a 
master  therefore  may  sometimes  perceive  the  necessity  of  bring* 
ing  a  student  forward  to  a  particular  extent  in  Quadratic  Equa* 
tions  before  he  enters  upon  Surds* 


The  examples  of  extracting  roots.  Art*  109y  may  not  be 
thought  sufficient  to  ilhistrate  the  general  rule ;  but  the  alge* 
braist  will  remember  that  the  two  right  hand  flgures  of  the  divi* 
denda  in  extraciting  the  cube  foot^  three  la  extracting  the  4th 
toot*  and  the  fo^  right  hand  figures  in  those  of  the  Sth  root. 
Bee*  am  alwaya  scglcctdl  ia  maluog  the  division*    But  iba 

A «         • 


method  dcrind  Aon  i>r.  HiBvy'i  fafsudc  k  fieftnbl*  li  iV 


After  Um  Algebm  was  drawn  ap,  w«  fimiid  «b  lawtriptiwi 
of  tbt  BtDotnial  Tbeorem  iq  M.  Duboa^uet'l  Alfcbn  by 
meani  of  the  umc  artifice  at  that  in  the  work  qnottd  f.  149 1 
the  author  hai  citended  th«  (kmotutratiiMi  to  fractunal  «tMl 
negative  ii 


The  dUTeicnt  lerln  to  which  Art.  178— Ul  an  an  introduc 
tion,  may  be  reckoned  among  the  apeculatirc  paru  of  matbe* 
nutica.  The  principal  'theorem  in  the  Arithmetic  of  Infinitcp 
however,  ii  dtduced  from  the  Diflcrcntial  Method,  (Art.  17B)  t 
the  application  of  thii  formula  haa  been  of  eao41eiabk  PK  la 
the  aubie<|ucnt  part  of  the  volume* 

|n  treating  of  the  Conic  See^a,  the  Amdamental  propettf 
or  the  equation  of  each  curve  ii  derived  from  the  idid  t  aftci* 
wardi  they  are  conudered  in  plinoi  and  aa  the  cxprCMiina  Jbr 
.  the  ellipie  and  hyperbola  difl*er  in  nothing  hut  the  iigna  +  and 
—J  the  »ame  demonctralion  fretjuently  anawert  for  both  aectiiNU 
by  only  changing  Uiok  aigni ;  for  which  reaaqn  the  caunda* 
tioni  of  lonM  ptopeniet  of  the  hyperbola  are  thought  auffieicat, 

That  part  of  Mechanici  which  relatea  to  the  Centre  of  Gra* 
vity  it  given  at  tome  length  on  account  of  iti  extemive  uie.  Iq 
Art.  asfi,  387,  3BB,  different  mcihodi  of  computing  the  thick* 
ncit  of  walla  or  revetment*  are  compered.  The  rciulla,  at 
mi^hl  be  expected  from  different  hypothetea,  vary  .cooiidcrably. 
By  adopting  the  method  howcverj  in  the  firat  work  refercd  ta 
(^.383  t  we  cvidenilyare  led  to  the  following  coucluiion  (p.  SS6) 
which  ia  correct  only  in  the  caaeofafluid,— namely,  that  the  la. 
tcralprtaaure  of  a  body  of  lo»sccarihdependa  on  iu  height  without 
any  Ttfui  to  thitkncaa.— But  at  all  the  compuiitioni  are  bund- 
ed >ip<m  lUKcrtain  date,  no  correction  of  principle  ia  attempted : 
aad  the  only  flleralioa  ii  that  of  ^v\n^  «.  mim  caMcwcnt  fiun\ 


FREFACE.  ▼ 

to  M.  Bdidor't  loludon,  which,  at  it  nearly  agrees  with  the 
practice  of  Vtubtiii  teemi  the  least  liable  to  cxccplteQ.  All 
theories  however,  respecting  the  strength  of  walh,  and  also  thai 
of  iimleff  must  necessarily  be  imperfect.  On  the  latter  subject, 
see  an  account  of  the  rery  extensive  and  laborious  experiments 
of  M.  de  Buflfon  in  Alem.  Acad.  de$  ScicnceSf  1740. 

» 

The  spccttlatife  mechanician  therefore  will  seldom  find  an 
exact  agreement  between  his  conclusions  and  the  results  from 
experiment ;  particularly  in  what  relates  to  the  woi-king  of  ma* 
chinery,  because  no  theory  of  Friction  has  yet  been  discovered 
by  which  its  effects  can  be  calculated ;  for  that  reason  the  sub* 
ject  ia  not  considered  in  the  following  pages* 

As  a  work  of  this  kind  must  unavoidably  consist  of  abridge- 
ments, considerable  care  was  bestowed  in  selecting  what  appeared 
the  most  useful  to  students  who  have  not  an  opportunity  of  pern* 
sing  the  separate  and  more  diffuse  treatises  on  the  different  sub* 
jects*  Some  new  solutions  arc  introduced :  but  the  mathema* 
tical  reader  cannot  expect  much  new  matter  in  any  form. 


conclude.— The  experience  of  two  or  three  years  proves 
that  it  will  not  be  necessary  to  extend  the  Course  beyond  this 
Volume  for  the  use  of  the  College.  Those  Officcra  or  Cadets 
who  may  gain  a  thorough  knowledge  of  the  principal  matten 
contained  in  both  volumes  during  their  stay,  and  are  inclined  to 
continue  the  study  of  mathematics  after  quitting  the  Institution, 
win  consult  books  professedly  written  on  the  higher  branches, 
pni  pursue  thejr  tesearciiea  without  the  assistance  pf  a  mastcff '. 
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ALGEBRA. 


■J 


DEFINITIONS  and  NOTATION. 

1.     A   LGEBR  A  is  t  science  which  treats  of  the  properties  of 
Sjl   Dumbcrs  in  general,  by  means  of  the  numeral  figures 
and  other  symbols;  it  is  therefore  called  Universal  Ariihmeiic: 
and  sometimes  AnalysU^  or,  the  Analytic  Art. 

9.  In  the  operations  by  common  Arithmetic  we  employ  the 
numeral  figures  Only,  but  in  Algebra  it  is  usual  to  represent 
quantities  of  every  kind,  both  known  and  unknown,  by  ktteri 
of  the  Alphabet;  and  in  this  consists  its  peculiar  excellence^ 
because  the  reasoning  is  carried  on  with  the  letten  or  symbola^ 
mhose  values  are  to  be  fourfd,  in  the  same  manner  as  with  thoat 
which  denote  given  quantities. 

S.  The  initial  letters  of  the  alpbabeti  a,  h^  tf  i,  &e.  art 
commonly  put  for  given  quantities}  and  the  final  letters^ 
'»  9»  *>  v>  &^*  f^  ^'^^'^  ^^^  ^^  unknowiii  or  requiredf 


4.  The  leading  marks  or  characters  of  abbfeviatioo  art  given 
in  the  Arithmetic  {  bat  a  more  particular  eBplanatioii  will  h% 
necessary. 


•     M. 


•i' pint,  tigtuBtt  aBdiliomi  thuucalkd  tha  afimttm  or 
pMiliva  lign*  ' 

*-  Mi'ttiif^  iigni6e%  iublrael'umi  iht  M*gatir»  Ago. 

X  fintojf  tigiufici  mutlipticalioM. 

^■dwiiitH. 

zi  $qual  tOf  the  nude  for  tquatity,  *  . 

Tbuia  +  j  untdtt  plui  £>  and  denotes  Uw  lunef  aindfr.    ■ 
iM  a  =:  S,  b  =  S,  and  e  =  lit 

then  a  +  b  =  c  {a  flut  b  et^aal  to  ll)  or  8 +  3';=  11. 

a  —  t  i(  retd  a  mtaiu  A,  and  ihewa  ihkt  the  quauiijr  repre- 
Ktited  by  £  it  to  be  tubtracicd  from  that  denoted  by  a.  . 
If  a  =  B,  i  =:  3,  and  i-  5 :         ' 
then  a  —  b  =  d  {a  ininut  b  !■  equal  to  rf)  or  9—  1  s  S. 

1  X  b  (a  inlo  I)  denote*  the  pruduct  of  a  and  b,      ^ 
If  a  =  6,  f  =  3,  and  r  =  S4 : 
then  n  X  i  =  c,  or  S  X  8  =  SI.    Hera  a  ind  A  are  Uw 
faclon  of  the  product  at: 

But  simple  factor*,  a«  a,  b,  c,  &c.  are  uiualty  phced  without 
my  mark  or  aign  between  tlicni,  to  deuote  llicir  product  t  iooie- 
limes  however,  a  full  stop  tt  usul  i 

Thu*  a  X  it  or  ab,-  or  a.i,  signify  the  product  of  b  aod  a* 

And  4abc  llie continued  productof  the  Iwlort  4, a, &,  c. 

[fii  =  9,  6  =  3,  and  c  =  3;  thco4a(c  =  4  x  9  X 3X3  =  190. 

I  ^  b  thews  that  a  ia  to  be  divided  by  b.  But  the  luual  furm 
of  butting  down  the  quwient  ii  that  of  a  vulgar  fraciioDg 
tliuii  2*  which  denotes  the  quotient  of  •  divided'  by  b 
(3;.  Ariib.) 


DBriNITIONS  A^D  NOTATION* 


Also (lanoles  llic  quotient  of  a  +  b  divided  by  if  — *c« 

Lei II  =  4,  6=:5j  tndc=:fi}  then  a^b,  or  7==i* 
A  A  ?  +  *-*-'-*-.± 


5*  An  Equttion  if  known  by  the  symbol  =:  (equal  to) ! 
Thus  jr  =  a  *f-  &  is  tn  equation,  shewing  that  Jr  is  equal 
to  the  sum  of  a  and  6. 


.1 


6.  Tlic  character  tn  denotes  the  difference  of  two  quantities 
when  it  is  not  known  which  is  the  greatest :  - ' ' 

Thus,  a  tn  b  denotes  the  diflfcrence  of  a  and  b. 

7*  Proportions  are  set  down  as  in  Arithmetic  (pd,  Ariih.) 
Thus  a  i  b  :t  ci  df  are  read,  as  a  is  to  bp  ao  is  <  to  d. 

A. 

8«  >  denotes  grea/er/  and  <  lesst  . 
Thus  a  >  A  signifies  that  a  is  greater  tfian  6  t 
and  c  <  a,  that  c  is  less  than  a. 

Q.  A  bar  or  line  drawn  over  several  quantities,  denotes  that 
they  are  td  be  taken  collectively ;  this  is  called  a  vinculum :  « 
psrenthesis  or  brackets  are  also  used  for  the  same  purpose : 


Thus  at- 6  xc-^d 
a  +  h  •  c — d 


(a+6)x(c-il) 

(a  +  6)-(c-rf) 

{a  +  b)  (c— rf)i  all  denote  the  same  thing; 
namely,  that  the  sum  of  a  and  b  is  to  be  multiplied  by  the 
difle^neec---if*     . 


Andf«4:fr)—(—i-f-c)  denotes  that— i-f  c  islobt 
subtracted  from  « -f  5« 


ALGIiHA. 


10«  The  Co^efficieni  of  any  term  U  the  number  or  knowa 
quantity  prefixed  to  it,  an4  denutci  how  niany  times  il  it  taken  i 

Thut  4  is  the  eo^iScicnt  in  the  quantity  4a* 
And  in  the  quantity  ^bx^  if  b  is  given^  and  m  is  unknown^ 
^  then  Sb  is  the  co-efScicnt  of  the  unknown  quantity  m. 
Also  in  10  (a  +  b),  the  co^eiEeicnt  of  a  4*  i  is  10* 
And  1  is  the  co«cfficicnt  of  a^  for  1  ma  it  a* 

Also  I  is  the  co«e(Hcient  of  t,  for^  is  the  same  as  -• 

11.  Powers  are  denoted  by  a  small  figure,  ealled  the  index  or 
exponent  ( 11 1  •  Arith.) 

Thus  o*  (the  square  of  a)  is  the  same  as  •  x  a,  or  oa. 
a>  the  same  as  a  x  a  x  ^t  or  aaa. 

.  a"  denotes  4  raised  to  the  nth.  power* * 

(64.C— cij*  denotes  the  5th«  power  of  the  com* 

poundquantlty6-f-c— -J/ and(6-i-c— rff  iu  »tli«  power* 

•    If.  ^  is' the  radical  v^i,  and  shews  that  the  root,  is  to  be 
taken. 

Thus  •si  is  Of  vis,  the  square  root  of  81  is  0. 
VS7  X  S,  or  the  cube  root  of  %J  is  3* 
Va^  =:  a,  or  the  4th  root  of  a^  is  a. 
ij^(a  +  &)  denotes  the  cube  or  3d*  root  of  a4»i^« 
^(a*  +  iM»  thefiihrootofa*-^£>. 

But  fractional  indices  are  rather  more  commodious  | 


CJ" 


41 


11. 


I  i 


Thus  {u  +  b)\  is  the  ame  as  ^(a^i-b)^  each  denoting 
the  square  root  of  a  -h  6« 

(a  -f  6)^  is  the  same  as  ^(a-«-6)«  . 
(a*+  £>}%  the  same  as  ^{a^+  b^). 


01.   ' 


DBFtNITIONS   AND   NOTATION*  S 

18.  A  r^iional  qmniihf  is  that  which  has  no  radical  sign  (•) 
or  indca  anneaed  to  it^  as  69  or  5ca. 

14.  A  mrd  or  irrational  quantity  is  that  which  has  not  an 

•   1. 
ciact  roolt  as  ^5,  or  |/a*,  or  (a + by* 

M.  The  reciprocal  of  any  quantity  is  1  divided  by  that 
cjuantity:  ^j 

'  Thus,  the  reciprocal  of  6  is  r* 

II       c 

and  the  reciprocal  of     is    . 

18«  lAke  or  similar  quantities  are  such  as  difler  only  in  their 
eo-cfficientSj  as  5a  and  a,  or  sftcV  and  —  sbc^x. 

I7«  Unlike  quantities  are  those  which  consist  6f  diflcrent  let* 
tersi  or  diflfenmt  powers,  as  96  and  a,  or  —  3a  and  4a\  or  $ab 
and  5ab\ 

!§•  Like  signs  are  all  affirmative  (4»),  or  all  negative  (— )  1 
Thus,  a,  bf  a  4-  c,  4a\  are  all  affirmative,  or  supposed 
to  have  the  sign  -f  |  these  are  called  positive  quanta* 
lies.    And  —  Sojr,  —36,  —  a,  have  all  the  negative 
sign ;  these  are  called  negative  quantities. . 

19*  Unlike  signs  are  when  some  are  positive  and  some  nega* 
live,  as— 4a6-hsfrc,  or  Sx-^ib. 

S0«  Simple  quantities  are  thore  which  consist  aC^e  term 
onlyy  as  8a6,  or  -r-^  or  — >  1a<^. 


f  1  •  Compound  quantities  consist  of  several  termSi 

as  «4*ti  or  3&«**M,  or  (ft  «f  c)  x(i(— «}• 


«  AtCIiRA. 

M.  A  Biiumlal  coDiitU  pf  two  tenna  |  a  lri«0Mi«l  gf  Uucc} 
t  Ckadrinomial  of  four,  &c* 

Thus  a+^  if  binomial: 

a-^i^Cf  a  trinomial: ' 
8a-^9xi-c— -4</,  a  quadrinomiaU 

%9.  A  Residual  quantit;/  if  a  binomial  having  one  of  ila 
terau  ncgatiye,  af  Sa  —  c« 

%A.  Composiie  quantities  are  those  produced  by  the  muldpli^ 
cation  of  two  or  more  terms  called  lU  factors : 

Thuf  Sabc  is  a  composite  quantity,  itf  fiictors  being 

3,  a,  If,  c.  • 

And  Sate  if  the  common  nmliiple  of  3,  a,  h^  c. 

f  5*  Given  quatiiities  are  tl^ose  whofe  valucf  are  known* 

S0«  Unknown  quantities  are  those  whose  values  f re  im« 
IpMiwn,  or  required. 

N.  B.  By  quantities,  in  thefc  Dciiniiionsi  we  under- 
stand such  magnitudes  as  can  be  represented  by  numbers* 

Tl,    Eiampiss  illustratiug  the  imlhoci  of  re|ircMmliBg»  or  cOoiliioiiia 
Munben  or  quaotiliei  algebraically. 


b?t  fl  =r  5 


•  f 


Theu  ia^-^Cabc  4-  a6*  =:  100  *»  1^0  +  SO  =:  60. 

(«■«— ^•)X  (*i  — ^)=:I'5—  Id  X  i  — *  =  ^  X  ISS9. 

7(*  —  4.)  X  ^'fl  —  2^  s=  VM  X  10  —  S  =:  ilO  —  S  ss  202. 

J!^\  (.^^+J==J!^^x  iVf «l?^s^♦«lw 
^^J--A»)*K(a+*)=ati^— i6\*K»«a3X^s27.    . 


;1 


ADDITION.  7 

(j»-.|t)l'x«4-|s(?5  — Ir,)*x54-4=s3x5+4«l9. 
«»  — (a  — l^r-hOss20-i>0  =  JO. 
^  ^  (I  • -f.  n  ^  ^j -5  20  —  2D  ss  0. 

7(3^«('+^  +  0«Vx  io«ioo. 

(3rF7  •  rr:;)* « (s  i  x  3)*  =s  y « i3  s  t. 

6<n  ff  =5  1. 

'  db  ^»  Ota  plus  and  m/mir  &  ss  5  J:  4  ss  9,  and  !• 

«ss«l-»tf,  ortss90-— I,  or  J  s  19* 

[•(••-««)X  (rf'-f  «W)]*=(|/(?5-l6)x  9)*a5(3x?)*as3. 


ADDITION. 


'i 


f28*  The  Adilidoii  of  Algebraic  quaniitiei  it  performed  by 
colleciing  those  that  are  alike  or  aimilar  into  one  sunii  and  set- 
ting  down  that  tum,  togctlier  with  the  unlike  quantitieii  a^  ' 
with  thdr  proper  iignt. 

S9*  When  the  quantitiet .  arc  alike,  and  have  like  lignsi  add 
their  eo-efBcienh  together,  and  prefix  the  sum  to  the  letter  or 
letters  common  to  each  term. 

Thufy  ttippoie  tbc  turn  of  the  aflirmative  quantitiet  2^,  5«,  7tf,  tff  and 
3ffifiequired: 

la 


Sum    \%4 


Here  it  h  evident,  ivhatetcr  be  (he  ?a1ue  of «»  that  the  sam  U  +  U*^ 
^ff  ^«  ^  3ai  b  IN ;  wbcfe  IS  Is  the  turn  of  the  co-dDdcatfl, 


La  s wail    Uksn  S«'s3   S 

Sa  ss  'JO 

•       la  a^  l*A 

as    4 

7i8^lasltx4« 

% 

would  be  dcoiHed  by  -*>  18«.    • 


80.  When  quantities  arc  a^ike,  but  b^vc  cliflTcrenl  sigitfy  take 
the  aumt  of  the  aflinnative  and  negative  co*cfficicuttt  icspecttfilyt 
and  subtract  the  Lsi  from  the  grealcri  then  pnfix  the  Vign  of  the 
greater  to  the  diflcrencej  and  »ubjoia^the  common  i^uantity* 

Ijut  thetuni  of  'Jah'^ab,  iab-^'^f.lf,  7<it  — S^rl,  and  •l-^cJ^  be  !«• 

f|uln:d  t 

Cfli—  III 


n*.i  —  !W  =s  5/4  the  turn. 
Kow  14  —  rs  5^  tlirtffim*,  the  sum  is  4-  Jki  vf  5^:1 

Letas3»lss|2 

Tbeo  l?.v^  —  tfl  a  4  —  9 
4/r^~'2tf4s3  8—  4 
7<^.4*-Ms5  II  — 10 


ss  —  IS.a  10  B  W  tlM  SMOS. 


.y 


This  procesii  howe\'er^  in  which  subtraction  is  blended  witk 
idditiooj  is  evidently  nothing  more  than  adding  together  several 
differences  t  ^ 


Fur 

*M^ 

ah 

s- 

a4 

4a.)— . 

:ah 

;S 

'^/il 

7«<A  — 

^ak 

SS 

-i<il 

«i4  — 

ab 

SI 

• 

0 

r 


5«6  the  nun  of  the  diflfeicac«^  at  bcfia*. 


ADDITIO)f< 


91 .  If  the  negative  cuefficientf  together  ejtcced  the  iffimtUte 
iioety  the  turn  will  be  negative  t 


«»i 


Thui^  tbe  f am  of  *-*  ?tf^  -f-   nl 


is  —1 4al  -I-  9aB,  or  —  Sot. 

■ 

St.  When  the  positive  and  negative  coefficients  tre  eqiitlf  the 
sum  becomes  r:  O : 


■ 
I* 


^ 


1 


Tfiii!. Jet  (be  quantiticf  be  2'  -^  tf  ~ n«,  x — 4x  «|- «»  •««!  5JI—.  J« — «i 

?«  -«  Sfji  -f-   a 
Ji  — 4jr-h   « 


turn  8x  —  Hx  -t-  2a  —  2a 
For  Sji'-^  8«  a  0;  and  ?a  «-« 9a  s  0, 


ssO. 


.  83.  Sometimes  the  terms  may  be  collected  menuJIy  without 
setting  them  down  one  un(lcr  another. 

Thiis»  tiippoie  (fie  qaan(i(ief  to  be  added  01  4(;ridKed  are  3  ^  ox  «|»  7^ 
'2  |/aa— SO.and  IS  —  v^ox;  (liro  (lie  order  oTBetdngcI^wfi  the  sum  may  be 
(hut,    5  v^ov— |/aa4.7  4- l8-*?0 
or,    4  |/  Off  -^  23  •-»  5N),  which  it  4  y^  ax  4-  5,  the  torn. 

34.  When  quantities  are  unlike,  and  have  like 9  or  dttTerenl 
signS}  collect  those  that  are  similar  together,  as  in  the  foregoing 
examples,  then  set  the  whole  down  with  thcif  proper  signs. 

'  Thof,  ifthedeniH  are  — la  and  -f-  ca,  tbej  may  be  tet  down 

thus,  — .  ^  +  oi 
or  thus,  ca-^ha 
orthut,        (c  — i)  a. 


Let  a 


TOt.  It. 


S4,»s:2,cs5s 
-then,  M  — Iis20  — asl2 
or,     (c  — I)  ass  (5  —  2)  X  4 

.      G 


12, 


10 


ALQBltA* 


It  Ihcfifeit  tfp^inb  Ihtt  wkea  \ht  i{ii«ntitl«f  aft  all  yt4ikf^  tlit  mmlhn 
•f  teroM  caimoi  be  aMJged,  whkJi  it  9ho  cyidcnl  firuni  IIm  IqU^wIi^  cl^ 

^— r«  +  i» 
MUD    «r<4- A^fc  — fa  — nr  —  Aa 

85«  If  however,  a,  </,  j^,  A,  c,  A  (tKc  coefficients  of  :k)  are 
l^veo  quaQtitiea^  the  w  hole  may  be  reduced  to  one  term : 

^^  •  • 

Thuf,  letas6.  rfsslO,  ^:s5,  ^=  12,  c=s4.  *  =  3i 
theo  (a«|.i^^.^»c  — A)  auiUbe  (Jl  —  19)  »orCa. 


—  t?  ay  +  tf  —  7 


i^  a  —  V'  jf  •4*  2a 


V  (  —  «•+«*)+  10— aw* 


—  ray  -f  ?*'  •♦•  15 

(•»—>{)«>•♦••«—*•        (A— <i)U*— a*>^-»-(i— a)aiJ4»5f 


SUBTRACTION. 


/ 


/ 


36.  Cu  AKOB  the  aigna  of  all  the  temia  to  be  subtracted,  tod 
tbeu  coUect  the  acvcral  quantities  together  as  in  Addition. 


Thus  if  5a  —  3a  it  to  be  tubtracted  from  4a  s 
tlien  3a  «*  3a  wlicn  the  ttgut  are  changed 
will  be  —  5a  +  3a,  to  thit  add  4a  and 
vre  have  —  Sa  ^  3a  -f-  4a 

or      7a  —  5a  or  2a,  the  required  diiTcrence : 
Therefore  the  truth  of  tiie  nUc  if  maoifctt,  because  5a  ••  3a|  or  Sa  taken 


SUBTRACTION. — MULTIFLICATION. 


n 


3r.  Apain.  if  Si  ^4^  (or  — ?i)  is  to  be  Uken  from  3l:  then  If  tht 
tigfisof  l^i— 4^arerh.ingfd,  and  Ji  ttldrd,  we  hare -^  36  +  4^  4- dl^  or 
76  —  ^b,  or  51  the  n*<|uirefl  dilk'teiice. 

Thereforci  fubtracting  -^  9i  is  the  same  as  adding  ^ix  coh« 
•cqucntly  lubtracting  a  negative  quantity  gives  the  same  result 

as  adding  an  equal  positive  one* 

« 

38.  When  the  quantities  are  alikc^  and  have  numeral  coeffi- 
dentSy  the  operation  may  be  performed  as  in  eommoa  aritfame* 
lici  if  thoae  to  be  subtracted  are  the  least  i 


/ 


Tiitiff  frnrp  .^ib  7jr  -|»  3s  —  4y 
take  —  5x  -f-.  a  t  3v 

rem.  —  2t-«-2i—  v 


[■1 


\ 


Other  Emrn^t. 

From      ^at  ^^h  -^^c% 
take  — flft  +  ajt  —  3^1 

di^.      *«>«jr  —  a  4- 3cx  4-  </>  —  2/r  -«-3^Ji 
or     (Cfl  -»- 3f  +  ^  4-3<  — I  — y)  #. 


Sv^M  — 3^ 


ULe  3d  (fli  -h>/  -f-  r.;;u  -f  g  /  (a*— a«) 

Rr  unilinif  thi>  roefTii  iruti,  as  in  the  last  example,  the  ictalta  act  frt» 
i|iMrutlj  ftiiii|}lificil. 


MULTIPLICATION. 

S9«  The  general  rtile  fdr  the  nigns  in  the  produtt  isj  that  likti 
signs  produce  plus  (+}|  and  unlike  signs  minus  (--«}• 


Thus 
And 

Bat 


X  4-  i,  or  a  X.'6aiYei  +  aftorai. 
K  -*6Halflo^alor«S^ 
X  -^^prodacet  — ii6. 

c  a 


If 


ALOIIAA. 


40*  Sinipk  ftclon,  as  n^  I.  c,  Ice.  may  bo  ict  down  In  auy 

order  to  denote  their  produci : 

« 

Thus  «  X  ^  X  «  it  the  uine  a«  «fe  or  ic»  or  cAo,  Ice. 

Tlien  ubcsL  A  the  coutiuuctl  produrt  of  3, 4,  an  J  3,  any  bow  varM. 

•  41«  When  the  faetort  have  numeral  jcocflicients,  prefia  tiMrir 
produet  to  the  letters  witli  their  proper  aigni : 

Thus  3a  X  C^  U  dah ;  IliU  it  mauirot,  if  it  be  adiuilled  Ihat  a^  JiniMta 
the  product  o(  «  ami  i:  • 

for  the  r4Cton  of  3a  x  Sl  are .%  3«  a,  and  A, 
and  tliifrciun;  3  x  '^  X  4i  X  ^  i»  tlie  iauM;,as  <;  x  al»  or  Giii. 

49*  Whin  a  factor  it  multiplied  into  itaclfj  the  producl  be* 
comet  a  power  whose  root  is  that  factor : 

Thus  tf  K  tf  X  A  or  aaa  or  a'  it  iIk*  third  power  or  rube  of  «;  whrte 
the  small  figure  J  U  the  index  or  exponent  (II).    And  the  cube  ruul  of 

And  aaaat  Sec*  repeated  to  a  tinu'S  Is  a  * 
And  tlie  Mlh  root  of  «**  is  a. 

Alii)  ahx  abh  abab  or  aatfb  or  a* ^ ' ;  tlicrvfure  {jtb) '  is  a *b\ 


And  («)    is  «;V. 

la 
Ah 

• 

Otitcr  Lxamiilct. 

^3i 

—  27^./ 

Product    *2f^ 

*-♦•  'iahx^x 

axz 

• 

3.h 
\ax^ 

Protluct    —  jox'i* 

-*-Sjl»>*2t 

43.  Wheti  one  of  the  factors  is  a  compound  quantity^  thf 
prcKiuct  ii  found  by  mnltiplyiug  each  of  its  terms  by  the  otiicr 
factor: 

Tbfif  a^b  muhivlied  by  c It ca H- c*^ 
•   A;ji  A  — 5  muliipU^b^i  ci%€o^-cb« 


MULTIPLtCATlOK. 


13 


That  m  4-  c^  is  the  product  of  the  factors  a  •+•  ♦  tnd  c,  i^ill 
be  manifest,  if  ue  consider  that  the  whole  it  equal  to  all  iti 
parts  r^kcn  togetlier : 

For  let  mc  l>e  the  whole  product  of  the  factors  c  and  m ;  then 
this  whole  (mc)  is  made  up  of  several  products^  as  |mc-4-  ^me, 
or  ^mc -^  \mc  +  jmCf  &c.  &c. ;  it^crcfore,  whatever  l)c  the 
Dumber  of  parts  into  which  m  is  dividedi  the  products  of  those 
parts,  and  the  factor  Cy  taken  together,  will  be  equal  to  the 
whole  product  mc.  If,  therefore,  we-  consider  a  and  ^  as  the 
parti  of  a  icf  Ao/e,  the  two  products  at  -f  ci  will  denote  the  pro* 
duct  of  a  -4-  A  and  c. 

• 

Let  a  ::  8,  I  r  ff ,  end  e  :sr  S  : 

•  * 

*  • 

Then  ca'^c^zl\si^Ozz  C4,  the  same  as  the  sum  04- 1 

multiplied  by  3* 

Again,  let  m-^lm^  and  c,  be  two  factors;  then  their  pro* 
duct  will  be  equal  to  the  difference  of  the  products  mc  and  ^me^ 
or  equal  to  mc  —  ^mc : 

For  mc  —  imc  z:  imc^  which  is  the  same  as  (fn^^im^c^  or 
im  X  c. 

Here  it' is  evident  thnt  instead  of  m  and  Im,  wc  may  make 
use  of  any  other  two  (piantitic^  who^c  diflerencc  can  he  tx* 
pressed  in  a  simple  term.*  It  tlicrcforc  appears  that  when  a  and 
t  are  quantities  which  can  be  compared,  the  product  {a'^b)c  it 
ecjual  to  ca  —  ch. 

The  same  conclusion  however,  will  bo  manifest,  if  we  con* 
sider,  that  in  order  to  have  the  product  of  a — t  and  c,  the  pro* 
duct  ca  must  be  drminished  by  c  times  k,  because  a  is  greater 
than  a  — *  ^  by  ^* 

Hence  4  c  x  — ^  or  —  I  x  c  is  — cly  Iherclbfc^  unlikt 
signs  give  minus  (— -)  in  the  product* 


14 


AtOiaftAi 


Coroi.  Therefore  t  compound  expreasioa,  as  djys~  hyg + 
McxjfKf  where  one  of  th^  factori  (xys)  is  coannon  Id  all  the 
tennsj  may  be  let  dom-o  Uius :  [a  —  h^tc)  xjf%. 

44*  When  both  the  factors  are  compound  quantities^  muUiply 
all  the  terms  of  tlie  muhiplicand  by  each  of  the  terms  in  the 
mnltiplier;  then  collect  the  several  products^  as  in  Addition. 

■ 

Tllus,  let  «<— <;  bt  multipHed  by  A-«.tl; 
IVodiict    i«A— Ac— ^a4-A 

By  the  preceding  article^  the  product  of  a  •-*  c  by  ^  is  ai — ^Cj 
which  would  be  the  thie  result,  provided  t  waa  the  only  multi* 
plieri  but  the  multiplier  is  less  than  i  by  d^  and  therefore 
the  product  at  —  /c  is  J  times  a^pc  gteattf  than  what  ought 
to  be  produced  by  the  multiplier  ^  — -  J,  consequently  d  times 
a  —  c  should  be  subtracted  from  ab  ~  Ic  to  have  the  true  pro* 
duct : 

Now  d  times  a  —  c\%  da  -^dc^  which  subtracted  from  ab^^ 
Ic^  gives  nZr  —  be — Ja -i- i/c(3(l)  I  the  same  result  as  by  the 
rule.  Therefore,  —ex  — d\%  4  dc\  and  consequently  /jit 
4igns  give  plus  (+)  iu  the  product. 


4a 


Oih^r  Exanip/es. 
—  U 


3ar 


Frodiict  2Uuy— 4a«^^.4a<      nj>—  lU         ^a**^.  &a«  —  3asy > 


^^^i^ 


14-1 
S+l 


a 


«*4-jy  . 


a»4.^4?af.»..l  thes4fuafsola4-l.    jit         — y'orf— y\  via.tliepfo> 

duci  of  the  mm  aa4  dUfoeacc  of  two  muobcn  U  equal  to  the  dilRrreace  of 

iheifSif^Mttu 


MULTI^tlCATlON. 


IJ 


HJ 

•    5 ^ 


H-lorlKfl* 


^1  ■■  ■■ 

In  thh  example  kt  « =s4y  cs:  2,  /^s'3t  then  tlie  tiro  last  fkpittstona 
vill  be 

«•+(!?  — 4)** 4- (3  — «)«-»- 6,  orf«— ?«*  — 5f4.«. 
1*^(4  — 2)a«*-(S—3)'4*C»  or <»  —  :>»•*- 5*+ 6. 

Bat  if  c  it  grp-ter  than  «»  and  ^  greater  than  c«,  then  a*  and  a  witli  Oieir 
coefficients  will  be* a/1irnuti«*e. 

« 

45.  BenuaedX^  i>0%  a  X.a-K  aUa%a)(  a  xax  a X« 
if  a»,  &c.  (49) ;  it  fbllowff  thai  tlie  addition  of  the  indicet 
answers  to  the  muhiplication  of  the  factors  (111.  Arith.)  lor 


i-  «+s 


a  :=  a~  '  J  &c»  Therefore^  when  powers  of  the 
same  quantity  are  to  be  multiplied  together^  add  the  iodioea  to- 
gether for  the  index  of  the  product : 


'niai«xcBa''^'or«* 

.•«»X«?«fe*'"*''i<*"'"*«f  «• «». 

«»X«=^*''or«* 

Jr^m^  ^mj^^f^ 

«»X«»arf*+'or<^ 

•"rx-»=:^+'**"+'* 

C    16    J 


DIVISION. 

I 

40.  Division  in  Algebra,  as  in  common  Arithmetic^  ooo* 
sbis  in  finding  a  quantity  which  multiplied  by  the  divisor^  shall 
produce  the  dividend. 


Therefore,  the  rule  for  the  signs  will  be  ihe  upso  as  in  MuU 
liplicatiai^  namely,  like  signs  give  plus  in  the  quotient,  sod 
milike  signs  minuSt 


Thus  ^  ab divided  by  ^ S gives  +  £;  hrmx  hhatht  dividend. 


►•• 


Also— iiAdivifledby«*^fivi:t4- tf;  bccauie— Sk  a  ii -* aS the di* 
videod. 

But  when  ab  U  divided  by  —  ^,  the  quotient  will  be  —  a ;  lor—  A  X  **a 

h'\'  ab  or  ub. 


47«  When  the  divisor  and  dividend  are  simple  quantides,  Ihe 
quotient,  in  most  cases,  may  be  discovered  by  inspection  only, 
if  we  make  a  fraction  of  the  terms,  and  consider  it  u  the  itsult 
of  the  division  (37*  Arith.) 

Thus  if  3  be  divided  by  9,  tin.*  quotient  if  ^  or  ^ : 

In  like  manner  when  3abc  if  di\  ided  by  Sr«  the  quotient  may  be  denoted 

And  dividing  the  numerator  and  dt^noiuinator  by  ihe  facton  (Ac),  which 
are  common  to  both,  we  have    ^  =  «-  s3it  the  quotient  t 

For  tc  (liie  divisor)  X  -^  givet  3abL  the  dividend. 


Oik<r  EjLsmpks. 


I>agy 


Divide  ISflfy  by  —  Soy 
Sa  the  quotient:  for— 3#y  X  — ^s&>^^'>« 


[. 


[\ 


OITIIION^ 


ir 


Divide— 7««t«  by  — 14a. 
\2VJm  *°^  tlw  quotient t  for— '14«i  k  yaitat^U^uK 


•  > 


*«7a«ft< 


T- 


DiTide— «»s>bj5tf*. 
—  ^fl^  tiM quotient i  for— i««sX5A^i 

Divide  4«iy  bjr  4Ik^ 

Divide — 5tf  bj  —  10  «ari 


;— «>t^. 


f  * 


The  preceding  operations  tie  evidently  aiviiogous  to  ttitt  of 
pedacing  Fractioni  to  their  lowest  tends  hi  Arithmetici^ 
<89.  Arithi) 


• 


4S.  Diirjde  Siy  bjr  5a.    Rei^  the  diritor  and  dividend  ba?t  no  com* 

factor,  and  thenpfore  the  quotieqt  li  ^* 

pat 

a.  ^ffhtn  ponCrers  of  the  sami  quantity  are  to  t>e  dividecl  one 
hy  the  other,  subtract  the  index  of  the  divisor  from  that  of  th4 
dlvidendt  ^aoA  the  difference  will  be  the  index  of  the  ({uofient* 


Thoa  4l>  4fi?ided  by  «' fivet  a  or  «' the  quotient  | 

f)r  dcnotfaif  tfasquotlcat  by  the^ction  -^  and  itdocbg  H  tto  ItsblH 
%it  Icnnf ^ 


Ate   a^-ha'ita 


4^3 


x^asx  Ibe quotient 


And,  a*"  divided  by  x»lfV 


— S 


#"•  +  a'  U  a' 


I* 


ALOIBEA^ 


SO.  Wbeii  the  iodex  of  ibc  di  vUor  U  greitar  tlua  thai  of  Iht 
dividend,  Ibc  quotient  will  have  a  negative  index* 


TInh  ir' divided  bjxf  will  give  «         or  tf"^  i  tea— i   li«»f* 
(3d.  31.) 


But  s<  •!•  at  ouj  be  denoted  by  ^^  wbich  itdiieed  to  te  loweit 


k-*  tberelbie  ^  iftbciaiiieu  j*^** 


51*  If  the  dividend  be  a  compound  quandtft  and  the  Aviaot 
a  simple  one^  each  term  of  the  former  must  he  divided  by  the 
latter^  at  in  the  forrgobg  examplet. 


Thuf^  let «»  — «r  be  divided  by  et 


«A-.4K 


Thea  the  quolleal  may  be  set  down  tbui  ,  wbicb  leduecd  b 

tipil  or  h^€,  the  quolicat 


For  {6^€}  MUszmb^ac. 


0k      mc 


Or  the  quoUrnt  may  be  denoted  tbui  -  •^-'  ^  eiid  tbeie  fractlooi  it* 


h        € 


dttced  are  t-*i  or^— c  Uie quoUent»  a$beibre. 


dktr  £iampl€f. 


Divide  €0U^%4H^  lOaKx  by  Uuc. 
(MTJC— (UV— lOrtKv 


x'ur 


s  3«  —  4a  —  5«i  tie  qiioUeul< 


Divide  3a»«-14«r+l(>s<  by  7. 
y-—  "T^+'y*  •»  If  *•  — trfv-i'Jr**  Ibe quotient. 


DIVIIION. 

Divide  r«i«  —  \Uh*  by  -*-  3«t. 


l» 


—  3«f 


=:— 3jk  +  4«(^  the  qaotienf. 


Divide  flor-f  ei— ac  by  Mb 

Jtff  or— #c_tf4-^f-d^  the  quotient:  thif  it  foond  bycanceUng 

Cp  the  only  fgctor  common  to  the  whole  mimmtor*  tnd  denomlMtor  t  but 
if  we  denote  the  quotient  by  three  finctions  It  may  be  itduced  to  •  moit 
simple  form  i 

Thtn  ~H-^—^a '•4- ^^1,  the  quotient    TKlflp however boaly 
the  former  quotient  reduced:  for 
6rjr  +  *— I. 


«jt£z:Jhthe«imet.S  +  J-;, 

#  m         U        tk 


Divide  («•-♦.«)•  4-^  by  Ai. 

Here  the  divlior  and  dividend  have  no  common  factor,  andf  therefore, 

it%  -^  O*  "^  ay       , 

^        '    '»  "**  quotient 

39,  When  the  divifor  and  dividend  are  both  compound  quan* 
litiea :  Arrange  their  terms  according  to  the  powers  of  some  one 
letter  in'both^  the  higher  powers  being  to  the  left. 

Find  how  often  the  first  term  of  the  divisor  is  contained  in  th« 
^rsl  leriti  of  the  dividend^  and  set  the  result  in  the  quotient. 

Multiply  the  whole  divisor  by  the  result  thus  found,  and  sub* 
tract  the  product  from  the  dividend:  to  this  remainder  bring 
down  as  many  other  terms  of  the  dividend  as  are  Doccsaary  for  the 
neit  operation  \  then  divide  as  before,  and  ab  on,  till  all  tht 
terms  are  broi^ ht  dowut 

Tims  to  divided— M^*|ft  by  «-i*l. 
«.|)  tftL-^tf^^.^  (4.^1  quotient 


»  t 


•0 


AL^Mi^A. 


/ 


lk€M€.  tlitjcftbtti^lcfmorthedifiior.  It e&itirf»c«l « tiMi fai «% *» 
kft  Im4  term  oTthe  divichad/llimibpe  «  to  the  fim 
Md  iKe  diviior  «— ^  muiUplied  by  «  to  ^ — «!,  whkJi  taken  from  m^^iM 
IB  the  dividend  leem-re*;  to  thto  bring  down  ^-a*,  •nd-re»4-^  b 
the  pecood  divide|KL  ^  *  - 

'  Next,  n  In  tbe  diTtoor  to  conUined  — I  timei  in  — e*  (the  left  hand 
term  oT  the  dividend— e»  4-^);  therefoce  —  ^  to  the  lecond  tenn  In  the 
quotient:  now  the  diviior  a  —  k  muliiplied  by  —  ^  girci r- e* -f  M  the 
•ecood  dividend  t  thcreibre  a— ^  to  the  quotient  without  a  remainder. 

Por(<i-r^)  X  («^^)s5ef— 2064-^*;  tiie f rooi^  u Ia oommon afith^ 
^ic 


fflhtr  Eumplet. 

Pi«idex>+  Ibj  M-k-l. 

«•!•  1)  s* •»- 1  (jr*— x*-*-*^— «4-l  qtloticBt 
«»  +  <«< 

—«»  —  «» 

V 

■*•*  +  » 

0 
h  thto  csounpie,  n  to  cooUloed  Jt4  timet  In  «<•  and  thedlftoor  #«f  I 
mnltliiaed  by  s«  gitet  «<  4-  x«,  which  subtracted  from  Ai  ^  1  the  difMcat 
nnd  —jr«4. 1  remains  the  lecond  dividend. 

Next,  « to  contained-— «'  timet  in— jr^p  theielbre— jr>  to  thetccood 
term  In  the  quotient;  and  («+  0  X  — «^  givct  — <«-<*,  which  taken 
ftom»jH4-l|  and  tiM  remainder  to <4-'^  4*'*    And  to  00. 

(j(i-.j|i4.j|t^jr4-l)X  (x4-l)=<*fl.  See  the  mulHpllcaUon^ 
Art.  44.  • 

Divide  6x*— Jr—  in  by  2x— 3. 

(jr— 9)  ei« — jr  — 12  (3jr -h  4  quotient^ 

-1-81—19 
4-le— 19 


• 

Btvfiibif. 

^+0 

-ccff^ldi4.«|  (i««.«fl4*  k  qnollnl. 

1 

*€«« 

— Itt«- 

-CIS 

■ 

0 

i 

«'-«*+j'(»- 
«»+« 

- 1  +  r^T  ^^  qwolieal. 

^Mt^t^ 

• 

-.n  — s« 

- 
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+jr 


Hatjrbdwmnaioder,  thtrefore— ^  isa  fractional  part  of  tKeqiai 
|kiil»  at  te  Iht  difMoo  of  whole  numben.    In  thcte  catea  koweitr,  thf 


fiaoCicBl  b  MttanjiH  down  Uiosi 


'4"^)  <*— >*  («-—y  quotient 


3S.  By  the  last  ezampk  it  appeari  •  that  the  difleicnoe  of  two 
aqoarea  it  dbriaible  by  the  mm,  and  ilao  by  the  diflatnct  of  their 
loota* 

a 
£l±£!  a  ft «.  jE^  4- yft  the  quotient 


*»^T^ 


LjZjL  s  jKt  4.  jry  4.  ^  quotient 


4L$ 


ALGEBRA. 


*  "^  If 


&c. 


Ac 


M*  Hence  we  coocludcj  thai  or    <f  y     U  diviiibk  by  the 

fttin  of  ihc  rooti  jt  «4-ys  and  jr  — *y   by  llieir  differcaoef  wben 
the  indeji  fi  it  an  odd  number ;  ' 

And  thai  «**— y^  U  divitible  by  the  tunij  aod  aliQ  bjf 
the  diffenuice  vihe^  n  it  an  evm  pun^befi 


ALGEBRAIC  FRACTIONS* 


S5«  Thb  learner  ahquld  perfectly  understand  the  theory  and 
practice  of  Vulgar  Fractions  In  Arithmetic^  before  be  attempts 
this  part  of  Algebra,  because  he  will  perceive  tl^ajL  the  sfmcm 
rules  ans^axr  equally  in  both* 

To  reduce  a  Fraction  io  iit  lawesi  Terms^ 

50.  Divide  the  numerator  and  denominator  by  the  factor 
or  factors  common  to  both,  and  the  result  will  be  the  answer* 

The  rule  is  derived  from  this  obvtpus  principle,  that,  if  the 
terms  of  a  fraction  are  multiplied«  or  divided  by  the  same  num^ 
ber  or  quantity,  its  value  is  not  altere^. 

Thus,  let  f?  be  the  fraction: 


then;;:  =5 


Hi 
6a     Q  X  ^ 


t  therefore  2  ii  a  factor  commoo  to  the  auncrator 


and  dcnomiiutor,  and  because  It  It  the  greatest  coamoo  meanue  of  Cm 
aqd  bk,  the  fractioo  in  iti  lowest  terais  U  rz* 


rtACTIOMt. 


And  —  icdueedb  -;  fbr«b  tbebctorcomaiotttol 


Kknrj 


34 


icduocdb'--^;  where  tar  b  the 


7«  The  tuaple  dSmon  are  readily  found,  at  i 
plea*    But  tD  diaoover  the  compouiid  divitoi 
firactiofi  he  itiblired  into  their  factora  t 


to  icdeoe  tbe  fractUm      ■    ^  i    '>^-  to  ite  towi 

*«  +  *y 


ferr  both  taroit  of  the  fractioa  irr  divisible  bj  jt  • 
their  jjmtcti  coromon  measure;  aad  the  frac 

b ij-£^or J 


56«  Bot  when  the  numerator  and  denomiiiatoi 
terroii  the  naual  method  ofprocccding  is  to  fi 
mon  meaaure  thua : 


Rcjeet  the  aimple  divisora  in  both  terms  of  th< 

DtTide  the  greater  by  the  leaf,  and  the  last  di 

inder*  and  ap  on  till  nothing  remains ;  thei 

the  greatcai  ommoa  meaaure,  aa  id  Arithmei 


i 


"*  W+  fW*  +  8«i»  +"f«  -  (•»  +  ^a^ 4 
dM  linpk  dhiion  ne  9a>  <fidli 


AMIBIIA4 


t»i  biiv  to  iod  tto  giMtiil 


oT^^lil^l* 


-l-tift-^A^ 


^4*  «» 


Ci4-& 


«64-l^ 


11iefinlKnalMlcrU«l»-fH  thereibn  flit  Mfxt  opmlkHi  M  tlnf  cf 
Iftdiof  IIm  gmteil  conunoa  meature  of  «l*  -f-  ^/ tad  tHi  toil  divhov 
#^.Sfl*-*-#*,ibr  which  rcaioo  we  fi:JCGt#*  theiUiip1tdifliQr«r  «P<f^» 
•od  Ihea  U  il  ivdiiccd  to  Aoding  the  greatest  commott mmtun  ^  m^k 
•od««4-S«*4*^#  which  is 4 -h *  the  Utt  divbor. 

lowest  terms. 

The  msoa  that  «  4-  ^  measuret  the  tennt  of  the  propoaed  firactkm  it 
evident  from  this  consideratioo.  that  if  a  divisor'  mcasorct  a  qoaatit/.  It 
must  aho  measure  any  multiple  U  that  quantit  j. 

To  reduce  s-- — ,.  ,i  .  r,i«      ^  i,  to iu lowest  temv. 

The  simple  divlson  aft  Qb  and  9a«  hence  the  fraction  becomct 

(J4JI  —  Jii»^  +  fli*  —  ^>  3tf ' 

Therefore  we  have  to  find  the  greatest  common  measure  of  the  term  bo* 
Iwren  the  paredlhescs  1 

NuWf  thjit  the  less  may  divide  the  greater,  let  the  latter  hnjnultlplled 
by  4: 

4 


4guin«  multiply  by. 


4-3«i^0  4.«i^-*4is 

..      4 


4.  I2a'5  4.  'Id^*      163s  (3A 
.4.  I^?tf«3--  l5iiA»  4.  3AI 

diride  bjr  Jr)^... r,TZ      4-  lOal^-^iOb^ 


fMACTlOMS. 


t* 


tliertfefe  IIm  lail  dWitor  «— ^  b  the  grettctl  coronKm  mettme. 


lowei  t  tennt. 


I 


ii 


•      • 


39.  The  multiplicition  of  the  divideiuk  (u  in  the  lut  tx* 
ample)  ctnnot  affect  the  coininon«meaiure,  became  the  dm« 
dendt  thoa  incittfed,  are  only  multiplea  of  the  former  dividendi: 
Sometimes  howeTCTj  the  necessary  factor  or  factors  for  that 
purpose^  tre  not  discoverable  at  first  sight  i  for  example 


Let  II  b.  «Vl«d  to  «d«ce  U«  hen- »^y^±|^iligf 
toittlowertteram  • 

• 

Here  It  ippeais  that  s  numeral  rotiUlplier  will  not  ainwer  the  purpoie^ 
and  therdbfe  one  term  of  the  fraction  mutt  be  multiplied  by  iome  fiictor 
or  factor!  of  the  other  before  a  di  fision  can  take  place  t  but  In  'the  prctent 
cafe*  the  ihortctt  method  of  reduction  b  that  of  reiol?ing  the  ttumeiator 
and  denominator  Into  thtir  (acton :  « 

-.       3kz  ■!■  imxz  +  30ms  4-  IS  fe       (3Ac  4.  Sifur)  s  4. 30fwr  4.  ISfcr     ' 
4mdz '•^  Ivrz -i- Uiad -^  4:i  vr    ^  (itfil  ^  79r)  s  4.  24«d  —  Itfvr 

_  l^6e  +  5w»)  1  4. {5mx 4-  3bcyS  _ (3Ac  4- 3fmr)  (> 4.  6) ,    .j.^..-^ 
-<W-7pr)«4-W-7rr)6*(44J-7rr)(«'4-«)*    ^''^^^ 

8  4>  6  it,a  common  dirifort  and  the  ftaction  I1  reduced  to  ^T        ^ 

#  ♦••••i"  Tor 

%hich  is  In  its  lowest  tcran. 

To  reduce  an  improper  FVaciion  ft  iff  equlvateni  whoh  of 

mixed  quaniitjf.  . 


(0.  This  is  nothing  more  than  a  division  |  thereforet 
the  nnmerator  by  the  dqiominator,  and  the  quotient  win  be  the 

{99.) 


yot*  II. 


M 


▲iOBBEAf 


Tliii^  if  tilt  icictioo  (o  be  reduced  b  ^^  t 


TImi 


£aM 


^^  --;  3^  Cbt  quoticDit  or  tlie  fincikm  icdnced  to  ill  equitakat 
mhoi$.  ComequeoUj  wbea  iKeie  it  bo  remaindfr  after  di?iikMi«  Uw  opefa- 
lion b  thai oT  ledudng  a fradkMi tp  Iti  lowcaicnnis  ifor  ^vsptlK 
ftacUoo  is  ill  lowail  Icnm. 


Abo  ^7^  leduced  b  «•— ;gf  4-  >*.  (53.) 

SuppoM  the  fnictbo  to  be  leduced  b  ^^^i    i 

—  *)3«-.4lc(3tf  +  Z^,  or96— ^;^.  thefaotbolr 


—  4c 


9 

Here  the  remaliidcr  b  —  V,  thcrdbre 


—  A0 


a  — 


b  tbe  fractioMl  pall  oT 


the  required  mixed  qiiaptity,  but  thb  fractioa  b  negative  (46)  ;  aad  itaee 
vh^^  and  — >  -^  denotii  tbe  same  tbuig,  the  quotiem  maj  ht  ael 
down  either  way. 

Again,  let  the  proposed  fraction  be 


#— *)  oc— ^  — m— II  (c  +  — ^ZIJ^»  "^'^r^l'  thequoUent.     ' 


AC  —  f5 


In  thb  example  the  reniainder  it «—  m — ii ,  and  the  fricUun  b  J^^?; 
bot  —  m— n  it  the  tame  at—  (M-f-x)*  nainHji  the  turn  of  m  and  •  b 
negative;  therefore -»-^^^£^  and  — ^^;^  are  expreuiont  for  the 

tame  quantity. 


To  reduce  a  mijfed  quantity  to  an  equivalent  Ftactio^. 


01.  This  it  the  reverie  of  the  opcratjoa  ia  the  prtcediof;  lur^ 
fickf  therefore^ 


IRACTIONt. 


tr 


Multiply  the  integral  part  hj  the  denominttor  of  the 
fbetioti^  iiid  add  iu  numerator  to  the  produet)  theft  tht  Mft 
placed  over  the  said  denominator  will  fbcm  the  Inctioii  !•• 
quired* 


Unify  kt  the  miked  quantity  be  «  4»  ''^^^ 


f 


add  •••••••    M'^y 


• . 


turn  i^-f  0^  •!-  jr  — jf 


•  •   * 


ud 


•   \ 


b  the  fractiofi  fought 


•• 


IjBdiice  9e  -*  —J  to  an  equivalent  fraction 

Sex  («^^)s3^r-3€l 

—  Ac  add 


therefore  the  fraction  it 


3ac  — 4ic  thefumt 
3«t  — 4te 


^-:t^ 


Keducee4--^3j2  ^orc— ^;*^j  toanequiralcntfiractkNif 


c  X  (0— l)=:tfc  — Ic 

-.m  — 11  add 

0g— Ic— iw^ff  the  luuif 
and  — ^^ — ;]3i  ""  '  i*  ^  fraction  required. 

If  the  quantity  were  giren  b  tliif  fbrn,  €'^S!^^,  the  thing  (o  be 
done  if  tfidently  that  of  fubtracthig  the  fraction  ^^  irom  the  hitegcr  c 

AbOb  C3I  *■  tf  **  ■         reduced  to  a  fraction  It    ■  n  ■  ■■    • 

which  dcnotea  the  fKfacDce  of  ni—ii  and  ^;^«     . 


■    *v 


1 1 


n  Mmg  Fim€ihm$  wriA  ^jfnmi  d^mmmmimn  la  gf  iNifiaf 

•  M«  MutTirLY  tmh  nmneralor  into  aO  the  denoauMtoitt 
except  its  ownt  for  the  new  niunerator  of  that  ftaction ;  and  all 
the  denominatort  together  for  the  common  denominator* 

The  rule  may*  be  investigated  exactly  as  in  Arithmetic. 
(45.  Arith.) 

Let  the  fractioM  J*  ^'  ^  ^  brougbl  to  cquiralcat  fractioM  kaiim 


} 


€hm     >  the  three  new  mimeralttn, 
Un  tlie  commoa  denooiiiMtiMr. 
And  the  three  (ractioiit  are  r^*  tj;^  rzi* 

Heduce  t,  -•  *»  to  a  cooiukni  denominator* 
b  c    c 


ou     ^ 

«c     { 

the  numcfatoit. 

mch    S 

bee  the 

^irWyV^^P^^^^^^^W      ^^^^PV^^^^^V^^P  WWV^V^^  V  ^ 

Beiicv  the  fractiom  are  ^  j^  ^  ^  S  ft*  K*  **  **  lowest 


63.  When  the  denominator  of  one  fractiool  is  a  multiple  of 
the  denominator  of  another^  divide  the  greater  denominator  by 
the  lesst  then  multiply  the  terms  of  that  fraction  which  hath 
the  least  denominator  by  the  quotient,  and  the  two  fractions  will 
be  reduced  to  a  common  denominator.  (47*  Arith.) 

Thiiiu  if  the  fiictioDS  are  !?  and  -r  t 


/ 


fRACTlONi. 


tl 


Theofll  if  inwltipleof  «;  and  jft  d1?ldcd  bj  «  gifct  the q^Mtiem  ki 
thmfofe  if  the  tenm  of  the  fraction  -  aie  mvHipllad  by  1^  Wa  haft  ^ 

which  haf  the  Mme  denomiiiator  at  -r. 

In  Kke  maimer  the  fractions  «f,  ^  ^  when  hrooght  to  a  eommon  de* 

nominator  are  ^^^:  For  the  terms  of  the  fini  ^f^  are  multiplied 
kj  €if  and  those  of  tlie  second  bjrd. 


04/Leta-f-vind  —  1>e  broaght  to  frtcttont  having  ft 
commoii  denomiiiitor* 

laUng  I  the  denominator  of  «  4- irgifes  the  fraction  S~^  and  If  to 
terms  are  multiplied  by  nc  we  get  ^  "^^t  and  the  two  rei|nlred  ftno» 
tions  are       ^  ■  '   and  — . 


Hence^  an  integral  quantity  (a  +  x)  it  brought  to  an  equina* 
lent  fraction^  having  a  given  denominator  (ar)^  by  multiplying 
the  former  by  the  latter^  and  placing  the  product  over  that  de«^ 
nominator. 


To  Aid  Jrmiliimal  quaniiiies  iogeiKer0 

65.  Brino  the  fractions  to  a  commtm  demmiinatort  tbcsi 
add  the  numeratora  together,  and  place  the  tum  over  the 
mon  denominator^  as  in  Vulgar  Fractions* 


JEjESm/wBi* 

«a  cff 


dM, 


U  fte^red  the  sum  of  the  fractions  jp  jf  and  -^f 

yf|»«l-ja- ^  T    ■  er  ^     '    tnemmf 

t.  I«|afa«dll»m«r|^,  ^  ud  ^r 


,,,  ^  i.  An""-*'- 


.Mtl« 


,^-->^«- 


Thi  fadloM  InoimIiI  to  a  coroiBCNi  dcnoAlMM  ^ 

^^^^  JOj      3to      «1«  ^  Ste±3te-i2f  «  5?  ihe  M.»« 
Or  tU  itacUoiit  i/^,  aad^  mt/  Im contidcieil  m  the  cocfickoU 


«f  •{ 


then  5^  +  g'*4**35»  •«!  Uie  Mtwer  b  — ;v  ubefatt 


•     :        I 


•    1 


9.  Let  —  aad  — —  he  tdded  together. 


»  ■ 


4>  SuppoM  tbe  frictions  to  be  added  together  arc  *    ■.  and  *_> 
Seducing  the  fractions  to  a  comnHM  denominator,  Ihcy  lake  Hit  Sota^ 

i.  Toadd  2=^,  i=if.   and  '^'~'V  together 

The  three  fraction  awy  be  denoted  thus,  {  («—>)•  ^  (<—>)•  and 

Then  i(«— >)+*<«->)  + W («->).  or  (J +t  +  M) («—*)» 
(iS)  («*~>)  ^  2(^2.y  the  sum  of  the  tlirec  fractions. 

To  Subtract  cue  fractional  quantity  from  anotherp 

06.  Bring  thefractioas  to  a  common  denominator)  thea 
•et  tbe  difference  of  the  numerators  over  the  common  dcnomi* 
nator  for  the  answer^  u  ia  Vulgar  Fractloni. 


ruACTiom. 


«l 


EsttHnpiti^ 


f.  from  is  uke  —f 


5£ll2f!  -  !2!  =s  2  the  r^lDder . 


S.  rVom  -^  tike  -^P 


The  fractkmi  with  a  cororoon  denominator  are  -J^^   tnd  y^^Tr  t 

I 

the  *<*•*'  jCft  ^*  -'^ «  $^  the  wqrfted  Jikwnce.  . 


e4-> 


3«  Lftt     ^1*     T  he  whtracted  frwn  ■!  i        v  I 


iJfr'*^  and  J  ^f,'*'*\  are  the  fractions  with  a  oommoo  denonlttaloni 


ihcRiore 


'^'*U'^'"'-'"'Ul%-^'^^^-'-^' 


Iff 


4.  Letthefraction    J^%  be  tuhtractcd  from  the  integer  ft  (61.) 
The  integer  c  brought  to  an  equiralent  fraction  having  the  denominator 

00— eft 


#-*,b 


irr 


(64). 


Then 


€0— >e^'    m4-«t      ea— eft— in^fi . 


7=T 

diflerence* 


f=T 


li-y 


it  the  fraction  denoting  the 


To  MuUipljf  fractional  fuantiiia  iogethif. 

87.  Multiply  the  nuiperatora  together  for  the  mtmerttor 
0f  the  product,  and  the  dcnomiiiaton  together  fcr  its  dcnomina* 
tor^  u  in  Vulgar  Fractionf  • 

•     la  He(|oired  the  product  oijt'^tMod-^} 


bxtxm  "•  M 


tiie  product  fe^joircdf 


t.  WiMt  b  (to  prnduct  of  ^.  H=i,  aaa  ^  I  ;^ 

•  .  .  .        • 

4  K  5  X  9     **  "'^SO       ****  — Jf  tttfWMftia.1 


db  Whil  b  Um  Modod  of  ^  and  ^ » 


9B.  By  resolving  the  terms  of  the  fractions  into  tbeir  ftcHmt 
Alt  operatioQ  is  frequently  abridged  t 

4.  Tl««,  to  fad  the  pioduct  of  ^\  52=5^^1^1  ^l^sSsa' 

«p+Jt«  « («  +  •') 

to»  ^*»^* 


1^  » 


iTk-   (•♦»)  r— *)  X  m  (fl  ^^6)  (a'^h)  X  ^^  y  *_  (^— •)  X  It^ 

ss I  the  product,  by  rejecting  the  Bke  lactoit  ia  tlir  jtunffltar 

,     aad  dcaoiiiiiislor»  as  ia  reducing  fracUoiu  lo  their  lovcsl  Iobm.  (56.) 

60«  Tht  product  of  an  integral  and  fraction  is  ibiind  by  roal* 
tiplying  the  numerator  of  the  fraction  by  tbeintegralj  as  in  Vul- 
gar  Fractions. 

70»  Powers  of  the  same  fraction  are  multiplied  together  by  the 
addition  of  their  exponenflj  in  the  same  manner  as  integral 
i|uantities.  (45.) 


rRACTiom. 


AikI  « 


i->» 


AI»(S)-x?,(2)-ftep^^'* 


^.  • 


Diviitofi  qffrM€iional  ptanHHfii 


^■  I 


71t  Invert  the  diraory  then  proceed  as  b  Multiplicti 
Thit  rale  is  the  tame  as  that  for  Vulgar  Fractions  in  Afitlm 

V   •   t.    .  r    r*    I;,       r 


It  Divide  ^:^  by  ^? 


41       9«r     _  4i  X  3d  X  Sir      3*  ^^ ,.__^  ^„  ..    ,. 

iKton  ia  the  aomcnitor  and  dttiofniiiator)J 


..  t 


Or  thoiy  -J  j  ^U^  (;^  the  quotient,  si  hefoie. 


1%  V^r 


«•  '^  ^r^  ^  ^l^lded  hj  -iL-> 


\  •  •  •  k 


C— •! 


1 


*^®^  71 — n  hi  It!  lowett  tcnm  b    i  .  it 


»    t 


>t 


Mi.bS'cit  (emit* 

••       • 

3.  Divide  9^  JL^hjM^  ^^ 

#—3     '  «  — 3 


t  trt  '^t'-'^^  lit  diTidcd  bT  "  ^*"*^* 

VOL.  If.  t 


ALCEBKA. 


s.  DI<M«  X  ^  T' 

Bol  !■  =  .'-==.-' (so)!  U«™to  2  «  '"' 
thii|UoUait 

«.  Let  * IM  lUviiled  by  ~. 


Ti  cAaiv*  ajratliwal  fuanlitjf  iuit  m  Stfitit 


?•■  DiviDi  the  numenior  by  the  d 
the  quotient  to  u  many  termi  «■  nuy  be  thought  necoHif. 

£urnflu. 
L  Lettlw  foctloB  ^^  be  ckugcd  to  a  ictin. 

.+«).  (.-;+5-.;-;+.fcc.  . 


« 


FRACTIONS.  S5 

Now  It  it  eiiy  to  perceive,  that  the  next  or  5/A  term  of  the  qdoticiil  will 

be  -f>  -^  and  the  $ik  term  —  --^  kc,  mil  to  on,  •Itemately  phu  and 

minus:  this  b  ctlled  /Ae  low  q^  toniimkUim  of  tht  lerkt*    And  the  ram  of 
aO  the  terms  wbeo  infinitdj  continued  it  taid  to  be  equal  to  the  Iractkm 

W  0 

'-^--.    Tbin  we  taj  the  Tolgar  ftactkm  9  when  ledvccd  to  a  dcdnudt  la 
s  '$66$p  kc  infinitelj  continued^* 

N.  B»  The  termt  In  the  quotient  ate  ibond  bj  difidinf  the  ifmaiodcn 
by  (i)  the  6nt  term  of  the  di\iiort  thus,  the  fini  letftaindcr  ^a  diflded 

bj«  glret—*  the  ncond  term  in  the  quotient  |  and  Che  nooBdmBahMlcr 
««*  ^  ^itided  by  «  gitci  «f  ^  the  third  tMA»  ike 


It  If  the  liractkmb  -^  theierleibfcomeiwholy  aCmatfftt 

«— jr 


Tk««-a)«       0  +  i  +  5+P  +  *«' 


+? 


• ? 

•     In  thit  example,  if  m  <a,  the  tenet  b  conveifenf ,  or  the  fahe  of  the 
termt  continually  diminbh ;  but  when  a  >  «,  it  b  tald  to  dlterfsi 

To  explain  thb  by  numben,  let «  s  3,  and  ass  2c 
Then 1  +5+  ^+ ri  kc 

eorrp«i)onding  Taluet   1  -^  3  "t-  3  "^  ,-^9  ^*  ^^^^'^  ^^  ftactkmt  or 

termt  of  the  teriet  grow  leti  and  leti,  and  therefore  the  farther  they  are 
extended  the  more  they  conrnge  or  approadmate  to  0^  which  b  luppoted 
tobelhalaittermorfimit    . 

ft 


M 


AimaaAi 


M         M*        M* 

■  iwmnnwlMig  ,ymkm.  I  ■!>  -^  ?  i»5,  Ac  to  wlddl  Iht 
laifer  and  laifcr.   Tkit  is  caUed  a  di? etting 


*.»:  I  ii.  1^-  • 


IVm 


• .  • .... 


wUlbe 


Now  because 


I 


14-1 


I 


I  ..  »l*  it  hat  been  said  that  1  —  1^1  — l«fl«tai 

Uf/bdkl^ totUimmi is s { t  —  a  singular  conclusion,  when  His  pewetfac 
bit  6am  the  Icrnis  themselves,  that  their  sum  roust  necessarilj  bt  cUbcr  €^ 
or  -^  I,  to  whatever  extent  the  division  is  supposed  to  be  continiicd* 

The  teal  quotient  however,  results  from  the  fracUdnal  pa/t,  which  (bj  the 
division)  is  always^  (  when  the  sum  of  tie  terms  Is  0;  and  — ^  when  the 
sum  is •#>  1 1  consequently  i  is  tiie  true  quotient  in  the  Ibnnrr  case;  a.Ri 
1«— ^intheotl|er. 


3.  Lei  the  iraction  -^^  be  expanded  Into  a  scrio. 


-') 


*\a 


aur 

"7 


;  +  p+  71  +7;  +» *^«  quotKi.ti 


+^  -• 

V* 

at* 
+  "?- 

•    ..          + 

7 

+ 

tKACTlONI. 


SI 


'I 


I 
I 


rl 


Bj wbitiiotiiig other quaotitiei for fl»  t^Mnig,  hthtfndoil'-  «|-  p 
^-|9  ftc,  diflTemt  lerici  tnay  be  proJuced^ 

'   .Ul«=s3/caslo,  md«s  It 
thai  .^«i+2!+i^V2?+ «cc 


iHlbt 


lo"**  iuo"*"  loou*  rB55"***^  i*bklilM 


10— I        10       100^  1000 

fcM  at  the  dtefanal  im#erlog  to  ^  or  ;'^'  ■  t 

3         10  •■■•  I 

4»  To  icdooe  jrx]^  ^  *  *^>^ 


•4-J^ 

*• 

-? 

J* 

+j 

+«• 

• 

^It 


-:^J+^ 


*and[th<4Dli'(ebi'iHttbe  — ^,  the  5<lb  4*  ^  tod  to  oo. 

79«  n  liiay  be  worth  ohierthigf  that  the  tame  fracthm  iHH  ||fadUbi«iil 
Met  If  Iht  or^er  of  the  terms  In  itt  dmomloaior  itchaoged. 

Thus  taking  £xamp«  I. 


Bat 


«4*« 


«-&€• 


The  two  qootlentf  howefcff  will  alwayt  becqaalwhea  the  miialidfiii 
r  »•  taken  into  the  eocoontt 


M 


AtOIBlAi 


OF  EQUATIONS. 


/ 


74.  Whin  the  tymbol  =:  it  pUoed  bctwem  tvo  qBaDtitkt 
that  aie  cqiul^  but  diflerendy  cxpreuedp  it  is  called  an  Equa* 
iion*  (3.) 


t  « ' 


Tlm^  V  4.9  and  JO— I  are  cquilt 

And  74-:9al0— 1  iiaacquaUoodeDoUogtkteiiiialllyafl-l-SaBd 
10— U 

Alto  jrsf — if  U  an  equalkm  which  thevi  that  Uic  qiiaiitUy  m  » aqval 
to  lh«  diOerence  of  the  quantities  c  and  d. 


take  their  deaominationa  from  the  highest  power  . 
of  the  unknown  quantity  which  they  involve :  For  example,  if 
that  quantity  is  of  one  dimension  only^  it  is  called  a  Simple 
Equation ;  if  of  two  dimensions^  a  Quadratic  {  when  of  thice^ 
aCubic^  Sec. 

Thui,  if  jr  be  the  uoknown  quantity ; 
then  IQjr— 7  =  4jr-f-a  ita  simple  equatioib      -• 
tfA*  —  2i  s=  erf  a  quadratic  equation. 
«i  -f  4*  —  Cf  =5  a*^  a  cubic  equation, 
a^  -4-  oas  -I*  rfx  si/i^c  a  biquadratic* 

a     —  ji  -f  ca  s«S  an  equation  of  MdioicisiODSi 

« 

75.  When  X,  y^  z,  tee.  or  other  symbols,  are  put  lo  denote 
unknown  quantities^  it  is  from  certain  given  relations  they  have 
.  to  each  other^  and  to  such  as  are  known^  that  equations  are  de- 
rived. And  to  resohe  or  reduce  an  equation,  is  U>  discover  the 
value  of  the  unknown  quantity  which  it  involves  t  but  no  rule 
has  yet  been  found  sufficiently  general  for  that  purpose  in  all 
cases.  The  resolution  of  Simple  and  Quadratic  Equations  how« 
ever,  principally  depend  on  the  following  obvious 

AXIOMS: 

l«  If  equal  quantities  arc  added  u^  cc^  q;iantItieS|  the  soma 
Mit  eqiuJ. 


SIMPLE   BaVATIOIIt* 
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V 


1 


f  •  If  eqdil  qaantiiici  trt  •obtracted  from  equal  qoiDtitiw^ 
the  ranaindert  are  equal. 

3t  If  equal  quantiliei  ate  multiplied  by  equal  quantitkly  the 
products  aie  equal. 

4.  If  equal  quantities  ate  divided  by  equAl  qdiHtitki^  tht 
quotients  ate  equal. 

a.  If  two  or  more  quantities  are  each  equal  to  another  quan* 
titjr,  those  quantities  are  equal. 

6.  Like  powers  of  equal  quantities  are  equal* 

f  •  Like  roots  oTequal  quantities  are  equal* 

••  A  whole  quantity  is  equal  to  all  iu  parts  taken  together. 

■ 

7«*    RESOLUTION  or  SIMPLE  EQUATIONS. 

Exampiesm 

!•  GivEV  ««*7s:22;  tofindthevahieof  «• 

B7  adding  7  to  CKh  tide  of  tbf  equation 

wehafCjr^74.7  =  224-7    (Jm.  U) 

or  .    jr  =s  29  the  rahie  reqoiitd. 

Therefore,  any  quantity  may  be  transposed  from  on^  side  of 
an  equation  to  the  other,  by  changing  its  sign* 

.Tor  M'ml^'iQt 

And       Jr9  2?-f  7,  where7  ittrantpowdfmmootildeof  the 
cqaatioa  to  the  other,  and  its  sign  changed  from  —  to^t 

htiheaMniKr,  if  «»«as^ 

then      .  Mssh^m. 

77*  Hence  also  it  appears,  that  if  all  the  Ugns  in  an  equatioo 
are  changed,  the  equality  still  subsists  t 
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AtClBEA. 

ThSl  dkaiigliil'llie  dg&l  of.  ji  £A  I  ^^  • 

Aad  il  beoofDCf  •••••••• •»ffsi**-^*^4i. 

Now  by  traiif poking  tf  ..•'•— jr  4* '  SI  "*  ^ 

LmiIj^ innspoie i .... theo      «-|*iaJ^  atMmi « 


•     * 


t.  If  «4*ts  II)  wliali«iliq.yiau^9f  «.r  • 

I 

f«l  •  be  Mblracted  fioai  each  lide  of  Ibe  cquitioo ; 

Tbea    «4*8^8sslt  — •    {As.9.)  ^ 
And  «slO    tbetiuwcr. 

OrChiii.    Sinccx^-lsll)  Ihenxsll— laiOb  Ik 

U  OlfCQ  '-^  s  13;  toliiMl «. 
J 

If  eacb  tide  of  the  equiUon  be  nuiltipUed  by  3^ 

wehift    &L^Uii2s39    {M.3.) 

or    ««^7s39,  (5^). 
And   «s39-*7s33  IheaMwer. 

In  like  manner,  if  ^-^tf  --  ^ 

then    <*±f>Lf,4,    (4»J.) 

I 

<»r     «4«AGs^    (S€) 

And       «a^— «•  •• 


I        i     •  r 


•  •         ' 


t 


i 


IpSHppoiraai-f  14950;  wlut b Um Yilue of «» 


3«  ••»  14  ss  50 
then...       3jrs50«— 14 
or  •••       3j|  ^  36 

4B7    (^4.) 


Attd difidbg bj 3 ilvct ...        ^.  ^ 

or....        4r  S3  19  tlic  T^  IWlMtaid* 


And  if ju  +  kszc 

then^.         axs«—4 

•  f i 

dividing bjtbecoeffidenlf..*    «s  r—^thtrdhfofft 


ttMPLI  tQOATION*. 
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I 


I 


) 

i 
I 

J 

1 

.1 

1 

i 
I 

« 

0 


ss4« 


'  7*  — 45 
S.  If  — . —  a4rs  what  It  the  taliie  of  «> 

Rj  raahipljing  each  tide  of  the  cqottion  by  4 

wv  gcf  .•••  - 

l^  franspoMng  45«m«m  7« : 

Soblnctirg  4s  from  ^ch  side  ••••^  §\t9         3x 

And  dinding  bj  the  coefficient  3  (^x*  4.).-        « 

e.  Let  lili -.21  a  J  t^ieqidred  sf 


In  Older  to  dctr  the  equation  from  fnctions»  let  both  iMci  ht  fnl  nri- 
Uplied  by  9, 


4jr 

41  ^4S 
s4S 
15  the 


and  wehavo •«. 


— e9s« 


and  fouHipljlog  agala  by  2....gifct  3jr  «f»  15 «—  JSjikSv 

But  3jr«—1?xs  —  9i,  therefore  tre have  15— 9xsSf 
And  trampoiing  9m givet      15ss  ll« 

And   Jis  jjssl  -  «->theamvar. 

Or  thus: 

Thr^given  equation  it  — —  -•  ?jis  ^ 

Which  is  the  tame  as  ••••m  41  -«-  2|—  Sjt  s  |jr 

Now  tramposing  ?( gives  fr— Cjfc=  jj— 2} 

ButiJi—2fss^l4ff.^  therefore  -.i|xai  j»-.2| 

And  transposing  jx gives— l^a  «.jss«— d( 

or  —  l^jraB— 21 

And  dividing  by  the  coefficient «-  J  (  givet   t  cs  |^  as  before. 

Mtthiplyhig  both  tides  by  4  givet  5jr ^lM^f^\ 

or       12s«*-9a] 
or  3ir; 

And  9t\ 


400 

400 

t400 
400 


Ana» 


VbL.  II« 


4t 


ALCIBAA* 

Or  thus. 

S« -4- 7ji— Oji ss  (\  4- 7  »9)« 
thntCm    (-*4*7— f)  <ai400 


then  (Am.  4.) 


'  .400 
4+1  — »• 


AmI  acconUnit  to  this  last  mHhod  the  ? alue  of  the  Mkaowa  ^uiAtity  li 
denoted  when  It  hat  Utenil  coefllcicnU : 


For  let 


gy  4»  ^  —  ex 


Then  «r-f  ^T  — rr  s4iii 
or    (a<^^— c)i=:4m* 


Tnefcibre 


••  Oifen  -— ^*4-^stf;  tofindir. 

M        X        X 

Both  ildei  of  the  equation  multiplied  by  m  gives  #  <—  ^  +  <  b  ir 
And  dividing  both  lidet  bv  d ^"^  **"?  s  «, 


9« 


f.  Givenpy--^=I9;  to 


find  r. 


Both  lidci  muUiplied  by  17— 4jr  givoi  3xsl9  (17  — 4jr) 

or  3xs3^*-7^ 

And  transpoilog  ICx 3jr  4-  7<lr  s  3?3 

or 79jrs3?3 


And. 


323       .  7     . 
79  -S^^"^- 


lOt  Given    ^^^^^sd— n;  totfind  jr. 

Lit  both  tidet  of  the  equation  be  multiplied  by  jr — r ; 

Then iix4-Ajr  =  (i/— li)  (jr— r) 

or    Mx^bMsseu'-^tiC'i^dM^mx 
tfampotingiiandmr..,  tfi  +  A>  +  iix— drsscw  — ifc 

or      (a«4<6-f-N— ^  jr=:ai— 1^ 

II.  Lot  i^— A*sfx4-^a;  to  find  X. 


-■ 
C  , 


.'1 


ttMPLB   EQUATIONS.  A 

%Vh  *ti  tfach  tide  of  the  Equatimi  b  rnolvcd  Into  Its  faiton,    . 

webave ^  («4-i4  («—x)=^  («•♦-«) 

Then  dividing  by  c  4*  ff     giTct     «— jrs* 
And  tramporiiig  « ind  ^  the  mult  ii...    a—  ^ ss  jr. 

12.  Gitai^±fE!s.  «  +  ^  J  to  ind  «• 

Multipl ving  by  «  4-  Jr  givcf ...  «&«  -f  oi*  s  (««  -t-  5*)  («  4- «) 

or    ax^4.4K<=^jr4-ot1.^s^,«|^ 

And  tubtncting  ok*  from  each  side^ oc*  sflM-f^x  -l-«<^ 

And  ttanipofing  oM..'. ««— a^sa*x4*^        .,. 

Then  dividing  by  ihc  cuvmdent « «  +  *"  givet     — tT-^  ■*«• 

,    15.    Lela— jTss ;  to  finds. 

Ifeach  tide  be  multiplied  bv  a-— X.  we  haveA*  — 9«x4*i^a5a* 
And  iubtracting  x '  from  each  side  gives    a* — 9ai  9  0 
^  by  traiif|)Oting  TttJT ••         .ntss^M 

And  dividing  by  Ca  give*  ^  ^  j  =s  a; 

.  *  •   • 

Of  reducing  Simple  Equations   when  the  yaluei   tf  iw§ 

unknown  quantities  are  required^ 

•  * 

• 

79*  If  two  indepeDdoit  equationt  are  given,  which  involrp 
two  unknown  quantitiet,  find  t^t>  expressions  for  one  of  tlicni« 
one  fron^  each  equation,  by  the  foregoing  methods;  .those  ex* 
pressions  being  put  equal,  an  equation  will  arise  wifh  only. one 
unknown  quantity  in  it,  whose  value  may  be  fbimd  ai  before. 


i 

j 


£MBmptcH  * 

I.  Given  3*  — 4yasl 

7«4-3jfss64.    To  find  a  and  jp« 

rifftf- ^.;U— 4y3sl 

By  trantpoiitkMi         9«sl-f4jr 

therefoie     a«— ^-^ 
.01 


44  AtOIIRA* 

% 

SeoQsdIy,  ••••« 7f -f-^ysGI 

CI— ^  . 

7 

•  ^  ■  .  ■ 

TUt  cqaaUao  cleared  of  fracUonf  (Examp.  6.)  pvci  1  -4-  98jr  ci  193  —  9yb  ' 

And  by  uamiMi'itiQA  57jrcill5 

AidiBbMltiitAi«5fcr^gtvet«as  ~^si~Ss7  the  vilueor«» 

79*  Bat  it  will  firequeatly  be' more  expeditious  to  multiply,  or 

divide  the  equations  by  such  numbers  or  quantities  as  will  make 

the  term  which  contains  one  of  the  unknown  quantities  the 

''-    ifime  in  both  equations  |  then  by  adding,  or  subtracting  the 

equations^  as  the.  case  may  require,  that  term  will  be  eiter* 

minated. 

Tuitf  if  the  fint  eqoatkm  in  the  preceding  t'xample  be  multiplied  by  7, 
aod  the  second  by  3, 

'  wehave Six— C5y=     7 

^  and Slt-1-  9y=s!92 

The  upper  subtracted  from  the  lower  given      37>  =  I S^  {Ax.  9.). 

Thcrefure >s  l^^  s  5,  at  bdbre. 

*  • 

« 

Again,  If  we  vk-ould  ejacrmiDatey,  nkuUi|>l)  tlic  fint  ecjuation  by  3,  aid 
the  second  by  4 1 

Then. Ojs^VJysz     3 

and    g8jrH-l2y=e56 

The  sum  it......    37jr  =  2o9  {Ax.  L) 

f  1159 

whence  i=  j^s:;,  asbefbrfi 

9.  Let  az^^Aisc 

•  4b««-fjsf.   To  find  sand  a. 


ttMFLB'BaUATlONt.  4# 

The  ii/tl  equatton  multlplM  by  d^  and  the  tecqiMl  bj  «• 

givet       daz^  ^xzsic 
and        ^(flz  -f-  tf/f  JT  =s  «'^ 
And  fubtractlng  the  lower  ibin  the  upper     dhM-^agxsiJc^ap  {Am*^4 

.  And  dividing  by  the  coefficient  dk^tig m  sa  573^.    * 

• 

But  to  exterminate  «»  let  the  fint  equation  l>e  multiplied  by  gr»  md  the 
second  by  #; 

Then g'^*|"^^^sgv 

and..-. bdx^(rhM:s,hp 

Subtracting  the  under  from  the  upper* gaz ^^Mzzsgc-^ip 

whence....— ••  mssSEIZJT 

g«i— *■ 

kUnark.    In  this  example  there  b  nothing  to  indicate  which  of  the  two 
eqoatiom  It  greatest  and  cooiequently  we  are  at  liberty  to  subtract  the 

upper  Ifom  the  Inwcri  !■  that  case  jrcs^^^^*  tndsa^|^£^.     The 
ttme  expcefriom  howefer,  remit  ftom  the  cqtiationt  liy  cbanghig  tlieir 

For  if  dRji  ■  N^  rr- Ai  ■  ff/>»  then  (TT)  ayi    dftraiip    <fe,  whemtasgS— ^» 

aiidf«s«--Mis^c«^lp^  then  Ms^ir«a:¥--^»  AtMl'as^^^^. 

But  fuch  erprenioiif  are  utoally  set/lowii  thut  *  =t  ^wS*  ^^  *  '^Srf^S' 


5.  Wren  "^^  ^.  t «  52 


a— 2fsl6.    To  finds  and  2. 
16 

from  the  aecond  equation  we  have  ssl6-|-J2   ' 

which  fQbttitutcd  for  s  In  the  fint»  gives...  7'  ^  1 6  4-  ^  qp  59 

7*       It 
or  y4-j?=:52-l6ss3tf 

Whence    56;f+7ss36x  l^csST^' 
^  or    €31=576 

tMl       Jiss9f 

Nowpit9ffera^andwehaveasl€+gslftl~i»90  the 
Tahsa  of  a. 
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4t  Civcft  c*  --  »«  S8  3876 

M^Mm  102.    To  liod  «  and  i. 

Divida  the  fiiU  equation  by  the  tecood.^  ^7^7^  ^^  ^"^  ^'^ 

wbich»  by  adail  divUoo.^ gives  a— sss3t  ' 

wbeuoe         ^8a3t4-s 
Aiid|Natiog384-sibr«ioibes«xoodcqu4iioii...  3i^-a4-sslQt 

or  Sisl(»«-3I 

Tbeirfort  18332 

And  xss  38  H-SS38 -1*311870 

«    •  *       '      . 

IFTIm  TAree  Equations  are  given,  inuohing  Three  umkn^wm 

quantities^ 

60.  Ir  ibe  three  unknowa  qiuntitiet  arc  found  in  all  the 
equatioDtf  find  three  cxpretiiona  for  one  of  theoit  one  ftoio 
each  equatioot  then  compare  the  first  eiprcsaion  with  the 
•econd^  and  also  with  the  third,  by  which  means  that  quantity 
will  be  exterminated,  and  the  equations  reduced  to  two ;  which 
may  be  resolved  as  in  the  preceding  articles.  But  the  method 
in  Art.  79,  will  generally  be  found  the  least  tedious. 


Extunplcsm 

1.  Given  xHhyssid 

s  +  J^^=  '^i*    f  <^  ^"^d  «f  jfy  and  <• 

Sublructing  the  ixtti  equation  from  the  second  givet  t  •— >  as  I 
To  tbi«  reuMindef  add  tlic  third  cquutiun,  and  we  have  2>  a  99 

whence    csall. 

s^  Now  putting  II  for  s  in  tlie  id,  and  3d.  cquitionf^ 

Kirthiivt  ll«4*>ssSI»snd  jr-i- 11  =  20;  wficoce^&s  10;  andxi 

2.  Let  Jr4-jr«i-«al0 

•  tf4-sy4-32S*23 

S«  •!•  3y  .f.  5x  s  31.    Tofiod^r^jftaadx. 


9. 


*i 


I 


i 
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Bf  the  fiitt  equation.  jrsslO— y— « 

Ffon  the  teomdl... «s523 — Sjf— 3t 

Uinvibre        10-*- |f—«   =23  — 5jf— 3« 
.wKence  y  s  13  —  2s. 

Ntxit  tj  the 3i/!  fquatioo  ^,,38— ^>>5» 

And  fiom  the  fint jkss  10  ^|f-*-s 

Ai.     #  .-.  38— 3y— Si 

thefelbrr...  10— jf— «»  — — ^— • 

whence      90— «y— 2i  =  38— 3jf— $« 

ind jfssl8— 3» 

But jfssl3— 2t 

thf^foTO       18— 3asl3— 9ft 
/   and....  larS* 

Now  tuhstitttting  5  for  b  in  the  two  lint  cqiiatioM»  we  have  «  4> jf  m  t§ 
aiidjr«f  9|fa8)  whencexwaSf  aodjrss3. 

,    0r  ihmt: 

/ 

SfUracting  the  lif.  equation  from  the  Qd.  givei  jr  4*  ^  —  1^ 

and  double  the  Si.  from  the  3if.  givet- y— s=38«-»46aBA-r| 

or       jf-f  ss8  (77) 
whence.  ••        jfC5  8"^a 
But,..      749»al3 
arid...  jfBl3  — fii 

Therefore    8— ass  13—98 
which  givci        k  as 5,  at  befofGi 


3.  Given  ji4-<^ 


¥4.:  = 


5 


4 


3 

z 

5 

B 
6 
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*  +  j4-issl«.    To  fold  «^  y,  and  ». 


1 


The  eqaatiow  cleared  of  fractioot  become 

6r  + 3^4-91=  I9i 
90««fl^J^ -4- 192=900 
15x4>l?y-f  10ZSS790. 

To  exterminate  jr  (for  enmple)  let  the  tecond  equation  be  lubtraelii 
from  5  timca  the  fail,  and  the  third  equation  from  4  tlmci  the  favit 


-V 


ALCEBftA. 
DMthefint    Ma+l^-flOinMi 
Rmaindcr    Ida  —  ft  =  60 

aathefinl  SU.fr-IXr+  SaKlM 
the  third  IS«  + lgy+ ICteaiao 
icnuiDilff      M  —   ^{ss   4S 

it  KDMintlcr  ■ubtractt'd  friiuKbe  finl  givct  «b  M — 4f  s  IS. 
luting  19  br  «  in  tbe  firil  icuiaiuikr,  we  bin-flD  X  U^-Si 
e«s=30i  UKnbDiiillu.-lintn|(utioajtbfiwiMls3a. 
/ 

*+«+*«  =  « 

/[  -f  fy  +  R  =  p.    To  fiud  «,  ji,  atul  t  \m  tcnni «  fcob 

tlicr  quautiiin.  « 

with  cLlcnainftttng  s,  let  tlic  lint  rquilioa  be  mattipbeil  bjr 
»  (the  corOicieuU  of  ■  bi  tJM  otbv  ctiuatiou),  the  wcoul 
t,  udlhethlnlbjrAc; 
ibive  htax+hity+hiez^ktm 

kefr+ier^+kax^k^i  where  the  o». Skknto  of  s 

acting  the  fint  oT  thoe  cquitlou  bnoi  the  mcowI,  nd  abs 
I,  the  ma\U  will  be 

A; — Aiojt -f  rtfjr-"  AjJy  K  ira — Am* 
/i^tiai+kcTf  —  hii^^^htp — Am 

^  — fcM+CTj— rfj(  =  tp— iw  (by  dividing  lb*  fini  by  «, 
by*). 


,  of  tbcte  e<tuationt... 


al—Ms 


«■+*»■ 


via  ihe  KCQwlw.H      « ^  '  ^ — ^      ^ 


„,=  iy*-*)--n..-to.*w-».i.  _ 
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U< 


.J 
is 


Trom  this  value  of  y,  the  cxprw^lwn  for  ji  and  «  may  be  olHalned  wllhout 
^bitiiutiooy  or  repeating  the  prooev  t 

■ 

For  it  ifl  evident  from  Ex.  2.  (Art.  19.)  thai  the  eTcpressiow  for  i  ind  t 
will  hare  the  tame  denominator  as  Ihii  fory.  And  »ince  the  coeflic  lent t 
of  1919  fi«  and  p,  In  the  expiession  (B)  arc  respectively  the  tame,  and  have 
the  ume  tignt  at  tliose  of  $,  g,  and  r  in  the  denominator  (tliete  latter  being 
the  coeflicienti  of  ^  in  the  given  equationt)»  it  h  maoifetl  from  amilogy 
that  m,  n,  and  p  will  ha\T  the  tame  rvrspective  coefAcientf  and  tignt  In  the 
required  numerators  u  a,  d,  and  /s  and  (» A,  and  s  have  in  the  denomlmi^ 
tort  ff,  il,  tnd/;  and  c.  A,  and  s  being  the  cocflicientt  of  «  and  « In  the 
given  equation,  following  the  same  order  at  those  of  jf. 

Now  the  given  denominator  (A)  when  resolved  Into  facton  exhibiting 
those  coefikienta 


will  be 
and 

Therefore  x  ss 
And     s:s 


(«/r— /r/)  w-f  (/»— rtf)  w^  (/y*-^f)  p 


Instead  of  subtracting  the  first  equation  from  the  other  tsro»  a  contrary 
order  might  have  been  adopted  ;  for  that  reason,  perhaps,  the  symbol  m 
voiild  lie  more  proper  thjn  the  negative  sign  in  tlie  final  expressions:  iy 
Kxduip.  ?•  (79.) 


L«-  * 


The  last  example  is  sufficient  to  direct  the  process^  when  four 
or  more  unknown  quantities  are  concerned.  But  methods  of 
reduction  different  from  those  <ve  hive  giveni  will  frequently 
present  themselves  in  practice. 

81.  When  the  number  of  equations  is  less  than  the  number 
of  unknown  quantities  they  involve,  the  problem  is  slid  to  be 
indeterminate  or  unlimited.  Thus  ifx'^jf  :z  10|  then  x  and  y 
may  be  any  two  numbers  whose  siim  is  10.  Or  suppose  x^^f 
=:  6f  tnd  a  -^  j?  =  9«  in  which  *case  y  may  be  my  number 
whatever  |  and  conseqtiently  the  Talues  of  the  three  unknown 
^oantitict  will  be  indefinite.    The  like  muiX  iSiM  ViiA  ^f^smt 

vot«  th  n  ^ 


M 


AlOtBRA. 


when  the  number  of  equatioiM  ewl  unknown  quenliliet 
Ate  the  tame,  if  one  of  the  eqiiitioni  it  deducible  from  the 
others  t 


Thus  \m  Sm.  Ukiasii,  tss2.  (s3.  d^i.  gati,  hm^/^l. 
TlMtt  the  three  e^uatioot  iMcome     x  4-  t?yf  92s  i?» 

4*4-5^  + fc=:47 
Ta -4.8V  4- SUSS  74* 

Now  tuUlitutifig  thoie  puinbiirB  in  tlic  expiVMiom  for  the  valmt  of  i^ 
y,  and <»  the  nuiiitruiuri  ami  cU-iioiiiiiiatoni  bcLuiiM*  s 0»  or  the  ex|iffe- 
•iont  vani»h«  The  ivafon  perhaps  is  ni)t  obvioui  at  tint  light ;  hut  00  ex* 
amiiiing  tlie  e(|tiatiutts  ^v  find,  titat  d^Hilitt*  llie  trcoud  is  equal  to  the  ram 
of  the  other  two,  and  conse<|uciiU)-  tiuM.*  are  only  /an  independent  cqui* 
tiont.  Al«>9  with  tlunic  niiiiienl  coi'llkinitf,  «'m  must  he  s  »i  •§>  p»  other- 
wise tlie  ei|uati«)ot  are  incongnioiui. 

69«  Sometimes  equations  nuy  involve  an  absurdity ;  u  when 
jr  —  y  =:  6,  and  x  -f  y  tr  7 }  f<>r  it  ii  imposiiibic  ihat  the  difler« 
ence  of  two  quantities  should  be  greater  than  their  sum. 

The  young  Algvbruist  will  now  *pcrccivei  that  the  art  of  re- 
solving Equations  ci>iisi:»ts  in  bringing  each  of  the  unkiMwn 
quantities  on  one  bide  of  an  e*|uatiiin  having  known  quantities 
on  the  other. 


OF  RATIOS  ANu  PROPORTIONS. 


63.  Thc  relation  or  proportion  which  two  quantities  of  the 
same  kind  bear  to  each  other  in  rc^tpcct  of  magnitude,  is  called 
thc  Ratio  of  those  quantititu :  this  is  found  by  considering  what 
part  or  parts  ooe  is  of  the  otlier.  or  how  often  one  is  contained 
in  the  uihcr. 

Thus  if  Via  and  4a  are  the  two  quantities,  then  by  com* 
pmn^  tbcniy  we  fiiul  tlieir  magnitudes  such^  that  the  former 
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contiins  the  latter  s  limcti  and  in  common  language  we  say  it 
is  3  timet  at  big,  because  4  it  contained  3  timet  in  IS:  the 
ifuantitict  thertfore  appear  to  have  the  tame  ratio  or  proportion^ 
the  greater  to  the  lest,  as  3  hat  to  !•  Hence  it  it,  that  the 
equality  of  two  Ratiot  conttitutet  Proportion. 

.  The  termt  of  the  two  equal  ratiot  are  tometillNi^t  down 
thus : 

ISA :  4a  =  3  :  1 ;  vix.  the  ratio  of  1  Sep  to  4a  it  equal  to  that 
of  3  to  1. 

Or  thus,  ISa :  4a  : :  3  :  1^  which  ni  ty  be  read  thus  —  l«a 
bears  the  tame  proportion  to  4o  at  3  cUict  to  1  j  or.  At  1  Sa  it    , 
to  4a,  to  is  3  to  \. 

Tiie  4  th  term  1  is  called  a  4ih  proportional  to  the  other 
thrcjCt 

« 

The  Antecedents  of  the  tfi^o  ratios  are  ISa  and  3,  and  their 
consequents  4a  and  4  • 

8t.  TIic  terms  of  the  ratio  3 : 1  are   like  tubmultiplcs  of 
lea  !  4a J  the  divisor  being  4a.     But  any  other  like  tubmultiplcs   , 
or  multiples  of  ISa  and  4a  will  have  the  same  ratio  or  propor- 

tion  I  for  --—  =r  .  =  -=:•  i:  -^-  :r  •--, ,  &e.  where  each 
.4a       1      Sa       a        8a        5a(' 

numerator  hat  the  tame  ratio  to  itt  denominator  at  ISa  has  to 

itt  denominator  4a.    Thit  it  evident  from  the  nature  of  frac* 

tiont. 


[Jl 


Hence  ISa  :  4a  :i  3  1 1  ::  6a  !  9a ::  3a  t  a ::  94a  :  Sa  t :  l*5a& 
:  5ab,  hCf  are  a  rank  of  proportionalt* 


19a 
4a 


83.  The  fraction  ~  or  the  atiteoedcnt  divided  by  the  con* 


sequent t  it  by  many  authort,  called  the  mai^itude  or  qptntitY  of 

H  i 


It 


AtGIBtA, 


ntio  of  If  a  to  4a|  Md  •omctimeft  iu  metturct  or  cipaoepu 
But  writen  ilifler  oo  this  tubjecl.  Some  will  have  the  ratios 
(when  considered  as  magnitudc^i)  to  be  the  exponenta  of  the 
powers  of  their  terms.  Thus  if  1  denotes  the  magnitude  of  the 
ratio  of  a  to  l\  that  of  the  ratio  of  a*  to  b*  will  be  9 ;  that  of 
#1*  to  h*  will  be  3,  &c.  these  indices  or  ratios  are  therefore 
analogous  to  the  scale  of  Logarithms ;  and  consequently  the 

ratio  of  equality  will  be  O ;  for  if  o  =  ^,  tlien  r  =^  1  •  whose  loga- 

rithni  is  o.  Dr.  Barrow  however,  says,  *'  Reason**  (Ratio) 
'*  ii  not  quantity}*'  and  maintains  that  the  magnitude  of  a 
simple  liatio  cannot  be  expressed  in  numbers  ;  but  if  its  quan* 
tity  be  referred  to  the  fraction  formed  by  the  two  terms,  then 
he  makes  tfi^tnagnitude  of  the  ratio  of  equality  greater  than  O. 
See  his  Maih.  Leciures. 


If  the  terms  of  the  ratio  however,  are  commensurable,  the 
ratio  itself  may  be  expounded  by  the  quotient  arising  from  the 
division  of  the  antecedent  by  the  consequent,  as  in  Arithmetic. 
Thus  in  the  progression  1:28,  64,  33,  16,  8,  &c.  we  call  9  the 

39  =  '''^')' 


(138  64 

for  -^  =  9,  or 


64 


a  a 


Also  in  the  progression  or',  or',  ar^  4,  -,  -,,  &c.  r  is  the  com- 
mon ratio.  But  when  the  terms  arc  incommensurable,  the 
ratio  cannot  be  exhibited  in  this  manner :  Tims  it  Is  impossi- 
ble  to  find  in  numbers  the  exact  ratio»  or  pro|K)rtion  which  the 
square  root  of  I  has  to  the  sijuare  root  of  C.  And  in  comparing 
geometrical  magnitudes,  the  ratios  are  not  set  down  fraction* 
wise,  except  the  terms  arc  supposed  to  be  subjected  to  some 
common  measure. 


66.  When  the  terms  of  two  ratios  are  commensun|bIe,  the 
greatest  of  the  two  may  be  found  thus :  Let  7a  and  6a  be  the 
terms  of  one  raiioj  and  6b  and  $b  the  terms  of  the  otherj  in 
ihc  same  order ; 
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i 


r 

11 


I'  I 


The  iiM  fquttion  mulllplM  by  dp  and  the  lecQiKl  bj  «• 

and        to-fg/fjrssg/^ 
A  nd  nbtractlng  the  kmer  from  the  upper     iCftjr— tf|rx=s4( — 4^  (>#«.  ?.) 

.   And  diriding  by  the  coefficient  d^^-tig #  ra    .^  P.    * 

Dut  to  exterminate  «,  let  the  flnt  equation  l>e  multiplied  by  gp  and  the 
second  by  #; 

Then f^'^E^^^i^ 

and... bdz'^t^hM^s.hp 

Subtracting  the  under  from  the  upper gaz  ^bdz  ^gc^-^hp 


whence****** 


••• 


irs 


r— « 


Jigmark.    In  this  example  there  h  nothing  to  Indicate  which  of  the  tw9 
eqoatiom  h  greatest  and  cOmequently  we  are  at  liberty  to  subtract  the 

•pper  from  the  Inwcri  la  thai  case  jrcs^^-^jA;  ^»<^'*'g^f'*     "TKe 

Mime  expffeirioiH  howeser,  remit  lh>m  the  equations  by  ebai^ng  their 
iigMt 

For  if  dftj*  Ntf  irdp  ■  ff/>»thenfn)<yi    rfftrr.  ttf    rfp  whencpaagS— £^ 

utditm^kAssg€^tp,itmbd*^gaztsbf^ge,wmAzms^^^. 

But  such  eipresiiops  are  usually  set/lown  thus  jr  =r  ^^^t  «nd  «  **  H^S" 

5.  ©ten ''*  +  »  =  52 

a— 25=5  16.    To  finds  and  c 


From  the  second  equation  we  have 


.=  I6+IJ 


%hich  substituted  for  s In  the  fint,  git es.*.  7^^^^-^^^^^ 


1st  .  7*      ^^      ,^ 

Whence    56«+7as36x  16t 
^  or    63xs576 

tMl       «ss9f 

MowrQt9ffcf«^MdwtlianssU+gsl€.t^/^ 
Tahse  of  a. 


3e 
\%li 


90  the 
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4.  Gives  s* — ««  S8  3876 

«-f-isl02.    TofiodxMMls. 

Divide  the  fin!  cquaUon  by  ihe  tecoocL..  ^7^7  »  ^^  (^  ^  ) 

vUd^  by  adiMl  divUioo.-... gives  «— 2s98  ' 

wbeace         ^asOt^-* 
And  pultbg  38 -l-s  for  J  U  tbe  ftfcood  equiiioii...  3i  4- s -h  s  a  lot 

or  Sial(tt-»3I 

Tberrfore  ss32    . 

Andxs3a^2s3l<|-31lss70 

fnem  Thr$e  Equations  are  given^  involving  Three  unkmowm 

quaiiiiiies. 

60.  I  r  the  three  unknowa  quantitiee  arc  found  in  all  tha 
equatiotu^  find  three  eipreiiions  for  one  of  ihem«  one  from 
each  equaiiont  then  compare  the  first  expression  with  the 
fecond^  and  also  with  the  thinl»  by  which  means  that  quantity 
will  be  exterminated,  and  the  equations  reduced  to  two ;  which 
may  be  resolved  as  in  the  preceding  articles.  But  the  method 
in  Art.  79f  will  generally  be  found  the  least  tedious. 


Extunptcsm 

1.  Given  x-t-yssl9 

t+^si2\.    Tb  find  x«jf« and  z. 

Subtracting  the  itni  cquaiion  from  the  second  gives  s  — y  ss  1 
To  tbi«  rmiuindef  add  tlie  third  t4u;iUun»  and  we  have  Sx  at  99 

vrhcnce    tsall. 

V  Novr  putting  II  for  <  in  the  Sd.  and  3d.  equitionf^ 

vrebave  11  ^jfsSltand  jr-f  llsseoj  wfience^&s  10;  andxi 

2.  Let  Jr-f-jf-|-ss3l0 

•  «-|>2y|-32ss*23 

$x^3^-|.5as38.    To  find ir« Jf«  and <• 


/ 
9. 


I 


1 
-J 
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Bf  the fiitt  eqoatioiit  jrsslO— y— « 

Fron  theteomdl... «s:23—- Sjf— 3t 

Ihfivfere        10-*- |f—«   ss23  — 2jf— 3« 
.wKence  jf  s  13  —  2s. 

Ntxit  tj  Uie  3d.  fquatioo  ^,^38  — ^—5» 

And  fiom  the  lint jusslO^jr— s 

At-      #  .*.  3g— 3y  — Sg 

thefefbrr...  10— jf— «»  — — ^— • 

whence     90— «y— ft  =  38— 3jf— $« 

ind jfsslS— 3t 

But jfssia— 2t 

therefore       18— 3a  s  13—9* 
/   and....  larS* 

Now  tuhstituting  5  for  a  in  the  two  iint  cqaatioM»  we  have  «4>|r  m  t§ 
undS'^ijfsani  whenceswB9»  andjrss3. 

,    0r  ihmt: 

/ 

Sablractinf  the  lif.  equation  from  the  Qd.  givei  jr4>  Szss  IS 

and  double  the  Si.  from  the  3if.  gives— >y^as38«--46aBA-r| 

or      y-fas58(t7) 
whence.  ••       jfc=8— a 
But..      749»8sl3 
aiid...  jfBl3  — fia 

.Therefore    8— ass  13— 8a  ' 
which  givci       assS,  aibefoiei 

3.  Given  jr4-|4-|=s3« 

*+|4-|ssl«.    To Und *, y,  and ». 

The  eqaatiow  clean-d  of  fractioot  liccome 

6ff  +  3y4.2a=l9i 
90f4-i^J^-4-t92s900 
15x4>l?y+10zss7S0. 

To  exterminate  jr  (for  escample)  let  the  aecond  equation  be  lubtraelii 
from  5  timea  the  failf  and  the  third  equation  from  4  timca  the  finit 

•A- 


4t 


icmaiiicicr    lOx 


—  ^seo 


illmeitliefint    2U^\2p+  8ts76S 

tbe  third     I5g-Mgy-H0»=3  730 

icouimler     ^s  —  222  s  4S 

Tim  the  Itst  rcuuiiulcr  luUraclcd  ifi>uUhe  first  givct «  s  CO — 4t  s  19; 

^ .  Nofv  MihititutiAg  13  for  jr  10  the  first  reiuaiuiltfr,  we  hafe-fD  )C  ia«i»Sx 
SB  60»  whence  xss  00;  thenfrom  the  lira  equation  jr  Is  IqiiimIs  20. 

4*  Chen  «9-|>ly4-czsiii 

/r4-ry-^izs/>.    To  find  jr» ^»  and  1  ia  tcmu  nt  Inno* 
tkmt  of  the  otlier  quautitiei .  ' 

If  wt  begin  vrith  exterminating  s,  let  the  first  tquallon  be  multiplied  hj 
the  product  ht  (the  coeflicieuts  of  s  In  the  otht^r  equations)^  the  second 
equation  by  a,  and  the  third  by  hci 

^  andwehave  AiaJc-t>iU6y4-Ajd9Anii 

€sdx  ^csgy  '^  €shz  sscm 

kc/x^hcr^^kcnsihtfi  wliere  the  oo*.  fficienta  of  a 
nie  the  same. 

Now  subtracting  the  first  of  these  equations  60m  the  second^  and  also 
from  the  thiid^  the  re&ults  will  be 

isdx — hoM  4-  ^'Sy^^  AJ^y  s=  rni — ibns 
A(/Si  <— Aiox  4- Arry  — -  A;f ^y  s=  Ac/i  —  Ann 
or    €dM — .Aax«|-<^— A^yszCM^-Aw 

and    ^X'^tax^cry'-^tbyszcp^^tn  (by  dividing  the  fiiit  by  s, 
and  the  latter  by  A)« 

From  the  first  of  these  ei^uations...  m  ss — ^   orflX!!  ' 

And  from  the secomL...M     a  =s  r  T'^^    iy  % 

Which  «du«d  gi,«  >  ^";'rJ^t'::ztXizS'  <*> 


M 
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Vrom  thit  value  of  y,  the  exprrsMoiM  for  ji  and  «  may  *«  oWaincd  without 
^bititutioo*  or  repeating  the  prooev  t 

• 

For  it  ifl  evident  from  Ex.  2.  (Art.  7P.)  that  the  expreislow  for  i  and  i 
will  hare  the  tame  donominator  as  thit  fory.  And  »ince  thecoeilklentt 
of  1919  fi«  and  pt  In  the  expiession  (B)  are  reiipectivd  j  the  tamPt  and  have 
the  ume  tignt  at  tlioie  of  I,  g^  and  r  in  the  denominator  (these  latter  being 
the  coefhcienti  of  ^  in  the  given  equationt)i  it  to  maoifetl  from  amilogy 
that  m,  ff»  and  p  will  ha\-e  the  tame  tf^spective  coeflUcientf  and  tignt  In  the 
required  numerators  at «»  J,  and  /s  and  c,  A,  and  s  ha?e  In  the  denomlmi^ 
tort  a»  il,  and/;  and  c,  A,  and  s  being  the  cocfRdcntt  of  «  and  « In  the 
given  equationty  following  the  same  order  at  those  of  jf. 

Now  the  given  denominator  (A)  when  resolved  Into  facton  exhibiting 
those  coefikienta 


win  be 
and 

Therefore  x  = 
And     SSI 


(IT'— rA)tf-t.(rr  — A3)rf-f(Mi— Cf)/  for«i 
(«/r— /r/)w.f  (/&— ra)  n^  (^*-^0  P 


Instead  of  subtracting  the  first  equation  from  the  other  two,  a  contrary 
order  might  have  been  adopted  ;  for  that  reason,  perhaps,  the  lymbol  m 
v(Hild  lie  more  proper  than  the  negative  sign  in  tlie  final  expressions  t 
K\amp.  ?.  (7l>.) 


The  last  example  is  sufficient  to  direct  the  process^  when  four 
or  more  unknown  quantities  are  concerned.  But  methods  of 
reduction  different  from  those  <ve  hive  given,  will  frequently 
present  themselves  in  practice. 

81.  When  the  numl>er  of  equations  is  less  than  the  number 
of  unknown  quantities  they  involve,  the  problem  is  said  to  be 
indeterminate  or  tihlimited.  Thus  if  4r4-y  ^  10|  then  x  and  y 
may  be  any  two  numbers  whose  siim  is  10.  Or  suppose  x^^y 
=:  6,  and  f  -^  j?  =  9,  in  which  *case  y  may  be  any  number 
whatever  |  and  conseqtiently  the  values  of  the  three  unknown 
^oantilict  will  be  indefinite.    The  Ukt  muiX  i\m  Vj^  ^^^Mot 

vot«  th  n  ^ 


*^ 


AtOtlRA* 


•  »*  ; 


(TI,^tfii.X> 


Thk  b  cdM  coMyioMid^  the  proportion 

9r»  In  A  nnk  of  ooaliniied  prop<Ntioiuli»  the  rttio  of  Iht 
flm  term  to  the  kit  is  ooropoundcd  of  the  ratioi  of  all  the  •&« 
tocodeatf  to  their  coniequenti. 

_^        M       h        C         d  * 

Then  2  s -  s  J  3 -9  and  Che  cooUaued  product 

it  j^»  wbidiiniti  iownt  tcnniii^thenUoore  to>& 

Cir.  Hence  the  ratio  of  the  fint  terni  lo  the  third  win  be  ctpttl  lo  the 
ratio  of  the  tquaret  of  the  fint  aad  second. 

ForJ^sM 
AadtfM^ca* 
Whence  «t CXI  «*t^^i 

And  the  ratio  of  (he  ftnt  to  theiburth  it  equal  to  the  ratio  of  theciifact  of 
tiie  firU  and  iccond.  f 

Because  «  t  c  n  a* :  A\ 
WiMBce  J  X  j  =  J  Xj  or  Jss^,;  (TJ.  M.  30 

■ 

Theieforoei^isa'tH-  And  Ui  iilM  Manner  k  ii  proied  thet«s/ 
si«tiK    And  to  of  others. 

And  the  first  term  it  taid  to  have  to  the  third,  the  duplicate  ratio  of  that 
vibich  it  liu  to  the  lecond;  and  to  tlie  fourth^  the  triplicate  ratio  of  that 
which  it  hat  to  the  tecond  ;  and  to  on. 

N.  B.  This  compouiKliiig  of  ratios  by  multiplication  if  called 
addition  of  ratios  by  those  who  consider  ratios  to  be  the  capo- 
nents  of  the  powers  of  their  terms. 


INVOLUTION. 

98.  If  there  be  Ibar  pnpordon^  quu 
II  of  the  lean  and  greateit  u  grci 
^t-her  two. 

StMfpete  «■< iietrf;  and  trtabethelm 
^hc  quuKilin  we  commctmnUe,  c  ind  4 1 
K«m|>k^  ofcudk,  mpccllKlr: 

■^  ■riTfow  Ut  wd  <  ire  expouukd  bj  (n  ^4 

«elim«i»ii«H-faiNft<|-*- 

Aadfll.f**+«  btlieMmoftbel») 

tM  •!•«+*  h  the  turn  of  the  oth 

■  tte'olbaMBi,  beeauMt  b  |Kstef  Uia 

It  Ml  licatat  thn  a*. 


OP  INVOLUTK 

,  Ii  ft  quantity  be  contintully  i 
^^d  to  be  involved  or  railed  to  a  powei 
«ef  it  hu  been  employed  in  the  mul 


Ural  «  X  «^«*t  the  Si.  pawn-, 

•  Kax«s>''i  theMpoirer, 

ax  «KaX«»<i'>  (hf  4fA.  or  biq 

■  ^  the  tith.  power.    ( 

%l««  -f  ■  h  the  nM4 1  >>>d  >H  the  powm  ■ 
itlve,  tbtn  ttj  odd  powm,  or  the  H  i''t 

F«  — ax— as^,  thetqoire  (' 

<>(—#=—■»,  thccnben 

— ^X— aaaS  lbc4M.  |>ow 

a*X^as— at,  iheSM.  i 

100.  Bat  itmpleqnaiilitinarerjiM 
^V^rinff  ^  tfidcs  of^mtj  factor  iq  th< 
'"^  the  power. 


Atcutai 


I 


'.  I    • 


hmcmw 

Alp  «- /*  faiied  (9  Uw  MIL  power  b  •!- iT*  or  •- iT^^  aooonli^i «  « 

And  M-^  niiod  toth^  mlu  pomlidV^^. 

lOK  FrKtioQt  are  niicd  to  given  powen  by  ibfolYbg  tbcir 

tennts 


-    ^.' . 


• 


And  Um  eube  of  — -    b-  rirr* 


lot*  Compound  quantities  are  involved  by  actual  mullipliea* 
tbn,  as  in  An.  44: 

TluiitftkaiooilMa4'^i  :  > 


+  ^  +  ^>  r 

(«4.^)>8  a«-^9«ik4-^*  Um iqiisn or M povcci 


Y  ' 


(a4-*)'s  «'+ 3a*d  + Jfl6%^a^  IkacvbeorflA  pow^ 

If  Ibo  9001  be  m^^h  ihcn  the  lennt  which  involve  the  odd 
wU  be  ac|ttlvii^  vi^  the  tigm  aie  alicrnately  fi^s  and  wMuui 

'  Thus  («—^)'c:«*—3«%-4-3aft«—^>,  the espoDtatoflrbdif 
^iifpter  la  the  2A  and  4M.  terms.  . 


tTOt^TlbUt 


Suiw^fliiiA  If  If  iBOfl  rofifculciil  lbiv|iivfnf  tkt  piwHi  wf  tli%  ludlwi  t 
Tlmf  (i9*^i)' 4foof€t  tfie  dM  power  of  ai«-«. 


Of  EVOLUTION  OR  tHE  EXTRACTION  Of  RdOTS: 

109.  This  it  the  reverse  of  Involutioo,  and  comitti  in  db# 
covering  the  rooU  of  given  powers,  or  qmntitiet* 

The  ni|e  for  Simple  Qutntities  it^ 

Divide  the  exponent,  or  exponents,  of  the  given  <|iiaptitjr  hf 
die  index  of  that  ponrer  whose  foot  is  fequiied.    This  fbttowt 

^DOi  Involnttoni  Art*  lOO*  • 

« 

Thm,  toindtbedA  or  cube  root  of  6k^? 

The  exponent  of  04  being  1,  ire  hate  64^ «%  or  e4^a%   or  4e<  the 

root  required!  for  64^ fs 4.    And4«*X4e<K  4e*xs€4i^. 

And  the  cube  nwt  ef  •*  64^  h  ~  4^. 

Therefore  tbe'root  of  the  product  of  two  or  more  powen  is  tbe  prodnel 
el  their  roots;  for  4«*six  «*;  and  tbe  Mjuire  root  s  9  x  «• 

Aho  the  cube  root  of  lOt*  ii  loM  or  IO^m.    Tbe  coefficimt  10^  Is  call- 
ed i  turd,  bccauie  10  will  not  admit  of  so  exact  root. 

J04.  An  even  root  of  an  aSimative  ipuntltj  roaj  be  either  4* or— •! 

Thuf  tbe  squsie  rootof  a**is-^»,  or«-«)  forH-a^  ^nv^m^i  and 
•-•X  — esse*. 

But  any  even  ro6t  of  a  negative  qotntlfj  h  Impoplbte  t 

• 

Tbuitbe  M  or  sqntrs  root  of— if*  if  imponlble^  for<feK4-^f  nor 

—a  X  —a  win  produce —A  In  this  caia  tbe^  not  li  repfctented  tbusp 
f^(— ei%  or  tbm  (— a^^.  Also  (14  a«)'  denotci  the  M  or  cube 
iDotaf(i4jii)\   And  (>-.%)*  tlievtb.iool of a<—ar«  V 


M 


^L»gn%Ai 


10$.  Aa  fdd  1001  of  any  qiiami^  will  hairc  ih^  ii«iaigA«a 
tbe  quanlity  iticir:  ihua  the  Sd.  lopl  gd-^tia^  ii  4*  #0*1 
^Ibeai.roolof— iUa*  U.^4a%  oi  jd^ovf, 

100*  Tl)e  loot  of  a  frtcli^n  U  fouod  by  tikiog  ll|0  ioq^  ^ 
ih^  nuiiieraior  ADd  denomiiiAtor  i 

t 

TlMit  tlM  cube  foot  of  j^  it  ^.  And  the  Hill,  lool  of  |-,  il  f^« 


|hc  iqiim  vootof  p:^  ii:t:jpf 


.   \ 


If  the  namentor  of  tbe  fnctloo  be  1*  the  root  nay  he  dnoled  bj  the 

loot  pf  the  dcooinioator  with  a  Gontiaiy  ligii  to  the  indcf  I 

Thiit»theeuberootor}jtt  J  or  «— ^t  For  J  s^«e*—*«a"-^ 

«  e 

(71.  Examp.  $.) 


2V  extraci  ihe  Squar$  Booi  tffa  Comptmnd  Quaniii^^ 

107*  In  order  to  discover  the  rule*  lor  thU  poipoee^  it  may 
V^  oeccsiary  to  cooeider  t^^  forniiiUon  of  ^  Kiuare, 

Tbe  square  of  a  binomial  s^d  is  a«^9ai4-e«,  or  s*«|-i^ •#-  twke 

the  product  of  the  rooti  m  and  e: 

of  a  trinomial  s-^m^hc^  ^('+^)  •+<*  + tvice  thc|«oductof 
tbe  roots  (considering  x^-  4i  as  making  one  term)  i 

« 

of  a  quadrfnomial  jr4.44.c-f  A  is  (s^e4-r)»4>^*4-t«iQe 
the  poduct  of  tbe  roctt^  ^c  &c. 

«Therefoce  (x-l-e-fO*^  (ji4-e)*4- (<4-e)  cxS-l-^ 

or  i^4-^aa(4-o*-i-2c«-f  ^(»i-c%  which  consisU  of  the  three  M« 
loifiag  products; 

via.     jr  X  « 

(^i-f8a4-0«i 

CoBScqiueatly  if  a»  the  fint  term  la  the  squaiti  be  divided  bj  m,  the  quot 
/IfiBf  if  IT  the  first  term  la  the  loot  I 


tTOLVTIOWi 


■ 


t^ 


AbIS«4<i^  divided  bj  9t-f  n  giffm  the  leooBdlmfai  the  rook 

'    Altothermainder  to4-'iaM^.c«  diTiclfdIqr  9ff4^S«4*c  t^^vct^tU 
^ura  vtfHl* 

'      Agtla; 
%riiidi  ii  made  up  of  the  4  productt 

Now  the  three  fint  tennt  of  the  mot  ire  found  at  in  the  preceding  tri- 
nomial ;  and  2ff-f>  3a  4-  2c  •H'  it  the  di? itor  which  gi?et  the  Uh  term^. 

And  lierv  we  mar  obtenre  that  the  terms  in  the  toot  aie  conttantly  ddv* 
Uedf  and  the  next  term  added»  to  form  the  diritort:  Hence  the  fbOowliif 
rule. 

Range  the  quantiiiea  according  to  the  dimensione  cf  tome 
letter,  and  tet  the  root  of  the  first  term  in  the  quotient : 

Subtract  the  aquare  of  the  root  thus  found  from  the  firat  term  y 
and  bring  down  the  two  next  terma  for  t  dividend : 

Divide  the  firat  term  of  the  dividend  by  double  the  root,  end 
let  the  reault  in  the  quotient,  and  alao  in  the  divisor : 

Multiply  the  divisor  tliua  augmented  by  the  lut  result,  and 
subtract  the  product  from  the  dividend : .  then  proceed  aa  before, 
till  all  the  terma  are  brought  down,  or  the  root  extracted  u  far 
*u  may  be  thought  Mceaaaty.. 

1.  To  find  the  sqnaie  toot  of  i^«|- 9af  4-i^-f  ^<t-|»!}(«<f  c<4.fd^ 


alocbka< 


HKc  the  rule  Ibr  «xtncliDf  tbe  fiiuic  not  of  •  unM  fa  U 

«dt  and  if  tkemotconiUtiofi  bgium,  >wUI  rtaod  far  Ifaovnad^  « 

uadradii  «  for  tcut  and  rf  Ibr  unit*.  ^■ 

To  extract  tiw  iquire  root  of  4^  — l&i*—liKt  +  ISflt  ^  3S^  ^«|«» 
i  +  i. 

4^  4«— Unot. 

-4*»)    0  -.16^— ICfl* 
—  16^+lfie* 

—  lfi«>— ICa«+lte* 
-So*— 4«)     or  — IGai—  4tf«  +  33fli+Mi* 
"    — 16ai4.3a«'  +  l<«* 


^  4««+  Sa*+  to+1 
—  4.««-Ha*  +te  »l 


To fiod the rqwin  rootof  «V+<^.  . 

•■i^  +  ^Eo* («*+■)>  tbetdwem  bavi  jo appn^liiHlc  Itenft  id 
-|i 

11.1 
1        I    .     I    \    4.  L       J_  ^ 


IVOLVTlOlf. 


«§ 


i 

i 


;■! 


lI 


To  ex/focf  Me  Cti^e  Rooi  of  a  Compomtd  Qnmiiif. 
108.  Wb  ihalt  derive  the  rule  from  the  feroMtioo  of  a  Cvbe. 


•■■ » 


or    •»+  3(tf)'+3(«)c^c«  xc 


cimsidrring  «  4-  c  as  making  one  tt-Tin  of  •  liinomUl)  • 
And  90  oii»  for  tbe  cube  of  any  rottllinniiiial. 
Ilcoce      - 

(«4.r)'a   J   +(3il«  +  3^  +  c-:c 

I  +(3«*-f  6ie  +  3€«<|-3«tf<|-3c^4*Oif,  &c. 
(From  the  pn^.^ediog  f^nmU^  tbe  nile»  orf.  1 17*  Arilhk  b  leadily  derifcd) 
.     Or  •  , 


/ 


(«+< 


y-c; 


3«%+3iic*4-c* 


( 


<»  +  f  +  i' 


.f  3tfV+6flr^+3< 


Jc^^-f  3Ml»+3€rft4.irl 


lIcncT,  in  t!i^  cube  of  tbe  triiiotnUil  tt^t^i  It  appetri,  thtlthe^if* 
l<nn  J<iV  divided  bv  Za^  (three  timet  the  tt^uire  of  the  toot «)  gives  c  the 
.V.  term  in  (he  root  t  and  when  the  cube  df  the  tsro  fini  terim  « -f- c  it 
<ubtra(tetl,  the  next  term  (Ja*<0  *(*  ^^'^  remainder  dtfidcd  bj  the  tame 
divisor  (3a*}  gifct  if  the  3d.  term  of  the  foot*  &c.  whence  the  IblkmiBg 
Rule.  * 


.* 


Arrange  the  terras  according  to  the  dimensions  of  some  letter, 
u  in  extracting  the  square  mot,  and  set  the  root  of  the  first 
tenn  in  the  quotient,  and  subtrtot  its  ciabe  from  tbe  quantity 

Tihose  root  is  required :  .  ^ 

< 

Diride  the  first  term  of  the  ttmimder  by  S  timet  the  squire 
DfiheiooCt  and  tMf|uotienl  ttthtteoond  tenn  m  the  root  t 

VOL.  It.  K  \ 


ALOBBRA* 


SuVtrtel  tht  cubt  of  ibe  tool  atretdy  fouiid  Anm  tbi  gives 
quantity,  $n4  divide  the  fini  term  of  the  remainder  by  S  limei 
the  square  of  the  first  termj  as  befort,  and  the  quotient  is  the 
third  term  ill  the  root : 


Subtract  the  cube  of  this  augmented  root  from  the  proposed 
quantity)  and  proceed  as  before,  should  there  be  any  remainder. 

1.  Tofiiidtliecubofootofa*-»-3tfV-|-3ac*-^t«-t*^^-»>6a^-f-3cW 

{4'^e'^d.  root. 

1^ 


3-»)^ 


•4»3tfV...  fint  term  of  the  rvmaincli'P. 


0  dd*)    •|-3«V.....,finttfnnofremaijKkr. 

Now  (a-^c-^d^  wilt  be  the  quantity  pr^ppied,  ^nd  comeqtientlj 
/  #*f*f  ^^  it  the  root  requiM. 

^«  To  extract  the  cube  root  of  a'  -f  ^ 


H  • 


t  ,! 


Sm*)     -^  a^ . . . tni  term  of  the  reiuaiudcr, 


27d^ 


Ac. 


109*  Thi|  rule  adapted  to  the  extraction  of  a  cube  looi  in 
immberi,  will  be  u  follows } 

FoinI  the  number  into  periods  of  three  figures  each  (bcgbning 
#1  the  onits)  and  find  iV^  ijKtiXeaV  cv\^\^the  first  period  on  the 


kVOL0ttOH« 


67 


left  hmAf  and  mI  iu  root  in  the  quotient  for  the  first  figure  of 
the  required  root :    •      ' 

Subtnct  the  cube  firom  the  period  above  it^  and  bring  down 
the  next  period  to  the  remainder  for  a  dividend  t 

Divide  the  dividend  by  9  times  the  square  of  the  root,  and  the 
Urst  quotient  figure  will  be  the  second  figure  in  the  root  t 

Subtract  the  cube  of  the  root  from  the  two  first  periods  tM 
the  left  hand|  and  to  the  remainder  bring  down  the  neit  period 
for  a  new  dividend : 

Divide  this  dividend  by  S  times  the  square  of  the  root^  and 
the  first  quotient  figure  is  the  third  figure  in  the  root  t 

Subtract  the  cube  of  the  root  from  the  three  left  hand  periods  | 
ditn  proceed  as  before  till  all  the  periods  are  brought  down. 

N.  B.  In  dividing  by  3  times  th^  square^  H  b  only  the  fiisl 
quotient  figure  that  is  wanting,  and  therefore  H  will  Ml  bt 
try  to  continue  the  division. 

a.  To  extract  the  cube  root  of  9«MI0tSIMX 


•     •     •    • 


2G93I0725W>3    (645t 
916 

e*X3sslOS)157IO  (4 


•  •• 


64  •.^ 


263144 


•••  X  3  at  I23SS)    Tt)66733  (5 

5S7io7«J 
645>sa  >6S336lgS 

iM6)C  S  m  tX4SCr7&>      S746009g3  (7 

969XI07S599S' 
64IT<n    869910795999 

0 

t 

At 


AliOBlRA* 


This  ruk  li  ciiily  itmembercd ;  and  mqr  be  made  general 
by  changing  the  indicca :  Tbui  if  the  mlk.  root  ia  itquired  | 
Ibeo,  instead  of  the  Sd.  root,  and  3d.  power,  we  mutt  take  the 
«th.  root,  and  iNth.  piwcr ;  and  for  3  timea  the  aquare,  make 
use  of  »  timet  the  m^lth  power:  Sec. 

But  in  eitracting  the  higher  roou  of  numbera^  the  diviaon 
frequently  give  the  quotient  figures  too  great ;  the  true  figure, 
however,  is  found  by  a  trial  or  two :  Thus  to  extract  the  Mk 

root  of  5339851340034. 

.    55*5925  r3ii)024  (354  roor. 
3*ss943  .       , 

3« X  5 BS 405)  Jlh^P£5l3  (5 

55592513  ...  two  tot  periods 
35»ss  5g53l875 

35«X5s7503125)  3o.Oi>J:i490g4  (4  , 

354t  s  555925 1349024»  thmion;  351  ii  tbe  raui. 

The  secoad  di? iior  405  urill  give  1  for  the  Mcoad  quotient  Hgure,  but  $ 
Is  too  great  I  and  5  tbe  true  figure  It  found  by  rahiog  35  lo  the  5M. 


In  Algebra,  when  the  proposed  quantity  ia  an  eiact  poweri 
ita  root  may  frequently  be  found  by  inspection  s  Thus  in  Ex.  !• 
we  find  the  three  cubes  oS  cS  and  H*  in  the  given  quantity  | 
and  the  three  rooU  connected  \(ith  their  proper  signa^  is  the  rooi 
ri^uircd. 


OfDr*  Halle jf^$  rational  FormuUt  far  tha  Roots  of  puro 

Powers. 


|I0«  Lax  a'+Zr  be  a  quantity  whose  square  root  ja  re* 
quired :  where  b  ia  aupposed  to  be  small  when  compared  with  a\ 

Put  a  -I-  JB  as  W-^h)^.    Tben  tquaring  bQth  tides  (75.  Am.^\w%  hate 
jfS«|.^4Br«f  a«sa^4>ll  and2ax<V^*^^^  ^^'^''ss  j^^Xi* 


IVOLUTION. 


00 


Dot  If  I  b  tmall  wIihi  compami  with  «*,  then  t«  will  be  nroch  Im  Oita 
Stfy  and  comequoiUy  Som  oiaj  be  taken  for  the  value  of  ^  near! j  i  there* 
tore  if  we  reject  «>,  in  the  equation  9m+  x*  mh\  we  have  toaa  ^»  and 

#  a  -^  for  the  fint  approximate  value  of  m  ;  which  being  nibititoted  for  m 


if  the  firiethm 


u 


-J—  tifei 


the  aecood  apptoKi* 


natioo;  Iheiefeitthe  roolc-f  «s«-f 


Again.    Lrt  the oJtffval  of  tff^. I  he  required}  (I  being MppoS^Nmali, 

ti  before)  I  and  pot «  ^.  jr  as  (at-l- i)i  I 

Then«>  +  3«u^.3af«4.s>s«>+|; 
whence  5n%r4-3«>t4-f<a&(  and  tejectbg  if  onacoonnt  oTitf 

mialhieaif  we  get  3«  % -f  3Aat  s  I,  whence  ff  s  jj^-^r^^^ 

Now  in  the  equation  3«H4.Stfs*sl»  the  term  3«x«  h  auppoied  to  bt 
MDall  when  comparrd  with  Za!^x^  therefore  thai  being  tested,  we  hai« 

5iH8  *9  and  f  s  r*|  the  £rvt  approximate  value  of  t  In  thit  cai^»  which 

pot  for  jr  In  the  fraction  5;-iXni;»E^^^  •  = 33  **^  •econd  ap» 

^-^^  3n»+g5 

pfDxnnation; 

« 

WlKiicetlieroo(«-«-jras«^.— ^^ss(ai^.«)i  .      . 

ABdir«+*sfe(«'4-Ar»  then  (omitting  aN  the  term  in  irtilch  «  b 


above  the  3il  power)  «4«>»|Ubesa'4- 


jy+iJ 


(-•♦»r 


•/• 


«+ 


aA 


5P  +  ** 
Ilk- 


(••+»y 


Ice 


ftc. 


WhM  Uw  ilfM  i|Uirti(]r  k  •  raMW,  At  li 


IT  ^cton  i*  Ihi  ml  ■Ul  be 
id  n  fttHhen. 


Thete  ate  die  nlioiul  (brmulc  of  Dr.  Hallejr  (FUIm.IVwU' 
.  10(HO  wlu  hM  inrormol  ui  however,  that  M.  de  Lagoef  fint 
pve  the  rule  for  the  cube  roou    The  irntional  fbraiiila  are 
wrd«  derived  nearly  in  the  Mine  manner. 

111.  But  the  forcing  cxpretiioiu  may  be  rendqml  OMce 
comiDodioui  for  practice  ai  follows  ;  . '      ,'   ',: 


Tbn  becauir«  + 


iLctN  repretent  the  qoantitjr  vhoM  nql  ii  nqiurn^  wtdrlttraati 


&c. 


ate. 


UN  be  MiMilnUd for  «■•!-*.  «>+Mcc. 


3^  +  5  (a*-l-i) 


'    Which  couinUi  Into  iiiialogiM  <88.  car.  3.)  wiH  he 
»i*  +  Ni<^  +  3Nii«ir. 
W  +  sNiai'+iN.i.ir. 
5a*  +  3Ni3fl*  +  SNi.«ir, 

And  dace  U  appnn  *>»t  the  nuinenl  i-oiAdaiti  are  coututljl  pnkr, 
aad  1  kM  than  the  indta  of  the  t«awcr  wboM  root  h  to  bt  otncted.  ibt 
Urn  of  coBliauatlaa  u  nianifnti  Therefore  ptitliii(  ate  that  lado^  w 
kan  the  bUowiai  gcacnl  Bute  I 
.  /«^l>«-'4-(«— ONi(ii— ))iP-*-(a+l}Hiiair(llt.AiUk) 


lUROI* 


ri 


For»  9ii|ipOic  the  4tfa.  tool  it  i«(iiired ;       • 

Tlieo,  kiUirproporlkNi5^-|^3Nt3«<4*5Nii«ir, 

nbaB4 
the  coflfeientt  5  aad  3..«.«,    are  «+ 1  ttid^^— I ; 

tad  1)1.  s  ««  4- \  where  ^  b  mill  wlm  cooi* 
paiedwIUitf^. 

If «  to  ao  odd  pymbefy^'T"  and  !!^-  will  he  whole  mimheii  which 

piay  he  med  iattead  uf  fi  -^  I  and  fi««- 1,  at  In  txtracting  the  ciihe  root 
(III.  Arith.  £«.  I.) 

Tbii  method,  when  applied  to  the  extractioo  of  the  hi^ier 
roots  of  numbers,  is  the  most  expeditious  of  any,  if  we  eioepl 
that  by  Logarithms.    See  Arith*  Ari.  118,  Sec. 


OF  SURDS. 


119.  Su  Ros  or  Radical  Quantities  are  such  is  hive  tio  eiact 
foot.  The  roots  however,  are  designated  by  means  of  the 
radical  sign  y^i  or  by  fractional  indices. 


cprettad 


A 


i 


Also  ys^p  or  5^  denotft  the  square  root  of  the  cube  of  5. 
And  ^(tf^-l),  or  (a+i>^  the5M.  root  of«  +  »:  ku  (104.) 

113.   A  rational  qunntit)*  may  be  exhibited  under  tarioua 
surd  forms ; 


Thus  taking  the  buinhertf,  for  example  (' 
Then  6ac|/36=:^(6X6)=t/(4xr)=^(3x  I7)=s|/(2x  I8)=V'(IX36) 

And  if  the  quantltj  he  % 
Wehave  «8sVtf*s/(ax  «)=:|^  (lax  4«)ss%^«Xf^as|/aKf^^* 

sa'x  a's^a-ssa- X '"^sv^)  i9ev«  X  ••d  hww 
merahle  other  expresdontf  which  will  be  erideot  if  w^cootider  that  Ihit 

tquare,  or  cube,  he  root  of  any  tfoanUly  wVm  «qgKaT«^,  m  t?(^aa\»  Vx* 
mitti  gire  tfic  qtnothj  iHf^U 


ft 


ALOBIRA. 


II4»  llenoei  to  bring  a  ntiocul  qiiutiljr  to  cIm  Ibrm  of  a 
tquartt  or  a  cube,  &c.  root,  raise  it  to  the  Srf.  or  Zd.  kc. 
power^  and  let'thtt  quantity  under  the  indei  denoting  tbe  root* 

Tbiii  i  uodcr  the  Ibrmi  oi\ht9dl  U,  44k,  tad  }  rooU^ 
wiU  be  16";  64^,  S^ut,  8^ 

Aho  m^  irduced  to  the  form  of  the  square  root  it  (a'  /'. 
Aad  n   reduced  to  the  mih.  root  is  V'     #*• 


Gomnttyi  tt  reduced  to  tlieldnn  of  tKe  "th«  root  b 


(.'  X  %. 


M  . 


For  if  the  multiplication  by  >  involvet  to  tlie  po«^r  ^  tbe  noiapttca- 
tioa  bj  its  reciprocal  -  must  reduce  it  agaia  to  the  root. 

115.  To  reduce  qaantitiee  with  different  indices,  to  other 
•qutvalent  ones  iiaving  a  common  index. 

Reduce  the  indices  to  a  coinmon  denominator ;  then  involfc 
each  quantity  to  the  power  denoted  by  its  numerator* 

EMompleu  § 

!•  Reduce  •'  and  9^  to  equivalent  quantities  having  a  coiupxni  index. 

|  =  }jaudl  =  |. 

Therefore    S^ss8^=i64* 

And  the  quantities  are  64*  and  72d\  having  tlie  conmiga  index  ^. 
Fortes 9,  and  64^=2.    Alio9' s3,  aad7S9^sa5« 


116.  When  the  quantities  are  to  be  reduced  to 
ones  having  a  gti;en  index,  it  may  be  done  by  the  general 
hrm  in  Che  preceding  aiUcle ;  ihusi 


•vtoi. 


» 


f<3 


[ 


i( 


f.  Let  1^  tad  9^  bt  ledvoed  to  cqiilfilail<|umtiUct  hiTlnf  Iht 

Am  16^  umI  u\ 

* 

a^  Kcduct  3^  and  2' to  the  commoii  Index  !• 

And  S1^  and  lA 
4.  Let  a%  ^%  and  c*  be  reduced  to  the  common  Index  }• 

Ci»«*)J.,W)»,  (»»«»)5=0i)>,  (c*><»)»«Wi 

An..  («*)t.   0'0»,   OO^. 
!•  Hedvce  aT  tod  I*  to  a  common  Index* 


mr        .  r         fir 
— ;  and  -  ss  — . 

—  m        fint 


r  ^ 

n  ' 

Therefore  i^  a  i^  s  \«  /•". 

and^a^^a  G*)"«       • 

Anu(a'')^.  and  f*")^. 

.   Of  Multiplying  Surd  quaniitles  together. 

117*  It  appears  from  Art.  113^.  that  the  product  of  nirdt 
kattng  a  common  indcx^  is  the  product  of  the  quantities  them* 
•dfes  with  the  same  conunon  index. 

Tbw  f^3X  •Ucs^OSt  ord'x  t3's36«; 
And  yM H  ^BtzV^t  or «^ X  a^ M'")^* 
Ate /« X  |/ls|^a»t  or  a^  >^l^  aV«^^» 

tOLm  it.  t 


u 


ALOlB&Ai 


Thatlbra  If  nmlt  bve  cocfideoU  iMr  pfodiid  mual  b«  piif«id  i 
Thus  M^^hx  tf^^csATf/M 
And  -r  (j^)  X  ^  (^)  sstfV  («)•,  €r  iT^ir  A 

1I8*  The  product  of  like  qutntiti^  Hi  the  fonn  of  iiirdt  with 
the  itme,  or  diflereot  indices^  U  found  by  adding  tboae  indiQee 
together  (45): 

Thuf  64»  X  64^=s  64*'*'^  s64^.    ^ 
Aad  a'  X  «^  ^a^^*  =«'  so. 

Also  (4  +  3)- X  (-  +  *rc(a^^)-'*'*=G-f*)^ 


119f  If  lurdi  htve  different  indices^  reduce  them  to  the 
index  (U3) }  tlicn  find  the  product  ti  in  the  preceding  articlei* 

Thu^  to  find  the  product  of  I'  tnd  9*  i 

19.13 
5  =  -,  and  5=^. 

Then  8*  ss  »^s6i*f 

•nd  9*  =  9*  S5  729* 

Therefixe  64*  x  729*  s  (64  X  799)*  s  46666',  the 

Oiher  Examples, 

1.  Required  U^e  product  of  6^  10  and  10|^6. 
6  X  10^  (10X6)  s  60^^60.    JfU^ 

9.  What  It  the  product  of  5  (9)<  and  9  (6)'^ 
S  X  9  (9  X  6)'  ss  10  (54)^    Jns.  , 

9.  Rcquiced  (he  product  of  i  (|  )*  and  }  (|)^ 

»x»(M)*=t(i)'=af=a)'.^ 


IVRDt* 


f» 


^ 


I-  ' 


f 


t  1 

4.  tcfjuired  the  prochict  of  «  («  +  1^0^  »d  *  («  ^^^^ 

«*X  (A-f  •«)  («— /c)^s«6  (a*— c)\    ^nf. 

— t  t 

5*  Beqoircd  the  product  nT  («-^^)         aad  (*— jr)  t 

C  Whit  h  the  product  of  (xi— |f)*  and  i  ^  J[-  ^at 

7.  What  it  th«  product  of  («~  i)  >  and  «^  »  ^ 


^9  4 


a*ssir*ss(jr»)* 

t.  Bequired  the  product  of  |^(— «)  and  V(— «)' 

•(— «)  X  •(— a)  ss|/(— ax— «)»•«•!  btttthciqnare 
^tof  «*b-htf*  or— 0. 

Thii  last  method  thewi  that  the  iquare  of  ^{"^aih  -^c;  but  it  doet 
liot  profe  that  it  it  not  ^^  a.  Now  the  preceding  operation  givet  both 
"f*  tfy  and  — d,  conforraable  to  the  mitt  of  multiplication,  and  the  cxtrac* 
.tioo  of  roott  t  lor  if  V(*^')  be  a  negative  root»  itt  tquare  by  actual  mul* 
tiplication  will  be  positive,  and  thit  |x>sitife  square  will  have  a  positive^ 
and  a  negatiTe  root.  But  it  may  be  said  that  ^(— «)  denotes  the  root  of 
a  native,  not  a  negative  root ;  this  objectioli  however,  it  obviated  by  the 

iMoceis;  for  f^(-«a)X|^(  — a}or|^(— ax— «)«and^f^«X  — •*# 
both  give  +  ^«^  It  seems  therefore  not  more  repugnant  to  aJgebriic  me* 
thod,  io  making  the  square  of  V(— «)  ^ual  to  •!•«  or  «»a,  than  In  ad* 
mitting  -|-a»  or  —a  to  be  the  tquare  root  of -4-«*« 

Hence  It  appears  that  the  tquare  of  |^( — «)  It  :£:#• 

of  l^(^a>)ifl:i:«^ 

of  l4.^(-.2)isl^t/(-g)rf:ft 

And  that  the  product  of  %/(-«)  and  |^(r-^)  b :k  /a^ 


f.9 


.  > 


14 


ALGi»liA< 


DivUlom  iff  Surii. 

itfOt  Rboucb  Ibe  8urdi  to  the  tame  iodei ;  dmUMqiios 
Itciil  of  Ibe  furd  qtuntiUes^  with  that  indeZi  will  bt  tho  intwtr* 

Exsmpla, 
U  Dividt  ^11  bj  }^2. 


It 


tL  Divldt  4^656^  bj  8'  I 


X 

I' 


c8«s:64^t 


€C' 


5.  piviJt  |^«  by  yi. 
4.  DitMc  «"  bj  r. 


=r  («■)-.  ud *"  BS 1^ B 00^. 


4m* 


If  !•  If  the  furdi  have  coefficicnU  Ihrir  cjuodcnl  nasi  ho 
pr€fiB€d.  And  the  quotient  of  like  sordi  is  found  hy  subliaci* 
log  the  index  of  the  diWsor  from  thai  of  the  dividend*  (49)» 

5.  Divide  Sy^lO  by  4v^9. 
€.  Divide  iv^}  by  {Vi^ 

7.  Di\ideav^^  by  ^V"^) 
€^4     t^  i 


i 


tt^iiol* 


H 


%.  Oivkle  ag^  by  kt*t 


k* 


aJ.*-*«:jA   Jhu 


->s)  QMfr«Nr« 


^ 


■J 


t 


—  •-*■•%  ^#/   «>»(fl4M) 


)-;(•-'"*"')•  -«- 


Of  niucing  Surds  to  their  iimpUit  terms* 

192.  This  principally  consists  in  resolving  the  qutntiljr  tntd 
its  component  factors,  or  separating  the  rational  and  irrttiooal 
parts ;  which  being  done,  the  root  of  the  greatest  rational  power 
h  contains,  will  be  the  coefficient  of  the  irrational  part. 

These  reductions  are  frequently  necesury  when  tnida  ire  to 
be  added,  or  subtracted. 

*  Exumfist. 

I.  Kfdttce  y  {fflh)  to  lU  limpktt  temitt 

f  •  ficdoce  ^3S3  to  its  simpkit  tenns. 


19 


AftouaA* 


a 

X  Redact  (^)    to  lit  tinpfea  tcnnt. 

9\t        /9^fk\f 


Nil/         \S1  X  9/ 


X 
181 

7^* 


if! 


5  0«)*- 


50 


4«  Bcdiioe  %/|4y  to  ite  moit  simple  leniii. 


5.  Reduce  (SUu^  -*  5i«v^)<  to  iU  fimplert  UnoL     r 
(5las><»54a&V  a^:  (27j|I  x  3«  —  97ji'  X  M^  k3ji  (t«— tat)f« 


Of  the  Addiiiod  and  Suliraciion  of  Sufis. 

193.  Reduce  the  proposed  quintitiet»  by  the  pfccediiig 
article^  lo  that  the  surd  paru  are  the  same  (if  they  a^mit  of 
such  reduction) ;  then  denote  the  aum^  or  diflerenoe^  by  meant 
of  their  coefficients. 


ExampUa 

h  Requited  the  sum,  and  diflerence  oC  ^A*b  and  ^^k 
^a*i  sz  a}/ hi  aod  ^i*^  =  C}/b^ 
Tberefoie  (a  -^c)  ^b^  it  the  jmm: 
And  («  M  c)  ^b^  the  d\gcrtnn. 

t.  Required  the  lum.  and  tlifTcrreoce  of  %^l?45  and  ^605. 

1^245  sv^(i9x5)=:7v^6.    And  i^CO^tsV'O^l  X  5)sll  f^l. 
Hence  18  ^^5,  the  iMin.    And4v^5  their^avMcr. 


9.  What  It  the  sum,  and  also  the  diffcrtace  of  ^|  and  v^^l 


.^ 


5>x3 


3      3X9.3 


^30^tOX:^       j'^avjxa"^ 


3_3^     .3XJ       i 


10 


10 


if^ 


]•«:=;  gV6,    Ki^^V^^ls.V^ 


IU110I< 


19 


1 


fl 

«.  Heqvired  the  ram,  ttul  diflerence  of  (9  Wi'x)'  ind  (lOft**)'. 
(aitf**)*  s  HU^mK    And  (iOMji)*  sa  40**i»  t 
Therefore  (?4' a^  4. 40^5><  It  the  iifipi. 


And  (34V  M  40^l)ji^  the  iijfkrtmi. 


\       « 


J 


0/  involving  Surds  t  And  extracting  their  Roots* 

lf4.  SuROI  are  involved  by  maltiplying  the  index  hj  tbn 
txpooent  of  the  power  to  which  it  is  to  be' raised.  (100)» 


#  • 


Thw,  the  cube  ofa^b**^^  =s  «• 
And  the  square  of  {a^^^vjl^  is  («*— <«)^  ^  ^  c^^ifi. 
Also  the  4/A  power  of  («-4)Mf  (a  - tV  ^  ^  8  («— t)  •  a  i^-.ta  X  t^ 


If  the  Surds  have  coeflicients^  their  powers  mutt  he  pienxed* 
Thus»  the  cuhe  of  Ox^  to  Six. 
And  the  I  powcrof  8j^  b  sM^  ^as4jr^ 

aher  Examptes.  ' 

]•  MThat  to  the  filth,  power  of  OS* }  Am.  m  ^ 

f.  lequlrcd  the  square  of  7.(9')  »  ^iif.49(8P}. 

5»  Required  the  cube  of  S'  ?   « 

- 1«  lequired  the  4tk  power  of  j  1^7  ?  * 


S«  What  h  the  sqiifiv of  ^a^-  V(? 


iftu.  a-VW^^V 


5  —  v^S4.......«.  the  jgnorWi 

5^3  — y73  —  5t/l<4-^48af  ^3-^11  ^9, 
For  %^79  ss  6%^2 ;  and  v^48  a  4  ^3 ;  wlieoct  ^^Z^H^i 


•  %'3| 


193.  7o  ^iti  /Atf  rool  of  « itirJj  divide  iu  iodes  bjr  Um 
iodest  of  the  root  to  be  extracted.  And  wheo  the  tuidt  bavi 
f  etioaal  coefficients^  their  roots  must  be  prefixed. 

Eiamfki. 

'  !•  What  UUieK|Usre  root  oT^P  (A^? 

The  square  root  of  e«  but  and  the  iqiiart  rootofl^  is  rHKlal'  i 
fberefore  n^'  it  the  root  required* 

9.  What  b  tlie  iquare  root  of  49c*  (81>)> 

The  square  root  of  49c*  it  7c 

i  - 

And  •l^'^Xl^aSr  0f9^  is  the  square  toot  of  ill 


X  Bequlred  tlie  square  root  of  i^h 
IS^  B  1728^  or  13  (IS*). 

4.  Hcqiiired  the  ith.  root  of  5iy  > 


3.  What  is  the  mlh.  root  of  eji"? 


Jm.  U  (9J). 


Au.  3*  (4^)*. 
1  f 


«•  What  U  the  cube  root  of  (tf'cljr)^! 

3  1 


•OKOI. 


•I 


' 


t 


Y.  What  if  tke— mill.  fMt  oTcf  "**? 

I.  lequiredtha iqoaH! nwl of  «— 9%^aft 4-lf 

■ 

Am!  ibe  iqiitre  tool  of  «  4»^V^«^+^  b  ^«+ ^K 

«         ■        •  / 

1€6.  The  roots  in  the  two  list  examples  are  obfions  hj  in^^ 
spedion  only ;  but  if  nambers  are  substituted  for  the  letterSf 
the  square  becomes  a  binomial :  thus,  let  S  ^  «•  and  S  =:  ^> 
then  (|/3  4*  t/3)*  =  8  + 1/60|  where  the  rational  part  S  h 
the  sum  of  the  squares  of  the  two  surds,  and  the  irrationil  part 
^0O»-  twice  their  product.  To  discover  the  root  in  such  eise0# 
suppose  a  -f  |/(  is  the  binomial,  and  let  x  and  y  denote  die 
two  memben  of  its  root^  yit.  put  (x-f*  jr)^  s  «  +  ^K 


Theo  j^  4*>* -f  2i9  being  =  e  4- 1^^ 
veshaDliave  s*-f  yss««  indSxysi^A. 


/ » 


And^ssm^M*.   Al9o4j{*>*si;  whence jf's^ 


Thcffelbfe  #»*JrssT^» 

.       I** 

4  •  ♦ 

Wnr  if  ^  be  added  to  cadi  tide  of  Uili  equation,  we  |H 
But  •< — a^  ^>  >  h  «  wiam,  it>  not  bctng  J^ — - 1 

No*  ^  being  s«f(«-a*X 


VOi*l/« 


Aid  If  tht  Mri  bt «  mMu^  «-/*■ 

tmm^.  tM  la'-^ y  lib  UQmVmmiiMXi 
'      ntnlfccaprndonbccoiBtt  t^^-i;^^— ^ii:^»Vt— ^^ 
tteiVMnioglir  19  — /Ita 

TIm  •bovcapRuloHmimtnl  faribiunddi  kal  whM applM  ts 
wttia.  It  U  Mcetuiy  Hut  ^(a*— »)  bcnMoMrf  lo  M^ aiM  «m  «t  both 
HMiabas  «f  Ibe  root  1r  nnipk  qiutlratk  tuid*. 

QUESTIONS  PRODUCING  SIMPLE  EQUATIONS. 

117.  AccoKDlNO  to  the  natunt  imngeiiMni of  piito  iatm 
vbich  Algebri  nijr  be  divided,  thii  ihouU  iminediatcly  hvn 
Ibllowed  tbc  Raolution  qT  Sini|de  Equationi,  Jrt.  74.  Stc.  But 
We  found  •ome  knowledge  of  cqiutibai  rcquiiiic  in  the  articlct 
oo  Proportion,  the  estnclion  of  rooti,  fcc.  And  an  uqiuiot- 
nice  with  these  Utter  branchn  frequently  become!  neceaurjr  in 
the  Kiolution  of  Problcmi,  whether  they  produce  limple,  or 
quadratic  ctjuatioiu. 

]S8.  When  a  Queation  U  proposed^  the  ttudcot  abould  re. 
present  the  unknowa  or  lequired  quantity,  or  quantiiica,  by  t 
letter*  or  letieri,  ai  x,  jti  m,  be.  then  let  him  operate  with 
both  the  given  and  uukouwn  quantitiei,  by  addition,  aQbtrac- 
tion,  multiplicaiioD,  Sic.  according  to  the  condition*  and  tenor 
of  the  qucition }  by  which  meant  he  will  obtain  one  or  mors 
Equationii  involving  the  unknown  letter  or  letten. — But  on  ihU 
head,  a  few  eiamplei  are  preferable  to  many  precepta. 


J.  What  number  »  thu  to  which  ^  being  added,  awl  flw 
Aim  fliridcd  by  S|  ^vtt  Om  t^xuituxA.  \«> 


y 


tlMfLI   E^VATtONl. 


«• 


T! 


1 


Let «  denote  Um  nqoiftd  munbcr  t 
Thfta  the  turn  of  m  tad  7  it  ••««m.«««« 


which  divided  by  9  gtvei  •••.•••« 
Aad  thiiiniiit  be  a  13»  ?  ii.«... 


••• 


•±1= 

3      ♦ 


IS 


Whence  Mm^t,  the  number  tought    Set  Ait  77*  Em.  S. 

» 

f  •  There  is  •  number  to  which  if  we  add  S,  and  tubtrtct  its 

double  from  \  the  tum^  the  remainder  will  be  equal  to  the  uid 

ttumber  divided  by  %•    Required  the  number) 


.  aJK  9  rcprcKot  toe  notnlier  toiigbt 
To  which  adding  5  givct  

Half  ofthifli ^ 


••••••••••••••••••••••••»•••••••• 


And  Bubtncting  double,  the  lequlied  number,  ieavet.... 

Which,  by  the  qucttiao  to  s  I  of  thit  number,  tIi.  ^^«*S« 

Whence  irsslfV    Art 77.  fir.  C 


•^^i. 

u  « 


n 

i 


,  S.  What  two  numbers  ate  those  wboit  sum  is  fO^  and  dif« 
wBraice  6«     . 

Siippow  the  len  number  to  be - a 

llien  the  ireatcr  mutt  be \ a«|-  6 

Their  turn  if - • m........  8t+  i 

ThUtum  bsSO,  tia. , air-|-0s80 

Whence  SxiQ 80  —  6 s  14 

And«si^s7the/kir.    ' 
And  7 -♦*  a  SB  13  the  ^fasMr. 

Pt  Hhu*   To  find  two  numl>etf  whote  turn  tot,  and  dltatnot  A  . 
let  the  Jew  be  a ;  tlien  the  greater  b  Jr -f  4 
And  their  torn  to  2a-fil 

Hierefore  8x4»^a# 
Whence  £sflif—4«ndass;|f-»{d  the letf.      ' 

And  it— id-fdoi  js-f  H  thefTMi^ 

ThciHbae  tihcn  the  waif  and  diRrmce/  ei  two  numbetf  asa  gifinii 
hair  the  diiiefcMX  added  to^  aadMbttactedteaiJmlftbaffiB»  wBbethe 

and  nai^  retpecuvny* 

M  1 


A.' 


AtOIBIAi 


i. 


4.  The  torn  of  two  numberf  it  I9t  and  tbt  dififMct  cf  this 
iquiffMQSt  What  Af€  the  numben } 

'>  9 

ful « Ibr  the  gmtcr  number,  Mdif  for  Hit  kn. 

TIko  by  the  qiicttioii.M,.« - «^jrai  19 

And..,/. • ^ «««»^bN     <' 

Kow dividing thttsecamlcquiUoQbythefinttWtbiTt^^Ca  nf^*^'*^) 
Or  by  actual  divitioo •«.-•.••  «-•>  aS 


Therefore  we  ha  ve  the  lum  of  the  two  pumben^  s  4»jr  ip.  It 


. .*  14: .%? 


and  thebr  dlAcfence  ««->8bS 

Whence,  by  the pfeccding example^  ^ -f  js  19  (he freirfir;  tad^  «*  2; 
esT  theto.  :    .  -  *  £ 

3.  Whit  two  frtctioni  are  those  wboie  sum  U  Ij  ao4  ^ 
.    gicaler  divided  by  the  leu  gives  the  quotient  10? 

jiOr u^e less |hic«*« ••••••••••  •••••••••••••••••••••%  n 

Then  the  greater  will  be •«....  1  — n 


Whence  by  the  question 


l^s 


slO 


or 1— jiaiav 

therefore...  1  s  lln 

And^.       Y?  ss  ji  the  Ms^ 
And  1  —  --=--  the^reo/^. 


6.  A  General  having  detached  690  men  to  take  posirsiiosi  of 
a  stropg  pott»  and  ^  of  the  remainder  of  his  troops  to  watch 

the  motions  of  the  enemy^  finds  that  he  hu  only  --  of  bit'aimy 
left)  what  was  his  whole  force?  *..;.. 


Let  the  whole  number  of  men  be , m 

Then  aAcr  GCQ  were  detachedi  the  renuioder  was a— 620 


of  these  are. 


9<^1S60 


hw\  J*  of  the  whole  li.i 


\ 


■  : 


V 

I 


tlMPLI   IQVATIONI.  fIS     . 

'  Ncnt  by  IIm  i|iinlioii»  tlw  Hro  latt  parts  with 

€90  nttit  mtlK  the  whole ;  vis.........  690  -h  ?£=l!S!?  -I-  J3  a« 

whkh  ckmd  of  InctloM  gifct     56490  ^>39s-»94180^>9ljrBf  Iji  4 

whence...     56490— 94 1 8033 1« 
or.......  39940  a  3 !«' 

And    «^  1040,  the  ^IfiNMr.. 

• 

7.  Three  battarions  of  unequal  force  are  in  column  of  march  | 
the  citcnt  of  the  first  battalion  is  910  paces^  the  eitent  of  the 
second  is  equal  to  that  of  the  first  and  third  together^  and  tht 
eatent  of  the  third  is  equal  to  that  of  the  first  .and  half  the 
lecond:  what  is  the  lengUi  of  the  column  t 

Let  the  Mfigth  oi  the  third  Iw  m.....m m  .••... ......•••  a 

Theo  that  of  the  second  wiU  be .•  9164»a 

llMb  fifit  and  half  the  secood  together  b......  916 -f  ^^i^il' 

Which,  by  the  quest.  Is  equal  to  the  thiid/tia.  916  4-  iiS^asM 

whence. 43?-|-916«|-jr8  99 

And....... ..  SSI  648  the  third 

648 -f  21 6  ss  864  the  second 
916  theHftt 

The  whole  ss  1728  paper, 

8.  The  Double  Rule  of  False  is  founded  on  the  supposition^ 
That  the  diflcrenccs  between  the  true  and  supposed  numbers  are 
directly  proportional  to  the  respective  differences  between  the 
true  and  erroneous  results :  now  it  is  required  to  show  if  the 
Arithmetical  proccM  is  conformable  to  that  supposition.  ( Arith* 
Jlrt.  109.) 

Lk^  and  f  be  the  two  suppositions*  D  and  ^  the  corrHpondfag  tmn 

or  diflcfences  lietween  the  raultf  and  the  number  with  Which  thej  are 

compared;  aho*  letadcnote  the  numbte required* 

f 

Then«*-J;  anda— twill  be  the  differences  between  the  tree  aedsep* 
poied  numbers  when  the  lattw  are  both  too  little  t 

iad«--»%  iidff«-%  vhtntbej  are  both  loo  frsab 


N««  U  bath  their  ctm,  ib«  cfton  w*  ilUw.    Aad  «ch  itttiriw  b 

11k  iQ/OTM*  gf  the  pioduci*  dltidcd  by  the  i(/«nMM  o(  Iht  cnom,  (Air 
Wfc.) 

But  iriM  Ibt  oion  an  MRfcCk  «t  ihil  hn* 


1^ 


'»*««'«»5$r» 


WhcitlbccxpmiiDiu|i*cthejMMoftheprod«cU  di*Ukd  by  the  mm 
•fthecnoni  which ii tbe Mnnrf ntJi.  '      '  . 


9.  13vnAs  10  iolo  three  uicli  pait^  tbftt  wbeo  tbf  firal  b 
■luhiplied  by  9,  the  Mcoad  by  9j  ud  tlw  third  by  4,  tbe  thnc 
pcoducls  may  be  ctjuil  t 


Let  j^  jr,  >d4  ■>  denote  the  thn*  putt) 
Thcii„li]r  Ihc  qucttkm^ .„„..., 


and....  SiB3jfs4» 

Nswhecautc  3i  =  4«,  lhncfun«^2( 

AUo,  tincftSjr*:**,  vthatcf  s^ 

Now  putllH  31.  and  ^  fw  «  *m1  j>  is  the  int  «)BitiM 

wbeoce  Sa4 ia-f  SasM 

OrlW.    Atnn»  thiw  quntitk*  which  bdng  muhi^M  h7  ^  ^  wi 
.  it  t^Klivrijr.  ihall  give  Iht  mom!  quotienti  tLi*.  '  v 


IH 


i 


•IMFtft  IQUATIOHtk 

And  9 1-^  difided  by  f ,  S,  and  4,  rttpccUfdy*  C*^  ^  |5»  ^  i^i*  '  13*  ^^ 
imc  pifif  rei|iiiffiL 

« 

la  Lei  10  be  divided  into  4  parti  tttch,  thtl  when  they  ait 
fcipectivdy  divided  by  f »  3^  4,  and  5,  the  qnoliesU  ihall  be  ia 
the  laiOe  praportioo  ai  (^  7, 0,  and  0  r 

Amme  txtipSxYi;  4xf>«^5ic9«<brtbe4  parH;  (llwie  bdif 
dMded  bj  a^  1, 4«  tad  St  product  quotieiitfl  ia  tlie  given  piopoftioa^l 

Thea  ..i^^.^^...  i2M+  aia^>  3tt4*45as  10 


■ad.^ 


••••••••••••••••••••A 


•■n 


i 

II 

Xitel 

1 

li 

1 

n 

X9I«1 

10 

11 

1 

fi 

Xd98f 

10 

II 

1 
u 

K45e4 

1 

n 

^  t!ic4paitiie<|idifd. 


J 

II.  There  b  a  number  consisting  of  two  digStf^  and  if  7t  bt 
sabtracted  from  it^  the  digits  will  be  invcrtttl.  What  is  Iht 
namber  f 

The  amwcr  b  SMod  from  the  following  property,  namely ;  The  differ 
tnor  of  a  number  consisting  of  two  digits,  and  the  number  when  thoia 
digits  are  inverted,  if  9  iimet  iht  difference  c/  ike  HgiUs  That,  if  35  ba 
tlie  number,  then  the  difletence  of  35,  (3  x  10  4*5)  and  53,  (5  x  10^3) 
iilSt  or  2  (Uie  dillcrence  of  3  and  5)  multiplied  by  9. 

CenenUljf.  If  m  and  A  are  the  digits,  and  lOn  «•- 1  the  anrobcr*  then 
10ft-f-«  b  the  number  when  the  digits  m  and  i  change  placcii  now  nbt 
incting  the  latter  from  the  former,  we  have 

10n-«i>^— 105— acsttf— 95as(«^l)  x  9. 

To  apply  this  to  the  cpMlloa,  we  have  only  to  divide  79  by  9^  and  Iba 
^viticnl  a  li  the  dllfineore  of  tba  digits;  th^teft)^  I  aad  9  arail  ba  tfan 
digiti;  and  91  the  Bomber.    For  91— 79  as  19. 


OmA  Hcaoe  the  diflerence  between  iny  nomberi  and  the 
%T  Hi  di|Hs  ki  a  oaalrMy  oiM  h  «I«(«7S  diviaMe  bjr  9i 


ii  K«viiicdllMiq|uanbaadftliollM€ubtof  ffa^r^i 


5  —  v^S4..«....«.  the  i^itfrvt 
For  %^79  ss  6v^e ;  and  |/48  s  4  y 3 ;  wlieoct  4  v^3  ^  5  ^3 


•  %'3| 


193*  7o  Jini  the  rooi  of  «  surd,  divide  its  iodes  bjr  ths 
iodex  of  the  root  to  be  extracted.  And  wheo  the  turdt  bavi 
f etioaal  coefficients^  their  roots  must  be  prefixed* 

Eiamfki. 


'  !•  What  UUieKiusre  root  oT^P  (S^? 

The  iquare  root  of  ««  but  sod  the  iqiMrs  root  of  1^  |||3Xt-B|J  ^ 
fberefore  o^'  it  the  toot  required. 

t.  What  b  tlie  iqiiare  root  of  49c*  (8I>)> 
The  iquare  root  of  49c*  \%  7c. 

i  - 

And  Sl^'^^sSl^ofd^is  theaquireiootof  Sll 


3*  Bequlrcd  Uie  iqiiare  root  of  \m 
18^  B  172S*  or  13  (IS*).    ;^ 

4.  Bequhred  the  4M«  root  of  5iy  I 


3.  What  is  the  mlh.  root  of  eji"? 


A91.  U  (9J). 


Mi.  S*  (4^)* 


1    £ 


$.  What  U  the  cube  root  of  («'cljr)^> 

3  t 

(s%>si)*s(4c)Vs  siid(ar)*^«'^B4W.  Ar^ 


•oaoii 


•I 


1 


Li 


Y.  What  if  tke—mUi*  fMt  oTcf  "**» 

f     >•>■•■•«       •»■•     ^ 
«     fl      szm     M  0    Ann 

t.  lequiredthaiqaarenwlof  «— 9|/a^4-'^ 

Am!  ibe  square  tool  of  «  4*^^«^+^  b  ^«+ ^K 

K6.  The  roots  in  die  two  last  examples  are  obfions  bjr  h^^ 
spection  only ;  but  if  nambers  are  substituted  for  the  letterSf 
the  square  becomes  t  binomial :  thus,  let  S  ^  «•  and  S  =:  ^> 
then  (|/3  4*  t/3)*  s  8  +  /60|  where  the  rational  part  S  it 
the  sum  of  the  squares  of  the  two  surds,  and  the  irrationil  part 
^0O»  twioe  their  product.  To  discover  the  root  in  such  easetft 
suppose  a  -f  |/(  it  the  binomial,  and  let  x  and  y  denote  tHe 
two  memben  of  its  root^  yit •  put  (x  -f*  jr)^  s  a+ ^^»       « 


r  ■ 


Theo  J^  4*>* -f  2i9  being  s  «  4- %^^ 
veshaDliave  JE*4*i*s#«  andSjrys/A.      , 

I 
.      .  .  Attd^ss«-»«««    Al9o4j{*>*si;  whence jf*ss^ 

Thereiofe  #"^JrssT~L» 

' :  •    .    •  .    .     <*• 

.     An<l«i«— ««e:|,.««'— «•==— I    (77). 
Waw  if  ^  he  added  to  each  tide  of  thh  equation,  «c  gK 

f 

Bitl  ««— cii^4^itasqiiir^»  lis  root  being  Ji^—|t 

■ 

« 

No«^lieiiigssV(«>a*X 


voi,tu 


'  y 


ALCIBRA. 


Afda,  bjr  the  third  vquatiiMi,  cst4>a9— i 


vhciicc  s 


-M 


— fl» 


Aad  A    riv^ — a  — T*^^^ —  (tmi«faluteortMdtc(|Ml) 
Thii  raduccd  g;ifci  i^— ^ssair— teg 
Wt  BOH  iMvt  Ihrae  cquatioot  iiivolviii|  (hrat  uiikaowa  ymhici. 

By  the  0nt|  «X9 «f- «6v  — '^  ss  «^r/ 

*»  whence  v  a         ■   ^ — r-. 

feroon  the  third  equaiionf  </^«  -t-^tsv — ji^es  — -^^         ^ 


whence  p  sq 


Theitlbre 


eAf 


whkh  icduced  bccomit  2aM^  -I-  «Ms  —  «^xjf  s  Idlvy — eriiy. 

Now  V  being  exterminated^  the  ec|iuiioQt  are  cediaced  lo  the  two  iaA\o\ 
Ib|»  involviDf  only  m  and  y» 

via.  labd^'^'abdi'^akx^zshdxy^tdfjf. 

hMjf  '^  bey  ZSl  CXjf  ^»  bcM. 

Bythefirtt»  S«M^  —  abxj^'^UMy^adxysz-^MM 

aifdx 

whence  v  sx  — -tt r .-j — ; — :, . 

From  the  lecond,  bxy  —  ^^  —  cxy  ss  —  te. 


which  gi  vc»  y  =  {JIT^  H 


CI 


Now  the  taluet  of  y,  z,  aqd  p»  are  ea54ly  ditcofcied :  For  Soiol  will  evi> 

denlly  he  a  common  numerator :  And  lince  ^  it  not  Ibiiml  lo  the  negative 

part  of  the  denominator  in  ihe  exprvfiion  for  4E|  it  loUowt  that— BcAd^ 

^Saic,  and  — 2M»  arcChftOlUti  v^^Uve  quaotitics,  where  c^^iod^^ 

4i«  mpecUvely  excluded. 


—  fcrf  +  ocrf  +  flM^TSu 
■TbW 

A  «inf|p  rxampir  pn<pmfit  In  numben  inrf  w-nnfht  ■rilhmctinnr,  li 
b^  tciliout  Dian  the  pm-vJniK  nprraDitn.  R«l  (he  ■l|chnk  mtthDrf  ha* 
lhridTan(a|e  afgiviii||<.M)rMl  rormulx  or  rxprrttioM for  ill <|i 


14.  Suppose  B  batlilinni  of  inmps,  of  equal  itrength,  are  in 
three  coluniui  HA,  RC>  SE,  and  that  they  have  to  paaa  through 
the  roadi  or  dcfilei  BK,  DL,  GT.  whoie  breadthi  admit  of  dif« 
fertmt  fronti.  Let  the  timet  it  marching  from  A  to  K,  from 
C  to  L,  and  from  E  to  T,  be  ilenoted  by  a,  h,  and  c,  letpcct* 
inly  I  alao  put  r,  f,  and  /  for  the  mpectivc  timca  in  which  s 
batulkm  can  march  ila  own  length  in  BK,  DL,  and  GT* 
Now  it  ii  required  to  determine  the  number  of  battalimit  of 
which  each  column  iihouki  be  compoHd  in  order  to  enable  their 
reara  tn  quit  the  deGIn  at  K,  L,  and  T,  at  one  and  the  aame 
time,  or  that  the  whole  niarvh  through  the  defiles  may  ht 
made  in  the  lead  lime  powihlc  ? 

tjH  >,  f,  and  a  dmme  Ihr  nuinhn  of  batlalhuu 
m  the  (.-uhimnt  HA,  HC,  ami  at'.,  n-%|>n  livrlj, 

llien  rt,  try,  ■nd  h  will  be  ihi-  liinn  In  whfrb 
thrjna  milt b  their  u«h  kn^ilik  in  ihr  leiptrtl** 


tinin  of       )  n  ,(,  I 
tnaitltlriDfmin' j 

•  (S  to  T 


Hvm,  by  the  <|uMlkin.  tbow  timet  muit  bt  eqval  i 

«VMtketnl«|Datkn  *"*•*"! b,. 
Mt 


ALOtatAi 


But  umBmmMm^p  (bwaiite  «-f  .^ 4-isB)  wbloti  poi  Ibr  •  is  llw 


wlieiice 


4i^i;.*i2r^nr 


—  / 


#  —I 

VMCli  raduced  tivct  sss  — -^ — ^  ^>    '        -• 

•  /r  4-  Ar  -♦-  *l 

And  lepeatiiif  the  operation  for  >  and  a»  ire  have  ' 


/ 


CD  K  {  mile  s  1594  p.     ^  rate  of  niurchinf  SO  p.  fer  mitk 


Suppose  tiie  number  of  b4ttalioni  to  be  90  ss  B. 

And  let  BKss  2  milciss 4224  pacet  of  Sii  feet  each,  and  Ui#  raCff  ttf 

niarchiof  70  pacct  frr  «ifjiifMu 
DL  ss  2^  niilft  s:  4759  paces,  — — ~» rate  d5  p.  frr  win. 
CT  s=  1  mile  a  2 1 19  pacci,     ■  rate  5Q  p.  per  mitu 

ABsl  miles9ll9  p.      I 

•   C 

£C; similes  1056  p.    ) 

Pacet 

905  depth  or  extent  of  a  battal.  intbede^le  BK 

270 ioDL 

350  iuGT. 

Then 

4294 

-----  s  C0.34  miM.  time  of  marching  from  B  to  K. 


^tH'^4  MIM.  SS4I,  time  of  marching  frum  A.to  K* 
s  73*1 1  mm,  time  of  niarrhiiig  from  D  to  L 

:=  19.8  mim.  time  of  nurcbing  from  C  to  D 
92.:!  I  Iff iM.  s  h^  time  of  marching  from  C  to  U 

^^  s  49*94  mif.  time  of  marchirg  from  G  to  T 

ss  1399  ifitff.  time  of  nurching  from  E  to  G 
&S.44  milt.  "SS  C|  ViUit  lA  lEAxcVixi^CcovL  C  lo  T« 


4759 

1684 
bO 


9n9 

50 

ma 

no 


IIMPLE   EQOATIOHt. 


9S 


\ 


i    «1 


f  T 
I  1 

•J 


9o^ 

65 
350 


•s-r  ^=^  ^'^^  ***<*•  S3  r. 


s 4.154  Mtfii.  SI 


sT,0  miH.zzi» 


Those  raliift  being  lubttituted  In  the  foregoing  expreniont,  fife  jrs  $, 
^s  4,  and  s  s  8»  the  oranrtt  intcgi*n.  Therefore  the  columnt  HA,  RC, 
must  each  consist  of  8  batlaliOnt,  and  RC  of  4. 

In  this  example,  the  three  rolumns  are  stippotrd  to  begin  their  march  at 
the  ume  time  t  iMit  should  it  t>e  fbiind  oeeetsary  to  delay  the  movement  oC 
either  column,  the  numeral  ralue  of  the  f-orrp«|)onding  letter  must  be  varied 
accordingly,  and  a  new  division  of  tite  hatfaliom  take  placcb  Thus  tup* 
pose  the  troops  at  A  and  C  are  to  liegin  their  march  25  rainntet  liefora 
those  which  pan  Uie  defile  GT, 

Then  e  will  t>e  55.44  «^  25  =  80.44  mm.  and  the  multing  valuefl  of  m,  y, 
and  Sy  are  10,  5,  and  5  (the  nearest  integers)  for  the  number  of  liattaliona 
hi  the  columns  AH,  RC,  and  SE,  so  that  the  whole  body  may  clear  the 
defiles  in.  the  least  time  possible,  im  thai  cast. 

Should  the  value  of  either  expression  be  (est  than  f,  the  whole  body 
win  pass  in  two  columns  only  t  Thus  suppose  the  rate  of  marching  la  DL» 
the  middle  defile,'  is  only  45  paces  per  minute : 

Then  ^  s  105.6,  and  105.6 ^  19,8  s  195.4  mtiuzs  k. 

m  ■  .         *    • 

S70 
And  ~  s  6 min  ss u    Whence y  s  i^  n^^J* 

And  retaining  a,  e,  r,  and  /,  as  in  tlie  first  example, «  and  t  will  t>e  fbond 
12  and  8,  (the  nearest  whole  numbers)  respectively,  lor  the  numlwr  of 
battalions  In  the  columns  HA,  and  SE* 

But  when  It  i^  proposed  to  make  the  division  for  two'  raads  or  defilet 
only,  the  expre^i^ions  become  much  more  simple ;  lor  In  that  cast  we  have 
but  two  equations, 

namely,  «-f-fxsss6-f*f, 
^nd      MJ^-ysiB* 


Whence  a: 


?i±i=;,^ay=^+--* 


r^i 


r-f# 


Now  suppose  the  80  iMttaliom  are  to  march  through  BK,  and  DL  imly ; 
nnd  let «s 86.74,  Is92«9l,  rs3.93,  aBd«ss4.l54,  labefot^x 


AlQftBEA. 


7.ua4 


lf.C,   •»iljfls^-^S5t.4 


•r  13,  aad  7  ^tuli«it  Id  the  oihiniM  HA,  and  RC,  iffptdifdj. 

IS.  In  drawing  up  i  certain  number  of  men  into  a  aqoait 
colunm,  it  waa  found  that  sf  men  w^re  kft ;  but  i^ben  the  aids 
of  ihe  aquare  waa  increased  by  1  man,  then  34  men  wore  want* 
bg  to  complete  the  square.     Required  the  number  of  men  ? 

Let  a  be  the  number  of  men  ia  tbeiidcof  the  lint  tqiianr ; 
Then  a* -t-  21  it  the  vikole  number  af  men : 
And  (Ji-^1)«— 34,  orjr>4-9a4.|— 34,  h  alio  the  number  f 
Tberelbre  jr* -t- SI  ss I*  4- lfx^33 
or    91=*iji  — 33 
Whence    aa21 ;  theri-forc  97*4- 91  b7S0,  the 


16.  To  find  S  numbera  in  Harmontcal  Propftrtiony  m*hen  the 
difference  of  the  first  and  second  is  denoted  by  a,  and  that  of 
the  second  and  third  by  b. 

i 

If  3  numbf  n  aie  in  musical  proportion,  tlie  tint  wilt  be  to  the  third,u  the 
dadfcrence  betweim  the  fir^t  .And  Mrond,  \%  to  tlte  iliOermce  of  the  lecond 
and  third*  ^ 

Let  tlie  first  nuihber  he  i ;  « 

Then  the  second  will  be  x  4-  a ; 
Audilie  third Ji4-a4-^- 

Whence,  at m ;«-♦•« -k-S-.iaih 

Iherefore  la  ^  a*  4-  a^  ss  At 

I 

»  a'  ^ ah 
and    Mzs,    .      — . 
'  a — a 


Lit  as2,  ^  =  3.    Then 


^7 — 7—  s  10,  iha  first  nuasbar. 
a*-"a 

104-9sl9  tbasccond. 
104.24-3SIS  the  third. 


This  Harmiioic  Proportion  reUtet  to  the  lengths  of  Musical  Cot^ 

Tbuib  if  6  strin|{s  of  equal  thickneu  and  tension,  are  made  to  soiuid  or 

fIbtMe  together,  the  gieAltil  VunvMMk^j  >^>|  cm^  ^oduce,  will  be  «hen 


IIMPLB   BQUATIOMI. 


9S 


fhftr  >fliRtH  ^^  i«  ^  propoHlofi  of  {,  {.  {»  i*  i»  is  Whcfke  thoie  ftto- 
tianf  are  uid  to  be  ia  Minical  Proportion. 


1 


.1 

i 


Since  Um  dmoniiiatorf  1, 9»  9, 4.  5.  6»  tre  in  Arithmetical  pmpoftioat 
it  (bliowf,  that  oumben  in  hannonic  propoitioa  are  the  ledpfDcalt  oC 
nufnbetf  in  arithmetical  proportion,  (lod  wice  wtm).     For  f » i»  |» }» f ,  {# 
arc  the  iccipmcab  of  I,  9, 9*  4#  5,  6. 

If  the  fractiom  arc  reilnced  to  a  common  denominator,  the  nnmeratow 
will  be  60,  30»  90»  I5«  I9»  10;  which  ate  6  numlKii  in  harmonic  pio* 

portion. 

1 7*  Whtl  is  the  least  fiumber  of  weightiy  ind  the  wci|^t  of 
each,  that  will  weigh  toy  number  of  pounds  from  lib*  to  an 
Hundred  weight } 

It  h  evident  that  one  of  the  weights  most  be  lib :. 

Now  let  jr  denote  the  next  greater  mights  then  in  order  to  %Mg|  Sib* 
ff  —  I  nnst  be  equal  to  2* 

nz.  «— 1  ss  9,  or  X  s  3 : 

And  dnce  3  -f>  I  ss4f  it  follows  that  1, 2»  3»  and  41b.  may  be  weighed 
with  lib.  and  a  3ib. 

A|aln»  put  M  for  the  greaiai  weight  nni  grmier  than  3 1  Tbeiw  to  we^gh 
SIh.  with  the  weights  It  3,  andx,  the  nlueof  «-*3— I  must  not  ex* 
ceed  5; 

« therefore  making  jr— 3  •*  tNs  5«  gi?fs  xss  9. 

An<f  9  <4-  3  +  I  ss  13 ;  con9er)ue*itljr  any  number  of  pounds  up  to  13 
may  be  weighed  with  the  weights  1^  3»  and  9. 

For    9-1-3-f  Isl3  9        s=8-f  I 

9'S>3         sl9  9-flcs7«f-3 

9-f-3         silffl  9        s«;^.9 

94^1         sslO  9        ss5-f.34l 

And  if  X  denote  the  weight  next  greater  than  9 1  then  jr— 9— 3~  ' 
s  14  ;  and  a  S5  97t  Hence  It  appean^  that  the  least  number  of  sreights* 
In  all  cMSv  win  be  die  geometric  series  l»  9t  9»  97»  g|,  g43»  Ire*  The  fifst 
5  bowem^atusoAdenlbi  the  present  examples  lor  l  +  9«f  9-f  f7-^9t 
8  ISllb.  that  aaj  be  weifhed  with  those  S  weights. 


f 


Aiotta*! 


OF  QUADRATIC  EQUATIONS. 

..  199.  It  hti  already  been  obsenrcd  (74)  that  wlieii  ibe 
higheal  power  of  the  unknown  quantity  in  an  equation  ia  of  two 
dimeniionii  the  equation  is  called  a  Quadraiic. 

If  the  equation  involves  the  square  only^  it  is  a  simpk  q;uadra» 
lie  I  asx*  z:  be,  where  the  value  of  x  ia  =:  ^bc.   . 

But  when  one  term  contains  thie  square,  and  another  its  root, 
the  equation  is  an  adfected  or  aflccted  one :  These  are  all  nxhu 
cible  to  the  three  following  forms : 

*    X*  +  ax  zz  b. 
X*  —  ox  =r  c.  ' 
X*  —  (IX  =  —  rf« 

The  method  of  resolving  these  equations  is  easily  dcxhiccd 
firom  the  square  of  a  biiioniialj  tlius : 

Let  X  -h  r  be  the  binomiali  then  its  square  is  x*  -f-  9rx  +  ^» 
in  which  wc  are  to  remark,  that  half  Sr  the  coefficient  of  x  in 
the  middle  term,  is  r  the  root  of  *  the  third  term.  Therefore 
the  third  tenn  of  the  square  of  l^  aich  x*  4-  ax  are  the  twg  first 
tenns,  will  be  |tt'  the  itqaarc  of  half  the  coefficient  a  s  the  whole 
square  being  \*  A-ax  -^  Ja%  and  iu  root  x  +  {a.  Thia  is 
called  CQOipUiittg  ike  square. 

To  find  the  value  of  ^  in  the  equation  x*  -i-  ox  z:  £ :  add  \a* 
to  each  side  of  the  equation,  and  we  have  ^ 

x*+ ax -i- io*  =  i -h  ia*  (73. -^x.  I.J 

And  ukiug  the  ro.it  of  each  side,  x  +  ^a  =  ^{b  -f-  ia*j  {Ax.  J. J 

whence  x  z:  ^{b-^^ia*)  —  \a. 

But  (104)  the  square  root  ot  &  4-  ^a*  is  also  denoted  by 

-  •!*  -♦-  ♦«•)•  therefore  x  =  —  V(*  +  W)  -  i«»  which 

if  the  ni*gativc  vaWc  of  x  \  iht  ii^tum  Vaxw|^>S:^  %fficaiativo  one* 


QUADRATIC   EQUATIONS* 


Mf 


Tbe  rAut  oF  x  in  the  Mcond  equatkm  is  found  in  the  SUM 
manner:  for  by  adding  {4*  (the  square  of  half  the  coeflBciciil  •) 
to  each  side  of  the  equatioo,  we  get 

and  extracting  the  rootn,  • . .  .x  —  |a  =  ^[c  4-  W) 

whence  jr  =:  |o  -h  /(c  +  !«•) 
which  is  tbe  affirmative  root* 

But  in  this  case^  {a  —  x  is  alun  the  stiuare  root  of  x*  —  djr 
+  T«%  forrtii— *)•  =«•  —  «  +  ia\ 
therefore  {a  —  x  =  ^[c  +  ia*J 
wliich  gives    x  =  {a  —  ^/(c-f  ia*)i  the  negatire  root. 

This  ambiguity  is  usually  denoted  by  means  of  the  double  or 
tmcertain  wgn.i,  thui  x  =  |a  ±  ^{c  -f.  ia*). 

By  completing  the  square,  and  extracting  the  roots  nt  the 
.third  form  *•  —  ex  rs  —  d. 

we  get  X  =:  |a  +  V{i^\ —  ^)»  where  both  roots 
or  expressions  will  be  affirmative*  For  since,  ^io*  is  zz  |o^ 
|/(ia*  —  d)  must  be  less  than  \a  i  therefore  |a  -^  ^(^*— d) 
will  be  affirmative* 

If  d  be  greater  than  ^a*,  then  %/(ia*— *  d)  is  an  imapnary 
quantity  whose  root  cannot  be  assigned ;  in  which  case  the  footS| 
or  values  of  x  are  both  impossible.  '  . 

Respecting  thc-two  affirmative  roots  ia  +  \/{ia^  —  d)  that 
reiult  from  this  third  form,  the  nature  of  the  |m)blem  will 
determine  which  is  to  be  taken ;  both  values  however^  frequently 
answer  the  eonditions  of  the  question* 


ISO. 


•  • 


VOt.  II. 


.' .      Oihtr  Exampleu 

t.  Gi¥efi  X* -f  Sx  s  209;    To  find  xb 

11ie  square  of  { tlie  cofffictent  •  Is  lO; 

TbeitfcMe       X* -»- Sx  4>  16  es  90S  «f  IS^ 
or  j^4-Sx«|-liaBS25. 
O 


iUritddiHifhttiairtlOQl^  «4-4  m^n§ml$, 

wbcnoc  «  SB  IS -*  i  sa  |l«  Hm 

f •  Oif oi «•  —  if cs 79.    Tofindf. 
Th«iq«ttitorhalf6at9; 

Whence  A«— d«  4*  9  8  7f -f  t  s  It; 
And  hj  efolutioii,    «— 3s^llst« 

arvaliMtoftf. 


3.  Givtoj»^12ffs— 35.    Tofindx. 

ComplctiDf  the  square  givctx^-^lSjr^  36  s  3f^3Ss  U 

And  by  e? olution  ire  get  s  —  6  ss  1^ 

wKeiicejrsdfibl  s7  aodSllMtPOioolu 

And  both  Mfiicr  the  coodHioot  of  Ihe  qQcUkm  t 

For  7«— 19  X  7  8^35 
And  5*— 12  X  Ss  — 35. 

4.Given3jK«4.9Uslia    Tofiads. 

b  thisy  ind  all  other  cxjunpkt  in  which  the  tqinara  ol  the  nnkaovn 
4|iuntity  it  affected  with  a  coefficient,  it  it  eridcnt  the  whole  equatioo 
nutt  be  divided  by  that  coefficient  before  the  tquaie  can  be  completed. 

Now  dividing  by  3  fivet  s«  4*  7ff  s  60 

« 

And  completing  the  tquare.  a*  ^-  7s  4-  l^i  »  60  4  IQ^zslQ^. 

Whence,  by  evolution,  a  +  3^  8  VlH  »  a| 

tbcreroiea8S|««3^8^«  tbttjnsawr. 

;(•  Givena^— -a8  — {.    To  find  the  value  of  a; 


llera  1  b  the  coefficient  of  the  second  term  a.    Therefoie  the  tqaart 
being compleated,  wehavea«  — «-f-i  ssi— } sj^; 

And  taking  t^e  roott,......« -*  4  8  ^^  8  ^, 

whence a  sU:j8|aiid^the  two  TaitNa 

•f  a ;  both  of  which  antwer  the  question. 


*   y 


QUADRATIC   IQOATIOlfl. 


: 

'4 


; 


n 


Tht  wholt  ArMed  bf  «  glfd... 


••••••« 


Tbcrabft  iff 


i*^e+i,). 


7.  GiVcBM^^iirt.).^-. Cfssffi*    To&mIx. 
DIfidiif  tjr «  4- ^  the  codBdeot  of  J^,  ivt  iirrtf 


•+ 


^■ieoiiplctliigtbeiqaaic^>H.^«4.(j;;=^  a -^^(^_J«j) 


B^  ttfOtauOByaM* •••••••••••••••il 


iT— c 


ST3  "^  («n  ^  (sT^^) ) 


ir-.c  .t%lr       4^€ 


t.  Given  ff  4-  ^«  a  A    To  find  «• 

And  tquiriBg  both  tides. «F— »S«r4-<*eJr 

*  Wbenoe^  bytrampoutloB^..**  — 8«r  — «B  — «' 

or  «•— (2«-|*  l)«flB«— «< 

AadeonpleUof  the  tquafe  i>— (8«+  1)  «+(«-«*  ir«^(«-M)***«' ' 

AJsd  taking  the  rooti... •«•••« •«....«•—  («  ^^  ^)  cs  ^(«  «f- 1) 

vbence       «Bc4-i±  ^(«4>  |> 

LettfiBlS}.  ThesffaBl6i:h4al8^afidS0i,  thelPOTaloeiofjil 
but  k  b  only  the  fifit  which  aiMivefi  the  cooditioM  of  the  eqoatkn.  The 
other  tahie^ii  what  nould  nenilt,  •uppoiliigx-*^  ^xs:  15|  Ml  ^  ^ 
thai  caae^  •«  ^ji  s  o  ^  «,  whenoib  bj  tfttiim  both  idn^  w«  ftl 

Ofl 


IM 


AMlBftAi 


«»i^-«2ct<f  J^asbdbi^  btciinctliv  tqutie  61  —  y «  b  the  ttne  a, 

Sooictlincs  IIm  prorcM  W  molfini  an  cc|iistioo  may  W  abridged  hf 
makiaf  99t  of  a  tulMlityttoQ^  ai  Id  tli«  iw  msI  maaplca. 


•• 


TbcA.. ...«...; I  ' 

And k* 


VfhoK^  f^y  completlai  the  square^  aiid  extracting  the  |ooli» 
vreget    a  s  1^  dt  |/(iN -f.  1^). 

CoAicquently       Ha  [(A  ri:  |/ (w  -f  i^)yi 
or     «  +  *=[l*:t:|/(ifi4-i*»)]n 
Thmfort   «  s  [^^ dbs  |^(m 4-  !^0P— ^ 

|0.  Oivea««4.jrys5  9l8. 

«y-*3ys42.    To  find  sand  jii. 

Then  «*^*  +  ?y»=s  918:  whence^^s  vjT"^ 

•  42 

Aadxy*— 3if*a43t  wh*'nr«>*5s^ — rJ 


Thcfdbrt 


And.  bj  a-ducUon.  42i*  -I-  4?2  s  918t  ^  9754  t 
.whence    «•  — SOjss:— 65f i 

Now  by  iomplctinjt  the  niuarr.  ai^  exiractiog  the  foots« 

we  get  a  s  lOf  i:  Cf  s  17,  and  Of.     Thcft  ntea  bciag 

subiUiMted  for  sia  the  equation  >*s^-3j^«  P^S^^Vh  andf  aiT; 

Alkl  tlM  comtpondiog  values  of  t  will  be  I7t^3,  and  2% 


/ 


QUADRATIC  EQUATION!.  fOl 

•  *  '       ■ 

'>1««''« «« '^  j  tlw r«lfc)ii«l  Tilnei :  AttdJ*  "  j^J  J  the  IrriUoMl.' 
II.  Ci«aiii^--4«*c:6!2l.    Tofindx. 

I 

Stoce x'  b  the  tquaie  niot  of  i^»  Ihit  cquatkm  It  lolfeil  alter  Uie  nanocr  • 
afaqiMdntic:  thuiy 

Add  4,  the  tqtttre  of  half  the  coefiicleni  4,  to  each  tide  tt  Vtm  fi|iaitk4l,    • 
aadwehtve  « 

the  tqoare  roots,  A>  —  S  ss  95 

whence  «*  ss  97 ;  and  a  ss  9* 


Id  general;  any  equation  of  thh  fenn  x**  ••  ajf 
known  qnantHjr^  and  the  Indicei  9rf»  and  n^  ate 
loohrcd  in  the  tame  manner : 


For  hy  adding  {«*  to  each  tide  of  the  equation, 
ve  hate  i^  —  «x"-fi4^s^-4-i«* 

How  a^  — >  ja  if  the  tqoare  mot  of  j^  ••  tfx*  «|- ^^ 

Therefore  a"  — 1«  =  ^(ft -I- Ja*) 
whence  a"  =s  >a  d:  ^(*  4.  ^«) 


^  (where  a  If  the  on* 
double  the  other,)  b 


/ 


And    t:^Hadtyf{b^ia^}\ 


I  • 


^ 


131.    QUESTIONS  PRODUCING  QUADRATIC 

EQUATIONS.     . 

K  To  divide  40  into  two  luch  parti,  that  the  fulii  of  their 
f^arcaahaUbe  818? 

lictooeoftiie  parts  be«**»  •••••• ••## 

Then  the  other  will  be —...40— a 

By  thaq|oe8tion.^.....M...(40— a)*  Hh '*  «  8ie 


li 


or  IGOO— 8ar-^a«-4-a*s:8l8 

tbatb       8t*  — 80a  salt— I600fi5 -Jrri!; 
or    '     a^«»40ffss-M39l 


•      a-rt 


Aa4  cwpliliag  the  M|ianr  i^ — 4Qg  4. 400  SB  J 

BjtfolutkMi  «— fOssS 

whom   «B  20 :fe3  V  O  aM  1T«  Ite 
tvoptitiraquired. 

fl.  Todtvide  11  into  two  Mch  parts,  that  the  mm  of  Adr 
cubea  may  be  407  7 

M^%  MM  |Mc»  P*«— •#•»•»>•—•>•>—»>>»»«— —«■ 

Then  tU  Other  niiiilbeM«.—M...  II  —  « 

Aiid«  by  the quotUNL. (II  — s)>  -fs^siOl 

or....l33l -» scat  ^  311^  —  1^  4.  «>  »  401 
i  (.-9i.  tbatU. 1591  — 36:114- 33«*ss 401 

And  dividing  by  33.^...^ J «•  —  lU  8—80 

And  completing  tbc  tquaue. »*— lU4>30|ss9| 

irbeocc,  by  cvolutioo^M**— ••••^ •«««.««ji««  5}csl| 

tbefdm  asS|dbl( 

m  t  aid  4»  tbe  ^aits  Rquifc4» 

3.  To  divide  140  into  two  inch  partij  that  the  di£feraioeo( 
iheir  aquare  rooU  may  be  6. 

Suppoie  the  leiia  root  lo  be,«.«.9^  ..ji 

Then  the  other  must  be a  4-  C 

Whence,  by  the  question,        (« -f-  6)«  4"  ^  s>  ^^ 

that  it    Sx*  4. 11?«  ^  36  S3  140 
or    ««4-^4-lis13 

"Whence  j»  4-69  re  55 

And  compktiog  the  iquart,    a*4-6;f  4"  9:^55 -1-9  ■i04  | 

By  evolution,  <4-3ssa 

and  ss5,  one  of  the  iwlii 

id^OMeff^fimlltheotha.   Andthetwopartiara5*aadlin 


QUADRATIC   KQOATIONI* 

4.  The  turn  of  two  numbers  being  f  i,  ind  fSnt 
4fA«  powers  Pi  In  find  the  numbers. 


IM 
ortbilr 


L-*. 


U 


r\ 


•<! 


LH I  tW  diflifnice  of  the  mmibffi  bt  dcfwtfd  byir;  Umltbck  Mm 
Msff, 

ipebave   «4-'fertbegretteri 

skid    t—jr  Hie  lets.  (IM.£«.34) 

• 

Tbeif  by  the  qocrticMii  (f  4.  s)4 .4.  (f  —  «)«  ss  p. 

s«m       «j^ 4>  Igi^jjC  ^gg^ 

ABddlvidiBgbjS  •••••«...,•«•- ««^   4^  ^4.  '^ssf^ 

And  compleliiig  the  tqusre,  jp»4.Cf*jr«4.9f4ssi|i-fl«^* 

Whence,  hj  evolutkMi, ji«  4-  3i«s5  ^([^  4  Sj4) 

Therefore. ^^.jit^ss  |^({^  ^  SO  — 3«* 

sod -....— jrss  (^(4p  .^  SjI^)— 9i*)s. 

Soppoie  the  iuiiim  12sSf  (ort  a€)siidtheMiiiioftheMqiisilntcs 
C53026sp. 

*Tbeti»  those  Taloei  subttifiited  for  t  snd  ^  in  the  expfMlon  for  «»  snd 
«e  hsTc  jTss  |/(I09  —  108)  ss  h 

Therefore  6  db  1  ss  7  sod  5,  the  two  onniben. 

5.  The  sum  [$),  snd  sum  of  the  squires  {p)  of  four  numbers 
m  srithmeticsl  progression^  being  giren ;  to  find  the  numbers* 

riOBncn  in  sntfancocsl  pifo^retnoo  hs?es  eosnmon  diMreoce  ilSl* 
AiHk)  Thercfaie^lfStbethstiliflmnoe,  smi4«s9r. 


— 3t,  M'^gp  «  +  «,«4.5jr9  win  denote  the  four ntmibent  for 
is4«(Qrf)^  sodooaunoodUlcienceSs; 


their 


IM 


AiOIBRAi 


Novbj  Hie<|iictlioiib  («  — :U)*^.  («^*«)P  4*  C«  t  >4''»^(f<i>  ^)'»/- 


(a  —  3«)*  s  a^  —  £av  -I-  9i* 
(a  4-  3Jif  s  0*  4  6ai  ^  9ji« 


I 


4<4t 


4-  i?ai*sr^: 


or 
whence   « 


SO 


) 


Or  Uie  whole  aUference  Q«  =  |/^ 


—  J* 


ya 


••■  r 


difemcc  vUl  be  IbuiMi  s  i^^^^-T-^.    Ako  If  S  be  the  aomber^  the 

^        6 


A«4  b  the  saiM  nunner,  if  the  number  of  tcfiai  be  tkio^  their  conn 

cooifiuMi  diflefencc  b  ^^t^f,    lltaei  it  appeiiv,  thil.tbe  corffdenl 

ofp  it  the  number  of  terms;  and  that  the  denominaton  6,  90,  50,  Ice. 
iCMillioj  fnim  the  coefficieott  of  is  are  each  e  |uil  to  hall  the  mmilirr  of 
tennt  drawn  into  tha*  turn  of  the  lerice  I  .f  3  4.  6  ^  10  4»  Ace*  coulinned 
to  M  -*  1  terms,  m  lieio|  the  number  of  terms  whose  Mim  it  girou 

Now  the  turn  of  the  teriet  1  -f  3  4-  6  -f  10,  lie.  continued  to  n  —  I 
termi,  it  n  x — g— "  (•♦♦)•  ^hich  drawn  into  •  gives  ~  x  ""^ — • 


■J 


1 


t 


I  4 

4 


Thereibre,  if  the  turn  (1%  and  tAiii  of  ilicir  tquarri  (p)  of  any  number  (y«) 
of  terms  b  arithmetical  progression, 'are  given/ then  ^  ( ^fj^^ 


or  its  equal  -  i/ '   \'^  /  it  the  common  dllTcrence  of  tiie  terms. 

^       M  ^      fit  •»  I 

Eump,  tjti  the  number  pf  terms  lie  7»  tiieir  sum  9  49,  and  the  sum 
of  I  heir  tquarcs  s=  45^;  then,  putting  those  numl>en  fo  1I9  #,  and  p,  tc* 
tpectivd/,  we  gei2  (or  the diAcrcoce ;  wheooe  the  munben  are  I,  3,^  5, 
7,  9,  1 14  and  la. 


i 


Ji'l 


i" 


•( 


QU ADAATIC  IQUATIONI*  IM 

••  Tte  Htm  (#)  and  continued  pfoduct  (p)  of  5  nnmbert  in 
ifithmelical  progrettiont  being  giren  |  to  find  thoie  nnmbert* 

* 

LeiSmmsi  tad  put  Sir  for  tlie  cmnmoB  dUTcraMe. 

Theac  — ijr»««-^8»,«,«4.9jr,ji-^4xt  wU  denote  the  S  Mmbcnt 

Tbeiefefc^by  theOoeit  (e--ijr)  (««Sjr)(e)(«  +  ei)(e-|-44»p| 
or    64«H  — e(ki'««4*«^Bpt 

Wbew^  b/ difiikMi,       **-^«iii+^-sJL 

!   16     '^"^     6441 
No#,  bj  conplctiiig  the  iquare  and  extracting  the  footi, 

.«|etK"BBj5«*d:^-_j— — 

.  •    ' 

irt8B95,  and^8945;  then c heinf  a 5 ;  wthanhavej^sl;  and 
as  if  therefofe  8ji  ss  9  the  common  diflinenoe  of  the  nombenorlenati 
%hcBoetheSn«imbeiiarefoundtot»e  1,  a»  S,  7,  and9. 

T«  The  mm  (f )  and  product  {p)  of  any  two  numbeia  being 
g^fen;  to  find  the  ram  of  their  eqoaret,  cubet^  biquadrates.  Ice. 

Let  the  two  numbers  he •••••«  and  jr 

Then»  by  thequettiont - x^jfsr 

and*««««*a. •••••••••M*M*».ir  jf  ssp 

The  fint  equttion  «ioared  giret* ;«...  ji^  4>  ^xy  «|-^8s  #  • 

whence J»  4«>«  8 1*— tiy 

Buta^sep;  thertfere««^./si*  — 9p,  thetumoftheifanraii 

Now  maltlpljr  the  last  equation  bj  the  Hhtt 

andwehave.^ («•  4  ^*)  («««-/)  as  (i«  —  |p)f 

or....... «»  +  Jrjf  («.fjr)^jf>Mai  — Ai^ 

Miy  (  a  4*  jf)  a  ip^  wMch  inibttituted  la  the  latt  eqiwtloa 

|lvea«»^ip+jr»«t«-.8jp 

or     «Hj^aj*«.aiptheMaioftlil( 
Agabt  Mthhlaftequatkm  be  multiplied  bj  the  Mf 
11«  t"**!^  (-» 4- If)  a  (r»— ai^)# 

▼OIh  It.  ff 


191  ;    .  Ai«IiltA»: 

iiuiiorUi«ilkp0«cn« 

Aad  fhc  sum  oT  Oie  M.  povm  will  be 

(#«-*  4j«/i  ^  ^)  t  —  (i« -.  3i^)^  I 

Thai  it.  tiie  sum  of  the  ntxt  superior  powers  h  coostantly  oblilac4  hj 
mttltiplyiBf  the  sum  of  the  poweri  last  found  bf  «»  tad  suhlracliiig  trooi 
that  product  the  sum  of  the  nest  preccdlnf  ones  multiplied  by  pi 

Aod  the  sum  of  the  Nth.  powers  will  be 

^isx  ^*x!^«5^X#'*"V.«'f«     Wbcwkisefkfciil 

the  sericsi  or  expreition  for  the  sum  of  the  powers,  will  leroiiiiitt  whc« 
the  least  hidi'X  of  f  becomes  ss  0. 

8.  Given  the  sum  (i)«  tnd  ium  of  the  aqutret  (p)  of  fbar 
iiuinbc(;^in  geometrical  progrcision ;  to  find'  ihoae  mimbera. 

•«»  .^  ».-  ....^.w^.  ^«  ,^.»..^  ^j    -|  and  the  common  ratio  by  - ; 
Then  the  i  numbcn  will  be  — •  >«  «,    ••  (lis.  Arith.) 
^^  .^  ^^ ^ -  •f>jf^«4.  --ssf 

••^ (tT+>*+»'+(f)'=a    . 

Put  *+jrss»,  andtyssa.      Then  *j-  +  -'SBf.«, 

And -....    *-  X  ^=s«rssa  (144  Arith.) 

Eut,  by  Ibe  preceding  question,  if  the  sum  «-|-jfass,  and  the  product 
i^si9i  thenf»+y*  =  »'— ^« 

And  Ibr  the  like  season,  if4basum'^4-  -sst— s,  and  theprodnct 

^  X  —  ssw 

lhca«M..«..M»««  •••••T-  (^}  +  (r)  =('—«]•— 2»i 


r 


■ 


; 


I 


QOADHATtC  IQVATIONI.  lOf 

■  CoMcquciitljr  IIm  Mm  of  th»  fml  luiiw  will  be 

nebive,  bjtvddctkm', ^-f-i^ssty  (#— f) 

Or»  poitiiif  vfbribfqvalj^y  giwf..  .jr'4-s's=v(i— »r)B«r<-»fv 
Bolt  bj  llieprcoediii|c<ficil..^....-  y«f  ir'sf  t*— 3« 
TmIw9IC)|  bjc^ttSiilyt  •  »•••• •••  t'-»3i'''.r2ff"  ■•• 

^l_-^  . «• 

|]iit  falne  oTv  tolntitated  la  the  cqiiatimi  t*+  (i — t)*— 49s^ 

wbicii rcuQccd Mcomct***.. ••  i*^ -  •  as     ^' '■ 

Mjumfi,  Let  lasSO,  ftAd  ^sddSa  Tbea  sss?4»  wlilch  {lolfortb 
tfiecqvatioova^-— «,  gitctpsslOS.  Tbcrvforejr-f  jrB?l»tiidJi|f«i 
108;  wliaicejrs6»  and  jrsISi  and  the  4  nuroben  are  2»  f » IS«  54« 

9*  To  find  two  nuinberfl  siich»  that  their  turo^  piodiiel,  nd 
tmn  of  their  squares  shall,  if  possible^  be  equal  to  etch  other*  ' 

*     • 

Let  the  two  BanlieTf  be  repmefilfd  by  a  and  jiw 
TheBt  bj  the qucfllony.*.  ••••.•••  a«4*jrrsa|f 

and.-.^....  i*4*ys.T|f 
Now*  if  2f jr  be  added  to  each  tide  of  thh  last  equation,  '^ 

we  have....... A*-(-9jry<4-ji*ss3jr^ 

And  extracting  the  square  root...    *   ff<^jrs^5ijf 
But  a  4> jrss  «|r»  thetefore  bj  equality,        y3jr^s5  j|f 

Whence.— .....        3xyasji*y* 

Comcquently,  by  dlviiion •         3rsf|r 

But  a  4. jf  as  ly,  thnefore a^ jf k3 

Anda4>jrast*««^^S  whence..........       a*«|^jr*as3i 

Now  a  4>jf  being  as  3,  weliaveaas3«>»jr 

Tbeiefbre...*.....*  ..«...M....-  (3— |f)*4.y*as3 

IVomthlieq<uitloil»..jfi-»liB^— 3,  wfeldi  being  aa  faq^OMlble  qaaa* 
tity,  M  Mow^tbat  ao  two  aMDbors  cao  bt  fewad  toaatwirlbacooditfcias 
of  lbs  qaesiioo.* 

rt 


3 


10.  A  ngmitak  of  PmI  wm  afdeied  t»  mmk  §16  mm  mk 
GtrriioD  dutyi  rich  Comptny  >o  fiimiih  a  like  namber ;  but 
befora  ihc  deucbment  marched,  three  of  the  Compaiuet  were 
sent  OQ  tBother  HMnct,  when  it  was  found  that  each  Company 
which  remained  was  obliged  to  furnish  If  additional  men  in 
order  to  make  up  the  complement  916.  Hence  the  number  of 
Companies  composing  the  regiment  is  required  i 

♦.  • 

Let  the  number  of  compiniet  io  the  regiment  be..',  a 

Then  the  number  of  men  which  etch  would  have  tent,  will  be  — 

■.  * 

But  the  number  of  Compauiet  left  when  3  were  sent  awsy,  is  ««»3 
And  the  number  of  men  which  each  lent  on  Gairimn  duly* 

la  that  case,  it m ^ 

IVrtlbre  the  diflfirrence  muU  be  U. vii. :;  —  -— >  s  19 

which  reduced  i^vct.........    «*— 3t&s54  . 

whence  sss9«  ihcJmswtr. 

1 1  •  The  number  of  men  in  both  fronts  of  two  cplnmna  of 

•  •  ■  .  ■ 

troops  A  and  B  when  each  consisted  of  as  many  ranks  aa  it  had 
men  in  front,  wu  84 :  but  when  the  columns  changed  ground^ 
or  A  was  drawn  up  with  the  front  that  B  had,  and  B  with  the 
front  that  A  had,  then  the  number  of  rsnks  in  both  columns 
wu  9\.    Required  the  number  of  men  in  each  column  7 

Let  Jt^  and  y*  denote  the  men  in  the  two  columiM,  reipectivdy : 
Then,  by  tlie  question,  M-^ysz^i. 

And  —  wu  the  number  of  ranks  in  the  column  a*  when  drawn  up  with 
thefront>; 

And  ^  the  number  of  ranks  In  the  column  >*  with  the  front  a.  Theie- 
fore  by  the  quest*  —4"      s  9U 

Putts^^y?.  and««^=r4a 

Then  asa-f-  h  and^s«— s    (laS  £i.  3.) 


IMDKTKHMINATB  PROBLKMS.  Iff 


• 


Or  («-|-t)<^^(4i— ^HasPl  (^— to 

TlierefiBve  43  db  ^  *■*  ^»  ^^  3^»  ^Im  viltm  of  «  and  >• 

48*  s  2304 


And  *^^^^  \  The  No.  of  Troopt. 


Or  UNLIMITED  or  INDETERMINATE  PROBLEMS. 

139.  Ip  the  indq>endent  equation!  expressing  the  conditions 
of  I  Question  are  fewer  in  number  than  the  unknown  quan. 
titles  they  involve,  the  Problem  is  said  to  be  indeterminate  or 
unlimited  (81)  because  it  firequently  admits  of  innumerable  an- 
fwers.  But  the  number  of  results  are  generally  limited  by  re- 
ftricting  the  vahies  of  the  unknown  quantities  to  integers. 
Thus,  if  X  -I-  jr  =  3,  then  x  and  y  may  be  any  two  numbers 
whatever,  whose  sum  is  3 ;  but  1,  4,  9  and  3  are  all  their  inte* 
^  values. 

133.  When  the  relation  of  two  unknown  quantities  only  are 
expressed  in  a  simple  equation,  let  the  whole  equation  be  divided 
by  the  least  of  the  two  coefficients,  then  put  the  fractional  part 
of  the  quotient  equal  to  some  letter  denoting  a  whole  number, 
positive,  or  negative,  according  to  tbe  value  of  the  fraction,  and 
a  new  equation  will  be  obtained }  then  proceed  with  the  least 
coefficient  as  before,  and  so  on,  till  the  last  as.^umed  letter  hu 
f  for  its  coefficient  resulting  from  division ;  and  the  txpressioa 

wiD  come  under  one  of  these  forms,  '-^— »  or  -,  where  tbe 

unknown  quantity  or  letter  (z)  may,  in  general,  be  assumed  s6 
u  to  give  two  extreme  integral  values  in  the  required  answer, 
whence  the  others  are  readily  found. 

£faiFi|pi(fif* 

1.  Given  9x+  ISf  s  900:  required  the  values  of  x  and  y 
m  whole  positive  numbers* 


!!• 


ALOtBRA. 


•••  •••  •••  •••  •«• 


Sbr«if00«-«1S^ 


rkolt«|iiAlioii^9. 


t«-4j 


Now  •  and  jf  tra  !•  be  wliole  minbcr^  Ihcwfoit     ^  ^  mmft  who  W  a 


wl^bte  mmbeft 
legen. 


mill- 


Ako,  ilnce  jf  b  a  wbole  number^  4j  mutt  be  greater  Ibaa  f  »  ai4 

.1-  «  — ff  .u^  i^ »;    '  .■ .  ^i-^L i!--* 


^negalite 

Tbcrefor^  put      ^  ^ea  — a  (a negative  wbole aumber) 

Then  9--4yss-i»9a 
Whence  4>  s  9a  4- 3       ^ 


Therefore    ys 


•--^^  =  2-  +  --*-' 


4       •       4 

Now  to  make  ^^  a  potitive  integer,  a  must  be  expounded  b] 

term  In  the  tenet  %  C,  10, 14, 8cc.  but  lU  leatt  pottU»le  vabie  it  wbeaiiaf* 
the  expcetiion  in  that  caie  being  1 ;  which  givet  5  l<)r  the  leatl  value  of  jf ; 
and  the  oonetpooding  or  greatest  value  of  a  is  19. 

If  «betal(en  =  6;  thenysa  14,  and  m^9 

Thcitibre^ss  5    I    14. 
«sl9    I      2. 
Widch  are  ail  tiie  values  in  positive  integers. 

Tim  foregoing  process  is  evidently  analogous  to  tliat  of  jEnding  the  fpcal- 
•si  common  measure  of  two  nuntlK*n  in  Aritlunctict  (40.  Aritk.)  and 
fbunded  on  the  same  principle,  oanicl}*,  i/  a  mumber  micnwrm  gnafbtr 
mtmUr,  and  also  a  fart  of  thai  Niwttfrg  it  will  meamrt  tk€  wtmainiMig  part, 

9.  Given  fi5djr  —  87y  =  l ;  to  find  the  kut  poaaibk  vakm 
of  «  and  y  in  wliole  poiitive  nunibera. 


256a^l 
82s— 1 


B/  transposition 87|f: 

And  dividing  by  the  least  coefficient  87,  gives  jr  as  Ss  -f      ^^ 

Let  ^-llT^g^t  ll>^  82a  — Is 87a 


87 


.  %1«^.  I  .    541+  • 


\ 


KcfCf  fni   — jj 


tNOiTEHMlWATB  MOBLBMI. 

s-4-i 


HI 


Now 


T 


c;  thai8»cB5c.|-l 
whence  V  s 


5e+l 

7 


«*+4-*. 


lftfssf»  thcn^l^^ssl  the  leatl  ponible  Integer.    WheBet*«3, 

•b4«s49;  Ihcreibfe  jr  as  59,  and  tke  oorretpoBdinf  value  of jf  b  I59»tht 
fci|uiitd  Ttloet  of  «  and  jfi» 

Theotbervakief  of  jraodjfarei»nniitediamimber,  becamt  cmijbo 
aaj  integer  to  that  c -f  1  b  diYbible  bj  9. 

8.  Given  igjr—  14jf ::  11 ;  to  find  the  least  poisible  taluea 
of  «  and  jr  in  whole  anmbera. 

By  tranipotitk»«M....«w Uyssldx— 11 


And  difiding  hj  14  gives >  ss  jr  4* 

Ptot  ^Tl^'an;  then 5ff— lies  14«» 


Sjt  — II 

14 


14 


whence  a 


I4«<4-I1 


Kextf  let  ^i^^ss^;  then  4ias»-i-  -^ :  now  to  make  thli  expres* 

sion  the  least  possible  Integer  (I)  the  value  of  h  most  be'5.  In  that  case 
asl9,  and  jrs  95,  which  aie  two  values  of  the  unknown  qnanttties,  hot 

not  the  least;  these  however,  are  discovered  flmn  the  fraction  if-^ 

which,  when  ass  1,  becomes  I,  and#  (s3«4- JL±»  ^9)  at 5,  and 
the  conespooding  value  of  jr  Is  6;  the  numbers  answering  the  conditions 

4.  Gifcn  5M+  7jr  =  M;to  findjrandyin  pooitife  in* 

4  — 9jf     ■ 

Lei  lri2t-s«;  ihen4-:i!|raB5tf 

9 

i 


fkoni  At  ^fen eqpiation,  ata  — j-^as5  *^*T 


ani^^aB9«-*— 9ai 


Mm  ALGnUA. 


'>i 


Nowift— ^«*s«  (or^  h •  pouUvt iotefo^  mcumk\m9mf 


tlfttwbqleamiibtrvbattvcr;  llicffefciem«Uiig«8  0»  jfMcoiiiMsS»aft4 
Ihtiictjrffi)!  which  m4Ulbt  Integral  ? ahwt  of  •  Mdjf  to  Ike  rnpQMd 
•4u«tkNu 


5.  Laiu-l-itfy  :=  100;  raiuired  the  valuei  of  #  and  f  ia 
positive  lot^pn.  . 


By  trampOfitkMi  we  gel 1  Us  100—  li^y 

wheace.M*«*     a  e  ■■  /j^'»waf  .<4>  ■  ^{^^^9 

IM  Lz£!l  s  —  a  (^7^  beiag  evideatlj  aegtUve) 
Tbea  l«-^>3^|li^  wheace  Vs^Ua-^U 


tlia  least  value  of  a  to  nuke  thto  t  whole  Buniher»  amitbe  4«  wWeh  glvai 
^sS.|-ls9t 

But  ffon  the  given  equatioo  1 U^  16>s  100,  It  foUowt  that  f  bmhI  ha 
lets  thaa  6t  And  theiefure  no  whok  aumhen  caa  he  Ibuad  lo aaiwtf  the 

quettiou. 

a.  Given  I7x-f-  loy  r:  MOO}  lo  find  all  the  values  ofx  lynd 
jf  in  affirmative  whole  niunbert. 

By  transposiliou  we  get  Vlu  a  9000  —  19jr 

And  dividing  hy  17  gives  xs  117  4-  ^^TT^— y: 

Kow  it  is  evident  that  ^^J^»  the  fractiooal  pari  of  the  qyodcat 

not  be  made  a  positive  Integer  if  ^  is  a  positive  integer,  whaleear  h 
vahie^ 

ILhcrefore  put  — pr-^s:<<»« 

a«s*l 

Then,  by  reduction,  sy=17a+ll»  aadjr  s8a-f^ -y*<4>S; 

If  as  1,  the»^sB  14  the  least  aflimutive  vakiei  aad  the 
or  greatest  value  of  a  is  102. 

The  neat  value  (of  a  NiVkkU  i^toa  ^^  an  faitegeris3«  this  bdag 
aliluUd^  andvKgtiycaMiXiVyenct  as.^%\  WKm^^^fiSnaa^Xiide 


1 
',1 

j 

* 

7 

* 

■ 

9 


I  J 


INOtTBRMllfATB  VIlOBLgMt* 


lit 


^ 


lot  and  id,  the  hio  valoei  of «,  Ji  19  the  co^denl  0r  y  |  and  the  dUTf 
mm  of  the  two  valoct  of  ^  te  17»  the  cocfldent  df  9%  UwfHort  by  con^ 
itantly  adding  17  to  the  Unt  value  jof^,  and  lubtractlng  19  fkom  that  of  ii 
«e  get  all  the  other  Integral  valuei. 


109 
14 


13 

31 


64 
48 


45 


fd 

82 


7 
99. 


y,  Sappoae  it  b  required  to  find  integral  valoea  of  jr  and  y  ia 
the  equation  9x4- 13y  =:  100« 

Then  tloce  the  ooefficientt  9  and  15  are  divisible  by  X  tbe  nmi  9«4>l3i|f 
and  alflO  its  equal  100  mutt  be  divisible  by  3,  whatever  be  the  values  of  • 
and  jr;  but  100  b  not  divisible  by  3  without  a  remainder;  therefore  In  thisb 
and  an  similar  cases,  the  unknown  quantities  «  and  jf  cannot  be  Ibood  In 
whole  Bumbeit. 


% 


-: 

1 


••  How  many  different  ways  it  is  possible  to  pay  lOO/*.  wttil 
f  ihilling  pieces,  and  dollars  at  4f  •  $d.  etch  t 

m 

100^.  SB  94000  1 

tp.   ss      84  >  pencsb 
4#.3dL    a      51  3 

Let  t  denote  the  number  of  dollars,  and  jr  that  of  the  7#.  pleccsi 
,     Then - \U^%AfSi9iO0O 

Or,  dividing  by  3 17«-|-98^ss  8000 

8000  — 98y       ..^  .    10— llf 
whence.........  acs  — — 1= — *  =» 4^0  +  ■  '  ,j    ■«— #♦ 

I  17  17  •^ 

Put  12r^83-a;thenlO-ll^ss-.l7«;  whenceynia-^^i^t 

N<»w.  let  £i±ii^  s  » :  thai  «B  1 4- ^. 

A»d».ki«g-5*=i«>ii,ehav.»o*+i±«,Nawlf.-l.tb« 

4s9,  andass9,  whence^as4  the  least  alBnnatlvtvahie  of  jf;  and  the 
conesponding  or  greatest  value  of  jr  te  464. 

Henec^  by  adding5l  tothcvahieof  y,  and  subtracting  14  froai  that  of 
a»  we  get  the  following  answers,  being  6  fai  number  t 

ffaB464    I   310   j    S96    |    919    I    198    I     44 

fan    4    I     IS    [   lOd   1    lit    I   908    I   959. 


M« 


ALGIBBAt 


« .  9»  ToM  •  whole  mm^ber which  htiog  difidcdhf  M  thdl 
lMfe7»  but  whm  dividdl  by  19  ihc  icaumdcr  ihaD  he  •• 


Jf«telk0rai«if«l  amber;  then  J^,  airfS^Mrtbtvkolt 


bn%  b7theMlQi8ofUitquciUea,  * 


tM 


«— t 


hdof  pal  for  •  In  Um  waNidexprcoiQA«-r— »  and  wtbavc  *^g**  ^ 
vbolt  attnberi 


Id 


IS 


Afiia,  nleii^s:c;.tlco4a^.9sl5r,  tDdisSr-)*^!!^^! 


Next,  let-——  sifs  awl  wt  fcC 


.=**i±l. 


laHlj,  mike  ^4^=A;  t]iratfs3A-*3» 

^»3<-|-  iTs  I2A— f  4-  9A— f  s  t&A— e 

C=I5(I9A— it)4.7s2854— 1431  WhifeA 
rntnj  bt  aey  aArsatif c  integer  whafevcr;  conscqnentlj  if  k  be  1*  Ibc  t alee 
ef  n  win  be  the  leaU  puMible  (viif  H2> 


10.  To  find  ia  what  year  of  Chriil  Ike  cyck  of  IndiclioB 
10»  the  GoUm  number  or  Lunar  cyele  ia»  and  Ibe  cycle  of  ihn 
Sona. 


Tbcte  Pcriodb  air  fmuMi  lima;  Add  ^  t,  smI  f  In  Ibe  year,  and  divide 
Ibe  nma  by  IS,  19^  and  2%  respectively;  iLaa  Ibe  irmaimlrfa  mitt  be 
•thecyelev 

LdJi  denote  Ibe  year: 

j4,|—  re        a— 1»  [  awifecbbeewboir 

n4-H—  e  MJjrJ 


INOITIBIIlirATt  fROatBMI. 


IIS 


< 


I 


1 

4 

I 

'i 


Bjtlie  piccedioK  example^  if  ««9t5A-»  143,  tlm  f^,  imd  £^ 
vill  be  wliole  numbett;  therefore  tnbititiitlag  that  ftlw  fai  tht  other  es- 
rewioB  itfft  >^^^- '^^.-^  >  or2±=±?,  «  wholt  ■Miriber ;  pi  tMl 


Tbeo  985il  — USesMd^  aiidtf; 


985^—149 

.28 


10% 


—5. 


Let 5^=:*  (aniateser);  thenik«54+2i±?i 
Again,  pattii«?it^B<^  |lm*sc<|-~^i 

And  if  Si^ss^thencstf+i^.  vlicnif'BQitlMKSl, 

and 4=  I,  which  pfCi  A rs <{,  and  as  1567  the  fcipiiredTcars  which  ia 
abo  the  leaat  ponible  integral  valoe  of  x»  * 

I 

U.  Sappoac  the  qualities  of  three  ingredients  are  denoted  bjr 
10,  13,  and  10 1  how  many  pounds  of  each  must  be  taken  to 
make  a  miiture  of  80/4.  with  the  quality  19  P 

Or,  if  10, 15,  and  10  pence  are^tbe  prices  per  pomid  |  what 
quantity  of  each  will  make  a  miiture  of  90lb.  ai  If  pcMO 
perM.f 

let  Mf  f,  and  M  dfBote  the  respective  nitinben  of  pounds  • 

Thee a-fjr-f-a^csSO 

And         iar-f-15y-4-l«ss80x  I9st60 

nom  the  last  equation  wbtryrt  10  tiBMS  the  first, 

IOs4.|5jr^-1|SzsB960 
10a<4-IOr/4-IO>sSOO 


5>^  stBieo 

whence 

• 

*-t- 

-i- 

• 

]jet|s4r;thenss 

«•  . 

f 

Xhcruore  jf  ns 

3d— «a 

• 

And  am 

49H-'      •(orlO«- 

• 

(39- 

.«•). 

-H 

m  0 

• 

Ill 


4t9M»4f 


at 


tlM  pvobltm  It  unlimilML  BiilirtIic?ahi«of  UMiinkaom  ^utoUtkiut 
iMtrictcd  to  latcgai»  ttoi,  expounding  «  b^  1, 9, 3«  4,  aod  S^  we  fet  lU 
i  (olWwIiif  ifttvtfs  wbkh  MO  all  Ihs  ciiMBOkiD  admUB  of  la  wMi  nnmbtHi 


•  a   5 

10 

15 

90 

95 

>ss96 

90 

14 

f 

t 

#a49 

SO 

11 

59 

53* 

19.  How  much  foU  of  |5j  of  17t  and  bf  99  e%rtls  fint^  miHt 
be  miied  with  s  oz.  of  18  carats  fine^  to  thai  the  conpoaitioa 
uuy  be  90  caraU  fine  ? 


If  «,  >!  and  Mf  are  the  lespcctive  quantities  and  e  a  S  oa.    Tben 
the  fame  principUsi  upon  which  the  preceding  lolutloo  la  fbuadedi  «e  ahaB 
hate  l5j|.M7y<4-22a-hlS4ia90  (m-^^^^m^m) 

orl5a«|-17>4-9^4-18as:90x4-9Pr+20>-|-MiS 
whence    2z=:5jr-t-3y^9a. 

Now  it  it  manifett  without  farther  proceti,  that  the  number  of  amwcn 

will  be  indefinite^  for  m  and  ^  may  have  any  positive  vahift;  hot  if  Ihej  ave 

.    whole  numbeni  both  mgtt  be  even^  or  hoth  odd|  to  give  a  an  Integer  nhot 

Thm,  let#=s>oa.  andyss9oa.  then  aas  -?'*'  ^"^  '^  as  2toa,    Aii4  If 

95^15^10 


9m$s  ini|>t*5;  then  a 


95oa»  lee* 


13.  Suppoae  a  matt  of  Cold,  another  of  Copper,  and  n  third 
which  ia  a  mixture  of  thote  metalt,  when  aeparately  immersed 
in  the  tame  vessel  filled  with  water^  expell  8.9,  17.9  and  ll.S 
ounces  of  the  fluid,  respectively:  now  if  each  mau  weighs 
160  ot.  what  quantity  of  copper  ia  in  the  compo^nd  mass  7 

The  specific  gravities  of  the  metalt  will  be  rcciprcxrallj  at  the  nunbers 
8.9,  17.9^  and  11.5,  or  at  S2,  179»  and  115,  which,  therefore  will  denote 
the  rata  of  the  two  timplet,  and  the  compound. 

let  M  be  the  copper,  and  >  the  gold  in  the  compound  niasH 
Then  a-f->sslCO 
And    179s4.8'Jysil5ji+115> 

or 64j=:33^* 

But  >=:  160— -JT 

Therefore       6iicsa3  (I60<i-jr)  s=5980^334r 
And  91a  s^  5U^i  m  a^  ^K  A  ^)i^  xSoift  ^antitf  Rquiied^ 


■' 


' 


\ 


INDETKHMllfATI  PHOBLBMI.  It| 

Id  this  mtmcr  It  H  said  Aitbimedei  ditroTered  f he  quantify  of  ttloy  la 
i  Crows  thftl  Hkfo  King  of  Ski! j  bid  ordered  to  be  made  wiib  gold* 

The  Learner  will  perceive  that  the  three  tatt  Examples  bdoog 
to  the  Rule  ot  Alligation  in  Arithmetic. 

14.  Suppoae  900  troops  are  to  be  drawn  up  in  three  columns 
rfmarch  with  11,  14,  wA  10  men  in  fronts  respectively  i  now^ 
bow  many  diflTerefit  ways  can  this  be  done  without  any  broken 
rank ;  and  what  number  of  ranks  will  each  column  consist  of 
when  their  depths  are  the  nearest  possible  equal  to  each  other  ? 

If  s»|Ff  andi  denote  the  number  o(  ranks  in  the  mpective  columns^ 

then  1 U  -f  14y  •«-  I9tss  940     ' 

And  dividing  tbewbrietquathm  by  II  g|vcsi4*^4.|^^t4.|^sS7  4-^ 

whence  #4-y4-s«S7»^^'!\'T,*S 
Nowi  if  y  and  s  aie  any  positive  whole  numbeis,  the  expression 

?:r:?^:z!!  nMsi  bt  osgaUvt  I 

Inefelbrs  let  ••••••••••     ■  ■     •*  •  ' "  ■  •"  **  ' 

TMtt.M.. 9>-3y— Stae  — tia 

*  m4.. 9ytBll«<f9— •■ 

or......     jfs3«-f^^l~ss^^ 

Lrt.......  !l=i£?s» 

then  $a  — 3zs3A 

.  I 

and  tsa«.5«--t 

S 

But  it  appears  ftom  the  equation  jr^3«  4-  jl-f  I  —  St— ^  that«nnsl 

be!S,  or  some  multiple  of  S«  to  make  rr  s  whole  number;  tberefolli  lo 

sbtiia  the  least  btcgral  value  of  tt  makeas3|  and^ssO^ 

Then      tssn 

whence  >  s  a  ^  1 1  and  siMiMini  these  %alnf« 
iatbseriginaieqttatkmi  weget  as86-*3a 

Consequently*  if  «  or  a  ss  3 

then  iss4 

And      aealli 


••  • 


lit 


ALenAA# 


CQcff  dent  of  j)  lut  Taliie  of  ^,aiid«ibliacUiig  14(lWecodBdc«lorj} 

IramlkMofib    h  tliit  mauicr,  bj  nokiag  I  equal  lo  0|  9, 19, 1S«  lie  tht 
auiltiplci  of  9«  ve  fci  Ibe  fbilowiog  9t  aosven  i 


S 

4 


li  96|ai|48|59 


6 
7 

68 


•  sl2 
«s50 


9i|35|46 


IS 

ii 


97  hS 
971 U 


It 
44 

II 
19 
39 


99|40{si|lol9l|39|43|S4l 
3o|ii|  9|59|45|3l|n|  aj 


30|41 
181  4 


91 
991331 

23  1   91 


tUmct  it  appear!  that  93,  99,  and  91  are  the  raoki  m  Ibc 
cslunuit  when  their  deptbi  are  oearijt  alikcw 

Aad  a  limilar  metbod  of  foluikm  may  b^  followed  vbcn  more  Cbaa  Ibm 
vaknown  qiiantitiet  are  oooccnied.    But  differenl  expedients  will 
UMnsdvcs  in  tbe  coune  of  practice^ 


Or  DIOPHANTINE  PROBLEMS. 


I 

k 

:» 


•  _ 

134.  Theie  are  aiioth<T  kind  of  indetemuiuie  Plrableiiifi 
called  Diophantloe,  from  Diophanius  of  Alexandria^  an  ancicat 
Gredc  Matbenutician  ubo  left  a  work  on  the  tubjcctj  whack 
chiefly  nrlatct  to  square  and  cube  numbera.  The  Probicnifi 
for  the  most  part^  are  of  an  abstruse  'nature,  and  do  not  aecm 
to  admit  of  any  general  method  of  aolution.  We  ahall  subjoia 
a  few  easy  examples  in  order  to  give  the  learner  an  idea  of  thii 
pact  of  Analysis* 

1,  To  divide  a  given  number  it  into  two  such  parts  thai  ibc 
diflerenoe  of  thdr  squares  may  be  a  given  square  a\ 

If  «  be  tbe  least  part,  tbeo««-«  Istbeotbcrt 
And  («—«)*— a*ssii^—9iiji  is  tbe  difference  of  tbetr  squares: 
Whence^  by  tbe  question,  n*  —  9/ix  =«* 

or  9'asi4*-*a*i  aadsss— ^^tbeteufpaitt         ' 


/ 


\ 
\ 

•t 

I 
1 


7 


s 


lint 
lich 
ni«, 
t  cm 
join 
thii 


ihc 


\ 


i 


I 


M 


DIOPBANTINE  PtOBLEMS. 


lip 


llere  «•  miBt  be  lest  than  11% 

-  -       J         «    .1 *■  — ^      5        .w«-»-i^      13 


pfobwfn  h  iiiiponibte» 

Sn     ~5^ 


911 


the  two  parts  aie      and  2  2* 


f .  To  divide  a  given  number  n  into  two  toch  pirtt  Ihtl  ihi 
nmi  of  their  squares  shall  be  a  square. 

If  s  denotet  one  part,  then  n— jr  will  be  the  otbcrt 
And  (ff— >jr)*4.<*  or  fi«— ?ff«-|-eji*  mustbea  ttiuaie mmbcrt  Ittils 
raotbe  n — cz; 

Tbeofi*— 2fu4-?Ji*s  (it— tf»)»=:fi^— ««>ii-t- A«j 
wbeocc.  bj  rtductioo,  s  »  ^^=^  one  part  i 

Andii-*^^3flr^  ^~^r  the  other,  where m  may  be  any  aiiuwad 
irtdiott  Ins  than  unity.  / 

Suppo<ie  the ^vcQ  imnihcr  (/i}s8;  andlet«s{| 


Tbw  1^=^  =s  4  }  one  part ;  and  j£^  ai  3?  theother. 


i6  — > 
2—4 


8./To  find  two  aquard  i^umben  whose  diflerence  ihaB  be  t 
pfttk  number  dm 

Lh  i«-4-iy,  tniU—hf>  «>qiote the rooJ» cf the inoiwJ fMiA; 
Then  ({«  +  {j)'=i*» +i»y  +  V 

diffcRiioe      .      «jr 

TheffroreJFSir(bytbeiiacttioo).  Hence  It  appeal*  that  a  amijp  maf 
heaay  two«nec|ualouinlMer»whc»epcodiictiathaaiflEcftncetfi  fnfihanhi 
Ihty  be  eqaal»  theft  ia -•  Sf  ar  a 

L«^a5»«s5^aailjr«l|ttM5Xl»St 


IW 


AMtMA« 


4.  To  difUa  t  givta  iqiiiit  mimbcr  #*  into 
Bmubftffi 


twofiiwr  tfiiit 


If  «»  be  OM  of  the  tqiuif%  fht  oUicn  nml  N  t'^lAt 

Aiiilpbyitdiictloo,we|et«s  (;;^)|IIm^  (jji 

•QeortheicquiitdM|ttaitt;aiidj««-*^^j^;^J   sa  (^^  7"{) 
vltfrt  Ji  may  b«  ao j  aumbcr  wb^Unrcrt  oaity  cxccplccL 


J* 


SuppoM  4  it  the  gWeo  square  (s«*)t  audlctiisSt 


36  .  64 


•hehiu«bcing^  +  ^  =  4. 


I.  To  divide  a  given  number  cooaiiting  of  two  square  nnm^ 
bersi  into  two  other  aquare  numbers* 

Suppoie  the  given  number  it  a^H-^i  sad  let  <-l-^  snd  iw-— I  da^ 
•ete  the  roou  of  the  required  tquaret. 

Thea  (jr4-a)«-f-(iu— ^)»sa*  +  ^ 
or  *«  +  2«jr  +  a»+«*Ji»— «/iAx-|-^asa*  +  A» 

2«A-*8a 


In*— fite— ^ 


wbeace^  by  reduction^  '  =     ^  ,  .    : 

Therefore  jt  •«-  a  s  —  tVr"^»  s^d  aur-*l 

Aad  the  two  required  tquaret,  ^ ^-r-j — j  ,  aad  ^ — -|-j---— J , 

wbeie  n  may  be  any  asturoed  number  except  1.   . 

If  the  given  aumbcr  be  13  (4^-^);  Uien  as9«  and  ^s3l  aad  Id 
itaSi 

Thea  the  two  tquaret  arc  [     4^1")  =*  ST*  V     4.f.|     ) 

Jttmark,   %verv  number  cannot  be  divided  into  two  rational  aqoaieit 
Forle(the  number  3  be  propoted  t  then  tioce  it  it  not  4he  turn  of  t«oiM» 


DIOPHAMTINK   PROBLKMI. 


Itl 


Ifpgril  iqttam,  aiiuiiie  U  equal  to  two  fractioiii]  ooei^  or  tuppoied  s  -^-l* 

At      ^4.  At  A^XdM 

!-iS^--^;  iiowiironipl7iogcachi{<lel7Sglm9as^2-=V^»t^^ 

fore  3«*  -f-  3^*  nmt  be  0  tquirc*  Init  no  two  inte|;ral  noitobeft  can  be  Ibondt 
focb,  Ibat)  tinKtlheramof  theirtqtiaietlf  a^qoafe  miinber;  wbenoait 
appears  that  3  it  not  letolvable  into  two  MiQafct.  And  Eulef^t  condutloa 
in  hit  Aigebra  it9  that  when  a  whole  number  te not  the  mm  of  twontegral 
iquafei^  it  cannot  be  the  turn  of  two  fractional  ones. 

0.  To  find  two  numbers  whot^  earn  shall  be  equal  to  the  sum 
ir  cubes. 


.' 


Thb  admits  of  one  tdlutloii  In  Iritegeny  ria.  when  each  of  the  numbeis 
ill ;  lor  1 4. 1  a  I'^i.^. '  But  other  amwcn  maj  befbund  In  ftactioM 
thus 

Let  a  and  jr  denote  the  two  nomben;  then  a4-yaji*-f-|f>;  anddlvid* 

ing  the  whole  equation  by  »^f$  gtvci  1  s=  •  ■T'^-  ss  i^.» jiy  ^.jp*. 

•  w 

Put  furss^;  then  I  s=i»— ia*4-fi'*%  whence  i^««;y;~p^  ''hick 

muft  be  a  square  number  bccauie  a*  te  a  square ;  and  cgottquantlf  w^   m^\ 
must  also  be  a  square* 

Let  M«— nH-lssa*;  tbenn*— asstf*— I; 
and  completing  the  square,  n^-^n  •(-  ^ss  ai*  —  1  -f-l  sa^i— }» 

whence  n— iss  V'Ca*— |)t 

The  problem  is  now  rrduced  to  that  of  ^maldng  i^-*|  a  ratlooal  square 
number,  which  it  done  by  Emtmp.  St  for  If  we  assume  twe  mimbcft  whose 
product  te  ss  |,  half  their  sum  wilhbe  the  Yalue  of  a  1 

Thus,  let  land  ?  be  assumed ;  then  1  x  |  s  ?  tnd  half  ef  1 -I- 1  ii 


a;  thefefore  af« 


4^        .4^     3 
- ,  and  -  —J 


64 


44 


I 


Therefore  ft— I  say  ^aa|,  whence  fi«|i 

Now,a»aaj^^'^^"^angianda*|;thewfetejrer;wr»|x}> 
|.   Hcnea  I  aed  ^- aie  twe  ftactkms 


HOUtU 


IM     .  AlOf  AKA* 

ill:  tm  Other  6»ctbM  vlwat  iiim  to  equAl  io  ik«  im  ttflMr  cvb^ 

•  ■  .  •■ 

f.  Should  it  be  requirdi  .to  find  two  numbwrt  whose  i\jfmrm 

MCf  if  eqiul  to  the  diff€r€mc$  of  iheir  cubes : 

% 

Tkee  «— ^8jr«— y;  aod  la ^  sift4-9-4-#*;Md  pettiof 

imway,  at  before,  wegct«»a-^ ^j-r)  ttowammbif  f|^-hii4-lss«F 

(e  iqiiaie)«  gifci  "=  •(^*-*l)  =  o*  wbefe tbe foot  ^ («f  —  ^ j| nuiT 
be  im  thaa  1|«  but  grmitr  theo  |«  • 

s  3     e*   s 

Let  2  and  |  be  Mtymed,  their  product  beiof  ^XgS^or-i  tbca 
l±i  =  [i=r^  wd  e«agi;  theitfofe  !.=  •  gg-?)-J=:ls 

■®*     ^^  =s  ;rv.  =  «•»  whence  «  =s  ;  - ;  and  ^M^orjrs.^XT^ss 

T^.     lierelbre  r^  and  rr,  aie  two  fractioot  whose  diflereooe  to  equal  to 

tbe  dUTorence  of  their  cubii.    And  in  Kke  mauner  other  aoiwen  oiaj  be 
found. 


The  three  following  Theoreint  will  Imjuently  be  found  useful  in  piolileflM 
•  which  relate  to  tqufre jiumhert.     ' 

^  1.  If  StfAy  «•— ^f  and  a'-f&S  denote  the  roots  of  three  iq|iiafe  ouiii* 
ben ;  theo  (,^ahY  -f  (a«  —  &«)»  ss  (a«  -f  l^)\  By  this  Theotero  two  •&|uafw 
iitunbcn  may  be  found  whose  sum  or  diiTtrence  shall  be  square  numb^s. 

9.  Ifd  be  any  number;  then  (i/>^.(^.fl)>)  x  ((^+1)*+ (^4-2)«)i. 
(if  ^  l}s  X  4  will  be  two  squares^  whose  roou  are  Sd*-f-  W-f  3»  and  S^4» 

9.  If  0  and  I  be  any  two  numbers ;  then  (a«  4*  ^)«  d:  (o*— M)  X  4el 
be  two  sc|uareB^  the  roots  being  e*d^8a(«*^^. 


,« 


.-« 


[  i«»  3 


• 


Or  ARITHMETICAL  PROGRESSIONS. 


»  < 


r '1 


\ 


185»  Tri  nattire  of  ArithmcUcil  proporlioo  and  progreiMNi 
hit  alreaily  been  explainefi,  (Arilh.  Mi.  191).  Il  is  bj  the 
.help  of  aoalytii  however^  that  we  mutl  diacoftr  the  dUlbtiil 
fclatioiii  which  the  tevcral  termi  hare  to  one  another:  beMdea^ 
algebrait  fermuU  are  better  adapted  to  practice^  ^  more  eoo« 
cite  than  terbal  enunciations. 

188»  Let  y  be  the  first  term  of  an  arithmetical  progiearioD» 
d  the  cqmmon  diflfcrcnce  of  the  terms. 
I  the  hst  term. 

,  n  the  nmnber  of  terms. 

s  the  sum  of  all  the  terms. 

T*>«>  />  /+'.  /+  ^d,  f-h  Sd^/+  4rf,  fcc.  win  bt  u 
ascending  series  or  progression,  (192  Arith.) 

And  f,  y  —  d,  y—  9d,  f—  3rf,  J^^d^  fcc,  a  descendbg 

one. 

Hence  it  appears  that  the  last  term  is  always  =:y4-  (n—  \)i 
man  ascending  progression,  indy  •— (n— •  l)if  in  a  descendiiig 
one«  . 

1S7«  The  sum  of  all  the  terms  in  an  arithmetical  progression 
is  equal  to  the  sum  of  the  6ret  and  last  terms  multiplied  by  half 

the  number  of  terms ;  via.  i  r:  ff -f-  /)  g.    (l 89  Arith.) 

IbcB  5/4. IMa*.  Mt.  (/+/+4H  X  |bs»,  «  (/-f  I)  Ja* 

And  if  tiw  Mmbcr  oflenm  be  C  Uic  laM  tem  wUI  bc/^  Mt 

Am!  (he  nm  B  «/+  IMtsf^  or  {/'+/^idi  jsi^  Out  b  (/4'/'t'' 


e»-l)*^«rV+Oj»* 


ml 


IM 


ALOMRAi 


Novr^   fram  Um  ttjuitioiis /4- (»  —  I) '  si  ^  U^f^ 

(n. |)i)  ^z:i^  and  (/+t)  ^  =:: it  iIm  felfemif  Mm»b«  « 

ftnmls  ut  rttdiljrobcaincdf  when  itii  to  be  noted, iM  «rlini 
Um  progftstioQ  if  detcending,  the  sigDa  of  the  temos  aiected 
with  d  miut  be  changed,  or/  taken  fiw  I,  and  trtca  9€r$d$ 
these  fonni  being  adapted  to  an  aaeending  teriea* 

* 

ISS. /i^/-.Mtf  ^.^B  v't— 9»(4-'*-l>  «-|-i<i*) -fit's  £-f  I'— 


i— ?-' 


■  •-  ;» 


y+/--3 — *•  .  . 

ns  1^  ^ :...  wken  ^fvud. 

•"%^(7^>^)  +  r  #bra  ^  It  Aif  tlaa  dl 

139.  A  few  ezampka  will  thow  the  uae  of  these  exprcaaiona* 

!•  Required  the  sum  of  the  series  1  -I*  3*(-A-f  7  «f  &e« 
eontin^^  to  ao  terms  ? 

Hcfe/=  i»  i  8  9,  aad  M  ss eo,  which  nibttitiited  la  the  fbrrn  am 
ij^ind^^i^  fives  «s  (14*20—1)  20,Of20)(S08iiOQtheSMa 
ftqiiued. 

Hratt  It  appescti  that  the  lum  of  the  odd  aombcn  1-f  3  •l-S'ft  Ae. 
ceatiBiicd  to « tcrm^  it  »lwa)i  k  •\ 


ARITHMETICAL  mOCItlSSIONt*  I9S 

t.  Whil  U  the  ir^A.  term  of  the  series  10,  9}»  9^,  9%  &€• 


la  this  prSgretsioB /ss  10«  ifsf«  nssiT;  smi  the  cormpondtiif  ex* 
yicsitoB  b  fs/+  ni'^d  whkh^  when  the  signt  of  the  tcrmt  4-ii^— if  ^ 
ate  changed  (the  teriei  being  a  descending  one)  bcoomes  las/—  m^  4*4 
or  1m  10—- 17  x  f  f  j  as  4|  the  required  term. 

3.  Two  detachments  I  distant  from  each  other  30  leagues,  and 
both  designing  to  occupy  tn  adrantageous  post  equidistant  from 
esch  other's  camp,  set  out  tt  different  times  |  the  first  detachment 
increasing  erery  day*s  march  one  league  and  a  half,  and  the 
second  detachment  decreasing  eacji  day*s  t  arch  9  leagues! 
both  detachments  arrive  al  the  same  time;  ti'  first  after  .5 
days  marchf  and  the  second  after  4  days  hiarch :  What  is  the 
number  of  leagues  marched  by  ^h  detachment  each  day  ? 

The  whole  distance  inarched.by  each  dctachmcat  it  ^  G8  I9i  lesgoes* 

Tbneibre,  for  the  lint  detacfameot,  we  hate  if  =s  If,  fcs5,  andts  lOii 
sad  to  find  the  fint  term  or  distance  marched  the  first  day,  the  expres- 

doak/=i J+id-{iai, or  12i^-j-3|s=^ofaleagiie;  whence  f^ 

4         9        4         9 
'to*  ^lO*  ^10*  ^10  *'*^'^'^P^^^^^^'^^^"^^"^'^^^^7* 

And  the  same  theorem  or  expression  answers  for  the  dhtance  marched 
bj  the  other*  detachment  on  the  first  day  when  the  signs  of  the  two  hnl 

terms  are  changed;  for  is  9,  fss:4,andissl9i,  wheoce/»' —  {if^ 


i W  a  ^  —  1  4  4  as  1 2  Icagots  the  first  da>*s  march  I  therefore  the  dis- 

7       7       T       t      * 

iMctsareIg,  Si,  3y  I  J. 

4«  A  detachment  of  dragoons  being  sent  afWr  a  deserter, 
marched  the  first  day  9  milesi  the  second  1$,  the  third  89,  and 
so  on,  increuing  the  distance  10  miles  each  day;  in  what  time 
did  they  oterlake  hiia^  supposing  he  traTcUed  at  the  rate  of  34 
ttiilesaday? 

Thislsieadllyaaswcredby  meaoBortheexpressioo  «ai!^~  ;forthe 

aaabcrof  days  wffiba  tkemunbir  of  terms,  and  34«i  It  equal  toithe 
whole  distance  trateOcdttbcrefoiesirfiiUtntlaf  9  the  fifslt%m^taf%^w% 


IM  1*  ALOIlHAt 

vhicli  the  ddaclMMHit  miclMd  «•  cte  ImI  4i7i  BOBWigmn^y  thqf 
look  the  docftcr  ia  6  days. 

5.  A  oomptny  of  fool  leave  London  for  PlynonUi,  and  ai 
(be  same  lime  a  party  of  hone  are  ordered  from  Ptymouth  to 
London  |  the  fool  march  14  miles  the  fint  day^  13  the  aecond, 
19  the  third,  tec.  consuntly  lessening  each  day's  march  1  mile; 
but  the  horse  travel  8  miles  the  first  day^  and  increase  their 
march  4  miles  every  day ;  what  distance  will  each  ptrty  have 
travelled  when  they  meet^  if  Plymouth  is  817  miles  from 
London ) 

In  tliit  example  we  have  the  turn  of  s  dctceadiiif  )  ^  ^17 

and  an  ascending  progression  - i  "" 

The  fint  term  oi  one  progrmioa* sb  14 

The  common  diflerence  of  the  terms....! -  as    I 

The  fint  term  of  the  other  series.. .« -..•.  ss   8 

• 

And  common  difference ss   4 

Aod  the  number  of  terms  (or  days)  in  each  progre»ioB  is  the  samcb 

The  (brmub  adapted  to  this  case  is  fc  =  t^(^  +  r*j  -^ri  therdbio  if 

S  and  4  are  substituted  (or /and  d  we  get  "^^—  =s  — ^^  s  1}  83  rt 
aod  putting  s  for  the  miles  travelled  by  the  foot,  the  distance  liaTelkd 
by  the  hone  will  be  317  —«  =  1;  whence  n  sr  ^  (—  4-r*)  —  r  aa 

^  ^12i=l£?  4.?j  ^  If  the  number  of  terms,  or  days  travelled  bj  Ibi 
party  of  hont. 

Bat  the  expression  11  ss  •(j  "^  w""**  ^*  derived  firom  /ai^    |jidi 
{d'.whichbecomes/ssi-f  W— i  when/ is  the  first  term  of  a  deKcod- 
Ing  progrosioB,  sndia  thb  case  rss^^^»  andfissr— ^(ra«.^l 

Now,  ia  the  dctcendingi  serks  /as  14,  and  d  s  I ;  therefore  V^^ 

•-l±-^«l4l  =  r,  aada=:r-.^(f-y)rsUi-.^t«IOj-«.) 
Ums  number  of  terms,  or  days  traveUcd  by  the  foot  t 


riOURATI  NUMBERS. 


1«T 


Ooiiiec|iienU7welMvetliifcqtttt|rm%^  (  ■    T"  *4'^)*— U  «*  Mf— 

^(9I0J — 9x),  wlScb  reduced  gifct  9j*  4-  39W&I  8s355e63«wlieiMt«cs  tt 
tbe  mild  traYellf!d  bj  the  oomptoy  of  fool;  therefore  917-^77  s  140  the 
diitaoce  lor  tbe  liofte. 


Or  FICURAT£  NUMBERS. 


it 


140.  Thesi  numbers  result  from  the  tnmt  of  trithmelicil 
lerieh  tnd  tre  called  Jigufah  because  the  onits  in  each  term 
may  be  so  disposed  as  to  represent  a  geometrical  figure  or  dia- 
grtroi  as  a  trianglei  a  square,  or  a  pentagon^  flee.  Thus  1|  S, 
tf  10,  &c.,  are  a  series  of  triangular  rnmbers  t 


•      • 

• 

• 

•    • 

• 

0    • 

•    •    • 

■ 

• 

•    • 

•    •    • 

•    •    •    % 

t 

> 

•      • 

•  ••    • 

•    •    •    0 

•    •    «    « 

1 

3 

0 

10 

15 

Let  any  number  of  units  be  disposed  as  in  fig.  1,  uhcrc  the  . 
perpendicular  ranks  are  one  more  in  number  than  the  horizontal 
tnes.    And  draw  the  diagonal  line  AB  to  divide  the  number  of 
terms  into  two  equal  parts* 


/^•» 


/*•«• 
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Thnlt  It  It  1» &e«  CAf*  l»)  tm eilM 4 mrf  of  .ilie im 
Older; 

\ 

Aud  tht  tiuiit  of  i|io  imiu  on  the  left  of  the  Km  AB  form  tho 
progitmoo  1ft  0,  8^  4f  &e;  or  a  leriet  of  the  eecond  oider. 
These  being  ditpoted  m  ia  Jig.  %•  the  «ume  of  the  horisootel 
row4  on  the  left  of  AB  eoniuituie  the  serice  !•  a*  6t  10^  &e«  or 
the  thifd  bnler  t 

■ 

Tbiu    I si 

l+« =r« 

1  +  S  -f  34-4=  IO9  &c» 

Again,  the  turns  of  the  horixontal  ranks  on  the  left  of  the 
line  AB  in^^.  3.  form  the  fourth  order : 

for    I =1    • 

1+3 =4 

I  -f  3  +  6*v    ^  10 

1  +  3  +  0  +  10  =  SOj  fcc. 

And  to  onj  for  the  teveral  ordert. 

Order 

Ult  1...  Ij  Ij     1.    1»    1.  &e. 

%....  1,  9j    3»    4ft    5ft  &c«        :  V 

3....  1,  3ft    Oft  10ft  13,  lee, 

4..«.  1ft  4ft.l0ft  80ft  35ft   &C,. 

5....  1|  5.  15ft  35ft  70j   fcc 

Hence  it  appeart  that  the  Utt  term  m  any  cyder  b  il«i|t 
equal  to  the  turn  of  all  the  temu  in  the  next  inferior  OM ; 

Tbtti  the  5M.  term  in  the  %d.  order  it  Ui  which  .ie  equal  ti 
I -f  O  +  S  +  4  +  5  in  the  9^.  order* 

149.  The  line  AB  in  fig.  X,  dividet  the  turn  of  aO  tho  tentf 
iolo  two  equal  parU ;  but  in  fig.  %,  the  turn  of  all  the  leiai 


riGURATE  N0MBKI18. 


189 


(1  +  3  +  S>  &c.)  on  the  left  of  AB  it  =  i  '^oF  the  tttiii  of  til 
the  tenns  in  the  figure ;  for  etch  Tcrtictl  row  on  the  right  htnd 
of  AB  if  double  the  corresponding  horixontti  row  on  the  left ; 
thtii  9  +  3=:  twice  1-f-S;  4  +  4^-4  =:  twice  1+9-f  3,  &c. 
In  like  mtnner,  the  sum  of  til  the  terms  on  the  left  of  KB^Jlg.  3, 
is  =  i  of  til  the  terms  in  thtt  figure.  And  in  Jig.  4,  the  sum 
on  the  left  is  -^  of  the  whole,  &c. 


143*  Now,  let  n  denote  the  number  of  terms  in  t  verticti 
row,  or  the  number  of  horizontti  rtnks ;  then  n  -t-  1  will  be 
the  number  of  terms  in  tn  horixontti  rtnk,  tnd  in  Jig.  9^  ii  -f- 1 


is  the  Itst  term  in  thtt  rtnk  or  series  t  therefore  (137) 


n  -f  1 


(fi-f-9)  will  be  the  sum  of  the  series  1  +  9  +  3,  &c,  or  of  til 
the  terms  in  thtt  rtnk*  which  multiplied  by  n  die  number  of 

horisonttl  rtnks,  is  x  {n  +  9)  x^b  ^^  sum  of  til  the 

terms  in  the  figure,  tnd  |  of  thtt  sum  or  — ^—  x  («  +  9)'X 

•  X  I  =  M  X  ■  T    X  — = —  >•  *be  sum  of  til  the  terms  on  the 

9  3 

left  of  ABt  or  the  sum  of  the  series  1  -(-34*0  4*  10,  &e.  con^ 
tinned  to  n  terms. 


to 


144.  To  find  the  sum  of  the  series  i  +  3  +  8  +  10,  &c.  to 
•+ 1  terms,  substitute  n  -f  1  for  n.  tnd  ii  x  ^'*'  -  x  --^^ 


becomes 


—  X  — -r—  X  — r—  ^be  sum  of  til  the  terms  in  tn 
1  9  3 

horizontti  rtnk  {Jig.  3),  which  multiplied  by  n  the  numbed  of 


rtnks^  gives 


^xllix 


3 


#   o-  -        I  9^3  

terms  which  compose  the  figure,  tnd  i  of  this  is  -y.    x  -^ 


X  II  the  stmi  of  til  the 

114-9 


_  ii4-3      »    ^»  ^ 
X-j-X;.or-X 


+  t 


^)ci±2th.««or 


»        '       4 

■n  the  tenns  on  the  left  of  AB,  or  Mm  of  the  Kiiet  |  .ft^-ia 
10  .^  SO,  tee^  cootiaaedto  » tcrau. 


▼01.  ri« 


IM 


AiGsmv 


f 


Hcttce  it  appcirs  that  ^  •  ^^^  •  ^■f*'^*  ^  amtUmcd  to 

3-  factors  wi(|  be  the  aum  of  the  aeries  which  ta  the  5ih.  order 
of  Bgurate  oumbera :  and  6  factora  give  the  aum  ia  the  ttk. 

•  * 

145.  These  series  are  useful  in  eomputinf  tlie  number  of 
cannon  ahot  in  a  pile.  The  piles  are  usivally  Iriiogular,  aquaasj 
or  oblong.  .  The  triangular  pile  has  an  equilateral  triangle  for  ita 
base,  and  ends  in  a  ball  at  top;  and  the  aeveral  layera  gr  couraea 
of  ahot  form  the  aeries  Ij  3,  6,  10,  U,  &c.  from  the  top  down^ 
wardj  the  last  term  being  the  number  of  shot  in  th^  coarse  neit 
the  ground. 

Now  the  scries  1  /rf  3  4-  6  H- 10|  &c.  is  the  third  order^  and 
lis  sum  or  the  number  of  shot  in  a  triangular  pile  is  ^  •     ^  ■  • 

,  where  it  is  the  number  of  courMs  or  the  number  of  shot 


n 

mm 


in  ihc  side  of  the  base. 


Suppose  the  number  of  counct  in  a  tiianguUr  pile  or  pyramid  it  40} 

-  -t*  — —^  i=  1 14S0  the  puiubcr  of  thol  io  such  a  pile. 


then  -J- X— 5 


140.  The  square  pile  is  a  pyramid  having  a  square  for  ita 
base,  and  a  single  ball  at  the  top,  thia  ball  with  the  auccessiro 
courses  downward  constitute  the  series  of  squares,  |j  4,  Q,  I6» 
83,  &c.  the  last  term  being  the  number  of  shot  in  the  bottom 
course. 

The  tcrici  of  <()ur.res      I  + 1  +  9  +  1 6  +  C5,  &c.  to  n  terms 
may  be  resolved  hito  \     i  ^Z'^G'^'  10-^-15,  kc.  to  m  tcnns 
the  two  RTiei }  |  ^  j  4.  6  -|.  1 0..  Arc.  to  n  •—  1  terms 


.«•  ■»< 


Theiumof  l-|-3  4-6^.|0,&c.  toNtennsif  j.!-t!.*+J^  ^^ 
putting  «-•  I  fcr  «,  give*  ^.J^p-.iUt-.  the  sum  to»— 1  terms;  and 

csj-.  -^  '•   '  ^lstheiumo(lh««cclc«ofsquaresl«^4-^94»l^ftfe 
coiptioued  to  n  ienns. 


riGURATB   NOMItRt* 
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SappoieSO  shot  In  the  side  of  the  hottom  coune,  then  ms30  the  miiii* 
her  oT  cmiiws,  tftrl  ^  X  ^^^  X  ^^^^ 

14f  •  The  oblong  pile  itands  on  t  rcctaiig;oltr  btse ;  .Ibe  mtiiu 
ber  of  nhot  iq  any  coune  being  found  by  multiplying  the  nnoi* 
ber  of  shot  in  one  of  its  sides  by  the  number  of  shot  in  tbt 
other  side :  and  the  vi  hole,  pile  ts  composed  of  a  series  of  fectas* 
gular  eonrsesi  the  sides  each  diminishing  by  1  from  the  base  up* 
wards;  therefore  if  d  be  the  difference  of  the  shot  hi  the  sides 

of  any  eoorse^  the  pile  will  end  at  top  in  a  rank  of  4-4- 1  baOa* 

-    ,    • 

Tboi^  if  the  tides  of  the  hotlom  coune  coatahi  19  and  7  shot» 
Thca      19  X  7  s  84 

iix«8b6(; 

10  X  5  =  50       are  the  shot  hi 
9  X  4  ss  3(1       the  tucccsdte  eoonob 

a  X  3  s  74 
7  X  C!  s  14 
6Xixs6 

The  whole  tum  may  he  found  by  retoltrhig  the  series  C^U-f  f4-f3l^ 
kt.  lato  two  other  series, 

thus    I  +    4  -h  9  4- 16  4>  93  &et 
5  4-  10  4>  IS  4-  go  4>  95  kc.    . 

sum     6  4-  14  •«-  S4  4»  36  -^50  &€• 


ft  ii«k  I 
The  sum  of  the  tqusrcs  l4-44-9Src.  continoed  to  fi  tenm  h  -  • --^» 

9ft  •!•  I 

— ^t    Tlie  last  term  of  the  series  5  -I*  10  -f  15  6(C.  continoed  to  ft  tenM 

Is  vitf;  and  the  sum  of  the  saaM  series  to  ft  terms  Is  nx  V^-*     (137*) 

Theie(bfethesumofhothierir..jX^X?2±I+i,x  ^ 

-j*-^* —     m         isthesumoftlieseriesof  ptodoctfcontiihMdtOff 

semsy  wkers  ft  it  ths  nomher  of  eoilrses,  or  the  number  of  shot  hi  the  Beast 
side  of  the  hottom  coune,  u4d  thcdifferenceof  thenumhcr  of  shot  In 
that  side  and  the  otter.  ^t 


Lei  tilt  lite  oT  U«  botlom  come-oMiUla  92  bimI  2^i(  thol ; 

Thai  mm9$.  tndifsT,  ^  >  ,?i±i,^'*'^^^B7tOOUie 
ker  iof  ftbol  la  Um  pil«. 


148.  If  the  pile  U  broken,  find  the  number  of  ihol  defident^ 
and  alto  the  whole  number  it  would  contain,  supposing  it  con* 
plete,  then  the  diflerence  will  be  the  shot  remaining* 


1 4 


Suppoie  the  ihot  in  the  i|fdes  of  the  hotfom  counevf  a  bcnken  |4le  U9 
99  tad  Q5,  aud  in  the  upper  course*  93  and  10,  then  the  shot  in  the  ticks 
of  the  n^^xt  coune  would  be  23  and  15 }  Ihrrefore  ns  15  the  number  of 


courses  deficient,  and  dszl;  and  |'. 


«+l    git-H4-3<< 


20S0  the 


2     •  3 

number  of- shot  deficient:  jk>w  the  number  in  the  complete  pile  (fiMind 
above)  would  be  7800  ;  therefore  7800  *-?080  =  5720  h  the  number  of  , 
shot  in  the  brol^'en  pile.    And  in  this  manner  we  may  proceed  when  the 
broken  pile  is  triao|;ul4r9  or  square* 


.  149.  If  J  be  the  number  of  thot  in  a  complete  triangular  pile ; 
and  we  Would  find  the  number  of  courset  or  the  number  of  thol 

m  the  tide  of  the  bate;  then  r  .  — — .  — —  =  ^    '■ 

=ij  or  It'  -4*  9h*  -^811=:  6i|  and  if  n  4-  1  be  added  to  each  side 
of  this  equation,  we  get  »•  +  3n*+Sii  +  1  =:6i-f-  ii  +  1  :  now 
ff '  -f-  3a*  4-  3»  4- 1  i*  ^  <^ube  whose  root  it  a  4- 1 ;  therefore 

fs4- 1  =:  (6i +» -f  0  »  <^  ^^^  ^^^  ^^'^^  of  a  it  rettricted  to 
an  inlegeri  6i  4  n  +  1  will  be  the  integral  cube  next  greater 
thanfif. 

Let  the  number  of  shot  in  s  complete  triangular  pile  be  1 1480 ;  thai 
11480  X  6=68880.  and  the  cube  next  areater  is  68921  whose  root  It 
41  s n  4-  If  therefore  ns40. 

150.  In  the  complete  square  pile  we  have  r  .    *!"    *  -^^-i  zz 

ViL±^L±3^s^  or  is*+lW  +  4«  =  S*.  and  adding 
l{ii*+  S\n*V\  lotacVi  %\&^cK>Xi^t^\<\^Xk^^\et  n*  -|-  Sis*  -f 


I 

t 


i 

i 


] 
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Sfi+ 1  =: $s+lln*+9\n  +  \,  whence n+lzz{3$+  1|»*  + 

0{ii-l-l)    ;  and  II -|-1  will  be  equal  to  the  root  of  the  btegral 

cube  nett  gftater  than  3j.  * 

< 

SuppoK  «  s  9455 ;  Ihert  '3i  ss  98365*  iiul  the  cube  mimber  neit  gicaltf 
h  3979 1  wboi^  root  It  3 1  sb  n  -^  I  { whence  n  s  30  the  Bambcr  of  ( 


j 


Or  GEOMETRICAL  PROGRESSIONS. 

151.  Lit  /be  the  first  term  of  a  geometrical  series  of  ipiaa* 
titles : 

r  the  common  ratio  of  the  terms : 
I  the  last  term  of  the  series : 
n  the  number  of  terms  i 
f  the  sum  of  all  the  terms* 

Thm f,  rf,  f*f,  r^f, .... .r"^^f^  is  a  geometrical  progress 
sion  or  scries  of  quantities^  (146  Arith.) 

Hence  it  appears  that  the  series  will  be  ascending,  or  descend* 
mf  according  u  the/atio  or  multiplier  r  is  greater,  or  less  than  1 1 

And  that  the  lut  term  is  always  =:  t^'^^f^  I. 

159.  To  find  the  sum  of  the  progression  s 

Let /+  r/+  r*/  +  r\f+r^/ &c  =  f ,  this  muIUpIied  hy  r 
giTes  i/+  f^f+  r»/+  r^J-^r^J  &c  =:  rs 


-f 


r^f      zzrs  —  s  the  remainder 


when  the  upper  series  &c.  is  subtracted  from  the  lower  t 
But  f «/  is  the  last  term  r «/  multiplied  by  r,or  r*  *"  y  x  r  =  ry  i 
Thcirfoie  — /  +  r»/  =  f'/— /=  w  —  » 

whence    r    /  zzs.  the  sum  of  the  serka.    This 
f— 1 

process  is  euctly  riliiilar  to  tlie.,arithmetrical  operatioo^  (Aritb« 
Art.  159.) 


Ii4  AMIiRA* 

Nov,' from  die  cqua6cmt»f^**V^'s    # 

r— I    ""*♦ 

wt  obUia  tht  foDowbg  tbcorani  'or  fomuls't 


15S. 


«X~^=*+H-f* 


Put  the  Ay«r/Mm  of  |.  as  Q ; 

J 

thelff^.  of  rsR;  tbca 

Tbe  hgarithmic  expressions  for  the  value  of  is  at  dcimi 
from  tbe  method  of  aising  powers  by  nicaiit  of  logarithns 
expbined  in  tbe  Arithmetic^  uiri.  16lj  187j  tbiis| 

Since  / X  r^^^^rr/j  therefore  f*""^  r:^:  and  beciuse  the 

logarithm  of  any  power  of  a  number  is  equal  to  tbe  logarithai 
of  that  number  multiplied  by  the  index  or  exponent  denotio| 

I 

the  power  (187  Arith.)  therefore  (a—  I)  log.  r  =  tog.  j^  that 

My  fi  A—  A  =:  Qj  whence  »-fl  =  vi,  oi«=fc+l. 

And  the  other  expression  for  is  is  found  in  the  same  manneri 
for  J  X  ^""     =y*  which  gives  r^  =  — -y — ^s  whence  is  X 


log.  f  ZZ'  log, 


1LZ1'+/ 


,  orffll=:P|  therefore  •  ss  ^« 


GIOMITRICAL  »00IIIS8I0NI. 
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'  134.  Some  Extmplei  expktning  the  use  of  the  preceding 
Thcoremf, 

■ 

eoottnued  to  10  ttrmM? 


Uere/s^»  rss3»  a^  »s3  lOi 
Aid  iiH/x^^^—tsax  ^r^'^/rf  59041  the  turn  ffjMifwi.  . 

111 

9.  Required  the  turn  of  the  series  q'\"l'^^  ^*  oontinoed 
to  8  terms  ? 

Heft /sf,  rssf,  and MssSt 

S.  What  is  the  sum  of  1  -f  £+2+^»  ^*  continued  at 
infinitum  f 

tf  the  tennt  are  fa|ipoted  to  be  lefinite  in  Bumbcr,  the  Isst  term  amil 
besOt  therefore /cs I «  rss)«  and  /sOt 


Ami 


iB^^^^s  t — 78  —rail  theiMfiftfllbficHci; 


4.  What  is  the  sum  of  the  series  —  •#•  ^55  +  jgg^  &c,  b« 
fiaitdy  continued  7 

la  th!i  progression  /=  t^*  ^8  73*  wd  the  last  term  I 


Andf 


10'         10' 

i^i      rs-^     -5^     »^ 


OS 


•% 


TUi  serial  b  the  dedmal  .0686  lie*  or  J  ledooed  to  a  dedoML  . 

•.  Required  the  Tolgtr  fiaetioo  tmmfttuSag  to  the  tmni 
ring  dednul  *99S6M,  l(«* 


t. 


/''  * 


ii« 


•   ( 


ALGEBRA^ 


TIdf  dadiaal  ma  J  be  raolfcd  iata^  Uit  wfia -^4-';^^  + 


M 


Iw.  «bcft/s  —.  r&s  -^^  aad  /sQ: 


100  '     lOOUO  ^  lOOUOOO 


Tli«i# 


it 

_  too' 

•  oo 


56 


Itfie 

II 


HcQCf 9  to  find  Uie  vulgar  fractioQ  tot wering  (o  a  drcolatiiig  iledmal  af 
tlila  kladf  make  the  figuret  which  are  lepeatedf  the  miaieraior«  and  Uie 
aame  suinber  of  uiucii  the  da  nominator^  and  that  will  form  the  Iractlon. 

Tbua  la  the  preceding  example^  Sd  are  the  two  figiirci  repeatfdt  which 
placed  over  two  nines  make  ^* 

« 

And  if  .7149857149  kc  be  the  decimal  pcopoied,  then  —^  or  5  It 
the  equivalent  vulgar  fraction. 

« 

6.  To  find  the  vulgar  firactioa  aoeweriog  to  the  decimal 
AIM6,  kc. 


«416C6&asl    4-  rrn 


41^ 
100 

iooo  ^  10000' 


+  kc. 


The  lum  of  the  tcrici  rrxr.^ 


looo"^  loood  *^'  *•  »oo 
'^'^  ^*4==33S=f9  !•  the  vulgar  fractbrnumght 


7,  What  ia  the  aum  of  the  progrcaaion  1  — 5  +  ^  **5r ****** 
continued  ad  infinitum  f 


9 

3' 


Here /si,  ras— ;i,  and/asOt 

And  i 


8.  Required  the  aum  of  tilt  dcacending  acriea  I 
a*-|»Scc.  infini^Iy  continued  7 

la  tbb  progresloa  /s  1»  r s— j^  and  IssOt 


—»#  +  *■— 


OIOMBTRICAL  PROCAtMlOlff* 


in 


Therefofe  t 


rl^f       —  I 


1 


ae 


For  bj  iCtOtl  jdivitioa,    ^^  S  I  ^M^$fimmf^^X^mm$tei 

9.  If  the  first  term  oft  leriet  be  «l87t  the  last  ISIt  and  tht 
ratio  « I  what  it  the  number  of  terms  ? 

Hm/ai2IS7, /8I9S,  and  raf, 

{  J.  12L - *V-       ?.I073I0 

/""  21S7«..««« Ity,       3^9849  v 

^    kg.  —  g.7673gl 
j^....l0f.  — 1.823909 

jp-ZrO23909  =7>  •»<*  «=  J+ 1 5 

loint. 


8  jr. 

7  +  1 


•  the  nnmbcrof 


The  learner  imitt  remember  that  the  in/i€is  only  of  the  log^rithmt  are 
Deptive;  whence,  in  diTMing  the  iog.  of  Q  by  that  of  it,  the  potMv$  5 
which  is  carried  to  the  negatix*  7  make  9  ntgmtive^  ami  thcreibie  one 
log^thm  h  conUined  in  the  otKer  7  timet. 

Bat  in  tbit  caae  the  use  of  negatirc  indices  may  be  atoidcd  by  aiaUiig 
the  last  tenn  the  first,  and  ai'of  persd,  and  takiof  the  recipiood  of  tbi 

raUori  thus; 


/ 


Let/s  128t  /a ^137,  and  rsi^t 


^\  _  2IS7 leg.  3.339849 

/"*    198  •..•••••••••.•.  Icy.  2. 107V 10 


and 


1. 232639  s  Q  I 

res  I  /€|r.  0.176091  a  JT 

.  » ----«p£7,aiidfiei74»la8  tbeirambereftermiasbefert. 

k      0.176091         »  T 

When  tbe  but  tern  b  sb  0^  tbe  aimiber  o^  tenat  («)  mail  erldeatly  be 


1.232639 


10.  Suppose  the  first  term,  of  i  series  to  be  4t  the  ratio  4^  and 
the  sum  of  the  series  8 1  what  is  the  number  of  terms  ^ 


VOL.  it» 


lit 


AtCIBlA. 


wi^  or  loftAltdjr  null  qiuotUy  &  UiereAifv  («|  Iht  mimbarof  knm  ohbI 
ftbo  hobifioitib 

W«  my  also  rtmark  that  whco  the  Biimber  of  tcmt  aio  iofiolta^tbe  ci« 

'  //\  ' 
prtttion  r  b  f  yj*^  will  not  give  tht  value  of  the  ratio  r. 

153.  When  the  numbers  are  too  greM  for  the  logarithmic 
tableSi  the  value  of  m  or  number  of  terms  may  be  found  from 
actual  multiplicatioot  or  the  powers  of  the  ratio  r»  thus } 

8ttppoM  the  dnt  term  of  a  progmsion  to  be  7»  the  ratio  3,  and  the  um 
of  theseriet8s3661IS36907;  then  from  the  cxprfoion  I  ss  "^  ^  wt 
get  I  the  latt  term  s  94407490807,  mhich  divided  by  7  the  fini  term,  ipm 
34S67S4401  ss  3*"*  ^  now  3486734401  It  the  20ih.  power  of  3»  and  thcfe> 
ftMt  MS  21  the  number  of  tennt. 


Or  PERMUTATIONS  amd  COMBINATIONS, 

136.  When  a  given  number  of  things  or  quantities  stand  ia 
any  order  or  position,  and  that  order  is  varied  by  changing  the 
situation  or  place  of  any  one  of  the  quantities  or  things,  it  i« 
called  a  Permutation. 


Thus,  one  thing  or  quantity  m  h  said  U>  admit  of  one  po«iiinn  onlyi 
But  two  things  a  and  h  can  be  varied,  for  m  may  iland  first  aud  h  seioud, 
and  SMS  warsdt  thus  a& 

Aa    . 

And  the  variationi  or  changes  are  I  4*  '• 

15J.  If  the  number  of  things  are  three^  aa  a,  b^  Cj  then  each 
may  stand  first  two  times  while  the  other  two  change  |daceS| 
therefore  3  things  can  be  varied  9x3|Or|xSX3  timea; 

Thu%  ate    ktt    coh 
ach    k«   cU 


PBtUUTATtONI  AND  COMtlMATIOMf* 


»• 


158.  Four  things  «f  b,  c,  rf,  are  ctpable  ofil>C4orl)C*X 
3X4  pennuUtions ;  for  etch  mty  Hand  the  flrtif  or  the  lattf 
C  timet  in  a  tntestive  order,  the  other  three  being  Tariad  aa 
abovet 


if 


Tbiii 

tM 

•}dc 

adch 

Udd 

mM 

mdbc 

mih 

bdcm 

hacd 

hdae 

itab 

Mm 

bead 

iide 

daeb 

cMf 

tahi 

dabe 

€adb 

dOm 

thai 

fiboi 

tdab 

dbcm 

159*  And  3  things  will  admit  of  84  x  5  or  1  Xt  M8)C4XS 
dunget ;  for  each  may  occupy  the  bih.  place  84  timet  tuccet* 
•ifdy.  Hence  it  appcart  that  the  permutatioot  in  fli  thmgt  art 
1  )C  9  X  9  X  4  jStc.  continued  to  n  faclort« 

Esampks. 

1.  How  many  changet  can  be  rung  on  8  bellt  ? 

IX^X'X4X5X  «X7X8ss4«20  the«fm»Pf». 

9.  If  6  cotumnt  of  troopt  are  in  order  of  march  \  ho#  many 
timei  can  that  order  be  varied  ? 


S.  How  many  variationi  or  changet  can  take  place  in  tha 
letters  of  the  word  permutation  f  ^ 

lx2x3X4X5xfix7x8x9XlOx  It8s999iet0tf tfieamvir. 

16o«  By  the  combinations  or  elections  of  quantities  or  thingt 
we  undentand  the  diflcrent  collections  that  can  be  formed  out 
of  them,  without  any  regard  to  their  order,  as  in  permutations* 

Thus,  suppose  «,  b,  c,  are  the  quantities,  and  that  each  col* 
lection  or  eoikibination  consists  of  two  of  them^  then  mb%  b€% 
tod  ac  art  thme  diflTersnt  combinatiQiia^  to  tli^  VinD%iiE3yu 


140 
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161«  7b  t9P€sHgQt§  ih$  tmmhmr  ff  cMiNMltMf.  Finti 
aoppoac  the  nmnber  of  Ihingi  in  each  combinitioii  lo  bt  ttral 
thea  if  the  number  of  quantities  or  things  tie  onlf  Mo  {Mkni  l| 
il  is  evident  there  ean  be  but  1  combinstioni  «K        .    ^ 


V*. 


Next|  let  the  quantities  be  a,  ^,  c ;  then  since  c  ean  be  coai« 
bined  with  each  of  the  two  former  letters  a  and  t,  the  number 
of  combinations  will  be  increased  by  9 ;  therefore  the  number 
of  combinations  of  9  quantities  in  3  will  be  I  •(-  9 : 

thus  shf  M^  he^ 

When  the  quantities  or  things  are  augmented  to  four,  a,  I, 
r,  Jj  the  number  of  combinations  will  be  increased  by  a ; 
for  the  additional  letter  d  may  be  combined  with  each  of  the 
former  three,  thereby  forming  three  more  combinations,  the 
whole  number  being  expressed  by  1  +  9  +  3 : 

thus  ab,  Mt  kt  a^,  H  dm 

And  by  reasoning  in  the  same  manner,  it  will  appear  that  the 
whole  number  of  combinations  of  9  iiy  5  quantities  will  be 
14-9  +  3  +  4:  and  in  6  quantities  1  +  9  +  3  +  4  +  3,  &c. 

Therefore,  if  n  be  the  number  of  things,  the  whole  nimibcr 
orcombinations,  taken  two  by  two,  will  be  the  scries  1  -f  9  -f 
3  +  4,  &c.  continued  to  n  —  1  terms. 

Now  I  +  9+.3  +  4,  &c.  Is  the  9if.  order  of  figurate  num* 
bera  (14 1),  and  the  sum  when  continued  to  m  terms  is  - .        -^ 


(144),  therefore  substituting'*  —  1  for  n  gives 


«—  1 


X  2  « 


—  1 


•  X  --J—  the  sum  of  ^+  2  +  3+4,  &c.  continued  to  »— I 
terms. 

Let  us  now  suppose  the  number  of  quantities  in  each  combi* 
nation  to  l§  thrt%%  TVxtail^  ^]faa^>Ok!uutonlY  three  (o^  #jc) 


rBRMUTATIONt  AMD  COMtlMATIOMS* 
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there  cin  be  but  1  combination  ahc :  But  if  the  qutntitiee  are 
fourt  a»  ip  c,  i,  the  number  of  combinationa  wOl  be  increaaed 
by  S I  for  J  may  be  combined  with  aj,  ae^  be,  the  combina« 
tionf  of  two  in  the  preceding  letters  «»  ^9  c  |  therefore  the  whole 
imnber  of  combinationi  of  S  in  4  things  will  be  expressed  by 

tbof  abe 

^aaw»  •   a^s^pa    a^a^wo 

And  if  the  ^antitiea  are  augmented  to  five  o*  ft,  c»  if  f^ 
the  combinationa  will  be  increased  by  6  (or  1  4>  9-4- S)  the  com« 
binations  of  9  in  the  4  letters  a^  h^c^A\  for  J  may  be  combined 
with  erery  two  of  them  |  therefore  the  combinAtions  in  this  case 
it  denoted  by  14-3 +fll: 


tbes*  afo 

«*/  ^/.  V.  •*;  W.  €4f. 

It  therefore  appears  that  the  combinations  of  3  in  8  things 
villbe  1  +  34-9+10;  in  seven  1  -f  34-0+10-^  15;  and 
in  n  quantities  14-34*0+104*15,  &c.,  continued  to  fi  —  t 
terms ;  which  series  is  the  3 J.  order  of  figurate  numbers  (141 )  | 
whence,  by  substituting  11  —  8  for  n  in  the  general  expression 
«  a-f-l    fi4-9 


i»  — 1 


3 


(144)  we  have 


for  the  combinations  of  3  in  11  quantities* 


And  if  the  number  of  quantities  in  each  combination  be  4, 
we  shall  get  the  4M.  order  of  figurate  numbers,  or  l  4  4  4  104- 
so,  kc«  continued  to  n — 3  terms  for  the  combinations  in  n 
fiantitiea ;  whence,  by  putting  n  -—  3  for  n  in  the  same  genera) 

eipiession  (144)  the  itsdt  is  I  X  2:=^ 
Iha  number  of  oombiflttfoDi  in  Ait  case. 


for 


'» 


I4f 


AlOBtEA* 


.t. 


•  ^•-1 


HdioellMoombiiudoiitoftwoUungimiiUiinfft  U?)!  — 

oflhrce ' 


&c« 


fcc. 


Thertfora  unwrsalljf,  if  m  be  the  number  of  things  in  each 

eombinauon,  then  7  .  — -—  •  -— — .  — - — •  — - — •  &g«  con- 

19  a  4  5    ' 

linued  10  m  factors^  will  give  the  whok  number  of  combini* 


Exsmpies. 

!•  How  many  pombioationa  of  4  letters  in  the  S4  } 

Here  n  ss  34»  and  m  ss  i  x 

M  — 3 


Theitfoie  -x     j"  X~r 
ft  s  lOdS^  tlie  oHswcr. 


4  1X^X3X4         *»^»^« 


""tisllow  many  diflferent  hands  can  be  held  at  the  game  of 

cribbage^  if  6  cards  is  the  deal  ?         , 

•  ■ 
Here  fi=5  3'.*,  and  mibS. 

96  X  n  X  10  X  49  X  ris  23931)60  the  mtwcr, 

3«  An  old  captain^  who  had  often  been  successful  in  warj  oi 
being  asked  what  reward  he  expected  for  his  past  servicesj  de* 
sired  a  farthing  only  for  every  difltrent  file  of  0  men  be  could 
make  with  his  company  which  consisted  of  100  men:  wbatii 
the  amount  of  his  rc((ucst  ? 

I00X99X9HX97X9GX9S        j^j^^^^  '^  \^^^  ^g^^ 
1X^2X3X4X^X0*  —  *»='''^'**"^  "^  wuww  m  wn  « 

fcrthiiigi,  equal  to  124112214  ^.  the  mumer. 


k 


t 


FEItMUTATIOMI  AND  COMBINATIONS. 
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16S«  Beside  the  pftcedingt  there  are  other  l:'n^  *  of  rombina« 
ioaSf  89  the  ctimposition  ofquintUies^  or  when  a  given  nitm* 
ber  of  thiiit^  are  to  be  taken  or  combined  from  several  Hettiiy 
&c.  The  diflerentcaKt  however,  are  too  numerous  to  be  brou^^t 
under  any  general  rule. 

We  shall  add  a  few  miscellaheous  examples  with  the  melhoda 
1      of  solution*  • 

I.  Suppose  4  ranks  of  men»  9  men  in  each  rank  i  now  how 
many  ways  can  4  men  be  chosen,  1  man  being  taken  from  cverf 
rink? 


H 


Since  each  man  in  one  rank  can  be  chosen  with  each  man  in  anothiT 
nnk/  the  number  of  twos  that  can  be  fomff I  out  of  two  ranks  will  bf  9 
tloifs  9  or  SI :  and  brcame  each  man  in  a  third  rank  cin  tie  taken,  (cif 
combiord)  urith  each  of  the  SI  hta$^  tlie  numbi^  of  /Arret  that  ctrn  ho 
cbnmi  from  three  ranks  is  SI  x  9  or  729 s  again,  etch  in  tlir  4M  rank  can 
be  combined  with  rach  of  the  799  /Areer;  therefore  729  x  OofV^TSi  G.>61 
b  (be  number  i >f  compositions*  or  tite  answer* 

And  if  the  ranks  ( vr  «Ht%)  areunequal,  the  number  of  enn^posiiions  will 
be  ftmnrl  i>xartly  In  the  same  manner ;  ri.  gr,  nuppn^e  5,  fit  S»  and  9»  Kr**  %m 
tbe  m).ective  ranks,  then  5x6x9X9  (in»(ead  of  9  X  9  x  9  x  9  wUlbu 
the  Btimb(*r  of  compositions. 

t.  How  ipany  changes  or  chances  are  there  in  throwing  4 


d 

15 


b  If  we  fiippo<ie  4  ranks,  6  In  each  rank,  and  each  combination  to  be  I 
from  e^ery  nnk»  tbeut  as  in  the  precfding  example,  6xt>X6X6or6* 
s  1296  Is  the  number  of  different  throws  or  chances, 

9,  Let  there  be  8  setts  6f  different  things,  4  in  each  sett,  to 
fnd  the  compositions  of  4,  supposing  1,  or  more^  it  taken  from 
each  sett  csery  time  ? 

Tbe  corobinatioM  of  9  In  4  are  6,  and  since  each  in  one  sett  can  be  com- 
Mned  with  tbe  tsros  la  another,  the  compositions  of  tbe  twos  in  one  sett 
irith  tbe  ones  la  another  are  4  x  4  or  94,  Ibeiubif  the  wlwla  miabsr  of 
compoiidom  of  S  b  f  setts  Is  94  K  t  fli  4S I 


144 


AiOIBAA* 


Agalm  Cidi  dagk  OM  !■  tht  M  Mil  CM  bt  comblacd  villi  ctdic 
41  UiTKi  !■  ilm  other  l«io^  making  ii  x  4  oonpoiilkNM  |  aad  ai  Uie 
Moaliom ol 9 wiU in S art 5,  coiMC()iirttUy  48X^X  3or  S748sl9«x  4, 
9iM,  tilt  iquaiv  oi  tlia  number  of  Uiiop  nultipUrd  by  tbt  nuiaber  Im  each 
compoiition,  la  the  mtsmr. 

4«  Ht>w  many  changea  can  be  rung  with  4bcUs  oat  of  8  ? 

The  combinations  of  4  in  •  are  M'l  ]  s70,  which  mulUplicd  km 
1x9X3x4,  the  changes  in  4,  make  I68u  theffuwir. 

5.  How  many  diflTcrent  numbera  can  be  made  out  of  no  imil^ 
t  twoa^  3  thrcea^  and  4  fouraj  taking  four  figurca  at  a  time  f 

To  solve  this  |iroblem  it  may  be  necessary  to  consider  the  chaagrt  er 
nkcruations  th;«t  can  Uke  pl^ce  in  a  form  of  this  kind  MaMc  whera  these 
tie  teveral  thinp  of  one  sort,  and  several  of  aooilier. 


If  there  are  three  things  oar,  two  of  them  being  alike*  then  «»»» 
are  tlieir  vuriatinnM ;  but  when  all  are  cliirerent,  as  n,hf$f  the  penniitatioH 
will  he  I  X  *i  X  i  ^'hich  is  I  x  9  (the  changes  in  2  ihinp)  times  grralcr 
than  the  changes  in  aac,  the  variations  in  one  are  therefore  expressed  by 

I  y  V  X  3 

iX2    • 

And  if  M(f  are  4  things  where  three  fre  alike,  all  the  variations  m 
iW.  id/d,  dfdd.  fiM.  or  I  X  2  X  3  (the  changrs  in  3  things)  times  Im 
than  I  X  2  X  3  X  4  the  permutations  when  all  four  are 


quently  ^~^^V^  ^"  ^<^^*  ^  variatioiis  in  iddfi  and  If  thos 

I  X  •  X  J 

Ibrms  are  coiitbined,  it  follows  thut  the  variations  in  •aiidtf  will  be  tivlj 

.»,     1X^X3X4X5X6X7       u„..  ,      .,. 

expa-s  fd  by  — Tfjfji  (i  x  S  X 3)      *  numerator  Is  the pa^ 

mutations  in  7  things  (the  number  of  letten),  the  denominator  Iwing  tk 
product  of  tlie  respective  changes  in  2,  and  3  things,  -the  lepetitioos  of  a 
and.d; 

lliat  any  number  of  like  things  standing  next  to  one  another  clo  out  a^ 
mit  ol  a  variation,  is  m»nif«^  from  a  repetition  of  any  of  the  niimcnl 
dig'ts ;  thus,  the  number  333  is  not  changed  by  any  sliifting  of  ita  figurOi 

h'ow  H  the  proposed  ligures  1223334444  be  represented  by 
then  combining  them  by  foun,  we  get  the  following  forms  i 


if 

■  ^ 
I 


rlRMUTATIO?is   AND  COMBIHATIONS.  Ul 

^  fttblkM 

^%,    ^^    ^'ll,    C^    C%,    C\l M....M.U....-...M.^-.         i 

rfV\    rf^«,    IV* 4...... ^ M.MM..^         € 

M€,  Ms,  Am;  cW,  eh.  Aid,  t^  1^  IM....^^  19 
ScU ^ ^ ^.o..M....  M 

Hie vafUlkmi in ^%,  or^^tlcc  afei,  in  if%f,  fte.  I9| 

12x9al08  i  the Tirittlow maWpBed fcy lilt 
24  X  Iff'  «j  I   number  of  combliiitkmi. 

rf* 

Mm      ^  the  miMTt  or  an  the  eonMoatlOM  of  # 
figurvfl  with  Uielr  vaiiationt.       " 

8  How  many ^  diflei ent  numbcrt  cin  be  tntde  with  the  tame 

figurea  m  in  the  preceding  example  (1993334444)  adppoiing  aU 
the  figurea  to  be  in  every  number  f 

By  (he  hit  problem.      (|  ^s)  (i  X9x9)  (IX3X3K4)     "  '*** 

tbe  4Pfffver« 

7«  To  find  all  the  compositiona  or  diJBTerent  int^ral  mtmbera 
that  can  be  formed  by  meana  of  the  nine  difpta,  taking  them  by 
twoa,  by  thrceai  8cc,  up  to  nlnea. 

• 

Thif  it  tbe  ume  thing  at  finding  the  whole  nnrober  of  oompoiiliam  in  f 
ranks  of  the  9  dlgili  when  combined  by  9,  by  3,  by  4»  aic.  up  to  a  at  a 

tiine: 

Therefore,  by  the  first  example  b  thh  article,  the  compoiitioni  of  9  ia 
two  ranki  9  in  each  rank  It  9  x  9  or  9*^  of  3  in  three  ranka  b  9>,  of  4  ia 
four  ranks  9^,  See. 

• 

Hence,  if  «  be  any  number  of  things  or  quantities^  the  sum  .of  all  the 
possible  compositions  by  twoa,  by  threes,  ftc  op  to.  m^b,  will  Im  the  aom 

«*f  M^-I-«^V* M%  which  b  a  geometrical  pfogrcasloD  having  fi  for 

tbe  fint  term,  for  the  ration  and  abo  for  the  mmlierof  termai  and  the  awn 

«1  be  «  X  ^^t  053),or,  In  the  present  caa^ f  X  2=1 «  435Ma04f 

ttr  answer;  being  the  nmnbcr  of  dlfierent  iilagm  hi  wMi  tbait  b  m 
cypher^  from  tin  999999999  both  iocMn. 

▼Otfllt  .     9       ' 


H6  AtOBftEA. 

•Tht  docirioe  of  petmuUtiQiu,  ooiiibiiiAliocii«  flte/  b  of  oon- 
•Mknbk  me  in  tcferal  ptru  of  the  nuihcmalic*  j  particuUrlj  b 
the  odcuUtioii  of  annuitiei  and  chances. 


Of  NEWTON'S  BINOMIAL  THEOREM. 

104.  This  is  called  the  Binomial  Tbeoiem  on  account  of  iu 
being  a  general  formula  for  readily  obtaining  ibe  powefi9or  looUy 
of  any  expression  consisting  of  two  temis.  Tbe  method  of  de» 
noting  the  coefficients  admiu  of  some  variation  |  but  one  of  Ihi 
most  commodious  forms  is  the  following  t 

If  (a^bf  U  the  binoinial  and  n  is  a  poMtive  integer,  the  Qd,  4th,  Cih, 
Ice.  terms  are  negative  (102). 

In  this  theorem  the  index  n  may  be  any  number,  whole  or 
iiractional,  positive  or  nej^tivcj  and  herein  consists  its  principal 
excellence ;  because  if  11  is  a  proper  fraction,  we  obtain  an  ap. 
pfoximating  scries  for  the  root  of  th/e  binomial  denoted  by  that 
fractional  exponent.  A  few  examples  will  be  sufficient  to  point 
out  the  method  of  substitution. 

!•  To  find  the  cube  or  Si.  power  of  a^t. 

* 

}Uit  M^ 3,  or  (a^bf  s  (a «f  bf. 

And  If  =  3  the  coefiicieat  of  the  Qd,  term. 

n  w— I      3      3  —  1      .    ,         >*.  .    .    J.  .    . . 

7 .  — -rr  ="  J  X  —77—  s=  3  the  coefliaent  of  the  3d,  tctm. 

J  •— y—  •  —5—  ss  -  =s  I  the  coeffiaeut  of  the  4ik.  term. 
TheitfoieaH3«  ""^^-l-    ^"">+a^"'Vor«»+3a«*^.3a4»+*l 

a«»3 

Cr        bang  I)  U  Unt  itc^C^^v^^. 


BIKOMIAL  TRBOREM*  Uf 

9.  To  find  an  appraximtluig  leriet  fbr  the  aqjom  lOOt  of 
^+i.  (107  Examp.s). 

Tliecxpresfioa  i^  (<««f  1)*  or  x^-t- 1)%  where jr*a:^  Is^  ami Nsf. 

«* ss (i*)^sa  the  fint  term. 

# 

I**     J      X      3      «     4  •^—       iSiV*/         *■       ISC'  ^ 


I      1 


Heacet+jj— -j  + 


J-        5 


>fCf|Qifeo« 


9.  Let  it  be 

•  _ 

8  tenet* 


toconvtrtr—rTO  or  («  +  *)"*    imo 


ncrefis— 9.   And  «        or  ^  b  the finl lem. 


a«*"*  *»— an""  As«-p  theteooiNL 


I*    a 

«   a- 

a        3 


-  -«--V=-4.-».— ^Ibefcmtt.*- 


tiaoitkNi  b  manUbt 


4«  To  expand .    ■  ivi  or  (0+ A)     ^  into  a  aerict^ 


la  thb  example  ns— {• 
the  nnt  term* 

vt 


Awi/ma-^mX 


I4t 


AI.OSBKA. 


Sol 


tw 


V 


t— I  _•— t 


A       8 
I 


I6« 


T — -1+=;— ^  +  *«=. 


Sa' 


led^ 


4«  A  trinomiil  may  be  nUed  to  any  given  power  by  coo* 
•idering  the  sum  or  diflference  of  two  tenni  u  one  fiictor : 

DemoiTre,  MUulL  Analyi*  and  Dr.  Cheyoe,  Utihod.  Ittw.  hare  eateiidc4 
the  rule  to  aoy  mulUixNiual, 

185,  Among  the  diflercnt  investigationa  that  have  been  givca 
of  the  preceding  theorem^  the  following,  by  meana  of  the  coo* 
tinued  product  of  binomial  factors^  seems  the  most  natural  and 
easy  when  the  exponent  is  a  whole  number. 

If  «+a,  n^e,  a-t-^f  kcm  are  a  lerift  of  binomial  iacton^  to  drtermias 
the  coeflkientt  of  « In  Ihe  product  (a  —  ^)  (a  -f^)  (a  -f  ^)  kc. 


M^kd 


« , 


By  aclual  muUiplicaUon  we  get 
(«  +  »)(«  +  *)  (•  +  W)*=:«»+«  J -»  +  W  J 

^>   ^j  m  '^' 

Hcoce  it  sppean,  that  the  coefficient  of  a  la  the  SA  itm  b  alwajs  |bi 
sam  of  the  oUier  quanixv^ici  h|i|  A,  kc% 


ftlNOIClAL  THlORlMt 
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The  coefficient  In  the  3A  tern  tKe  iimi  of  ill  tbcir  pioductt  or  com* 

binalioot  two  \>y  two  t 
TlieHX)e(8ci€iit  in  the  411.  term  the  turn  of  all  tMrpfoducti  combined 

three  hj  three,  lcc«  ke» 

tlicreforef  If  «  be  the  number  of  lactnif  m  +  k^  m^e,  M  +  i^ke^  tht 
wunbcrofktteniB  the  coefficient  of  the  3i.  term  will  tlso  be  denoted  by  wt 

The  Bomber  of  their  comblnitioiii  two  by  two  In  the  9d.  term,  by  -  •—-» 

(i6iy. 

The  oombinatlom  three  by  three  In  theU^by  -•  -~*  ,*^%  ite« 

Now  toppoee  c, d^/  Src  to  breach  equal  ioh; 
then  («+A)  («^.c)  («+d)  (•-!•/)  Ice  a  (^^-A)  (a^.^  (aH^II 
(.♦»),  Itcaa(a+A)"j 

thitii,(o-|-»)*aia«4-Af  a*^M  I  a>4.^f  o<4-^,  whenfiaxC 


s 


p 
«* 


It  Ibllowt  then,  (w  bring  the  number  of  facton) 
tbtt  the  coefficient  of  a  in  the  Sd.  term  If  nls 

n  11  — I 

r 


in  the  3d. 

tnthelli. 

tntheSlA. 


*•: 


A't 


«    '    3 
J. -5-. -5 j-*^,«fc. 


And  dnoe  a, a        ,a        ^a        ,  &c.  are  the  floccenlTe  powen  of  a^ 


«ehaTe(a«f  5) 


a  •i-fila 


t— 3 


lia      "+  Sec  where  It  iterldent  the  tenet  will  terminate  at  n 4- 1  term^ 
ti  in  the  fint  example. 

160.  But  the  preceding  method  of  deriving  the  law  of  the  to* 
cffictenta  haa  not  been  cooaideitd  aa  lufficiently  general^  bccauie 
the  fihie  of  the  index  n  b  leatricted  to  a  positive  integer. 
The  fbilowing  inveadgatioo  however,  by  means  of  a  trinomial 

(1-1-94-A)*  ia  not  liabk  to  the  same  objection**    In  thia 


•  Mmu^bfi  d^plk^  x^%, 


IM  ,  .     AtOIMA# 

pioeeia  w%  consider  llJ  Ifiooiiuit  u  cooMlaiig  of  two  %mni 

«ljr«  (1  +a+tf.  and  (1  ^o^fT)*^  then  as  that  quaiititkt 
are  thehanci  the  iteulu  from  limilar  operalioiu  mott  be  cquaL 


It  h  mmilctt  ftooi  nultipUcatkNi  end  llie  extnctioB  of  loott,  that  wWni 
a  binomial  m^bh  raited  lo  tlie  pth.  powert  the  two  fint  tcnni  wiH  always 

ass  5 («  4- IV  SB  a*  4*  5«^*"\  Ice  8s«s^5««i^  Ac. 

Aad  when  n  Is  negative,  or  a  fractioi^  the  two  leading  terms  are  found 
esuctlj  In  the  tame  manner : 

Thus,  let  fis— 3; 

fcniUbyactualdiviiioo;  for  (a-|-l)*"   g^^  .  b)*^i*^m^ ^^ 
Agatttf  let  Mssf  t 

then  (4  4-irs«*+ia^**^A&e.  6sa  4.-^&c.thetefimwhid 

we  get  bj  extracting  the  square  root  of  0+h.    And  other  pioola  are  o^ 
talned  in  a  similar  manner  with  diflcnait  values  of  m. 

Hence,  if  the  theorem  is  put  in  this  Ibrmt 

(«  +  *)■  =  /  + iifl'"'^  +  p/^V  + je/^^m-Xs'^^Vlrc. 
the  thing  to  be  determined  is  the  law  of  the  coeffideoU  P.  Jf,  Ice.  M^ 
pendent  of  any  numeral  value  of  n :  P,  Jt.  Ice.  being  the  coefficicata  of  the 
5d,  4ik,  &c«  terms  of  the  powers  of  any  bInomiaL 


Let  1  -|- «  be  considered  as  one  term ; 


— ^t 


Then  (1  +«  +  bf  =s (I  +  a)" -l-nCI ^a)"       b,kc 

+  (I +.«)""*    Xwlflrc 


Now,  suppose  p,  r,  Ice.  to  denote  the  coefEdenU  of  the  H^^*  iiclerms 
•f  (1  +  «7""^ 


^b«a  eiiv^ti^^<i% 


^  ' 


BIMOMIAL  TOBOREM. 


lit 


TberefereO-ftf) 


«— 1 


•J 


1  *"  »  or  1  It  the  fini  tcnn ; 

(«— l)V"*V  or  «(ii-*l)  theJA 

rm*  the  4ih,  ke. 

X  ii» s  (I -f  «  (m^  1)  4- A^  4-f«*  &c.)  lift 
cf^^n{m'^t)a^npM4:mmnkc. 

Again,  let  m^k  betakcaatatbgleterm; 

te  BOW,  to  compare  thb  with  the  preceding  teric^  the  tcrmi  of  («4>A)% 
(c^l)'t  &C.  which  InTolfe  the  2dp  3i»  Src.  powen of  ^»  auij be oniitled: 
and  we  shall  have 

(1 4.771)*s  I  ^  iM  4- fi3 + Ptf*  4- /*«/^ 

csl4-iftf4>P«*«4*ieAi||-J^t  &c. 
+  nb^2Ptib'^Zra^+  4Sa%  &0.  thtt  fcmlt  nwft  bo 

equal  to  that  obtained  from  (nhi  +  i)\  whence  by  omitting  1  «f  iM-f 
P§\  tec  which  it  common  to  iKHh,  we  get 

Now  the  powen  of  «  nnd  h  on  one  side  of  the  equation  bdng  the  tame  M 
OB  the  otheff  their  retpectife  coefficientt  mutt  be  equal ; 

n(fi— l)s52P  firsU,&c  ' 

«l>fnce  PsL^^^^^h  that  b,  the  coefficient  of  the  3i.  term  of  (l-|-«)?  ii 
kalf  the  product  of  the  index  and  the  index  minus  i ;  hence  ^  or  the  co* 

rilicicBt  of  the  3d:  term  of  (1 4.  «)***  ^  wiU  be  ti:=ill^^ 
pmduct  of  the  faidex  and  the  index  wUmti  J* 

Wow  "^''-:'?;(*-'?«air,  wh«c«ita^^''"'j;(''--»^  th, 

co(acieatortbtMl.tenii  -d  rc^*"  '^ '  (*~J> •('""''? t  tad  liMt 


IM 


ALGMEA« 


but  toaietiniet  firom  principlet  whidi  nity  be  taid  lo  depend  €■ 
the  tbeorem  itself.  Newton  aeems  to  liave  femid  the  lew  of  the 
eoefficientt  by  induction :  n  method  which  his  led  to  the  noa 
iroportint  diiooveries  in  science. 


Of  CONTINUED  FRACTIONS. 

167*  Continued  Inactions  have  an  integer  and  e  fraedoi 
for  the  denominator,  and  the  fraction  in  that  dcnonunator  hm 
also  an  int^r  and  a  firaction  for  its  denominator ;  in  fike  ana- 
ner,  the  denominator  of  the  Ust  fraction  is  composed  of  an  ia- 
teger  and  a  firaction,  and  so  on.  These  fractions  are  genentd 
by  division  after  the  manner  of  reducing  a  fraction  lo  iu  lowot 
terms  in  Arithmetic  s 

761 

Thiif,  to  reduce  —r^  to  a  contioued  ihclion,  let  Iwth  lenm  sf  Ik 

fraction  be  divided  by  761        ^ 

761  I 


and  we  have 


S3SS 


\2i 

761 


lot 


Agaiii»  if  both  termi  of  the  fraction  -r;  am  divided  bj  the  mumtn^  Ktt 


761 


then 


1 


I 


^  761  tTTS 


1U2 
47 


And  both  iermi  of  the  fraction  --^  divided  by  47 


gives 


102 


102 


'i 


47 


Thi  next  reduction  Is  pefformed  by  dividiif  both  Icnas  af  the  fraste 


1 


1 


1+ 


& 


CONTINUID  rHACTIOHt. 


IM 


AmI  -  h  the  ini  txpntskm  or  appio^rimttloo  t 


•Thm 


the^. 


1     . 


R 


ii 


i«* 


L.l 
1} 


J  .«.^ —  _  ^Jf'..._^,  the  4«,  te. 

c+i. 
if 

Ilmce  it  appnn  that  the  3d.  exprc«»ion  If  fmind  bj  multlpljlnf  the 
wtmerator  and  denominator  of  tite  '.V.  by  the  third  quotient  Ct  and  addlof 

I  the  numerator  of  the  first  expression  ( -J  fo  the  tot  ci  theie  piDdvcti^ 

and  thr  denominator  « to  the  second : 

And,  if  the  terms  of  the  3d.  expression  are  multiplied'by  the  iburth  qwH 
tint  df  and  the  products  augmented  in  the  same  manner  by  the  temt  of 
tlie  2tf.  the  result  b  the  4M.  expression ;  and  so  on  i 


Thus 

cx*4-l 


he 


CX  (o^-f  l)-4-a       iUx 


the  3d!.  expretskNi 


/ 


/(tfM4.tf^4.ad^cd4.^)4.«6c-fa-f-C  *"«  *«^  ««•  ^ 


170.  These  expreMiona  are  convtnient  for  finding  the  viilgar 
km  answering  to  a'  recurring  decimal : 


Thoiy  inppoae  the  decimal  .7C9i3,&c. 
7«W5 


Them 


100000 


1 

3-f  I 


I 


7ew 


l->^ 


fH 


ALOIBEA. 


761 


I.... 


15 
3^1      A ^  tbt M  loo greal^  but aeansr Uuui Om laiL 

7+T 

i 

7+1 


3  +  1 


^•M^y  s8  ~  tilt  51*.  too  great,  but  nnitr  ^  tkaa  dtbcr  of 


7  +  1^ 
'7+1 
5+1 


the  pf€ccdiiia» 


3  III  I  *  ^  SJjjj        wKtion  pfopoied. 


\. 


7  +  l_ 

«+l 


5  +  t 

r+i^ 

7 


.  Here  «c  may  obierve  that  tlie  approximatlom  are  altennlety  loo  giat 

tad  loo  little,  but  their  values  brconic  neaicr  to  tbe  value  of  the  givrt 

fiactlon  at  tbe  numcraton  and  <leiM>iuiiiaton  incrpaie.    We  ahall  now  gift 

tbe  netbod  of  obtaining  all  tbe  other  approxinuitiom  or  exprestioiii  bj 

^ineaiis  of  tb«!  two  first,  and  the  quotients  that  follow. 


160«  Let  m,  b,  e,  d,/,  Arc.  be  the  quotients  Ibund  io  succesikMi  bj 

M 

Ifl 


ledticiag  any  iiractiuii  —  to  a  continued  fraction. 
Then  r. 


1 

6+  1 

^+» 
5"+ I 


ike 


CONTINUID  rHACTIOHt. 


AmI  ••  h  the  fint  expfnsioci  or  appio^riinatloo  t 


flTFT 


the^. 


Ill 


4 


I M-I-5jh# 

c+i. 
if 


the  4  At  tec 


Ilmce  it  appnn  that  the  3d.  exprc«»ian  If  (nond  hj  multlpljlnf  the 
DORifrator  and  denominator  of  the  '.V.  by  tlie  third  quotient  c«  and  addlof 

I  the  numerator  of  the  first  expression  (  -J  to  the  6nt  oi  theae  pfodvcti^ 


and  thr  denominator  «  to  the  second : 


.  f 


Andy  if  the  terms  of  the  3d.  exprenipn  are  multiplied' by  the  fourth  quo* 
tint  d,  and  the  products  augmented  In  tlie  same  manner  by  the  temt  of 
tlie  2tf.  the  result  b  the  4M.  expression ;  and  so  on  i 


Thus 


he 


ab€ 


the  3d!.  expretskNi 


/ 


170.  Theae  expreaaioiu  are  convenient  for  finding  the  viilgir 
fraction  iii^wering  to  a*  recurring  decimal ! 

r 

Thoiy  mppow  the  decimal  .7C9i3,&c. 
7«W5 


Them 


luoooo 


1 

1 

l-l-l 

3  +  1 

*fw3 

x« 

IV 


» 

HcralbiUuf«i|uollciiliai«l8«»58A,  3  mi^  Unm  bttog  jBUtftntod 
la  Um  M  expfciiloiii  fitt  '    cs  .^  iht  rtquiicd  fracUoa. 

Rewiark.  It  it  nol  necestary  |o  keep  exactly  to  the  preceding 
form  in  redacing  t  given  fraction  to  t  continued  onc«  The  pro« 
eets  of  division  may  be  tet  down  at  it  is  in  finding  the  greatest 
oommou  measure,  and  the  continued  fraction  formed  afterwards 
by  means  of  the  quotients^  as  in  the  following  example  : 

■ 

17 !•  To  find  the  ratio  of  the  diam!ter  of  a  circle  to  iu  cir« 
eumference,  nearly^  in  small  integer  numbers. 

If  the  diameter  is  l,  the  circumference  will  be  3.  U 1593  nearly  {Jrt.  ^66. 
Mensuration)*    Hence  the  given  firaction  is  rr7T7»%* 

1000000)  3U1593  (3 
3000000 


Tbeicibre 


U1593)  1000000  (7 
99H5t 

8849)  UI593  (16  nearly 
8849 

53103 
5309  i 

1000000        1 


3141593       J-4>1  • 

16 

Tke  quotients  sre  3 cx«f  Issb,  and  16  s<;  and  if  the  two  finl  ait 

7  7 

Wbstiluted  In  the  Qd.  rxprcssioni  we  have        .  ^  s  ^  the  ratio  that  Ar> 

ebimcdes  attigned«  which  is  used  for  common  purposes. 

By  taking  in  the  quotient  €,  the  U.  cxpicsiion  gives  3^  7)06-4-34>16 
B8  «-*  an  approximation  nearer  the  truth  than  the  fraction  tj^j^^^* 

The  idea  of  these  fractions  seems  to  have  origiiuted  with 
Lord  Brbunckcr,  the  first  President  of  the  Royal  Society.  Af« 
terwards  liuygcus  extended  their  application  t  and  since  thai 
time  Lord  Stanhope.  Euler,  and  particularly  Legrange,  have 
greatly  improved  the  th<?or)',  *and  shown  their  use  in  the  cz« 
traction  of  rootSi  the  susam^Vkia  oC  scriesi  ice. 


[    157    1 


Or  RECURRING  SERIES. 


f^ 

I 


tf 


179.  Recurkino  lerieiareso  constituted  that  each  term 
has  a  constant  relation  to  some  given  number  of  the  preceding 
terms  taken  always  in  the  same  order  : 

thus  if  I  +  9X+SX*  +  4x'^  5jr*  -f  &e.  be  the  series, 

then  the  4ih.  term  (for  example)  is  z:  te  K  Sd.  term  —  «*  X  9c{«# 

terai: 

The  5(h.  term  r:  8«  x  4ih.  term— «*  X  3d.  term^ 

snd  so  on* 

« 

And  the  exprenion  8x— -x*  is  caHed  the  scale  nf  relation  of 
the  terms  I  this  scale  however,  b  sometimes  exhibited  by  the    * 
coefficients  only,  (as  9—  1  the  coefficients  of  sx— x*)« 

Again,  suppose  l  +  3x-f-5jr*  are  the  three  first  terms  of  t 
series,  and  assuming  3  —  9  4-  4  for  the  scale  of  the  coefficients, ' 
or  JJT  —  9jr*  -f-  4x'  for  the  scale  of  relation  of  the  terms  i 

Then  3x  X  {5x*  the  3df.  term)  —  8x*  x  (3**  the  9d,  term) 
•I-4X'  X  (1  the  Ui.  term)  =  13x*  the  4th.  term  of  the  series  t 

Also   3x  X  13x>—  9x*  X  5x*  +  4x*  X  3x  =:  41x^  the  Sih.' 
term  of  the  scries,  &c. 

And  the  sesies  is  l+9x+ 5jfl+  134r*4-41x^  +  ll7x*  &€• ' 

A     B      C       D        E 
173.  Let  a+*x+c:x*-«-dx*+/'*4-&c.betieiief|  and: 
iM-^ij^  the  scale  of  relation  of  the  terms ; 

Then  ex*  srixx  *«—«*•  x  a  =  !*;!• —#ax* 
ix^^iMX  ex*  — /x*  X  *x  =:  lex* — atx* 
Jm^  s  to  X  Ar'-^ix*  ^  OS*  =:  idM^  — #cx« 
Ico.  icot 


iss 


AtCllHA. 


wheQoe  U  iievideot  Uul  til  the  terms  tfter  the  two  tn^  buij  he 
exhibited  by  mctns  of  those  two  terms  and  the  seek  of  ids* 


tioii. 


'     Now  suppose  it  is  recyiired.to  find  the  sum  of  theebove  series 
iiifiniUtjf  continue  J : 

Let  jif  B,  Cf  &c.  denote  the  termi  m,  k*g  a%  S&c  mpcctivelj  s 

DstCtx^BsM* 

kc,  ke.' 

hsfe  It  is  manirett  that  the  turn  il  +  jr^C<^i)«f  (the  tot  column)  b 
equal  to  liolb  the  other  coluiuas  added  togrtheri 

Put  ji+M-k^C^Sic.siSilhMtl^C^Dkc.mS^jtt' 

The  Mim  of  the  terini  In  the  Qit.  coluinn  U  ss  ^  -f  it  4-  (B-f  C4*  Dkc.)  Ai} 

hui  n  +  C+D.kch^S^Mp 
t^reforr  the  Qd.  column  sw^-I^JJ-f  (^— ^)/jrs  J  4  B^-^te— ^ir; 

And  since  (he  lericrs  it  suppo&ed  to  be  Infinite^ 

^  4- ir  +  C  4- &c.  in  the  3i<.  column  will  lie  =s  i; 

tberrlbre  the  3d,  column,  or -^  {A '^  B -^  C)  sx^  \$  sz  ^^  Xa*; 

And  ji^Bj^  SU'^jiiM^-'Ssx*  is  the  aggregate  of  the  second  ead  3iL 
columns,  wluch  sum  is  equal  to  the  Arst. 

or  jl-k-B-^Stx-^Jix-^Ssj^ssS^ 
whence     -  ^->  "T     '  s «(  tlie  sum  of  the  series  infinitely  ccwtiaocdi 

•  •  ■ 

It  is  manifest  this  expression  will  not  give  the  sum  of  sn| 

proposed  number  of  terms,  because  if  that  number  be  /#i/  thsa 

infinitCj.  tlie  number  of  terms  in  the  3d.  column,  will  alwaj/t  be 

less  by  two  than  tho^e  in  the  first  or  second  columnS|  and  coo« 

sequently  A'^  B  ^  C  ^  Sec*  in  the  3d.  column  cannot  in  thai 

case  be  =i  S.    And  sinc^  it  is  impossible  to  End  the  simi  of  an 

infinite  number  of  any  given  quantities,  it  follows  that  a  +  tx+ 

€4^^  &c«  mutt  .be  sl  couN^t^vw^^\va^  ihat  it,  a  series  wheit 


EICURRINO  SBKIIt. 


150 


^  lermi  constantly  diminish  or  approach  to  the  limit  o,  which 
mtj  be  considered  as  the  least  or  last  term. 

ir«slt  Isf,  Issf,  andfsslt  the  series  a4.te^aa  4- &c« 


fl 


cpanded  by  divitlonf  gives  the  proposed  seriei^ 


Thus  1«— izjr4-Ol  (l4•2Jl  +  ^•  +  <«••^*c. 

I— ?jg.f  ** 

4-2JI— *• 
■far— 4^*4*  gi* 

j.4A>«>-Sjr«4.4x« 

It  therefore  appears,  that  summing  a  recurring  series  is  only 
discovering  the  radiM  or  fraction  from  which  it  was^  or  might 
bederivedi  [J9)i 

Thus  sappoie'tlie  series  to  be  1  4.3x4- 4x* 4. la* 4. 11x^4. Ike  where 
tlie  telle  of  reUtkm  of  the  coeflfictedts  it  1 4- 19  vit»  the  coefficient  of  any 
term  (after  the  two  firtt)  it  the  turn  of  the  tut>  preceding  coefiicieott.  lliea 

/asl»  and  #s  l»  and  the  Utter  being  potitlve^tlie  exprestion  fj^f[T^^^ 
becomet  *  ^  a  8  S,  the  turn  of  the  teriet  infinitely  continued*  For 
|-~3^--|  s  1 4. 3s  4. 4ff  V  7x>  4- &c  by  actual  division. 

1 74.  In  order  to  find  the  sum  of  any  number  (fi)  of  terms  of  the 
icries  \  +  fx  +  S«H*4 Jr'  4-  &c«.  (for  example),  it  is  to  be  observed 

that  the  nth  term  is  fix      \  ,  and  consequently  the  terms  which 

follow  wiU  be  [n  +  \)x'^{n+%)  x"^^  ^{n'^3)x'^'^+ 
&c.  where  the  scale  of  relation  of  the  coefficients  is  9  —  1  aa 

befeftt  therefoitiubstitntti«(«4«l)jr*'andfit-i-9)V'*''^t%« 


100 


At01iEA# 


•pecdvdyi  br  ^  and  B  in  the  cxpif  Mum  --j 
wtbave 


^nM^*^ 


^-*-* \l/iV«*  — "^      (i-«; 

Now  II  is  evkkot  that  the  diiTtfreiice  of  the  cxpretilont  fisr  llie  mo 
will  be  the  expressioo  So€  the  turn  of  •  tcrmi  of  the  •erks* 


•♦I 


which  U  the  expmsion  lor  the  turn  of  n  tenni  of  the  tenet  1  -|-  3x  -ft*  34*  ^ 
lie. 

173*  If  the  ictle  of  relation  of  the  coefficicnta  contittt.tf 
t     three  termt  f  -f-  j  4.  if  |  theoy  proceeding  at  in  Art.  1 73t  we  |tt 

the  following  ezprettion  for  the  sum  of  n-f-^'*^^***  '^^^ 
•  In  iflfin.  « 

.1— 1»  — 1A»  — ttl» 

» 

Hence  it  appears  that  when  the  scale  contista.of  fi  |teraiS|  tk 
expression  will  be 

Which  is  a  general  Theorem  for  the  sum  of  an  infinite  ie> 
earring  series ;  and  from  this  the  sum  of  any  given  number  tf 
the  terms  may  be  found  as  in  the  preceding  article.  But  as  the 
signs  in  the  scale  of  relation  are  here  stipposcd  to  be  positive 
c;iire  must  be  taken  when  negative  signs  occuTj  to  make  the  sub* 
atitution  accordingly. 


t  tdi  I 


{ 
f 


I 

'« 


i 

A 

m 


Of  TBI  DIFFERENTIAL  METHOD. 

176.  This  it  a  method  of  samtning  terieii  &c.  by  ncaoi  of 
the  fuccetshre  diflTeitiices  of  their  terms. 

Let  1  r  98  84  910  469  094  1716|  &e«  be  i  leriefl  of 
nimibers ;  Then  ttking  the  difference  of  the  first  ud  scoondi  of 
the  second  and  third,  of  the  third  and  fourthf  ftc.  and  again  tba 
diflermoes  of  those  diflTerencesi  and  so  ooj  we  shall  ban  ibf 
following  orders  of  differences  t  • 

1      T      9i      Si     910     409     994      ItiilM. 
lA  order  of  dlfleieiioei  6     91      56      ise     959     4C9     199 

U.  order 15      35      70       199      910     930 

U.  order.—- 90     35      59        94        190 

41ft.  order 15      91        99       39 

51ft.  order. 9        7,9 

C^  order ..« 1         1 

0  ^ 

Or  toppoie  •%h^tiifStii  5rc«  to  be  a  torief ;  theo 

Xti*  order  of  diflfineocei  5«-«,  c^-^,  tf— c,  /-— tf,  i*^f%  ^c. 

^  order  ••••- c— 9i-l-«»  if«-*S»4>5, /— 9^^^  f^*l!^44lre* 

U.  order  ^••.•*....  tf->3c435— «,/— 3ir43r— >!,  r ^^V'f  9d-^  ftc 

4fft.  order  ....^ /— 4tf ^ 9e— 45  -f  a,  #-«4f-f  U^^^h^  hU 

51ft,  order r— ^^lOd— lOr+55-^i^  fte. 

•  ■ 

irr.  Lrt  6'.  />".  d'".  d",  i>\  ftc  d«wlt  tfnlnl  iMHir  M; 
wvtnl  ordm  of  diflieraicct,  mpectlvdyt 

V    SBf-i^y^lOd— lOc^-51— a 
.Ac.       *  Ike. 


16f 


AteilRAt 


.11 


Jit 


Jf 


Tkes  by  IrauMpoiiOoB  vt  get  Ibff  faUm  of  1^  ^  dk  fte. 
bmm  +  D* 

■  !     •        .  .  .  .  T 

'hD^%ad$^mmD^)ilmtfott€szm'k'2D*^D*\ 

whence  tf  s  «  ^  3/)'  H*  Ji>"  -*-  />'"• 
AmI  In  lilur  minncr  «r  get 

/atf^-4/>  4-6l>    +4Z>     4-i>    • 

lleoce     asza 


(A)      izsm^  3D^  4-  3D" 


Jii 


}  g*  s  «  4-  5I>'  4-  IOD"  4- 10/>'"  H-  5D'^  +«^ 

•     ■ 

vbnt  tlic  U«  of  cootinuaUon  U  evident 

Hence  It  ippean  that  the  coeflicicott  cia^  D  ^  D  t  D    ,  Ike.  in  IW 
exprJbilon  fur  the  (n  4-  0/^*  term  of  the  terict «« d»€^  ire.  lie  the 
(irlentt  p(  a  hinoroial  raised  to  the  Mlh.  power ;  thai  li^  the  (n  4-  i)  A 

be^-jjD  4-11.-^-/)    +«^-7---3— i>    •«rc(l64) 


l*hui»  for  example,  if  the  number  of  terms  he  5,  or  n  sb  5,  the  €tk.  or 
(w4-l)/A,termlf  «-|-6l)  -I- 5. 

or  «  4-  5D'  4>  IOD"  See.  the  value  of  g  the  ah.  term. 


^      D    4.5,:;_^.-_-lD-gre. 


Therefore  lubttitutlng  n  -I- 1  for  n,  the  iith,  term  of  the  teries  «,  h^  c,  Ike. 

will  be 

i»— I    w— 2  -.11  ,  M— I    «— 2   n— 3  -.III  .   ^ 


4-(«— l)D  +-  — 


:^ 


1 


'4 


OirrtRIMTtAL  MITROD. 


!«• 


,1 

1 


178*  A  general  ezpiesiion  for  the  fum  of  wuf  nmnber  (ti)  of 
Ibe  tennt  of  the  teriet|  it  readily  obtained  from  the  ^gregato 
•urn  of  the  perpendicular  columns  as  tliey  stand  in  the  cipres* 
sioni(A}: 

Thui»  the  coefficicBtf  la  the  coKimm  a,  a,  a^  Ice.  D',  8D*»  3D  ,  Ar6 
sretheieTcralordenoffijuniteBuinbcti  (lil)t 

NowthefiimoCa4.«^-«i^Src.  towtermiltfMt 

oTdV^d'  4*30*  4*&c  toM— 1  termiba.^!^  d'x  {X^i) 

arD''^3D%6D"4.^atoii-9t€nmba.^.^D'S 


jti 


Jii 


J II 


ofD""+4l)">IOD">«tctoii-OlemMbfi.I^-^-.2=^ 

Ami  the  aggfvgate  niuflt  be  tlw  mm  of  N  terms  of  the  terict  a  4*  ^ 'f  ^ + ^^ 
t  .       n — I  -^1  .       n — I  fi«— 2  -^11  .  _  IT— I    #•— j  ft — 3 

in  M— I      If 2     IT  — 3     ft  — 4    -.1?    . 

D  -hit. -3 — 3— -7""ir^  ■* 


•""S^*     3 


&c 


^ 


When  the  differences  are  finally  =  0|  any  term*  or  the  smn 
of  any  number  of  the  terms  may  be  accurately  determined ;  but 
if  the  dilierenoes  do  not  Yanish*  the  result  is  only  an  approi« 
tmatioB :  this  approximate  value  ho^-cver,  will  become  nearer 
and  nearer  the  truth  u  the  differencu  diminish. 


|«  What  is  the  l7fA*  term  of  the  scries  1|  S|  6, 10,  IS,  Ice.  ? 


I   3   6   10   IS 

lA  dlocfCiicc««a*f    S    3    4      $ 

Hot  •a  I.  f*  tt  9,  l>"ib  I ;  the*  briog  Mbttitated  !■  Um  cxprwiM 
•■f.  (*- 1)  O' 4- ^  •  !^  a"  *«.  glM  I  ^  («- 1)  X  3  •!•  ^ 


IM    *  ALCtSftA. 

f.  To  lad  iht  »Ui.  lorm  o(  die  wies  of  Wintimlii  I  «  f ^ 
t  H  «,  i  X  ^  r  X  9»  9  «  10.  fcc« 

9      19      90      56 
.lA  dift — .«•      10      11 '    96 

«*■■■■  •»•«•«  •••««••««  6        6' 

Hm  •«««  a's  la,  i>"s  • 

I 

Aad  9-f- (II--.1}  X  104-^i=i .  !!^Xt  v4«>-*9MllitiC4^ 
a.  To  And  the  sum  of  m  tcnns  of  tlw  Miict  of  cvbct  I*  4  •* 

1      6      97      64      I9S  ,^ 

1.  ditf; 7      19      37     ,  61  / 

9.  diff.....«M«...M  19      II      9i 

0 

b  tbb  example  «s  I,  i>'  s  7,  a"  b  IS.  o"*  v  •  ( 

A«l«+«.!Lplx  i+«.^*.^x  w+".2:^.2=?.~ 

>(epi'^-*'.y'^*'«(5^)'thee«pwikmfor«li«ewii»pMied, 

Hence  it  appears  that  the  aggregate  of  any  autnbcr  of  tfat 
periet  of  cuhes  i*+9'-i-3*4-4'  kc,  taken  in  succeiaion  fram 
|j  U  a  square  number. 

4.  When  the  seriet  ia  descending,  the  lUflerences  will  be  aU 
femately  minus  and  plus.  Thus^  to  find  the  sum  of  the  bifua* 
(Irates  10^  4-0^  +8«  +  be*  to  8  terms : 

10000      6561       4096      9401       1996      625 
U  diff....        3439      9465      1^5      1105       671 

9.  diir. 974       770        590        434 

3.  dim 904        ISO         156 

f.  di(L......^^^  94         24 

0 


P 


i 
\ 

i 
I 

I 


i 

I 

i 

1 

J 
■ 

I 
i 


y  DirrtRKMTiAt  mitroo.  Its 

I 

n«ic «B  10000.  X>'m-* 9499,  D"a.|.m.l>'"s-*m«,A''«a 

* 

And  10000  X  I-* 93  X  |H594*S6X  971-^70  X  904 4>56X  ;S«»t53l6 

And  in  the  ume  mtmiert  the  tumi  of  teriei  of  higher  pMrere 
nuy  be  determined. 

ir9.  Hence  we  find 

it+s-H-a* i^is^-^i+^-^l+j:. 

0 

i»+8»+9».......  «»=2l±2^I±i!. 

l»+8l+3. ...^^=.^^±"^±12:=*!. 

Ice*  &c. 

If  we  suppose  11  to  be  infinite,  til  its  inferior  powers  may  be 
njected  u  inconsiderable  in  respect  of  the  greatest  or  highest 
power,  because  any  power  of  an  infinite  quantity  is  the  next  in* 
ierior  power  taken  an  infinite  number  of  times,  and  we  shall 
get  an  eipression  {or  the  sum  of  an  infinite  series  of  powers 
whose  roots  a^e  in  arithmetical  progression,  having  an  infinite 
or  indefinitely  small  quantity  for  the  common  difference ; 

> 

Thof,  njccting  3*^4- ii  In  the  exprenion  fix  the  turn  of  i  series  of' 
tfum,  fivef  ~  or  y  as  the  sum  of  so  InSnite  series  of  sqasm  pro* 
ccfdiBg  from  0*  the  leaft»  to  n*  the  greatest. 

And  the  som  of  soch  a  series  of  cubes  will  be  -j-,  the  greatest  term  es 
cube  being  nh 

ofaseiksoCbiqttadrates,  •;^  or^,  the  greateit  Iwing M^t 

•HI         9 

Of  a  scries  of  Sd.  powen,  —  or  -ti  where  the  greatest  b  nK 
ku  Ike 


IM 


AiOBlAA* 


Hate  it  apptm  tM  tlw  cxpculM  te  dit  mn  b  Cmh4  Iv  MdUf  I  to 
tUMcii«  aadcUfidiogtlMpoimaoiiicKaMdbjItifaidcEt  . 

Tkuibtheiiimof|lM«crictoftquarcili-T  »■■  /ii 


^^*   %*^W  ^^bAv^^P  ^^V   wVN^vV9#9#  •        ^^P         A      A      A 


of  the  biquadritcfl.- 
Ire       • 


«»       -♦  +  » 

-     5  •  7+7- 


Wt  tberelora  coododc  that  t9|e  tum  of  a|i  infinite  terici  of  »  ] 
W  g>±l'l  vbc^  fi  U  tl^  grcatot,  a^d ^  tbe leait  (cnsi cT tbt  wki 

■ 

The  diflerential  method  ia  alio  applied  to  tl|e  luttrpolatkMi  4 
•ariea,  the  quadrature  of  cunct|  J^Cf 


m   • 


?; 
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On  the  reversion  or  S£RIE3« 

180.  When  the  value  of  the  root  or  unknown  quantity  ii 
the  terma  of  an  infinite  aeriea  ia  cxpreaied  by  another  in^ 
Mriea  in  which  that  root  it  not  fo^nd,  the  scriea  ^  aaid  to  ke 
reveraed« 

Thui^  tuppose  ay4>^y'-f  ryi«l><f^4-&c=sx;  and  IctUlM  lequd 
to  revert  the  serief«  or«  to  iiud  ^  lo  an  infinite  fcricyexprcKcd  Ia  pQ«CQ4 
M  with  coefficients. 

B/ tranipoiitionf  #y  •(- 5jf  * -^  c>s  4>  4|r4  «f>  Ire.  •"  X  as  0, 

Asianie^=s^ji-f»^«4-Ci*-l*Dx4  kc 

Theays(>x^^»^Ci^&c.)*s^V-f  2^AiS^2^C^.«.J*itfc. 
y  =  (^x ^.  Bx* ^ Cx*  arc.}' S3  Ah^^ 3^/b«  kc, 
JK^=:(^J|+  Bx*+  a»  kc.}*ssJ*A^  kc. 

Aad  a^ssaJM  +  aBx^^aCx^+aDx^kc. 

^.^ss +  (^^     +  3cJ*Bx^  ku 

•i.iy«s5 -....  4-^4^4  l(Of 


(M— i)x-*-(ai'-f^^)a*  +  (aC4-:^Mil4-c^<)««  i 


RBVimioN  or  »&!«•. 


ter 


'  1 


K«wthiiiiiiiiiisi«|f«|.|ya4.cy*^/^lcc.--*jreso  (orcq|naltoo)s  bat 
liiiitke  the  wholecxprmimi  tsi^  Iheooeffidaitf  ofc  tod  itt  pomt  omiiI 
mmb,  or  each  become  so^ 

tIaC  ii  cil— 1 8 #;  ivbence  :i  ss  !. 


flC<f  S5>#il-|.c^iso;  whence  Ci 


«D4-t&^C4-^^-|>3e^*i9-f/il*so;  unI  D: 


J 


1 

i 

1 

i 


Hot  0SZ  I,  »ssi,  c=  ^  /s^/s  f,  &c.  these  being  nibitittited  Ui 
tkibore  series,  we  have 

The  law  of  Ihit  leries  for  the  nine  oT^  h  not*  perbapt,  fufRdently  evi« 
dent  from  the  coefficients  !»  {»  )•  Vi  ^  ^^  ^  extending  the  powen  of 
(ii-|.^j«-f  Cii4-Dx4|^c.)  to  another  term,  wget  £n4>tio  thico> 
cficient  of  the  Sik*  terra ; 

hence  ^s«-i<»+i«'— i!i««-4-Tf^«  Ac 

ft  therefore  appears  that  the  coefficient  of  the  nth.'  term  It  tlie  pnidocl 
I X  ^X  I  X  r  &C.  continued  to  n  fiicton,  In  this  am. 

ir  Ihe  terict  to  be  icvcned  to  jr»^  .f  jy  wu  ty«  ^  iy5  l^e.  s,  ,  I 
Ihw  «SBl.  »s— I,  ear},  tfs— 2,/a{, 


111.  8iippoMHitieqaifcdtoicvtrtthewrieta]r4  ly*-i*(y* 


Ids 


AXOMKA* 


That  mptaLMjU^mB^  -^tCk^^mlhi  kc 

€j^fs».^.^i^.^^  •^«i#'j<      .f  Sc^lt'  taw 

4^'s.. ». •1-4^41'  ta. 

— jrss— -s 


J 


Now  nuking  the  codBckrttttaclis#^  tiintliepraoidinf  aitkir««ekii 
«^— 1  =: Of  whence  il=  >l 


3A«  — 


di-f  l^s^  whence  its— ^: 

•C4.3»^*S4-f^  sso andCss 

cZ>^3^..lHM-3i^A*+3c^'*i'4-i^^s=9i«henceD3—  ^^^"^'^i 

conieqiienUjjf=-«--«'+-— ;j;— *« jg «Uc 


Examp.    To  revert  the  series  y  +  jf  •+45^*  +  JiJl' 
Sec.  =  jr. 

Here  «=!,  i=l,  cs^.  rfssjyj,  Uie«  bring  luhiUtuted,  five|s 
M'^-.x^  -¥—,^*^—: «'  &c.  where  the  liw  of  cooUnittUonis  mawiai; 

6      ^  lUO  5040 

the  cociBrlenl  of  any  term  being  the  product  iXo't-sXjftc.  eUnl* 
cd  to  ai  many  laclon  at  there  are  units  in  the  index  of  <  in  that  Icm: 
thus  the  continued  |iroduct  of  the  5  hcion  jX^X^4--Xj«^ 
the  coeAicicnt  of  «*  t  And  the  coeflirlent  of  the  5ih.  term  (or  of  J*)  will  bi 
tlie  conlinuetl  product  uf  Ihe  9  faclon  jXjXj-^-jX^K^K^X 

a  ^  1/      J--,^Hu 


h 


CUBIC  iSQVATIONS. 


100 


Whtl  we  hive  given  in  the  last  ten  articlet  respecting  Seriet* 
tnay  lem  is  ta  introduction  to  the  study  of  those  ptrUcdtf 
branches  of  the  subject,  which  is  one  of  the  most  copious  and 
intricate  in  the  science  of  Algebra. 


1 


'A 


:  « 

,f. 
i 


1  # 

T 


Of  CUBIC  EQUATIONS. 

189.  An  Equation  is  said  to  have  as  many  roots  ts  theii  tri 
units  in  the  highest  dimension  of  the  unknown  quantity : 

Thus,  If  M^:za\  then  (lS9)jr  will  have  twovalueS|  for  it 
may  be  either  4*  tff  or— ut 


Let  »>«- (o«f  ^+c)  jr*+(a&4-ac+M  «  =  0^0 

or  x*^(a'\'b+e)x^Ji~{ab'^ac+ be)  M^ahezz0  be  A 
cubic  equation  generated  by  the  contbued  product  (»— >o)x 
(x-*)vX(*-c): 

Then  it  b  evident  Jt  may  be  taken  equal  tt>  0,  t,  or  c,  for  if 
either  of  those  values  be  substituted  for  x,  the  whole  expressioii 
will  vanish ;  and  consequently  the  equation  must  have  thiet 
rootSi  or,  there  will  be  three  values  of  x* 

To  Illustrate  this  in  numbm,  let  assQ,  bsz3,  caS|  then  the  eifia* 
tioobccomeix'— I0j(*4.31jrs=309  • 

or  i'— I0i*-|-3U— OOssOx 
And  if  a=:9,  then  2'— 10  X  S*-f-3l  X  2S530 

if  JK=s3 3>^  10  K  3* -«-3l  K  3  =:30 

if'ssS 5<— 10X5«  +  31X5  =  30 

Tberefore  Q^  3,  and  5  are  the  three  roots  or  values  of  «• 

In  the  preceding  equations  the  coefficient  of  the  seootid  term 
if  the  sum  of  the  three  roots,  «  + 3  4*  ^  • . 

The  coefficient  of  the  third  terai,  the  sum  of  tbdr  pttidneH 
taken  two  by  two,  9  X  3+ 9  x.34«8  X  A : 

And  the  last  term  thcir<ooatimied  prbdoel|  t  X  >  X  It 

vot.ii.  .i 


!!• 


ALOEBRA. 


\%%.  If  (x4a)  X  (x-^A)x  (jT  +  c)  :;:  •»  or  Jc*+.  («^l 
+  c)jr*  +  (of -I*  a«  +  fc)x-f  o£ci=o  be  ibe  eqiuUoDt 

Iheo  the  three  roots  will  evidently  be  negitivej 

that  isj  X  =  — -Oj  JT  :=  —  fj  JT  r:  — c» 

Hence  ilsoj 

if  (x-l-o)  X  {*— A)  X  (jr^— c>  rr^,  the  three  roots  are  — «,  +*,  +e: 
and  (x+o)  X  f jt  +  *)  x  (*— c) = o,  iti  roots  are      —  flj — i,  +  c. 

It  therefore  ap]>ears  that  ctihic  equaiiont  may  have  all  the 
roots  positive,  or  all  negative,  or  two  nuy  be  negative  and  one 
positive^  or  two  may  be  positive  and  one  negative* 

184.  When  one  of  the  roots  is  discovered^  the  others  may  be 

*  *  •  ■ 

fbund  by  depressing  the  e4uation|  thus^ 

Let  j|i^(«4.S^c)jK* 4.(0*4- ac4.5c)jr—aScso, 
or  («— a)  X  («— ^)  X  ix^c)sao,  be  the  equation,  (IS9), 
and  suppose  4-  a  is  fuuud  lo  be  one  of  ihe  roots  or  values  of «{  subtract 
this  (roui  M  and  we  have  <  — tf,  then  if  the  whole  equation,  or  (<^a)  X 
(M^b)  X  ('-*4  s^  ^  diviited  by  x— tf«  the  quotient  it  (x— i)  X  (ji— 'C) 
SCO,  or  M*^lm'^cx+  bcssOf  a  quadratic  equation  which  will  gi?e  the 
other  two  roots* 

If  the  root  first  discovered  is  negstive  (suppose— a  forei- 
ample),  then  subtracting — a  from  »,  the  divisor  becomes  x  +  a 
instead  of  *  —  a. 

To  exemplify  this  in  numbers  t  liK  the  equation  be  a'—  IO«*4-3lxsi30, 
or  a*  —  IOa*  4- 3 U  —  30 s=b ;  and  suppose  +  9  is  found  to  be  one  of  the 
roots;  subtract  this  from  x,  and  we  have  «— 2  the  divisors 

ff^o)«>— lOa* 4-31x^30 (a>  —  8« 4*  1^  ^qwtdraiU. 
a>—  5?jr» 

^8jK*4-3l4r 

—  iU»+  IGa 

^  15a  ^  30 
4.  15ji  — 30 


GUlie   IQVATIOIIf* 


171 


>    m 

w 


J 


it 

pi 


ihmfmt  ««-.8x  +  15ao.  wKence  «««-iita— IS,  and  •B4dblaii 

■ 

ami  9  the  other  two  roolt.  . 

Again,  ir«*-|-2x*^93Jrs(M),  or  ji'-|-7ji*— ^«— 60ca»litlhtiqpf 
Hob,  aod— 3ooeortlierooli;  lhefijr-f*3lalhedlrliort 

a>^3i*  . 
—  «•—   3t 


■  -r'iu*  — CO 

0 
And  ««— Jf— 20 ssO,  or  Ji«— jr=s 70,  whence  «=s |±:4} ss4- 5  aiii— ^ 
the  other  t«d  rooU. 

185.  To  take  away  ihe  second  term  from  an  Equation. 

Suppoat  x*  -«(-  ^ax  r:  f|  where  x  ia  the  unkium-n  qutntityi 
and  let  s  -»  a  n  X : 

f*  — o*  =  ^y  or  2'  r:  /'4-aS  a  simple  quadratic  in  which  s  ia 
the  unknotin  quantity.  Now  k  =  v^(^*t-o*}9  inds-<-a:r 
^(i  +  a*}  —  a  zz  Xf  the  same  value  of  x  as  is  fetind  by  com* 
plcting  the  square  in  the  given  equation  x*  -^  fair  =:  ^« 

Agaiui  if  jr'4-3a^*  =  ^;  then  putting  s  —  a^x^  we  have 
(a  — 0)'  +  3a  (a  — c)*  =*; 

(X  — a)»  =2*  — 3(7/*  +  3a«z  — a* 
Sa(x— a)*=      4  3«^'  —  6a«i  +  3o' 


aum 


—  3rt'a  +  9a'=  ft 


an  equation  in  which  x*  the  second  power  of  the  unknown 
quantity  x  ia  wanting. 

And  if  the  equation  was  x^  -)-  4ax^  :z  h,  the  assumed  value 
of  jf  will  be  X  — o:  IFe  therefore  divide  the  coefficient  qf  the 
second  term  of  the  equation  ly  the  index  of  the  highest  power 
of  the  unknown  quantity^  6nd  the  quotient  is  the  second 
member  of  the  assumed  root  /  but  when  the^  second  lem  ia 
the  cqnalioa  if  iiq;ative,  that  quotient  must  bt  ^V&i^% 


m 


Ullfct 

TIm  19  fikt . 


•  4»0» 


kr«><*lti«^teas— 


) 


192 
12  • 


Tft 


«-»*4aBJrx 


—  43s  ^  116  s*' 72.  aa 


s'«  or  tke  2^  ler»  is  waotiag. 

.  IM«  In  a  tinple  cubic  cqiutioo  when  one  lool  it  nHondy 
the  other  two  are  inugiuary  or  imposiibk  : 

« 

Thus,  ifji>sl,  or i'— 1=0;  Ihruxsl  the ntioiul tool t 
To  find  thr  oUier  roots,  «c  havr  x —  1  for  iIm  diiUor  (114); 

Aod  <* -I- Ji  4- 1  s=  09  or  Ji'^sss*^!*  and  cocuplcUiif  the  ttfuaic^ 

«t  have  «>-#.jc4-l=— l  +  is5— 1.  ^b««  *-*-i  =  ^l— D»  ••* 
jiss^(— ^ — ^  cue  ol  ibe  impo^bke  roots ; 

But  «-jr— j  if  alio  the  square  tool  of  A*  «|-jrH-x* 
whepce— X  — Issv'C— 1).  or  ji  =  — v^(— J)  —  ;  tkeolKcrx 

TbrrcilMe  the  three  values  of  i,  or  the  three  cuhe  roots  of  l«  art  1« 
Here  follows  the  operattoo  of  cubing  the  bit  of  the  precf  jiog  rootii 


!•(-» 


I 


—  !  +  •(  — i) +  »>•>•  *f««* 

•|-J4->  —  i  =  l  Ute  (uic. 


-    And  in  the  tsme  luanuer  it  may  be  shovB  tiut  tiw  cube  of  tbe  olhtr 
ftu$giiatj  mot  M-altu  ss  It 


COtie  tftVATIONI. 


17t 


Cardan*!  fwtMoi  fff  $oMng  Cubic  EquaiioM. 

196.  Ir  the  eqiiAtion  conttinii  all  the  teniii  with  oocfficientty 
tht  whole  equttion  must  be  divided  by  the  cocffictenl  of  the 
highest  power  of  the  unknown  quantity,  and  the  teeond  term 
fiktn  away  ( 1 85),  it  will  then  be  reduced  to  thii  form  x^^OM 
Z2±b.  ' 

Ltttbecqaationbe4*-4-«s=3  5;  and  put^-|-«s«t 

s=y  4-2'  +  3i«  (y+ 1)  ^m(^^z)tBit 

Let  2ys  =— «  which  sufxMtatcd  (m  3yt  ^ 

then  >'4-«'-»*3yr(5r-4-z) +a  (y4-t)  sal 


Apd  since  3^s«««»  we  bare  «ss-j^,  and  t> 


— «» 


which  put  for 


I'iaiherqiuition  ^-|-ilsl  gives  ^ -f  ^^ a 6,  whence  jf* -> l|f^ oa 
•:  i*,  u  cqnattoB  of  the  quadratic  (bnn  i  ind  by  eompledag  ttie  iqmre  m 

And  dace  >*'«-«' a  »,  s*  bs»— y, 
that  b,  .»««- (i* d: •  (1  «'  +  l«»)) 

whence  ,s=  (.»  :p  t/(±  .1  + 1|.))J 

thcrrfore  ^ 

.  (=,  ^ .)  «  (l*  ±  •  (1  •!  +  JM))*  +  ({»  T  ^  (1  .1  +|4»))^ 

I 

RfmarA.    When  a  ii  negative  and  *^*  lest  than  r^o',the 
•olution  by  thii  itile  cannot  generally  be  obtained,  because  the 

■  11^——  I  I      ■       11  111     M^M— >M% 

Thb  method  of  cubic  equatfcNM  attributed  to  Cardan  wai  dbcovcred.  It 
•mm,  by  Scipio  Ferrtut,  and  Nk.  Tartalea.  All  thtee  were  ItaBaa  bm* 
thematiciani  who  flooritbcd  rather  early  in  the  lO^  century. 


^ 
^ 


i    ; 
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ALOBBftA. 


quantity  Tjyf'  +  J**  J  bccomci  ncgtlive,  and  therefore  ici 

iquare  root  ^  [  ^1^'  ^  4^^  )  ^  ^P^*^''^*    This  it  called 
the  irreducible  case* 

£xsmpiet, 

I.  To  find  X  in  the  equation  3jr'  4-  16jr*  -(-0jr  z  SGI. 
Divide  the  whol«  equatioo  bj  3  the  coefficieot  of  x^t  and  we  have 

Next,  to  Uke  away  the  Qd,  term  (dr«),  let  t  —  ^orx— 2s«(ii:): 
then  (i-^i?)'ss«'— &e«4-lS2—  a 

i»         -.10x4.  it?s87«ori^— l(Us7J. 

Here  « s— 10»  and  as75f  these  valuet  being  tubtUtuted  in  the |e» 
ral  exprcMion  give 


or 


(37i±V 


'^'^S)*+(''*=»=*'"'^ro5)''^« 


where  belli  tlie  upper  or  both  the  lower  lignt  may  be  taken  In  all 
therefore  retaining  the  furme r,  we  have 

(371  +  •'3C9  S)*  +  {=n-Vl3<i!>  a)iB, 

or  4.207  4-.7J>3  =  5  =  ai 
Kuw  s«*2  ^  jr,  whence  a  s:  3  the  value  of  x  in  the  given  equation. 

9«  Let  the  equation  be  jr'  -f  Sx  =:  —  399,  to  find  x. 
•  Here  tfs=4-8,  aod^c  — 39P;  whence,  by  lubstitutioo 

a=(- 15)91  + gnosis  ■^yJ  +  (~IK»1-V'3?819  ^^)*=0-« 
v-TJbs—l  the  root,  or  value  of  s. 


ROOTS  BT  APPROXIMATION. 
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.M 


■) 


■r-f. 


'TheotkerlworooCf  may  be  found  afln^rf.lfiltthutii'-l-tjr-f  39!^s0^ 

vA  - ■    ;  ^^  ■  -  =8 it*  >- 7*  -I-  57  SB 0,  thit  qoadnHlc  glm«c83l:t: 
^(i-  44|) ;  thcrdbie  both  are  imaginarj  or  itnpouible. 

187*  Sometimes  the  method  of  iblving  an  equation  tnay  be 
dticovered  by  the  addition,  or  tubtractiotti  of  a  given  quantity  % . 

That,  suppose  ji*  4"  6i*  4.  l?jr= 50l»  where  it  appeaif  that  if  a  be  added 
10  each  side  of  the  equation,  tlie  tumt  trill  be  complete  cubet ; 

a>  +  6i*+IS4r4.8s55l3 

whence,    Jr4.2ss8,  and  Jr=6. 

Again,  if**--  I8s«  -|-  48jr  a  100,  thrn  by  lubtracting  64  (the  cube  of  jl 

«clMTeJB>— f9J^-|-48jr—G4  s36,  and  taking  the  cube  roolffji— 4  s36Y, 
arfs4-|-3<;^. 


The  resolution  of  EQUATIONS  it 
APPROXIMATION. 

188.  The  preceding  methods  of  solution  are  restricted  to. 
particular  cases  which  seldom  occur  in  practice.  We  shall 
therefore  proceed  to  the  resolution  of  equations  by  approxioia- 
tion :  And  for  this  purpose  the  rule  of  Double  Position  or  Trial* 
8nd«error  (Arith.  IO9O  Mems  the  most  general  and  expeditibui 
of  any« 

!•  To  find  « in  the  cubic  equation  x'  +  x*  =  500. 

■ 

FfMnatrialnr  two  itappean  that  the  falu^  of  «  it  betweef  7 asd 8 1 
tkfcfigie  let  tbote  two  numben  be  the  fast  assumptiomt 

then  7>  «  343 
7*8  49 

399 

jOO  ^_ 

lOStooliltfib  invr     76  toofrasT. 

■^^  108 


8» 
8« 


K5I9 

I  64 

576 
500 


sum  of  erroft    184 


i 


119 


AICIB&A# 


lot  X  I  cs    8«4 
7iX7a»    53> 

\     184)  139a 


•ppwrliMtiont 


t.«>3343a.^0 

496.736 

500 ,  •  . 

iooiiiih     3,264  UlhtidbceippnnlkilliMivaliitof«ii|^cila 
IIimT.6 

Nowlct7.61  tad  7.62  be tbe tivo suppotUkMit s 
(boi  7. 61^  =  440. 711081  7. 69>s 442. 450729 

7.6l*s   57.911?!  7.62*ss   58.0644 


498.623181 
500 


500\51512t 

500 


error      1.376819  too iJIfi^.      •rror    0.5IS128  toofrac 


1.376819 
0.515128 


1.376819  X  7.62  s  10.49136078 
•  515128  K  7.61  a   3.92012408 


1.891947 ^ 1.891947)    14.41148486  Mim 


quoUent    7.617  lecond  tppioi- 


ImalloBi  which  it  the  value  of  jr  nearly* 


§•  Leiihe  equation  be  x'  —  5ar*  4-  9«  =  — 4103;  tofindi/ 

Bj  a  few  trialf  « It  found  to  be  greater  than  10  but  Icsi  thaa  11;  an 
muming  theac  numben,  then 

10>  s  1000 
3  X  10  s=     30 

^   1030 

50  X  10*  s:  —  5000 

•   —3970 

'  —4103 

§rror      133  toolittiii 

583  • 

•uin    716 


11*  s  1331 

3X  11  =      33 

-f  1364 

50X  ll«a  — 6050 

—  4686 

—  4103 


£rror     583  ioogrmL 


10  X  583  aa  58^ 

11  X  133  q  1463 

716)  7293 

fifil  appaoxiflui 


llOOTS  BT  A»#llO]tIMATIOK. 


Iff 


KowMntme  jrss  10. H 


1 
•> 


.1 


.1 


10.8*] 

Sxio.t  ] 


I061.S00 
30.0 


«f  1091.808 
lOX  IO.S*«  — W02^ 
— 4II0»198 
-2.III03 


•gahii  fuppoie  m  a  10 ..It 

10»18*^      1054.977839 
3  X  10.18  m         30.54 

•f  1085.517839     * 
ftOx  10.18^g*>gl81.0g 

«-»4096. 109168 
w4103 


7.199  tOOfTMf 

6.897839 


error       6.897839  loo irM^ 


turn   14.089839 


10.  9  X  6,897839  s  70.3578864 
10.  IS  »  7. 199 ..A  =  73.91456 

14.089839)    143.5794464 
qoolient  nearly       10. 19         Kooiid  tppioxliiitlloi^ 
%kicfi  It  Hty  teartj  Xht  Talue  of  «. 

To  fM  Um  otlier  two  moCt  ire  have  x—  lb.  19  for  ike  iipiser  (IN)t 
iBd«*— 5Q»^43<4''410psO^  the  A'litf Alii; 

then  .  ^^^^^ 

f-^10.19)  t>— 501*^.3x4.4103  (i*--->39.8l«^409*6639  afiMnafUp. 
x«  — 10,19j|S 

— 3!;.8IJi*4.3x 

— 39. 81i*  4.405. 6gl9jr 

""^        — 409.6639jr  +  4103 

^409.663914-4103.145141 

By  thif  operation  the  learner  will  perceive  that  the  true  taloe  of  «  k 
loroewhat  ku  than  10. 19^  the  error  in  the  whole  eqiuatloa  being  the  ded* 
ma]  .145141. 

Ko>i*«-39.8U— 409.663980,  whence »•  >^ 39. 8 lies 409. 6639» 
and  by  coroploting  the  square,  ku  «a  19 .905^:98 .96434 at 48. 169349 
and  — 8.35934  the  other  two  roots.  Therefore  tbe  cqnatloQ  haa  thrit 
pusiible  roots,  two  positive^  and  one  negatltc 

And  the  sum  of  the  three  roota»  10. 19  +  48. 168S«-»I.35994  sbSO  tfai 
coefiident  of  the  secomi  lenn.  (189). 

. 

«.  To  find  jr  b  tbt  biqutdntie  cqattfon  «••-'  10»* 4*  innn* 
•^to«  =  43670? 


▼OL.  ti» 


A^ 


!•• 


ITS 


AiOIiaA* 


TiM  intm  UMMffmn  la  bt  btlveco  is  tad  ||»  Ihmim 

tboMMmbcn^  wt  •hallhivt 


15«sB063S 

100  X  15*  ts  99$00 

-^  73135 

»34»00 

58335 

42676 


10  X  ISl  s  937S0 

70  X  IS  8    1050 

—  34100 


4351  iooiUik. 


16«  a  65536 

lOOX  W  es  35600 

4-91136 

—  43060 


10  X  t^  «  ^^M 

70  X  1«  C8    1130 

i- 43010 


49056 
42676 


iiTvr    6380  tOOfTMl 
4351 


16  X  i3SI  ai  6M|i 

15  X  ^SO  s  95700 

wm    165316 


fUni     10731 

i|^iift:lft.4  tlie  first  appfoxiinafoi  for  Um  value  of  s;Mvlillkb 


10731 

temmnmmAg 

IS  .f^CS  56344 .8656 
100  X  »5.4  c 33716 

4- 79960 . 8656 
i— 37600.64 

43360  •  3*^56 
43676 


10  X  I5,4*k36533«64 
70  X  15,4   Sl07t 

—  37600.64 


mrrcr    315.7744  iooliUk 
9rror   4351 tmiliUk,hjusmh^Mszl^mhidim^ 

d(/.0f  cmn.^.^  4035.3356 

IS •  X  915. 1744 s 4736. 616 
lS.4XiSSl    as  67005.4 

^•ofproducts     63268.784       wbcDce  ^|^^slS.4Slbt 
appioiloiaUoo,  which  it  the  tahii  of  ancarix* 

To  acprcM  the  c<^u&Uoo  U  ordct  (o  ippfoximaU  tk  other  loottb  Ibo 
dlvborbff*^  15.43; 


KOOTt  IT  AVraOXIMAtlON* 


lf9 


I 

ti 


■  ■ 


1 

.i 


E-  I 


«^lM5)l^l(ta*+10(U^-7(Ur^2676a0(ff'4i5.43ji«4il83.Tl49f4-nn.l 
t^— I5.43ji> 

4-5.43t>f-83.7849ji« 

4.183.7849x*-i-70jr 

4*  I83.7»49i*— 3835 .  tOICXffg 

«4- 9765 .  801007X— 4267$ 

4>g765.80l007ir— 42676.3  ttc 

0  4 

Now4'4-5.43jrM-18i.7849«4.2765.8ss0»orx*^^.43«M-189.7849«a 
<—2765 . 8  where  x  h  e«ideiillj  n^ative ;  and  firom  a  few  ttiab  Iti  value  ap» 
pears  to  be  a  little  greater  than  1 1 ;  Jf  tbcrefere  — IKl  ami  —ll.t  are 
made  the  fint  foppoMtionty  two  opcratkmi  will  bring  ool  ars »-  11  •  163 
one  of  the  roott.  CoroequenUy  ff4-11.163  Itthedlfiaor  tedcpnMbf 
the  cubic  to  a  <|uadratk  equation  s  « 


:^         Hence'i±i:i2^±l^^ 


or  <«—5.733«ss— 947 .782379,  whence  jraf.8665d:f/(— 93936  8cc.) 
which  Taluet  are  both  impoaiible  or  Imagtnarj*  The  equation  Iheralbri^ 
hat  a  poiitl?e,  a  negatlre^  and  two  Impoadble  rooti* 

4*15.43 

-r- 11 .163 

4-    9.8665  4>V(— 939.56  &€.) 

4-    9.8665  — ^(—939.56  &C) 


10.0000 


aum  of  looti^  equal  to  the  coeS* 


dent  of  the  Kcond  tenn  In  the  glTcn  equatkm* 

4.  Letthepropoaedeqtittionbe(7«*-H^)^+(M»*— 10»)^ 
=  tl{  to  find  the  Tihie  of  jp ? 

By  trial « li  found  to  be  between  4  and  Sf  therdbra  lei  thoaa  numben  bt 
the tet lofporitlonii  ' 

C»)C*»4-4X5")*«»*W« 
(90  X  S*— 10  X  5)^as9l.9l3 

31.199 


Px 

• 

it 

(90X 

1^.10X4)  ■ 

116. 

.73 

• 

94, 
98 

►73 

wTft  ton  DMi 

3. 

97 

arra^lOOfrMl     3.199 

3.97. 

6\399 


AAt 


IM» 


A1.GIB&A« 


4X3.190  a  If  .516 
5  X  3.n    1  16. 3S 

Ncit^aituminf  S84.S  aiid4.Sl,  aodirpMliBg  tte«|mllM,v«fc| 
i.SII,  4.5107»  4.51066  the tucceuivt  laluciof  i^  tlieUit  beii^ATiijr 
near  approximatioii* 

N*  B,  In  resolving  thcie  complex  equations,  the  student  slioiild 
make  uk  of  logarithms  for  raising  powers  and  extracting  roolSi 
otherwise  he  will  find  the  operation  extremely  tolious. 

189*  Logariihmi  are  also  pe^liarly  adapted  to  the  resohitkn 
of  exponential  equations.    Wc  thall  subjoin  a  few  examples. 

1.  Suppose  9'  =  19083 1  to  find  x  ? 

II  Is  evideQt  from  Arith.  art.  18T,  that  the  kg.  qi  2  lauliipUed  bj  the 
txponeol  Jr  gives  the  leg.  of  19683 ; 

that  is«  K  iog.  o(3sLiog.  of  19683, 
-       -  for.  oflQhXl  4.294091-    .   .j.      .  ^     -. 

8*  a  19683, 

t«  To  find  s  in  the  equation  84    =:  44080 } 

m  s:    w  gs  ss  3 .368709  &c«    This  tsluc  of  jr  bov* 

tvcr»  is  too  great :  the  ermr  ariies  ia  conirquence  of  lifting  logaritliBM  to  6 
places  of  decimals  only;  ipr  the  resuU  by  logarithms  to  10  places  will  be 
3 .  36S708C62  &c.  ^ind  since  3 .  36t709  &c.  if  correct  io  ibe  Cik.  bgurr,  Ifse 
Other  value  from  logarithms  to  IQ  placet  will  probably  be  10  in  the  lOlA. 

S*  Let  the  equation  be  x   =  49060,  to  find  the  value  of  x  f 

$^  ss  4^6,  hence  s  appcan  to  be  a  little  less  than  6 : 

Therefore  let  6  and  S .  9  betide  two  fipt  assumptions  for  x : 

S.9log.  0.770859 
5.9  k  0.770852  ss  4.  5480268  tbt 

//y.  of  353i5  5s5.9*'* 

4iK)6Q  ^ 

errar  K^'a^  iooliiiU. 


6^  s  46656 
46060 
#rror        596  Uiogrui 


»OOT«  ST  ArtaOXIMAtJON. 


HI 


I 
I 

i 

\i 


€  X  10735  ss  64410 
S,94>5^6s8    3516>4 
iim of  fHodudi     8  67996.4 

67996.4 


And 


IIJJI 


S;99  iliefoitappmdiiiiteTaliieo(«, 


Agaia,  let  6,  and  5 .99  be  the  next  rappoiitioMt 
5.99  lof.  0.777497 

and  5.99  X  0.777497  b 4. 656787  Sec  the  It^*  0^45379 saS. 99 

•46060 


9.91 


arror     MIS  tooNtOt 
attppoiitkNi  6««....0rr0r      5V6  toogntd 
louofcrrofa  1284 


6X  688  s  4198 
1.99  X  596  =  3570.04 


Mm    7698 . 04       tod 7698.04 

1284 


85  5 .995  the  9d.  appfOKiflutkNii 


Nexti  suppose  6,  and  5 .995  are  the  ammptiomt 
5.995  iof   0.777789    . 

aad5.995  X  0.777789s 4. 6698 15  8cc.  the  1^.  of  46009 a 5. 995 

46060 


8.9I9 


emr     51  tooilith 
papporfdoB  6,  arror    596  too  gr$ti 

anal   647 


6x  51a   306) 
S.995X  596  a  3573 .  09 

•am  prodacti  3879 .  09 .         9879 « 09 

647 


1.9954  thaSAappfOsfanalioai 


Afaiii»  aoppoie  5.995  aad  S.9954 

5.9954  Ay.  0.777818 

9.9954  X  0.777818a4.663330  Seethe  Ay.  of  46060. 6B5.i954 

46060 


8.9984 


•••••• 


aoppotiinMi-  S»995f  aiTor... 


.6  vaognti 
51.0  tooUiA 


II  X  5.9954  a  305 .7654 
iilX  5.$!p5    a     3.597^ 
Mm    309.36i4 


aom    51.6 


?S|f^  a  i.995395  the4«.  ap^ 


l^ioidmatlgii,  vMeh  li nrj  oeariy  the  true  Taliieof  «t  tea  taMa  of  lo|^ 

8.998987 

lUhim  to  10|>larffafim  5.^5395^^  m^eMI^%\% 


ft 

III  AMIBEA. 

IQKk  But  tlie  operation  in  thU  netliod  of  appranmation 
ba  looiewM  ibridged  in  the  foUowing  manner  t  it 

.  If  ^  aad  I  be  the  two  iuppoiitioii%  />  and  d  ihft  oonctpeMiiaf  cnon^ 
aad  M  Him  ^wtwt**^  iiMtfht : 

Tlica  (Art  isa.  mump,  a.) 

«  — «; ta^fuDtd;  andb/divkioa  (90)  ^ 

a  — <f  !#«>-#  tt/>—>tf:  iff 
or  D— tfttfit#«-*<f  ts«-#  when  the  crron  aia  alikei 

And 

iftDtf^^fftx  — i;  and  by  eompotUion  (89) 
d-^/>:dn«  — ^t#  — «»  when  the  emus  are  uoCke. 

To  apply  Ihb  io  tbr  last  exampl«»  we  have  ■    * 

$sr6 dsi     596  error  too  p'Ai/     ^       |.. 

Sss$.  9......  D  s  1073$  error  loo  liiiie     J 

a— <fso.i       tummir^sd^-^  ^' 

Atll331  x$96:t0.1  :a.005,  and  f  —  C.00js5.99aAillapfm>    _    , 
toMtion. 

Now  let  a  nod  5.995  be  the  two  tuppoiitixii ; 

a ^ •fTPf  396  too^/vaf 

5.995....M.M  «rror    51  ioo  Uiih, 
diflT.    0.005  luiii    647 

A.  «41  ,  M  U  .00*  ,  51.^  ^   ,^5   .^  J  ,pj  ^  jjpj^ 
as  S«  99539  Mcond  appioximatlon :  &<:• 

■ 

JtamorA.  It  is  to  be  obiervcd  that  the  eorrectioa  or  4iL 
term  of  the  proportion^  mutt  always  be  applied  to  that  aaaunel 
number  which  givea  the  error  that  is  made  use  of  in  finding  thi 
correction :  thus  in  the  first  proportion^  .005  ia  the  correctioiii 
and  596  the  error  that  is  used^  and  therefore  the  corrccti<iQ 
must  be  applied  to  the  supposition  6;  now  6  is  too  greatj  coo* 
aequently  the  correction  is  subtractive  t  but  if  we  take  the  other 
error^  the  correction  must  be  added  to  the  other  supposition  be- 
cause that  is  defective* 

Thus  11 33 1  :  10733  ::0.}  :  .003  the correctiooiand  5*0 -f«09S    |  , 
s=;  5  •  993  the  first  approximation^  u  beforct 


•  UMS  or  KftCIPROCALS. 


I8i 


/ 


Ik 


Thp  itQdent  will  also  percciTe  that  when  the  errort  ate  alikt^ 
Hbfdr  difference  will  be  the  first  term  of  the  proportion* 

B/  nbiof  46060  to  the  lOOOOOOth.  power»  the  eqnatloB  WlO  be  ftccd 
hm  the  fracUonai  Index,  Urat,  9 .995395  ^  !^^,thefefbte  »"'**•* 
-  46060»  aad  «•••»»•»  at  46060';***^%  or  9.995395*»«"«»  am 

191.  In  particular  cases,  the  unknown  qmrnUthf  in  an 
ifuatien  may  he  feiuni  ly  summing  a  series. 

I.  Thus,  fappose3«4.4i^4.7x*-f  llc^&c  iHinJiH.m9^  where  It  te 
Buifeit  the  Talue  ef  «  mmt  be  leH  tha&  1 ;  aad  bj  adding  1  to  each  ride 
of  the  eq|iutkMi| 

I4.3ji-f  4jr*-f  7«>te.sai3s  now  1 4- 3« -1-41^ 4- arc.  h  a  leeofring 
]  teriavhoietimis5L^|^^(n3)ss9,  whence  1  + J«s«3— 3«— Oi^, 
vttdi  qnadratk  ec|aatloa  glfes  #ss  ^ 

%  Agtia,  If  3x-f  Gi«  -4-  10s'  4-  15jH,  &c.  la  it^.  m  100,  tticn  adding  1 
:  tocKhiideortheeqiiatk»i,we  have  14.3x4-6j^-fl0x>&c.ss  101;  and 

the  Ma  of  the  rerarriBg  series  1  •f'3«-f>6s*,  kc  ns  ■  *,^jr> 
-i— -slOl,  therefore  -^  s  101^»  whence  jrss  1  —  ~. 

i    (1-1)*  *—  101* 


i  or 


1 


3.  Syppoie  a— x^-t-a'— jr«-f«9&c /ff //s^it.ss|:  then  rereising  the 
tdieiy  (180) 

!       lim  «S5  +(5)*+  (5)'-^  (jy«cc  which  Is  a  geometrical  series, 

I  ssd  the  ram  «f  <f||M.  a  (,  or  the  Tslue  of  a. 

'»    The  falue  of  a  howefcr,  maj  be  found  without  rererting  the  series. 


IJ     4«  Lk the eqjaatkm be  a -f  (a*  +  {s* -f  Sa4 &c.  init^.mU 
1    »Jfmrtlngthairtesba«l-J+J--jp^+^^  ^ 

Bt  Suppoae  the  giten  equatioo  ia  ix*  +  -f^x* .+  ^s  ^ 
ih*^  Hh  kct  In  ii^ti.  =  S|  to  find  the  valtie  of  x) 


IN 


At«IBBA« 


The  eoeffidcntt  constitute  the  teikii 
I.I  I .      I      .      i      -^ 

In  Older  to  invettigite  a  theorem  for  the  fumi  of  mch  leriefi 
it  mav  be  observed,  that  in  a  leriet  of  quantitieti  the  ram  of  dl 
the  differencet  of  the  terms  taken  in  succession,  is  always  eqosl 
to  the  difference  between  the  first  and  last  terms  of  the  series: 


ThiN|»  if  the  icriet  be  S9  4^  a^ -^20  ^  11  ^  IS 


as  99  —  15. 

Or  U92+  154-9*«-&4-9  +  0  beiheierics» 
diilerences      7  4-6-f  4  4-3-|-2ss33s22  — 0:  andsoorotfaaw 

Now  let  l«|-«-f  a^-t-tf^-f-aAcif-i-ftc.  beaseriet  of  quantities  vlid 
oootiniiaUj  decrease  10  that  the  last  term  becomes  iodefinitely  snaU  • 
equal  to  o;  then  taking  the  diflerences  of  the  termsi  we  hate 

l^a         s  1— a 
a  — «»        8«(1— A) 
tik'^abc     5=416(1— c) 


of  the  diflerenctft  1  — a4- «  (1  —A)  -f  e^  (1  ^^  -f-ote  (l— d)  Ik. 
Oss  I  the  dilTtirence  of  the  £fit  and  ksi  terms. 


I— 


Now  ki  Of  ^g  Ci  kc.  be  expounded  by  fractional  quantltiest 


•fs,  suppose  « 

a 


$  = 


m 

V 

m  4»p 


lis 


ke^ 


then    1  —  «  =  1 

•       1  ^  A  3  1 

1  — c  s  1 

1— lixil 


V       9 


i-p 


w  +  o  ^  •  — 


»  — fit 


p  +  r 


Ira. 


? 


4 


.  i 


llJMS  Of  RKCIPROCAlI' 


He. 


^tliefe  levera]  vthiei  being  mtbititntcd  in  the  cqmtion 

mm     m  fv'—m\  m  ^m'-^p  /r— ifi\  ^«w    m-^p    "lil  f £Zl2^ 


»+,-^  + 


m        m 


•+f^«^+P     I'  +  f 


Iff 


&c. 


•—I 


^n       n    N^^^n    n4.p    n^-s/^ii    114.^    M-f-V   «+^f 
ftcss  ~^^^^i  letpssl^  then 


f 


w  ,  m(iw  4.1)      »ifift,fi)(m4-g>  ,  ifi(fti4>n(i>m»g)  (im»3} 


—  I 


4-&C  in  i^fin.  IS  ^j^ — T"—- »  which  it  a  general  theoraBferfmiiiiilog 
•  nriet  J  of  leriefl  infinite! j  continued  *• 

To  adapt  this  theorem  to  the  teriei  plopdied,  let  nssmJ^5p  thcil 
dividing  the  whole  equition  bj  m  (>ri-|>  J)  (m  4^19),  ne  get 

I         w  (■-♦•  I)  (w+!2)  "*■  (iiH- 1 )  (»f  9)  (m4-3)  "•■  (ifi+5?)  (m+3)  (m4-4)  +  *^ 
^        ^m(m4-l)Ci)'  ''^'*'  ^^^**  '"*'*'  ^'•'*~*  no*  2X1  +  JTO 


4. J. 6 


&Cft  s  ^  the  tool  of  the  tertet  infinitely  continued. 


Hence  |«>s^8,  and  x*ss32,  whence  asaS. 

1 92.  Tbongh  this  subject  of  seriet  ia  rather  misplaced,  Ive 
shall  subjoin  a  few  exiunplea  to  show  the  use  of  the  precedtng 
theorem  in  the  summation  of  particular  aeries* 

If  ffS5Ni4-4,  and  (he  whole  equation  be  divided  bjr  111(111 4*1)  (m-f  S) 
(m+3),  we  have 

•»('»  + 1)  (m4-«)  (^4-3)  *(•••*- 1)  (as 4-^)  ("••♦•  3)  (m^^)  *^^ 

1 
•"(''«+ IM«+«  (3/ 


irouiK 


Bi 


IM 


▲tiOlBftAt 


where  iIm  kw  «f  cralintutioii  for  the  lunu  «f  Ibcee  kind  «f 
ierice  U  evident:  and  hence  U  tppetrSi  that  if  the  diffncnoe  of 
the  fiftt  and  Utt  fiictort  in  the  denominator  of  the  firit  term  he 
tubstituled  for  the^lait  factort  the  retuldng  fraction  will  be  the 
aum  of  the  whole  infinite  tenet : 

Thuty  in  the  exprcttion  for  ,the  turn  of  iiH-xT-t-srfccihe 


lirtitermla 


r   M -I- a,  the  fint  and  Utt  faclort  in  the  denominator^  b  if  which 
aubttituted  for  m^^  the  latt  factor^  givet  _  j_  ,■  .^  i^.  the 


turn  of  the  teriet. 


«(<^+U(tJ 


Thit  will  enable  lu  very  readily  to  find  the  turn  of  any  gnrea 
number  of  tcrmt  of  the  tenet :  for  example^  to  determine  the 

aum  ofthe  SO  firtt  tcrmt  of  the  tenet  2  +  rr  +  2::  &c* 

o     sa     00 


The  Sill,  tcnn  it 


1 


Sl.:^2.23 


t  tlieitlbrctuUtituUiif  S3«— ai  fersa  al^et 


1 


SI. 22.3       924 


or  Tzz  the  turn  of  the  leriei  Infinitely  continued  when 


1 


5TTSTB 


li  the  ant  tcnii;  now  |  beii)|  tlie  whoie  sum  when  ■   '    ■   it  the  fint  Icra^ 


mt  have  i— 


1 


115 


^^i      4  W 


the  fiO  ficit  tcnni. 


In  the  general  theorem  if  m  =:  Ij  then  - 

ii       I. a  i«a.3       ,  1.2.3.4  »-.i 

an  cxprettion  for  the  teveral  ordert  of  the  reciprocalt  of  figurate 
Humbert  infinitely  continued. 

Thu^  If  iis2. 


If  e=3, 


*+5+3+4-»-5*^^ 


thercKNeaot 


Vn9«« 


9. 

i 


And  l»9atat  other  nkic*  of  «. 


C  «w  ) 


t 


Or  SIMPLE  INTEREST. 

19S«  All  the  compuUttont  which  reUie  to  Simple  Interett 
nty  be  wrought  trithmcticany  (Arith.  ari.  106) )  hat  ilgebraie 
theorenM  for  the  diflerent  ctaet  wiD  ftdlitate  the  pracdce  coiu 
ridenbly. 

Lit  r  =  the  rate  of  interest^  or  the  intereit  of  one  ponnd  for 

one  year. 
p  Si  any  principal  or  sum  bearing  interest* 
I  z  the  time  in.  years. 
•  z  the  amount  in  the  time  i^  or  sum  of  the  prindpit 

and  interest* 

Then  1 :  r  s :  p :  rp  =:  the  interest  of  the  turn  p  for  1  year^ 
anl  Ifp  s  the  interest  for  the  time  #}  whencep«|*ffp  (the  iuii 
tf  the  principal  and  mterest)  =:  a  the  amomil  in  the  tfme  It 
ttis  ecjuation  gitea  the  Mlowing  theorems  t 

r  s  ^^T7^  the  rate* 

p  =  |-pj  the  principal. 

i  =:  tHE  the  rime* 
pr 

•  z p-l-lfp  =:  (1 -h^)p  {he amount 
A  few  eumpks  will  show  the  use  of  these  cipiesaoQS4 

I.  What  is  the  amount  of  400f.  in  5  months  at  4  p$r  cenUf 

Toiadrt  mlOOL  tiLulLiMtzn 
wcrcvors  r  sb  tOv 

-f.    • 

iia  «ai^<|>  »]pa4bof  Q  X  •Oi  X  MO  ■  40«  Ite  M  Ikl  MB 

^j'  t       t 

ivfuueii. 


ff.  WhatUthainlemtof  I  poiwd^lda]rats^ct«/,f 

ioO}Sitii.oaftsrt 

Btm  Ihtt,  W9  hivt  r  cs  .OS 

pel 


I 


M 


Ami «  (Uw  amomil)  s(l  4-^)^55  1 4- |g  SB  1.0001369S6«  ke.  ^ 

tnount,  fiom  which  deducting  the  pciodptl  1,  there  leaelot  M0136984 
Iro.  of  a  pouadt  the  anmer^ 

3.  What  sum  in  ready  money  i«  equivalent  to  ttSfoL  4ue  moi 
months  hence^  allowing  5  per  ceiUt  dis<:oui^t  f  * 

IntUicuirs.a5 


"h 


•  s60a    And  pi 


50O 


I+.05)C^ 


STI. S13  the 


4.  At  whtl  rale  will  aool.  in  |S  months  amoufU  to^  or  taiie 
#  stock  of  4402.  ^ 

Heie  I  s  U 

pSBiOO 


^  tl^  rstff  or  the  inte- 


^       ^.^      .    .         440—400       40 
0 S3 440*    Andras  ag— -; 

*    ^^400x14       600 

I  pound  for  1  yeari  whence  jj  x  100  s  6^1  ^cevil.  the 


«•  In  what  time  will  300^  raise  a  stock  of  S70^«l  4  per  ctfil,^ 

flere  we  ha?e  giveii  r  ss  ,01 

pes  360 


the  time  mubcdf 


•  B370.   AndlK^^^otWidbyf^neariy 


t  "»  ] 


•  Of  compound  INTEREST. 


'4 


'i 


* 


I 

i 

4 

I 

1 


I 

■i 


-.1 


104.  Treoremi  (or  the  nolution  of  the  diflercnt  etiet  of 
eompound  interest  may  be  derived  firom  a  procen  iiinUar  to  that 
fer  fincUng  the  amotrnt  of  a  giren  tool  ia  i  giten  ttme^  Arithf 
§rL  107*  • 

In  theM  computadont  the  amomit  of  1  poimd  in  1  year  al 
HmpU  inier€$i  U  nnially  called  the  roi^t 

Thofy  the  amoont  of  lOOZ.  in  1  year  at  $  per  cent  ia  lOSl^ 
then  100 :  103  : :  1  :  1*03  (the  amount  of  i  pound  in  1  year) 
is  the  raie:  end  1*04  if  the  r4i€  when  4  far  ctfil«  it  tht  in* 
leresu 

hti  r  =  the  rate| 
p  =r  any  principal, 
I  =  the  time  in  ycartf 
a  =r  the  amount« 

To  Ind  the  amount  of  any  principal  turn  (p)  for  the  tfme  #• 

As  1  s  r  : ;  p  :  fp  the  amount  of  p  pounds  at  the  end  of  I 

year.      ^ 
And  I  :  r  ;:  rp  :  r*p  the  amount  of  rp  pounds  al  tlie  end  of 

the  fid.  year. 
Also  1  :  r  1 1  r*p  :  r'p  the  amount  in  three  years«  8lu 

Hence  it  appears  that  r  p  wiD  be  the  amount  in  I  yearsi 

irix^  /p  s  0*    Whence  the  following  theor^ma  are  iwdi^jf , 

ebtabed: 

1 

oxrp* 


'=?• 


i 

■* 

1 


^/ 


AMUEiU 

of  lofttitluBf  thew  «KpicHkiii  ai«  dapbfaidi^ 


It* 

Bf 

tppBcatka. 


1.  What  It  dit  cwnpoimrl  intenst  cf  poof,  fai  i»  ymn  it 
tptfttnftf 

Bcraral.aSt^aiSOO^iaiiSt 

/  rsl.OS iiy.  O.OtUta 

0.317835  lyt' 


«• 


^sSOOliy.    g, 301030 
...ilS.OBtf  Ay.    $.6m6$kr./f 


tto  iMlcml  or  S15 .  8iL  netiij. 

••  What  mil  Ml.  amount  to  in  10  yctn  and  til  dqft  n 


btliiicaierBl.045,/9B50«  t 


10 


1.043    kg.  0.01911« 


36S* 


10 


$11 


3dS 

0.203911     lyV 


30  te.  1.693970 
■mllf'lO.MO      kf.  1.901181 


!•  What  13  the  compound  intortsl  of  840i.  lOi.  jfwbotn  i 
43,  at  4  p^  €mL  per  ann.  the  interest  payabk  half  ycailf« 

AslOOiloattlil.OS  (the  amount  of  Ipouad  in  |  a]f«tt)Hi 
;3  (|7C8ii)«fas849.3. 

r  B  1 .09 kg,  0.003300 

$     SS   8.....f..«M.M.M  9 

0.043000 
f  a  949 . 5....M  kg.  9.384719 

aBMttot    937.74      kg.  9.427719 

bicmtB   15 . 24A  unify. 


COMPOVVD  INTIftBIT« 
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4.  MHiil  principd  wiO  niie  a  stock  of  lOOOk  lp  11  JWi  tt 

Bat  rs  1  .OS  I  s  15,  «8s  laoo. 

fsl.OS    kg.  0.091189 

IS 

0.317S3S  log.  r^ 
«s  1000...  Iiy.  9.000000 

dm.Ml^\.Wmp    Iv.  9.6S9ieS  Aft  *r.  Sf 

r 

5.  At  wlut  rateofmteffcst wilUso/.  nteastoekoraMliliU 
•  IS  years? 

Hcre«sSd4.4»^s54S0»  Is  15. 

«8SS4.4....liy.  S.99671S 
p  a  4S0.......  kg.  g.68IS4l 

15)  0.955474  kg.  t 

m 

6.  In  what  time  woaU  S73l.  raise  astod^  of  7«0l«  14t«  at 

iperceni.f 


fatUfcaw  ral.04,  pes 575,  aelSO.Y. 

as756.7....  kg.  9.S789S4 
ps575 kg^  g>759SgS 

rtfsl.04  lof... .0.017055)  0.119956  Icy.  • 

7«  Ia;irhal  time  woold  •  imm  doubk  i^df  at  A  p«r  cmA  # 


•^ 


Hoc  if  ,  b  tlw  principd,  1^  h  the  •bomb^  aad  tlw  tufmim 


Ai4  te  «■»  h  «Uch  a  m  unid  Mfll  ImK  k  iMBl  19;  «*Mbi  tU 
%•  i(a  I7  tU  %.  of  thinM^  Ik. 


!•# 


ALtfiati. 


Of  ANNUITIES* 

• 

lOA*  An  Annullyt  tiricUy  ipe«kiiig»  U  A  ycarf jr  aBowaiiecf  or 
ptymciitf  the  leim  however^  is  ufiuJly  applied  to  aoy  peiiod. 
teal 

Whca  the  aiinaily  b  payable  immediatelyt  it  ii  said  to  be  io 
poueuian ;  but  shoiild  iu  commeocemcnl  depend  upon  a  futuve 
cventf  or  nol  become  due  till  after  a  cerlaia  number  of  yean 
have  elapied,  it  ia  then  called  an  annuity  in  rmfersion* 

If  the  annuity  is  not  limited  in  respect  of  time  but  supposed 
to  continue  tot  ever^  it  is  called  a  perpeiuiijf. 

All  the  computations  relating  to  annuities  are  generaDy  msdi 
according  to  compound  interest* 


Let  r  = 

a  =: 


the  rate  or  the  amount  of  I  pound  in  1  year^ 
compound  interest, 
any  annuity^  pension^  or  yearly  rent« 
the  time, 

the  amount  of  the  annuity  when  it  is  foibonu 
its  value  or  present  worth. 


To  find  the  amoimt  (a)  in  the  time  it 

The  amount  of  the  sum  p  in  /  years  is  pr     (i04) 

•    .      .  ^'-^ 

m  /—  I  years  •  •  pr 

in/— «years.,/r "" 

ui/-*8  years  ..pr 

Sec.  &c« 

Therefore  the  whole  amount  in  /  years  will  be 

I  1  —  1  I  — a  i->8  tmmt 

pf^pr        +pr       'irpr        +....pr      , 

which  is  the  same  thing,  p  -f  ^•h/^r'  +  pr'-f  ..prt 

pr^  zzp9  thai  isj  supposing  the  amount  includes  tbi  M 
payment^  which  bears  no  interest* 


t 


AVMUITtII« 


1ft 


r 
ft 
t 


Now  (ISS)  p+pf+pf''h....pr  zzpn  1— -j  ^^H^fiom 

whfdi  tbeofcn^  the  following  expreBsicms  (or  tiM  MvmJ  etM 
if  annmlief  In  arrmir  are  readily  obtained :     ^    « 


"'"T^' 


•• 


f  — I 

t 
pr  '^ar  :zp^a* 

19(1.  The  ()resent  worth  or  ralue  of  an  annuity  (p)  mppoied 
to  continue  /  years,  it  (bund  in  the  following  manner  t 

Sinee  l  pound  it  the  preteni  wofth  of  the  turn  r  due  at  the 
cod  of  1  year,  we  thall  have, 

f :  1  : :  p :  ^  the  present  worth  of  p  pounds  due  at  the  end  of 
1  year ;  therefore  if  the  turn  p  becomet  due  at  the  edd  of  9  years, 
itt  Ttlue  at  the  end  of  I  year  will  alto  be  ^  | 

whence  r  :  1  :  £  t  -P.  it  the  prefent  value  of  ^  due  at  the  end 
of  1  year,  or  the  pretent  worth  of  p  due  at  the  end  of  fi  yeart  i 

In  like  manner  we  have  ^  fur  the  prctcnt  worth  of  p  pounda 
due  at  the  end  of  S  yeart  |  hence  the  present  worth  of  p  due  at 

the  end  ofl  years  will  be^t  contcquently  ^ -f  ^+  /^^-..^ 

>  *r 

(contioned  to  I  terms)  the.  sum  of  all  the  present  worths  of  the 

yearly  payments,  wiU  be  the  present  value  of  the  annuity. 


TOU  tlo 


cc 
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▲LOIBftA. 


'  Now  lluf  fcrici  ii  a  geomelrical  pn^giCMioii  having  ^  fi»r  the 

I 

finl  Icnilt  -  thcnuioiaiidl  thcniunbcroflcniiai  andiUiuai 

(IM)  U  =  r —  =  ^  X  ^-r-  =  •. 

-  —  I  r 

r 


r— I 


la  the  cue  of  a  perpeiuityt  whcie  I  or  the  number  of  yean  are 

•nppoMd  to  be  cootiuued  for  everj  the  lant  term  i;  becomea  =0^ 

r 

and  coDsequeoUy  -  x  ^  =  0^  and  the  cxpreiiioa  ii  r or 

•  J^  ■  =  V  the  prtienl  worth. 


From  the  theorem  t^  =  <:  )c  ^  ~  ,  ,  we  get  the  other  three 


expressions  which  follow : 


r       — r 


r  —  I 


hg. 


1  = 

<  +  t 


^  +  V  —  vr 
10^.  r 


t^^      —  (/^^v)*"  4-^ so:  these  four 
theorems  relate  to  the  valuation  of  annuities. 


Emmptdu 

la  If  an  annuity  of  50/.  be  forbom  7  years»  what  will  k 
amount  to  at  4/#r  ceii/.  /<rr  aniio  compound  inteitst  ? 


r'-l 


Hot  f  8s50«  r a  I  aOi*  and  # s 7 ;  sn4  the  cxpresiaoa  p  k  ^^  he* 

7 


AJfN0ITt£8. 


105 


t.  In  how  tong  time  wift  50/.  annuity  raise  t  ftlock  of  39S/t 
at  4  per  ctni.  pet  ann.  compound  interest  ? 

la  thiicate  p=s50»  «s3I75,  and  rt=s  1 .049 


and 


leg.  (^  t«—  '>  ^  i)     w.  3!I5JLi!!  + 1 

'*  1^77  *•       &y.  i.04'  "  '^ly.  i.oi 


Jdjig?  B  7  jwr*.  th«  rctiuind  time. 

3.  If  80/.  annuity  forbora  9  years  amounta  to  803f*  what  ia 
the  rate  of  bterest  ? 

Here^asSO,  «b899,  a«dl3s9;  these  taMitated  In  the  equation 
fr     mup   <,gifeaOr^— a93rgsS0"^93,  or  r^— 11 .  Ifi95r8s--10je25i 

To  approximate  the  root  r  bj  the  method  of  triaf-and-error  (188)  let 
1.05  and  1 .06  be  the  fint  aisiiaiptioiis^  because  upon  Irtalt  Ha  raHwap* 
pcaif  to  He  between  thote  aoniben: 

^  f 

Then  t.OS  ^il.l68;Sx  1 .05 sa-*  10.1693 

T 10.1625 

.0068 


1.00  «-ii. 1625  K  1.06a— lo.uar 

->  10. 1625 


.0198  X  1.05  as  .020790 

.0068  X  1.06^.007208 

turn    .0l.>7998 


.0198 
.0068 

nan    •  a^es  crrois  vsUk« 


'—^^^  SB  1 .058  iint  spproximatlon. 

Next»  aimmlng  1 .  052,  and  1 .  034 ;  and  the  2^  approximation  wilt  be 
1.053  which  b  very  nearly  the  true  value  of  rt  hcnctl.053X  lOOss  105.3, 
aad5.3l.  or  51.  6r.p€rcewf.  Is  the  rate  required* 

4«  What  is  the  talue  of  a  freehold  eatate  which  rente  at  i6l% 
per  ank.  aUowing  5  per  eeni.  compound  btertat  t 

GC  • 


1 


I 

1 

4 


»     i 


( 


I 


i«i 


AteBMA. 


If  tlNf«ilyi«|tiicaHMir<Mlatafffy./Nl/r,th«ipc*iOt  u4r«:  I.OSi 
ud'dMCxpiCHioa  -£-j  bcMOMt  ■  „^'*  ,  a  iOMM.  vhidi  k  M  ^mti 
purchait. 

fi  What  ii  die  prtient  worth  of  too/,  uinuitjr  to  continiie 
!•  yearit  aUowing  S  per  cent,  per  annum  compound  interest^ 
supposing  the  psyments  are  made  quarterlyt  {nz.  $51.  every 
quarter)} 

Heie  pB95,  Iss40  (the  quarten  io  10  yean),  and  rs  1 .0125  the 
imounl  of  1  pound  in  s  i|uarter  ut  a  yf ur : 


whence  vss^K   . '^. 


the  value  sought 

0.  What  annuity  or  y^mrly  income,  to  cQatinue  90  years^  may 
be  purcliased  for  lOOu/.  at  3|  per  cent*  f 


In  this  caw  vas  1000«  rs  1 .035.  Is  SO,   mhcncsb  by  tubatitBlkNi, 

€9.6% 


14-11  SI  SO 

^  r  ^    — f  ,^^       1 .03.1      —  1 .  035 

#S9>(  ; SS  1000  X  - 


r'-I 


xO       . 
1.035     —  1 


. 98979 


IQ.yCL 


nearly,  the  annuity  required. 


I 


\ 


197»  To  calculi)te  the  present  value  of  an  annuity  in  rtver* 
tlofit  kt  /  denote  the  whole  time  till  it  expires  (as  before),  and 
fi  the  time  before  its  commencement  i 


Thc^S^  tEt  -  4  X  tEt*  ""'  ^^y  ^•"ction),  (\  ^\\ 
r  r  .  \r      r  J 

y     ^     virill  evidently  be  the  expression  for  its  present  worth* 

And  from  this  theorem  others  may  be  derived  6>r  solving  the 
different  cases* 


-    I 


<  w  ) 


• 


On  TBI  PROPERTIES  or  NUMBERS. 

198.  Thi  turn  of  any  number  of  even  numbers  b  tn  even 
number. 

^^  • 

199*  Therefore  tn  even  number  uken  any  number  of  timet 

wDI  make  tn  even  number.  .  And  connequently  the  condnoed 

product  of  tny  number  of  even  numbers  will  tlso  be  even* 

SOO.  An  even  number  of  odd  or  of  eVen  numbers  will  be  even. 


901.  The  difference  of  two  eveoi  or  of  two  odd  numbers  wi 
k  even. 

909  The  difference  of  tn  even  tnd  tn  odd  number  will  bo 
odd* 

903«  An  odd  number  ttken  tn  odd  number  of  times  will 
make  tn  odd  number. 

The  latt  tix  arttclet  may  be  considered  at  axlomi  riUier  thin  propo* 
titioot  requiring  formal  demomtration. 

904.  If  tn  odd  number  measures  tn  odd  numberi  the  quo* 
tient  will  be  odd.  This  is  evident  from  art.  f03^  because  the 
product  of  the  quotient  tnd  diviior  is  equal  tb  the  dividend* 

905.  If  an  oddy  or  an  even  number  measures  an  even  one^ 
the  quotient  will  be  even.    This  follows  from  ari.  900. 

906.  An  even  number  cannot  measure  an  odd  number— -^In 
other  words,  if  an  odd  number  be  divided  by  an  even  onCf  the 
quotient  will  always  contain  a  fraction.  For  an  even  number 
taken  any  whfU  number  of  dmes  whateveri  cannot  make  an 
odd  number. 

907.  If  bne  number  measures  another^  it  will  also  measoft 
anymulti^ofit* 


!•• 


AtaiBRA. 


Let^bettemciaiiraordiviMMv  and  f  Uie  ^uoOcnt ;  thoid^vUlfaetu 

muahtr  dSy,  and  alio  iu  multiple  md^. 

998.  If  t  number  measures  two  other  numben^  it  wiB  alia 
measure  iheir  sum^  and  diflerende. 


Let  tbt  meature  be  d,  and  a  and  h  the  other  tivo  omobcfi;  thro  ^  aa4 
#  .  .  ....  #2-/» 


r|  are  whole  uuniben  (by  hy potheait) ;  thcnribre  their  sum  ^-^  '»  aod  »ho 


their  diAerencc 


f^i 


,  must  be  >a  hole  oumben* 


CoroL  1.  Hence^  if  a  nmiiber  <i  measures  another  nurolier  a^h^  ud 
also  a  part  of  it  t,  it  will  also  measure  the  remaining  part  a,  (Arith.  «r/.IC}. 

Cora/.  2.  When  i/=:A,  th^n  the  number  0«s>^  li  ao  e\«:ii  inimftier  (iOO); 
therefore,  if  a  number  (d)  rai*aturei  an  even  number  {a  -l-^),  it  wilt  shs 
measure  its  half  {a  or  S). 

909*  Every  number  having  0  or  A  iu  tlic  units  placej  is  divi- 
sable  by  3. 

tlO*  All  prime  numbers  (f\#.  those  which  can  only  be  mes* 
aured  by  l)  are  odd^  except  the  number  9.  And  such  numben 
have  1»  3»  7»  or  9  in  the  units  place.  9  and  5  excepted.  AS 
other  numbers  are  composite  or  the  products  of  two  or  more 
numbers, 

911.  The  least  factors  of  every  composite  number  are  its 
prime  divisors.  Thus  I,  9^  and  3  are  the  prime  divisors  of  ^ 
or  19»  or  I6j  8cc. 

919.  The  least  common  multiple  of  two  or  more  numbers  b 
the  continued  product  of  the  highest  powers  of  their  imlike  prime 
factors. 

Let  a*3c,  M»  cd*/  be  three  numbers,  «» ^.  r,  ^,/  being  the  prime  he* 
ton,  all  unlike;  then  u*d*U/  ii  iheir  least  common  multiple: 


^HOPERTfBI  DP   NUMBERS* 


IM 


For  If  M W  be  divided  by  dthfr  of  iti  facton,  the  quotient  H  ftol 
didsible  bjatl  the  three  oumben:  and  whatever  nombt:rit  divisible  by 
those  mimbeit»  it  rauit  conlaio  «*»  d*.  aod  the  factorl  btf^  became  «,  dyl^  c^ 
aod  /  Jie  primei,  for  vhich  reason  no  numlier  can  contain  «*,  d*  and  hrf 
except  t^iHcf  of  tome;  mult  •  pif*  of  it,  therefore  t^dVKf  it  the  least*  fVo« 
thb  rxprenion,  the  rak  in  Arith.  ari.  46,  it  imniediatelj  obtained* 

To  give  an  example  in  numl>en,  let  the  least  common  multiple  of  tht 
■toe  digits  I,  %  3,  4,  5,  6, 7»  tip  0^  be  required : 


The  mmiben  when  tesolved  into  t^eir  prime  facton  wiH  be 

I,  J,  3,  Q\  5,  2  X  3;  7,  2»,  3\ 

and  the  lontinued  product  of  the  highi*st  powers  of  the  unlike  facton  (a 
1 X  ^  X  7  X  2*  X  3*s!?6SO  the  multiple  required. 


) 


The  preceding  rule  is  aimple*  But  the  gretl  difficulty  con* 
aifti  in  resolring  lai^  numbers  into  their  component  factors  t 
nor  has  any  direct  metiiod  been  discovered  for  that  purpose* 
When  t  number  is  composite,  one  of  the  factors  must  lie  its 
square  root  or  t  lesa  number,  and  therefore  if  the  number  is  odd 
(to  which  it  should  be  reduced)  the  odd  numbers  less  thin  its 
iquare  root,  ire  the  most  convenient  dirisors  for  resolving  it  into 
Its  (actors. 

tlS.  The  eipression  >  ^  «  >^  ^  x  >^.>  (n->i;  +  I  ^yj  ^^ 

an  mtegcri  or  t  fractional  quotient,  according  as  «  is  a  primft 
or  a  composite  number :  thus  if  n  =1  7, 


then 


I  X8X3X4X3  X  (7  —  1)  +  I  _  7«1 

7  "T"^"* 


If  ii=8|  we  have  --^ -^ '         f        zz  630^. 

But  if  fi  be  a  large  liumbcr,  the  operation  of  obtaining  the 
continued  product  of  all  the  inferior  numliers  will  be  foo  labo« 
lious  to  make  the  theorem  useful  in  determining  whether  the 
mmber  is  be  prime  or  composite.  See  Waring  Meditate 
digeh.  p4  9l8«  and  Lestndit  Th^orie  desK^mb.  p«  188* 


iM 


AI.0IBt4< 


fl4.>If0bepiiltodcQoleiiiyQfllMBiiaibcfi  U^bB^^m^u. 
then  fti  -f  If  and  to—  1  will  pve  a  aerki  onntaming  all  tht 
prime  numbers  greater  than  S.  But  it  must  be  remarked,  disi 
neither  0n  4  I  nor  0n  —  1  are  alwat/s  prime  numbers:  Thm 
if  »  =:  Sf  or  9»  then  0n  -f  1  =  49j  and  35,  both  compotiie: 
or  if  n  =  6»  we  have  6a  — - 1  :=  S5  a  composite  numlxnr.    Ac* 

cording  lo  Fermat,  the  expression  9+1  should  always  be  s 
prime  number  if  any  term  of  the  series  1^  9»  4^  i,  10,  39^  <4| 
&c.  be  substituted  for  s :  Euler  however^  has  found  the  theoicia 


32 


defective  when  x  =  39,  for  9    +  1  =  641  x  6700417* 


»*^  ■ 


913.  If  the  sum  of  the  digits  of  a  number  is  divisible  by  |^ 
the  number  itself  is  alio  divisible  by  9. 

Let  Ji,  S,  c«  1^  be  the  digiti  of  a  number  coniiitiog  of  4  ftgoics;  Iki 
lOOQa  4*  1006  H-  IQc^  d  will  cxpren  the  aiiniber: 

9)  10004  •(- 1006  4.  IOC4.  if  (11104- 11I4.# 

9994.4.   9964.    9c  ,^ 

icmaiodcr         « +       64*     « +  ^    > 


/ 


Hence  It  it  evideot«  vrhen  the  remainder  or  tuia  of  the  digits  b  difkilk 
by  9,  the  number  itieif  mutt  be  lo  too,  whatever,  be  the  number  of  is 
iguret. 

On  this  property  it  founded  the  proof  of  multiplication  by  casting  anj 
lbs  nines  t  Arith.  or/.  21. 

916.  The  difference  between  a  number  consisting  of  tea 
digits^  and  the  number  formed  by  the  digits  when  in  an  inveiled 
order^  is  always  9  times  the  difference  of  the  two  dipta«  JbU 
198.  ex.  \\. 

%\1.  The  sum  of  the  odd  numbers  1  +6-1-54  7+  •••t9 
•is  =  »*.    (139) 

a    9    a    i 
Hence  the  differences  of  the  sqiures  1  9-9  i  S  » 4  j  fee*  «ili 

be  d|  5j  7i  &c« 


Properties  o*  nombbri. 


ftfl 


,  I 


\7  9 

118.  The  turn  of  tny  number  of  the  9cries  (if  citbcft .  1  4*  9 
4-  3  >f>  4  9  Sec.  taken  frbm  the  boginningi  in  sl  srjuarc  mtmbcn 

219.  The  iuiti  of  two  numbers  differing  by  1^  is  equal  to  the 
diflcrcnce  of  their  squares. 

fjet  fi  and  fi-f  1  he  the  ntimbcit:'  then  2m  +  1  ss their  tuint  aiid 

990.  The  powers  of  prime  numbers  are  prime  to  all  numbers 
cicept  their  roots  or  powers  of  the  roots.  This  is  evident  from 
flff.  919. 

•      •  •  •       j» 

991*  If «  and  b  be  whole  numbers^  then      .   i    and 


flf+T 


l=T 


a  — c 


sie  both  integers  when  n  is  an  odd  number :  and  — ^^^  and 


—  * 
— — T*  both  integers  if  « is  an  even  one.    {S4}» 

999.  If  twice  a  number  is  the  sum  of  two  sqtiares^  'the  num^* 
ber  itself  is  the  sum  of  two  squaresi 

For  tiippofe  •  to  be  the  nomhcr,  and  let  9ii  sso*  4>c*;  then  4iff8s34^4^# 

•^"^--i — - — X — ^ — "^ — • 

993.  The  product  of  the  sum  of  two  sqii.ircs  by  the  sum  of 
two  squafesi  is  also  the  sum  of  two  K|uares. 

For  (««+*^yx  (c*  +  O  =  («*+"0'+('«'— '^^ 

99K  The  product  of  the  sum  of  four  <iquare4  by  the  sum  of 
four  squares^  is  the  sum  of  four  nqtiarcs.  This  theorem  has 
been  demonstrated  by  Euler  and  Lagrange. 

# 

^ 994.  Mother  the  auiii  dor  diflcrcnce  of  bvo  cub^ nmnbert  b 
tcttbe. 


tot.  It. 


D  o 


995*  If  •  bt  anjr  prime  mimbcrf  and  N  any  lunnber  bq| 

difUible  by  »t  then  AT  **  ~1  b  difiiibl^  by  n«  • 

^       • 

998.  If  4ii-t»l  be  a  prime  number,  it  U  the  lum  of  two 

squares.    And  when  8m -4- 1  if  a  prime  number^  il  is  the  siua 
of  twOj  and  also  of  three  squares. 

997*  Every  prime  number  is  the  sum  of  four  squares* 

998«  Every  number  i^  the  sum  of  four,  or  of  a  less  number 

of  squares. 

• 
£uler»  Lagrange,  and  oihcn  lave  investigaied  these  latter  pro|jeitMi2 
tlie  demoQttrationi  however,  are  too  long  to  be  admitted  ia  ckh 
'  place.  .       ' 

999.  A  per/cci  numler  is  equal  lo  the  sum  of  all  its  aliqaol 
parU,. 

Thus  6  is  a  perfect  number,  its  aliquot  parts  being  1 ,  9j  aod 
$j  whose  sum  1  +  94-3  =  6.  And  98  is  also  a  perfect  num- 
ber,  for  98  =  1  +9+4-4-  7  +  14  the  aliquot  parts  of  98.  la 
the  last  proposition  of  Euclid's  Q/A.  book  it  is  proved,  that  when 
the  sum  of  tlic  geometrical  scries  1  +  9  +  4  +  8+  16+  &c. 
is  a  prime  number,  the  naid  sum  multiplied  by  the  last  term  of 
the  series  will  be  a  perfect  number.    \f  therefore,  n  is  put  lo 

dcn6te  the  number  of  tcmis,  9  -—  1  \vill*be  the  sum,  and  9 

the  last  term  ;  consequently  (2—1)9         is  a  perfect  noin« 

ber  when  9*—  I  i*  prime.  Thus,  if  m  =:  5,  then  (9—1)9      = 
31  K  16  =:  496  tlie  third  perfect  number. 

9^0.  Ainicabh  numbers^  are  pairs  of  numbers  having  this 
property,  that  each  is  equal  fo  the  sum  of  all  the  aliquot  parts 
of  the  other: 

Thus  9^0  and  984  are  amicable  numbers;  for  the  som  cf 

1,  9|  4,  3,  10,  11,  90.  99,  44,  55, 110  which  are  the  aliquot 

parU  ot  990,  is  =  964  ;  and  1,  9,  4,  71,  149,  the  aliquot  parU 

of  984,  when  added  together^  make  990 ;  those  two  munbeis 

anr  tbe  least  of  Uxt  Vjl\v\« 


ADDITIONAL  EXAMPLtl. 


f03 


Tlie  two  next  tmictbk  numbers  ire  69S9  tnd  6368  tccOTdiog 
to  Eulf  r,  who  has  treated  the  subject  at  very  considerable  lengthy 
and  given  a  table  oontaining  61  piir  of  these  nnmbcrsi  hi  a 
miscellaneous  tract  published  in  1 730«  In  this  we  are  informed 
that  Stifielios  was  the  first  who  took  notice  of  such  numbers. 

Many  curious  investigations  relative  to  the  properties  of  mmi* 
bers  are  to  be  found  in  Legendre  Essai  sur  U  Thime  i§$ 

Nomhres.       *"  " 


j 


S31.  A  Collection  op  Exercises  jn  (k§  smf9r$l 
Rules  o/"  Algebra,  leglnnhg  uUh  MuMflicathn. 

8.  (.««.^^  I) .  («-.  I)  a-  ^^^^tiS-h  I. 

4.  (341*— 26)  .  (4«+35)  ss  l2«>+9a*^— 8«»— ^« 

5.  (««— «tjr+f«>«^V^.y«)  .  (x^.^)  asxs^.^. 

!L  (5«<5— fae*4>4aU«) .(ffail  — «^ ^3i^}rs I0«<^— 9iK»'4.83«iM 

DMsioif. 

Qootkiits. 

I.  «4-0  A*— ^  (x— c. 

a.  «•— 16)  sfi^U^^  t94J*— 64  («44.a»*4-4. 

3.  4«•-l*54ll^^•)  8««— 2«>l— 13a>l^->3aM  (8a>--3A 

5.  |«*-|M)  |j»-A-6»^-i«»*-A*'  (I'  +  i*- 
7.S-^)|i-y(4»+*V+V+f»-^-  * 


W""M«; 


A^^UkJ^-W. 


The  divUcNt  are  uiuler  the  diviciends  in  the  thme  btl  t xain^« 


JDraciions  reduced  to  their  lowest  terms. 


1. 


I 


4a*-— Ja/»  +  ^* 


7a*— 23^A4-^*  __       7g— e^^ 

Improper  fractions  reduced  to  whole  or  mixt  quantiiieSt 


1   <**y— fi*V'""*V 


UHV***- 


#— 1 


(»-» 


i 


ADDITtOMAL  IXAMPLBI.  iOf 

Mist  quantiiies  htmighi  io  improper  fraciions. 

t.   .-  M-  ^^  , ..  «— -~_^ 

4.  i-j*+'-=J! s:fcidto±l£zir. 

•.    i+jr+««+i»+«*+j^ a^ 

t 

fVoc/ioiu  reduced  le  ctmrnoM  denaminaton* 
% 

^    •     «     t    ,    .  «•  ^  «te     I5z     «•    ^.  IOf 

».   3»  j»  51  ana  •-.•.•«•.. *"  60'    60'    w'  •*  W 

^      M      If  J  ^  ftWt      ACf  'I  AMI 

*•  £•  i?  "^  3 - "5?  a^  ^  Sr 

9*     ttvf     —J    SnO  *^»  ••••••••••••••••••   ^S     _  J   a     "^t    aiKI  ^v» 

Addition  effraeiianSf 

t    «  .  *« ,  an  ,  4#i  •- !®2 

2       3        4^5  fiO 

« 


• 


iot 


AlCMBA* 


-^*. 


••••••••••«•••*••««••••#*••••••••••••« 


i.  ••♦+€+4^^-' 


1 


••• 


>H»  +  T5» 


•••••«••• 


0. 


•••I 


l^    i  +  i  +  jl  +  71  +  7117; 


—  « 


1       «    .  < 


11 _  I   —  .1 


••••t 


«  +  » 


ioM  qf/rMcHoMi. 


•••••••tM 


9m 


±s.(.^) 


•^  ••••••••  9«««t  ••••••  #M 


i. 


*     «— c 


7  J— 49 

"""ST"* 

49^7# 

om      * 

37£-4-3 
10     • 

4ac 


».  (a-^o^-o-f^^^.yi,) 


••4-c«. 


U^Uiplicaiian  of  ftactUmu 


j«    zX'^C^X^ •••••••••••••••••••••••••••••••• 


.t. 


«•»«• 


n 


1 


I  • 

« 

AOOtf tONAL  AXAMrtBS.  Mf 

54i"^«^— 1*  •'— Sag 

/  «»  «•  /+•♦• 

fc         »        X- a      »*».        ..y 

IMvitan.          DiTidendi.  Qooticati. 

*•  #  2 "W* 

*  *  •+» 5r;RT)' 

3.         -fi  •. =!1<1±*>. 

c    .  c*      ••••••  ^ 

M  —  .tMfMtM..   0-j5«l^ 


AtOllKAi 


■       • 


fWiclloM  f§$§tyed  itUo 


1. 


m 

i. 

7, 


I— «' 

I 


SerUi. 


i^2M^2M*'t^9^+ke. 


«*•  «^  «jf   . 


SiMrtE  Equation!. 


4t 


f.  Given  x+Jx— j»+ js57««;   itq.  a? w|JOb«»~. 

4.  Given  «+  v'(«'-t'<*)as  ^(^i^iy  k^. i»  ^w.  «a«/J. 

8.  CI»eo  *»  +  ••  =  jji^;r«i.*» Jm.mss^(^^ 

C  Given  j+Ass  j  +  j;  «4.  «».. Jm,sf=i^=^^ 


SM 


CM 


,.     Given  j^>4»=3^q_j;  «q.  .,..^..=:j-+^_i^. 


».    Given    5«— 3ys34 


Sji  ^»  3v  "^  34       ^ 


10.    Gives  «r4-'|y»» 


Im— ii 


ADDlTIOlf AL  IXAIirLtl* 


M# 


h: 


»• 


< 


II.    Gl^^+h^d        l,^,,^^!....  ^.jrs-:-^ ,• 


If.     Oivm  «:ji4-jf ::«— |r:  I 


r  * 


.«  Jm.Mt±V 


11    Given  «-(-^+ ^  =  90    ^ 


muf?. 


ilflf.JfC8  6| 


•  • 


sst4. 


Involution. 


I.  Whatbllietquaf«or«r-f  As)  Jns.  (m*^M*¥h^K 

8.  1^1iatbtlietqitareof'|x-*->  '^'t>>  l'*-*'^--^ 

1.  Rcqaired  the  cube  of  I  -*;<•?  Afis.  1  —  lii«  •4-  {«<  — {«*• 

4.  What btbe 411b. poweror'^^}  '^'*'^-«-^!+ ^-«*^*-<-^ 

I.   What  b  the  tquare  of  a-  +^— >     ^w.  Ji^-  +  ?y  -•«-  4- jf-*. 

Evolution  er  tht  Extraction  of  Roots. 

I.   What  b  the  rfuare  root>or  ««— 4ji'4-  G«'--4jrJ|.  I } 

f.    Reqif!wdth«fcn«ferootor4a*+l2i>+l3«V-4-€'>*+^) 
^  Ans.  S2S4.3v+y'« 

S.    WbaththetH«aftfwHof  {a*-.4a^— ijn+^|p»— >t-»-|ii^l 

xi.   What  b  the  «|Mfe  iwl  Of  li*  «4. a«? ' 
%.   WlMialittl|Oittboliri^«4*a^l    • 


tbu  tt« 


ik 


■ 


■  I 


tw 


.^ 


▲UlttAA* 


i.    Imiind  Ihe  cube  loot  •r«>—M 

J.     J2.      55L       »^    j^ 


€1;^ 


arc 


%a    Wkaliitlie5lkioolora«— 1«» 
II.   Wkat  it  the  aqiuic  motor  «•(•*» 


) 


SUADS. 

I.    Bcdiice7^tolhe6rmorilietquaifeiool»       Am.  ^W^ 

%.    BedMaef^stollieiiraiorUitciibeiool)       Am,  (iVt*^)^. 
X    IUdiiot(f4-*)  («-*!)  to  the  fiwm  of  the  tqiuivrootr 

4*    Itedacc  4'  and  3^  to  ct|uiva]fiit  qyantitictbaviiig  a  commcHi  iodcxi 

^wi.  236^»  ami  I2i", 

%m    Bcducc  «'  aad  ^^  to  C(|tilfalait  t|iiaatUiei  having  a  coromoo  index  I 

Am.  {J)'^ un^{f,^\ 

4.  Let  3'  and  S^  be  a*duced  io  rquivaknt  «|uanUlici  having  tlie  con* 
moo  index  \\  Am.  (liV^  tnd  95^. 

7.    Beduoe  «^  and  ^^  to  equivalent  quantiti«t  having  the  common  in- 


dex i? 
JdulHpKcaiiom  oj  SurdSi 


Aw.  GO*  and  G*)*. 


I.    M'hat  it  tlie  continued  |MtMluct  of  ^4,  ^5«  and  %^7  f      ^mi.  lio'. 
$.    Bequirfd  the  product  of  ^^  and  y 4*  ?  Atu.  tiS^aS. 

X    What  is  the  pioduct  0^  x  itt^  X  a^l  .^liit.  abuK 


4.    Keydftd  the  pipduct  5  X  4^  X  U^ 


Am.  10  X  9^^ 


ADOITIONAt  IXAMPtlS* 


tfll 


■i 


« 


:. 


;t 


;1 


)•  AThit  Utlie  product  li'lxi/Vv'  </nr.  ^^35. 

&  What  if  the  product  («^0^  X  (^^0^^       ^»^  ^* 

I.  Be(iuii\*d  the  product  (/«  4.  y ^)  (V «^  V^)  '         ^^*  '**^ 

I.  Rfquired  the  product  /(S^jT'^Us-Ma)  X  V^^ 


».    I^liat  It  the  product  «<x 


«l 


^■f. 


HI 


.-*. 


10,   Required  the  pro  luct  (4  -f-  9  /9)  X  (^-^V'J '       ^'*^  ^ 

It.    Required  th^  product**  x  U— 0*'  '^^  («(«— *}0^« 


Division  of  Surds. 

5       ' 

m 

S.    Ditlde  «*  by  «*> 
).    DUide«'  bjl^r 

4.  Divide  i^^Jr  by  }•!» 

5.  Divide  f  X  (f  )*  by  f  x  g)* 

&    Divides*— c/j— 44.^1/* by t-«VH 
7.    Divide  1/20^.1/19  by  ^5— v^3» 

1.    Difide  (a-l-B)*  by  («-f «)  ^^ 
9.    Divide  1—5/9  by  3— 9/9  » 


Q-o'.  §  X  3*. 
QmoI.  t4.|/»^A 


Snrdf  rtduced  fo  Met r  simpUsi  ierms% 

1.    Reduce/ 191*^ to iHnottfiraple term?      i#fir.  1U/« 
,    9«   Reduce  875^  to  Ht  linpteit  term  I  jins.  5  X 1^. 

%.   Reduce  (g*^    toitimorttiinpkterm?         Ant.  I  %  tlK 

4.  Reduce  (at— i^*)<  to  lU  moit  dmple temw?    Jw.  « (t-«i^)i« 

5.  Reduce  ^^ 2. ^f  to«wfetimpleterm>       Jns.  ys^^fL 

C   Lei  l^^^biitdvcedtoHsmiliiBpletermr  , 

ifitf.  1^9/15.    ' 
SB  • 


JidMw  amd  Sul&aetum  of  Swrdi. 

1.    What  It  tlie  Mim  of  500^  •od  iitS* }  Am.  1x4'. 

S.    ^ ....of??*  and  U7*»  Am.  10^3. 

3.    •.oT-V^^nd^l^^*'*'  Am.  ('?a4-24i«)^ft 

4 ofP  v^i;4a  aud  liyatUI  Am^  11^1^3. 

5.    M......  of  ^:lu^x  ^od  v^Jtf*jr>  ^itf«  (3a«-«>A)y3a. 

6.    ^ of  5*  and  5'  ?  itu.  (i*-«- 1)  A 

1.    WluU  U  Uie  diOrreuic  of  v^448  and  ^  11  ? »      Ahs.  4^1.^ 

i«    •••M«*M»««».* of  ^8UM4jr  and  ^20a^') 

9*    •••••••«••••••••••••••• of  8  \k^tj*  and  (i^^/'l 

4fiit.  (8«w«')^^ 

10. • of  (?)*  and  (jJ*N    ^u-  ^  x  U*. 

JWtfi,  a«il  iloo/i  ofSufdi.  ^ 

■  ;  -  t» 

1.    What  it  the  square  of  oa"?  .^Ini.  n'^". 

X  a 

9.    Required  the  cube  of  4  ^ 4  M  Am.  4«  *. 

3.  Whac  is  ilie  ^tlu  power  of  ^a  -f  aV' ?         •   Am.  {m,^  i^». 

4.  Wlutisthesquarro(5  — v^5?  ^mi.  30«*10|/5* 

5.  What  is  the  cube  of  U  —  *2  ^xl 

^lu.' 27s  >— Mt*  v^x -I- 36zs — 8jr  i^a. 

d*    Let  —  be  raised  to  the  /itb.  power  ^  ^m.  ^a'"* 

fa-'  *•         . 

7.  Requinrd  Ihe  4lh.  power  of  -  ^a?  Aits»  -j. 

••    What  is  the  nib.  root  of  a*?  Au.  •'• 

9.    Required  the  -  rmit  of  x')  Am.  »"*• 

10.  Wliat  is  lbeM|uare  u>ot  of  Px-^-Ga^jr^f  «*>        wln4.  3^t— «. 

11.  What  is  the  s(|uarp  root  of  IZ  —  m\  /}»  ^ni.  {  — ^  ^^ 
19.    Ile(|uia'd  Ihe  squ,ire  rool  ol  1 2 '—  v^  140 1          Am.  v^T  «»  ^5« 

13.    Whatifthe-p-Nth^rootof  (a^-y)       }  Am(jt^r9)\ 


ADDITIONAL   EXAMPLES*  <1' 

9 

Qiiesli0ns  producing  Simple  Equationi» 

1.  The  diflcrence  of  two  numbers  being  ^t  ^nd  the  difference 
of  their  squares  tf^  then  ^hat  arc  the  numbers  7 

9,  The  whole  number  of  troops  in  two  companies  arc  ISO^ 
and  tlie  number  in  one  troo|)  to  the  number  in  the  other  ai* 
8  to  7*    What  is^the  strength  of  each  7    Ant.  96,  and  84  mefi. 

9.  What  two 'fractions  are  those  whose  turn  is  1,  and  the 
greater  divided  by  the  less  gives  the  quotient  90  ? 

Ans.  W  and  Vt* 

4.  A  General  having  detached  400  mtn  to  take  posscf^sion  of 
%  strong  posit  tnd  4  of  the  rtmainder  of  his  troops  to  watch 
the  motions  of  the  enemy,  finds  that  he  has  only  yy  of  his 
army  left ;  what  was  his  whole  force  ?  An$.  850  men* 

5.  Three  battalions  of  unequal  force  arc  in  column  of  march; 
the  extent  of  the  6rst  battalKm  is  910  /orej,  the  extent  of  the 
second  is  equal  to  that  ^f  the  first  and  \  of  the  third  together^ 
and  the  extent  of  the  third  is  equal  to  that  of  the  first  ^nd  half 
the  second  \  what  is  the  length  of  the  column  7 

\'  Ans.  1309  paces. 

t.  A  company  of  foot  are  11G3  of  their  own  paces  a  head  of 
a  troop  of  horse ;  now  if  the  foot  take  5  paces  to  every  4  of  the 
horse,  but  3  paces  of  a  hc»rse  are  equal  in  extent  to  4  paces  of 
the  foot ;  how  many  paces  will  the  horse  hate  marched  before 
they  orerUke  the  foot  7  Ans.  139S0* 

7*  If  a  person  buys  a  certain  number  of  eggs  at  9  for  a  penny^ 
and  the  like  number  at  S.  a  picnny,  and  by  selling  the  whole  to- 
gether at  5  for  9  pcncC)  loses  1  penny  |  what  was  the  number 
bought  7  *  Ans.  80* 

8.  If  the  agents  A  and  B  acting  separateiyi  produce  a  like 
effect  a  in  die  tioies  A  and  C|  lespectiveiyj  wd  A^  B^  and  C 


fU 


aloibia; 


together  proJuoe  the  mom  effect  (a)  in  tbt  lint  dt  in  whil  itint 
would  C  ilooe  produce  the  cflcci  m  1 

Am. 


hdm 


0*  A  labourer  agreed  to  tervc  10  Weeks  upon  these  conditions, 
that  for  every  day  he  worked  he  was  to  receive  %$.  id^  Imt  lo 
forfeit  Jd*  ior  every  day  he  ab&cnted  himself;  now  at  the  end 
of  the  lime  he  had  to  receive  4/.  I9t.  ^d.  What  number  of 
days  did  he  work  }  An$.  40. 


ounta. 


10.  The  weight  of  a  cubic  foot  of  copper  is  OOOO  ^ 

oflin  7320  V 

of  gun  metal  8784   i 

Those  numbers  also  denote  the  specific  graviiies  of  the  metah: 
hence  the  quantity  of  copper  and  of  tin  in  the  mixture  which 
isgunmctol,  is  required? 
Aui.  78497  ounces  of  coppcff 

941^  ounces  of  ^iit }  or  B\U.  of  copper  to  I  of  li»»nearly, 

1 1  •  Suppose  the  weight  of  a  brass  1 3  pounder  is  1 8  hundred 
weight .  and  that  of  another  brass  1 9  pounder  exactly  of  the 
same  dimensions  is  10  hundred  weij^hi;  now  if  the  former  is 
gun  meul  vihose  specific  gravity  is  6784,  it  is  required  lo  find 
the  weight  of  copper  and  also  of  tin  in  the  latter  piece  ? 

Ans.    9800  copper 
19079  liii. 

19.  Suppose  95  battalions  of  troops  have  to  march  through 
4  roads  or  defiles^ 

via.  1,    N 

AD  IS  1  inile«  In  this  the  length  of  a  battalioa  on  the        p 
^Snarch  It  343  paces  of  ^i/^  etch,  and  the  rste    B 
ol  murchUig  65  paces  |>er  minute* 

CUb  1}  mikt,  in  this  a  battalion  extends  910  paces,       ^ 
and  the  riUe  of  inarching  it  50  paces  per  uiinute. 

GHs?  1  i  miles,  here  a  battalion  is  j?Oi  paces  in  length,  and  the  rale  of 
marching  60  paces  per  minute. 


ADDITIONAL   IXAMPLIS. 


815 


LNs9  mi1ei»  In  thii  the  cxteni  of  •  batuli&n  it  S32  paces,  atMl  the 
rate  of  mtrcUng  80  paces  per  minute. 

Now  how  ahould  the  95  battalions  be  dirided  that  the  whole 
aitrch  throagh  the  4  roads  may  be  made  in  tlic  least  time,  sup* 
posing  the  4  diyisiona  begin  the  niarch  together  at  A,  C|  O, 
and  L,  respectively  7  jitis.  10  batuK  through  AB» 

4  through  CD. 

•        5  through  GH* 

0  through  LN« 

13.  To  divide  a  given  nutnber  n  into  two  such  parts  that  the 
dtference  of  their  tquarea  shall  be  equal  to  a  given  number  d  i 

>  and  - 


jtns.  the  two.  parts  are 


911 


911 


14.  A  body  of  1003  troops  consists  of  three  battalions  ;  now 
\  the  first  battalion  is  to  ^  of  the  second,  as  7  to  3 ;  and  f  of 
the  second  battalion  is  to  i  of  the  third  as  g  iq  10.  Required 
the  strength  of  each  battalion  ?  jlns.  ^30,6J5,GW  men. 

15.  A  waterman  finds  that  he  can  row  3  miles  ivilh  the  tide 
in  )  of  an  hour,  and  that  it  takes  him  14  hours  to  row  the  same 
distance  back  against  the  tide  when  it  is  but  i  as  strong  |  hence 
the  velocity  of  the  strongest  tide  is  required  ? 

j1n$.  Qf  miles  per  hour. 

-  10.  A  Garrison  had  provi/ions  sufficient  for  20  months*  but 
at  the  end  of  4  months  the  number  of  troops  were  doubledi  and 
a  months  after  that  it  was  rernforced  with  400  men  more,  by 
which  means  the  provisions  lasted  but  13  months  in  the  whole. 
Bcquircd  the  strength  of  the  garrison  before  any  augmenution 
took  place  ?  jins.  800  men» 

.  17*  The  weight  of  a  cubic  foot  of  rain  water  it  looo  ounces 

avoirdupois,  and  that  of  a  cubic  foot  of  sea  water  1031  otmcei; 

iww  how  mudi  of  each  must  be  taken  that  a  cubic  foot  of  the 

nistoft  ahaB  weigh  1008  ounces  f  Oz. 

Ans.  741  ft  rain  water. 

988 /r  lea  water. 


ffl« 


9l  Ak 

ihaK  Kir  t 
icrWtt  id 

m 

10k  T1 


n.  Si: 


ij.  S- 

4  rLNftUi  ^-^ 


It'  oMUl  oompoeed  6t  gold,  lib er. 

If  juoce* ;  thi.  6ril  oonuiot  7  oumcu 

ft«^  i  uf  oopper ;  the  Mcond  i  oaiJHfi  of 

*  jitfS  uM  •»  «!*'  roppcr  s  and  tKe  thiid  8  nnces  d 

jpy,  lite  >  ol  cu^^r ;   now  what  qiuntily  of  each 

^  .jadft  %a  .iftikkc  Aiiuihcr  nujLiure  of  16  omncei  ilui 

.^  ^tfnictf  of  golJ,   y-iy  of  *ilver,  and  S^V  rf 

jAi.  4  OMJicti  o!'  ih«  firfi  iiigol,  Q  of  the 

tecon  J,  and  S  of  the  t£ifd« 

uividcil  into  3  pjns  such,  thil  the  tucn  of  the 

Uic  ^auiuf  th.*  ».co:iJ  a.iii  ihirJ  Ji  7  is  to||; 

uf  thv:  ini  and  src.ii.d  U  ta  ihe  sum  of  the 

4»  I  «i*  i«  ihc  ihr.c  i-r«jlTi  w:ll  be  ihc  number 

K;tatc  cca.^:an:<^  t^f  f\^:,  ^:^p^x:tiTcly,  <I0  rouadi 

Ihaiv  ike  AiKc^ili  uf  each  compaLiy  ii  reqiiired? 

A%i.  7:3,  ^,  and  I90,  mi. 

oTbkii  m  ihnDc  compinic*  of  foot  arc  sucb, 

iih  ;  the  odier  t\\»s  the  second  «i:h  \ 

^  ai^J  lb«  dUfd  ^Kih  X  ot  ihe  cth^r  lu  j^  are  ibe 

If^llSMea.     Kviwe  ibe  rv^pccti^e  numben  s.ne 

.|%i.  J3  inji  in  ir.e  first  compuT. 
77  in  the  kcocaL 

91  in  ihe  third. 

mifc  Uinc  mi:h  ^  ilJ,  onJerrd  by  »A 

aiiofe^jwr,  iSeo  h**  •ile  •hotild  Lm* 

m  csutc ;  but  if  it  «is  a  too,  Uwn  h< 

^c^  i  lhc*-v.vf ;  rcw  ii  h4^peacJ  iLu 

of  a  eoa  and  i  dz  J<h:er  ;  bo*  r  uii 

^fcfffl    be  dk«»kd  u  insw  ibe  taiher'i 

L 
900  ibe  di^^ter's 
ImM  ih<  mcJicr'u 


i«l 


tft» 


r    •    • 

* 


AODtTtONAL  tXAMrtlt* 


til 


n.  Suppose  4  fbotmen  were  to  utart  together  to  travel  tlie 
ume  way  round  an  islai^  ^hich  is  If 4  miles  in  circumfSerencef 
and^hal  the  first  went  II  miles  perdajff  the  second  IS,  the 
tfiifd  I9»  and  the  foarth  93 :  when  would  they  come  together 
^gain?  jins.  in  SI  da]f$» 

93.  Sereral  detachments  of  Artillery  divided  a  certain  num« 
ber  of  cannon  shot  in  the  following  manner : 

The  first  detachment  took  79  and  |, of  the  remainder*  '^ 
The  second  took  144  and  |  of  the  remainder. 
The  third  took  910  and  i  of  th^)fte  tliat  were  left. 
The  fourth  took  298  and  i  of  those  left  |  and  so  on. 
Now  at  last  it  was  found  that  the  shot  had  been  equally  diiided* 
Hence  the  whole  number  of  ballSf  aild  the  number  of  deuch* 
Its  are  required  ?  Am.  No.  of  shot  4008* 

Detachments      •• 

QaAOlATlC  £QUATIONi«    , 

I.   Gtffia*  — a— iOOaltOO;  loSndA 

Jim.  «s  (siOO^)   4-f 
i.    GifCB  9i^-h6«— STsbSSS;  tofioda.  Jm.  mc^$.  ^ 

a.   Civfn  m^^M^ki  ic«]ulicd«.         Am.  aai^  f4«*4-  O^S* 

«•   Given  4r—^«8^;  requlfcdai.        Jm.  9m{i±{h'^^)  ; 
S.  Olrai  A*  — If^—csa— ^t  to  Sad  «• 

f.   Gifeaa4>^(5a4*10)aiS;RqQltfd«. 


4ns«  jissS. 


t.    Olfca«  — i^aii 


#*-7^*«l;  fsipiWiaaiidf. 


^ifiiitfaaSor  S. 
jfsSorS. 


jr*  •— «*aa  SOOOO ;  feqiiired  •  and  jr. 

Am.  »m409^  ^m.^0^ 


TOb  in 


i  t 


t.; 


fl« 


AtOBIl'A* 


18.  Sappoft  three  ingou  of  meul  eompoied  of^gold,  iihrer, 
and  copper,  eAob  weighing  16  ouiicet )  ihc  6ril  oonUiot  7  iraciK«s 
of  goM|  8  of  silver,  and  1  of  copper ;  the  lecoiul  i  okjhm  of 
gold,  7  of  silver,  aud  4  of  copper  |  and  the  third  8  onvcei  of 
golJ^  0  of  silver,  and  5of  (ropper;  now  what  quantity  of  each 
ingot  must  be  taken  to  make  anuiber  mixture  of'ifl  ounces  thai 
shall  contain  41^  outues  of  gold,  ^^x  ^^  silver«  and  3^  of 
copper  }  Ans.  4  ouncts  of  the  first  ingot^  9  of  the 

.    second,  and  S  of  the  tfiiid« 

19.  If  1 15M  be  divided  into  3  parts  such,  that  the  sum  of  the 
first  and  scxond  i^  to  the  sum  of  the  second  aud  third  as  7  is  to  9; 
and  the  difltrence  of  the  first  and  second  is  to  the  sum  of  the 
first  and  third,  as  1  to  8»  the  three  results  will  be  the  number 
of  cartridges  tor  three  companies  of  foot,  respectively,  40  rounds 
to  each  man*    Hence  the  strength  of  each  company  is  required  ? 

Am.  73,  06,  and  iv^  van. 

90.  The  number  of  men  in  three  companies  of  foot  are  supb, 
that  the  first  company  with  -;  the  other  two,  the  second  >ii'ith  \ 
of  the  other  two,  aiid  the  third  with  |  of  the  other  twoj  are  the 
aanic,  each  being  I  ID  mtw.  Hence  the  respective  numbers  are 
required  ?  Ans.  35  men  in  the  first  company. 

77  in  the  second. 

91  in  the  third. 


SI .  A  man  dying*  his  wife  being  with 
Ihat  if  the  child  proved  a  daugliter,  then 
4  and  the  child  •}  of  his  estate;  but  if 
should  have  •}  and  the  mother  -j  thereof; 
the  mother  was  delivetrcd  of  a  son  and  a 
the  estate,  which  waa  6300/.  be  divided 
intention  ?  /• 

Ans.    900 

IBOO 
3600 


child,  ordered  by  wiD, 
his  wife  should  have 
it  was  a  son,  then  be 
now  it  happened  that 
daughter;  how  muft 
to  answer  the  father^s 

the  daggbter's  share* 
the  mother's* 
the  son*s« 


AOOtttONAl  IXAMVLlt. 


til 


M«  Siippoie4  fbotmen  were  to  utart  together  to  trarel  the 
umc  way  round  an  islai^  ^hich  U  If  4  miles  in  circumfareticef 
and^al  the  first  went  II  mites  perdajf,  the  second  IS,  the 
tliifd  I9»  tnd  the  foarth  93 :  when  would  they  come  together 
^gain?  jtns.  in  SI  dajf$» 

99.  Sereral  defachnfients  of  Artttl^ry  divided  a  certain  num« 
ber  of  cannon  shot  in  the  following  manner : 

The  first  detachment  took  79  and  |, of  the  remainder*  *^ 

The  second  tc^ok  144  and  |  of  the  remsindcr. 

The  third  took  910  and  -;  of  thpse  tliat  were  left. 

The  fourth  took  298  and  i  of  those  left  $  and  so  on. 
Now  at  last  it  was  found  that  the  shot  had  been  equally  diiided* 
Hence  the  whole  number  of  ballSf  aild  the  number  of  deuch- 

Its  are  required  ?  Am.  No.  of  shot  4008. 

Detachments      •• 


QOAOIiATlC  £QUATIONi« 

1.   GiftBa*— «— iOOaltOO;  toindA 

Jim.  «s  (siOO^)   4-f 
S.    Gifca  9i^-h6«— STsbSSSi  tofioda.  Jm.  ms^^  ^ 

S.   Civfn  m^^M^ki  rcv]ulicd«.  Am,  MsmXUa^  0       S* 

I.  Olraie/— lf^*csa-*^ttoSad«. 
f.   Gifeaa4.^(5a4.10)aii;RqQltfd& 


AfU*  jisiS. 


7.    Olfcaa  — i^aii 


#*-7^*«l;  *«|BW«aiidf. 


^ifBitansSer  S. 
jfseerS. 
1.   Gheai|r*t2Ss4*seqr 

jr'<-«*aaSOOOO;  leqnifedeaiidjr. 

Am.»mM^pmS^ 


VOU  tu 


it 


tit 


AtCIBKA. 


.  ,f.  OmOUni  fndwftg  Quadk^tic  Equations. 

.  !•  To  find  a  nuynbcr  tuch,  thai  if  you  tubtnct  it  from  30, 
and  multiply  the  remainder  by  the  number  itsdf^  the  product 
ahall  be  ^09}  M$.  II  or  19. 

• 

9.  The  difference  of  two  numbers  is  5^  and  tho  difference  of 
their  cubea  i«  1683  j  what  are  those  numben  ? 

jins.  8  and  I). 

3.  When  90^  men  wen!  drawn  up  in  two  square  columm 
(i.e«  the  number  of  rauks  equal  to  the  number  of  men  in  (root) 
it  wal  found  that  one  column  consisted  of  18  ranks  more  than 
the  other :  hence  the  itiength  of  each  column  b  required  ? 

j4ns.  841,  and  191  mat. 

...  • 

4*  To  find  two  numben  whose  product  ahall  be  equal  to  the 
difference  of  their  squares,  and  the  sum  of  their  squares  equal  la 
the  difference  of  their  cubgs  ? 


Aus.  I  v^5,-  and  — — ^, 


,  5.  Two  partners  A  and  B  gained  140/,  by  trade;  A'a  money 
wal  3  months  in  trade,  and  his  gain  waa  Oo/.  less  than  his 
atock  I  and  B*a  money,  which  was  3o/.  more  than  A'a^  waa  in 
trade  3  months ;  what  was  A 'a  atock  f  Ans.  100/. 

• 

,  0.  A  and  B  take,  in  trade,  5940/.  per  annum  each,  but  A, 
whose  profits  are  9  per  cent,  greater  than  those  of  B^  clears 
100/*  per  annum  more  than  B.  What  are  the  profits  of  each, 
per  cent,  and  what  do  they  clear  per  annum  f 

Anu  A  gains  10  per  cent,  and  cleara  540/.  per  aun. 
B  gains  8  per  cent,  and  clears  440/.  per  ann. 

7.  What  two  numbera  are  those  whose  difference  multiplied 
by  the  difference  of  their  squarea  will  produce  370 1  and  whose 
itun  multiplied  by  the  aum  of  their  aquarea  ia  8330  ? 

Ans.  II  aiid3« 


ADOlTIONAt   BXAMPLti. 
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8.  What  number  it  that  which  being  malttpBcd  bjr  the  Mm 

of  its  two  digits,  the  product  shall  be  1019,  and  if  63  be  aub- 

tracted  ffom  the  number^  its' digiu  will  be  inverted? 

j/fii.  g^• 

9.  When  739  men  were  drawn  up  tn  column,  the  mmiber  m 
front  and  the  number  of  ranks  together  made  73*  How  many 
were  the  rink  f  Jins.  61  6r  M. 

10.  Two  detachments  of  foot  are  ordered  to  a  station  distant 
39  milest  they  begin  their  march  at  the  same  timet  but  one 
party  by  travelling  ^  of  a  mile  ai\  hour  more  than  the  other,  ar. 
rires  1  hour  sooner :  hence  the  rates  of  marchini^  are  re^piiicd  ? 

Ans.  Zi^  and  3  miles  per  Aa«f> 

11  •  To  find  two  ntnnbers  whose  product  shall  be  390,  3nd 
the  difference  of  their  cubes  to  the  cube  of  their  diSertncey  aa 
61  is  to  1  7  'An$^  f  O  and  16. 

19.  Given  the  sum  of  three  numbers  in  harfaionic  proportion 
r  I9I1  and  the  product  of  tlie  first  and  third  r:  403S;  ta  find 
the  numbers  ?  Ans.  79,  63,  56. 

13.  Given  the  sum  of  3  numbers  in  geometrical  progression 
r  91,  sod  the  sum  of  their  squares  =  4459;  what  are  the 
ounibcrs?  Am.  Tj  91,  63, 


14.  If  the  sum  of  two  numbers  is  1 1,  and  the  sum  of 
3M.  powers  17831 }  what  are  the  numbers?     •   Am.  4  tad  f* 

Ihditekminatb  PaOILEMS.  * 

1.  To  find  the  least  whole  number  which  being  divided  by  I7 
shall  leave  a  remainder  df  7j '  but  when  divided  by  96  the  it- 
mamdcr  shall  be  13  7  Ans.  143* 

9.  Required  the  least  possible  integer  that  bemg  divided  by 
98,  19,  and  13,  the  respective  remainders  shall  be  19,  13, 
and  11?    -  Atu.lt\t\. 

f  f  9 


ALOCBRA. 


B.  When  a  company  of  fud  wa^  dirawn  up  fai  ooliunn  with 
11  men  in  froDt9  it  was  found  that  5  mcu  wero  wanting  to  form 
complete  rdnkA ;  but  when  they  were  drawn  up  with  J  men  in 
finn^  only  l  wai  required ;  what  was  the  ttrcngih  of  the  com* 
pany^  suppoting  the  number  lets  ihan  100 }         .^ai«  63  mea. 


4t  To  find  the  year  when  the  Roman  Indiction  waf  4^  the 
Coldea Number  9,  and  Cyck  of  the  Sun  la  ?       jtms.  in  ijli. 

3.  A  regiment  of  foot  (leti  than  I000)'when  put  in  column 
with  13  men  iu  fronts  wanted  0  men  to  complete  the  lat»t  rank ; 
when  13  were  in  front  then  14  men  were  wanting;  but  with 
17  in  front  the  ranka  were  complete :  what  waa  the  atrength  of 
the  regiment )  ^m.  901  mem. 

0«  How  many  different  waya  ia  it  poaaible  to  pay  90/.  without 
any  other  coin  than  kal/  guineas  and  hulj  croufus  f      jlm.  7» 

7*  If  17'  +  1^  +  <U  zr  400;  how  many  positive  integral 
valuea  are  there  of  x,  y,  and  z }  Am.  10  of  each. 

8.  To  find  two  whole  numbera  having  77  for  the  difference  ef 
their  aquarta  ?  Am.  %  and  9»  or  %H  and  39* 

9»  To  find  that  number  which  being  any  how  divided  into 
two  unequal  parts,  the:  greater  part  added  to  the  square  of  the 
kaa^ 'ahull  be  equal  to  the  less  part  added  to  the  square  of  the 
greater?  •  Ans.  \. 

\0^  To  find  the  two  least  %^ho1e  numbers  whoae  difference, 
the  difftrence  of  their  aquarea,  and  the  diflcrence  of  their  cubeii 
are  all  aiiiiare  numbera  7  Am.  0  and  10* 

11«  To  find  a  aquare  number  to  which  if  you  add  7i  or  aub* 
tract  Ti  the  aum^  and  difference^  ahall  alao  be  aquare  numbeit ' 


ADDITIOIIAL  IXAMPL18. 
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It.  To  dinde  10  mio  4  tuch  paits^  thai  the  tani  of  cverj 
three  shall  be  t  tqoare  ?  Mi.  9,  I,  iHh  ^  Mh 

* 

13.  To  divide  ^  into  4  parts  such,  that  either  part  when 
added  to  the  eube  of  ^  shall  be  a  square  f 

An$.  ^^J^,  ^lAAiV.  ^J^f  «d  -UM^ 


i 


■I 


Arithmetical  Progressions. 

1.  ir  the  first  term  s  ^,  number  of  terms  rr  90,  and  the  sum 
of  all  the  terms  r:  100 ;  what  is  the  common  diflercnce  ? 

e.  A  detachment  of  foot  have  to  occupy  a  post  distant  1 50 
Biiles;  the  first  day  they  march  10  miks^  the  sfctmd  day  I5{p 
the  third  day  1 5^  and  so  on,  lessening  each  day*s  march  -^  m 
mile:  in  what  time  will  the  journey  be  performed  ? 

^ns.  19  days. 

3.  A  detachnvent  marched  108  miles  in  16  days^  and  the  first 
day  they  travelled  1 8  miles ;  now  supposing  each  day's  march 
wu  diminished  by  the  same  distance,  how  far  did  they  trarel  the 
last  day  7  Jns.  0|  mites. 

4.  If  the  first  term  of  a  progression  is  z:  0,  common  diflerenoe 
=  l|,  and  sum  of  all  the  terms  =  1170 ;  what  is  the  number 
of  terms  7  jtns.  40. 

5.  A  party  of  foot  begin  their  march  at  6  in  the  morning, 
and  travel  34-  miles  an  hour ;  3  hours  after  a  troop  of  horse 
follow  them  from  the  same  place,  andViarch  3^  miles  the  first 
hour,  4  miles  the  neati  4t  the.  third,  &c.  increasing  their  march 
i  a  mile  every  hour ;  in  what  time  will  they  overtake  the  foot) 

jins*  i  hours. 

m 

0.  Given  the  sum  of  the  sqiures  of  the  two  means  s:  S40^ 
and  the  sum  of  the  squaits  of  the  two  ettiemes  r:410|  to  do* 
iermine  the  four  nmnbeit.  jt$u»  Ii  lli  13^  10^ 


ALClBRAt 

7*  If  a  complete  aqiure  pile  of  ctniioii  balls  containt  juti 
7iMii»es  the  number  in  Uie  bottom  layers  (ben  bow  mapy  aie 
Ibeieti^tbe  pile  ?  Am.  MJO^ 

■ 
i 

6.  Tbe  cannon  tbol  of  a  complete  triangular  pile  wbeii  placed 
in.  rows  that  touched  one  another  on  the  groundi  formed  an 
exact  iquare.  What  was  the  uhole  number  of  ballij  the  num. 
ber  being  greater  than  4  ? 

GlOMETRlCAL  PliO«RI88ION8. 


!•  What  ii  the  turn  of  the  first  1 1  terms  of  the  seneS|  9^  ej^ 

ti»  u»  &<:•  ^«^-  isaa. 

e.  What  is  the  \3th.  term  of  the  progreuion  ei,  7^  8|,  |, 

S.  Required  the  sum  of  the  progresiion  a,  -i  A*  -^p  &€• 

infinitely  continued^  r  being  greater  than  I  ? 

Ami. -. 

r — I 

4*  If  the  first  term  =  6,  the  ratio  =  \^  and  sum  of  the  pra* 
gression  =  IS  7  what  is  the  number  of  terms  ? 

5.  There  are  4  numbers  in  geometrical  progression,  and  tbe 
sum  of  tbe  two  least  z:  S0»  and  that  of  the  two  greatest  =:  45  ; 
what  are  the  numbers  ?  An$.  8«  18«  18,  fl. 

0.  To  find  4  numbers  in  arithmetical  progression  which  beliig 
incresMcd  by  4j  7i  48,  and  fia4|  respectiYelyj  the  sums  shall  be 
in  geometrical  progression  ?  Ans.  7i  99j  31»  73* 

• 

7,  From  a  vessel  containing  10  gallons  of  brandy^  i  gallon 
was  drawn  out,  and  a  gallon  of  water  poured  imo  the  yessd ;  a 
gallon  of  the  mixture  was  then  drawn  out,  and  another  gallon 
of  water  poured  in ;  now  the  like  process  being  repeated  18 


ADOITIOIIAt   IXAMPLIS. 
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timef,  it  ii  required  to  6nd  how  much  brandy  remained  in 
the  reisel,  .tuppoting  the  two  fluids  were  thoroughly  mixed 
every  time  ?  Ms.  3  iVVWvWbV  f  a" • 

8.  The  sum  oF  three  numbers  in  geometrical  piogreasion  is 
f  1^  and  their  continued  product  0M1 1  what  are  the  numbert? 

jlm.  7 9  91,  68« 

9.  If  the  £rtt  term  of  a  series  be  96,  the  last  term  8,  and  the 
■umber  of  terms  80;  what  is  the  ratio  ? 

jtm.  .81844381  nearly* 

10.  Suppose  the  first  term  is  1»  the  last  0,  and  the  sum  of 


the  series 


3 


3— « 


I  what  is  the  ratio  ? 


jlns.  -• 

9 


P£RMUTAT10NS«   COMBINATIONS.  &€• 

1.  How  many  changes  or  Tariations  can  take  place  in  the 
letters  of  the  word  change  f  Ant.  7S0. 

S.  Suppose  7  men  stand  in  a  rank ;  how  many  times  can 
tbdr  order  be  varied  ?  An$.  5010. 

3.  If  a  company  consisting  of  3d  men  are  drawn  up  in  coltmmi 
with  how  many  different  fronts  can  that  be  done,  when  5  men 
are  always  in  front  ?  Am.  148306. 

4.  How  many  difl*erent  hands  can  be  held  at  the  game  of 
whist?  Am.  635013359000. 

3.  How  many  Tariations  may  be  made  of  the  letters  in  the 
word  BaccAaiNiKa  f  Am.  831600. 


6.  tbw  many  different  numbers  can  be  made  out  of  an  imit| 
8  twosp  8  thmeSf  4  feurS|  and  fi?e  fives^  taken  3  at  a  time  } 

Am.  8llit 


M4 


/    ^M- 


AlOltRA* 


1.  How  many  dUbml  mimbcrt  eta  be  aiade  wiih  the  umm 
figurcft  M  io  the  last  csampk^  iuppoting  iB  the  15  figures  to  be 
ill  etery  number  ?  .  Jm.  $1WB0O. 

a.  Let  there  be  5  nnki  of  meot  and  euppoee  the  first  nnk 
oonsisu  of  7  men,  the  second  of  lOj  the  thini  of  19,  the  fourth 
of  14,  and  the  fifth  of  15 }  now  how  many  ways  can  5  men  be 
chosen  from  the  ranks,  one  man  being  taken  from  each  rank 
every  time?  jtm$.  176400. 


9,  How  many  words^  significant  and  insignificant,  can  bt 
made  out  of  the  M  letters  ? 

jtn$.  ld9l7i4M8887S599994M19849S40Sm). 


Ricprringt  omle/Aer  SiRiis*— Dj 


Miihod. 


I.    WkatistliesuDiorthciiifiiilleserks|— ^^^^-p-^+.te. 

e.    Bcqttircd  the  turn  of  the  series  l-f  ^-1-  &i*-l-  tOA<4-  !&■« ^kc 
lafiikitcl  V  cootioued  ? 

S.    Whatbthesumoftheiafiulteserics  14-4«-«-9<*+1&k'-I-&c» 

14- ir 

4.    Wkatisthesumof  the  ioiolteicrlcs^— '^•f^— ^4-lic.» 

#      r      n*      4n 


a     s' 


Am 


•  +  « 


5.    Beqttircdthesumortheiii6iateieries|4-|+^-^^|4-  ^c. 


i.    Wkatbthe 

a 


+ir 


ftc. 


s 

of  ths fiist  10  tenas  of  the lerics  l-*-|+|+^ 


1>- 
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T.    RcsiriiH|iKMmflrtlieMric»l<f  l  +  '^'f  jj-|',^-*-iK.I«li|^ 

'. »  if  Iff .  r» 

f.    B«|oiic<lllKwnor(l«iDfiaHeKri«i4-ri-l-rr^-*-r?ri''«- 


COQttOUCdr 


^m.  -. 


la  BequiMd  the  tun  of  the  InfinUe  serift  1  +  r^  4- r^  4- 7^ 

Aru.  1. 

II.  Required  the  fttin  of  20  tcnnt  of  Ihtwrift  of  products  1.9.5-f9.4 .5 
45.6.7 -f&c.  iffiff.  35C380. 

IS.  Iftfie  top  row  of  a  complete  oblong  pile  of  cannoa  tliot  comiilt  of  10  ' 
Mk,  tad  the  namlwr  of  eoonei  are  11|  then  how  roanj  ihot  are  la  tin 
pik?  '  Am.  llOO. 

13,  The  tidcf  of  the  top  coone  of  a  hrokeo  rectnngtilar  pile  of  tliol  art. 
If  lod  7,  and  the  mtmbcr  of  counei  9 1  required  tl;e  number  in  the  pilef 

Ans.  n:?fi.  \  » 

14.  What  it  the  TOtk.  term  of  the  tcriet  1,  6, 7\,  56, 126, 252»  Sec.  I  '  ^ 

Am.  42304. 

t 

REVHtiiOH  OP  Series. 


I.   toiewtthet?rlettfy+V+^+^+M««c.=*.    (180) 

a      A»«     (2A^flf)«^    (5M— 5gfe4>aV>a» 

.  ^'  ^^i^u  + — i« ■ s? -• 

(^4^t^2layc♦6aW^>34iV— 4iy)at 

Si   Tof«ferttheieri«t#p4-^+^'^  +  ^+53^H^ 

«     a*     a*     c^      a*    • 

'^  8       '  13 

-d^  Toftffftlheterieijf— Jlp^^-^y  — yj^-t-itcni*. 


TOfc*  II. 


•ft 


ID 


li^« 


•f*l(C.^jr,  beiemtcd. 


4.    Ul.fc.«ri«^^.g,+^. 


i.   Tot«vcitllitiaietyi^ly4^4y^i4.^^M^I^ 


504<M« 


«     • 


CoaiCt  oHifAi^W  Equations, 

•  » 

I.    ir2t'^S4x«4.96jr«s378;  mhalUtl«e  value  of  jr)       Jim.  9^9. 
S.    Let  «>  4-  9x s  1 430 ;  requiretl'tbe  value  of « I  ^tftft.  f  s  1 1. 

3.  CiveQc>4.SU>«-i|96is4ll6;  iofinda) 

Jru.  jrs  li.  — 14,-^21,  the  thfce  rodU. 

4.  GlvcM  «*4.7x*<— 4^s30l ;  lAfind  a» 

.^ii#.  j( = — 7«  ^  lit  ^  %/43,  the  three  roots. 

i.    Suppow«s^ni.PU«^79a5.6«=:7l^5r»;iec|uirefUhe%alueorif 
4tfm.  its  II  .86'^  CO.  106«  99.i>4'2,  l!ie  three  roots,  Dearly. 

$•    The  tum  of  4  Bumbem  in  ircometricul  pni^res  ion  being  140,  ami 
thelf  coutioued  product  ss  \i)i^3i)U^^ ;  uhat  are  t^e  nunibers) 

Jfis.  3i,  lOJ,  314.  9I{, 

7.    Tlie  tum  of  3  numbers  in  harmonic  prn|)ortion  is  191,  aud  their  con- 
tinued product  23401(1.    Ve(|uired  the  numbers. 

Jfu.  73,  fiJi,  and  Sfi. 
i.    Given  the  ram  of  three  mimlu:rs  s  3?,  the  mm  of  their  squares 
CB  330,  and  the  luni  of  their  cubes  =s  3i)^().    What  ate  the  numbers } 

Ahu  9,  10,  and  13. 

9.  A  company  of  fciot  can  lie  drawn  up  In  column  with  34S?0  di/TercBt 
fronts  liaving  always  3  men  in  front :  iilut  is  its  strength } 

Jnu  60  niem* 

10.  The  numlier  of  cjunon  shot  in  a  complete  triangular  pile  h  9139 ; 
then  bow  many  are  in  the  bottom  course?  Jnt.  703. 

1  •  The  number  of  cannon  thot  in  a  complete  square  pile  or  pyramid 
exceeds  the  number  in  a  complete  trianguhir  one  by  ?300  when  the  tides  of 
the  two  bases  are  equal :  bow  many  balls  are  in  each  pile  I 

Ans.  4900  and  2600. 


I?.    IfJ-J-,  +  i|-5i  +  &c.fi.fi^i 


m;  whatisthevahieof  «> 

WM 


Jfu.  4rs 


I -IIS- 


^ 
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13.    Soppofel-^34'f  6d|t«^IOA'.f  l5Ji«4>Sec.  tf/itff^.rslO|itq|alrMl 

Ike  value  of  a  f  4 

I 


Anf*  «8sl  — 


.a** 


equal  to  6367  timet  the  number  of  tenm;  wliat  it  the  turn  of  the  tcticti 

# 
n.    If  Ji«—  .61  i977«* ^.75569as«—  .3763661  ss  .96406?«5.  Rec|uli«i  - 
llievalaeofx)  ^/w.  jrs::.';9l201« 

16.  Suppnae  3     <«*^   a  4785156:  what  b  the  value  of  xf 

Am.  7. 

17.  If /^s''a  I9|  trquiivd  the  value  of  jr> 

^  Anu  3.3J9t5  flMar^. 

# 

It.    Given  l4.9i*4*3f«-«-4i^4-acc.-(liilis^.)^y^ 

and  3ssBjr. 
Rci|uirp(l        valuet  of  n  and  ^  f 

Ahk  nss^J. 

19.  Suppose  {,4.i *t  +  1^+  ^i.^  +  ~«»+«cc.(iiif.fj6i.)=;> 
what  it  tlie  value  of  a? 

^'"•'«»-|li*9^-575-^afe--*^-  ' 

20.  Given  jr*-(-yss  lOOOO,  and  is— ^^ss 85000;  to'ftwf  jrand^f 

Ah$.  <ss8.870I7»  and  jr si 7 •  B5585  neor^* 


•-'. 


-ft  • 


iNTERItT,  tffllf  AnNUIT1E8« 

!•  A  8ii«i  of  money  put  otit  Rt  simple  interest  unMNnits  to 
C97/.  \U*  in  8  months;  and  the  amount  of  the  stme  sum  in 
15  months  is  3o6/.  Required  that  sum :  also  the  rate  of  in* 
tercat?  Ant.  fiBSf.  the  sum. 

A  per  ctni.  the  iuttrest. 

m 

*  9.  Two  notet,  one  of  I80/;  payable  iq  6  months^  and  the 
other  of  150l«  payable  in  9  months,  were  iliscountcd  for  %U  10$. 
what  was  the  rate  of  interest  ?       .       . 

An$.  hi.  U.  \o^.  pit  C9M.  nearly 

•  • 

'   00  • 


tM 


ALGt9tA< 


3«  Thefe  U  890l.  due  to  me  tt  thii  timet  and  96l«  mm  urill 
be  due  tt  the  ciul  of  5  years,  (both  from  the  tame  |)erMm^ ;  now 
we  make  an  agreement  that  the  whole  shall  be  discharged 
al  one  paymenti  a^  the  time  when  the  interttt  of  the  3^o/«  be. 
eomes  equal  to  the  discount  of  the  96L  llmce  the  time  of 
payment  is  required :  the  calculation  being  made  at  5  per  cenL 
per  ann.  simple  intercut  ?  Ams»  at  the  end  of  I  year* 

4.  At  what  rate  of  compound  interest  will  461/.  raise  a  stock 
of  lOOO/.  in  15  years  ?  jins.  5  per  cent. 

5.  What  is  the  amount  of  917/.  forbom  9}  yean  tl  s  per 
cent,  per  annum  compound  interest,  sup|ioiing  the  inure^ 
payable  quarterly?  jtns.  ^\\L  I3i.  Aid. 

6«  If  S36/«  be  payable  at  the  end  of  7  years,  what  is  it  worth 
in  ready  money,  discompting  after  the  rate  of  7  per  ceni.  per 

■ 

mill,  compound  intercsi  ?  Ans.  Mil.  14i.  nearly. 

7«  The  conijK>unU  interest  of  a  certain  surn  of  money  amount- 
ed to  344.81/.  in  4  years ;  but  the  simple  interest  of  the  same 
sum,  at  the  aame  rate  in  4  years,  would  have  been  only  3?oif. 
HciKC  the  principal,  and  the  rate  of  interest  are  required  ? 

jins.  1600/.  the  principal. 
,  5  per  ceil/,  the  rate. 

8.  What  is  the  present  worth  of  an  annuity  or  ixnt  of  5o/«. 
per  ann.  payalile  yearly  for  91  years,  reckoning  compound  iu« 
tere>t  at  tlie  rate  of  Q  per  cent,  per  annum. 

Am.  388/.  is.  id.  nearly. 

g.  For  how  long  time  will  600/.  purchase  an  annuity  of  too/, 
at  4  per  cent,  compouixl  intercit  ?  Ans.  7  years.    • 

10.  To  determine  at  what  rate  of  interest  an  annuity  of  30f« 
to  continue  10  yearsj  may  be  purchased  for  400/. 

Ans.  4.97751.  per  cent,  nearly. 


APrLICATlON    Of   ALGEBRA,   feTC* 


M» 


II.  Suppose  an  annuity  of  I73l.  is  to  commetice  0  yean 
hencfy  and  then  continue  II  yenrt:  to  find  the  present  value^ 
allowing  0  per  cent*  per  anH»  compound  interest, 

Ms.  Sl6l.  18«.  od.  nearly. 
•  • 

,  le.  A  young  man  sinks  lOOO/.  in  purchasing  an  income  of 
too/,  per  ann*  to  continue  till  he  is  60  years  of  age ;  now  if  he 
be  24  years  old  when  the  purchase  money  is  paid^  at  what  agb 
will  be  begin  to  receive  the  annuity^  allowing  5  per  ceni.  per 
enn.  compound  interest  7  jtm.  39.197  J/ean,  nearly. 


■■*  *■ 


APPLICATION  or  ALGEBRA  to  GEOMETRY.    ITtlh 
Ike  Sotulions  ty  GEOMETRICAL  CONSTRUCTION. 

I 

33S.  Iv  the  preceding  Articles  we  have  consideted  Algebim 
IS  independent  of  Geometryi  and  demonstrated  its  operationa 
fmm  its  own  principles.  We  shall  now  explain  the  use  of  Al* 
gtbrs  in  resolving  Geometrical  Problems  which  depend  on  the 
)>ro|icnie9  of  right  lines  ^  and  the  circle.  The  student  should 
tlioitfore  be  master  of  thb  geometry  in  the  first  volume  before 
he  niters  on  this  part.  ^^^ 

Thmigh  the  algebraic  method  is  concise^  and  admirably 
adapted  to  the  discovery  of  general  properties  and  theorems^  yet 
constructions  purely  geometrical  claim  the  prefenrnce  in  point  of 
c^mce  and  perf picuity :  this  however^  is  to  be  understood  of 
pUfie  proHems  only,  or  such  that  may  be  resolved  by  a  simple^ 
or  a<|iiadratic  equation.  When  the  equation  rises  to  a  cubiCf 
iht  problem  is  called  a  solid  one,  and  the  actual  description  of 
tboK  lines  by  which  the  constructioa  is  efiected  in  lAol  tase^ 
becomes  a  matter  of  some  diflkulty. 

Diflerait  problems  will  feqnift  diflcfent  mtthiDda  of  aolntioo  i 
umI  consequently  it  would  not  be  easy  to  (irame  fmeepla  ftt 


r  • 


• . 
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general  ideffcnce.  The  sludenl  nmsl  Ihciefore  Bcquire  hit 
knowledge  and  deiterily  in  this  branch  from  eiMipicS)  and  hit 
own  praclioe.- 

998.    We  shall  begin  wilh 

J%§  construction  ^f  the  three  Jwmt.oJ  adfecied 
Equatiom : 

;       viz.    JT*  4- ox  s  ^c. 

«•  — 11*  =:  *c.  -  ♦ 

ojr  — *•  =  be* 


Construction  of  the  first  and  second  forms. 
Wit&  a  radius  equal  to  ^  let  a  circle  be  de* 
acribcd,  its  centre  being  O.  In  ihb  circle  draw 
a  chord  AB  ;z  & — c  {b  being  supposed  greater 
than  c)  and  produce  AB  till  BP  =  c;  and  from 
P  draw  PC  through  the  center  O.  Then  will 
jr  =DP  in  iht  first  form ;  and  x  =  CP  in  the 
second.    - 


TofABzib—c,  andBP=:c,  therefore  AP=t*—r+c  =  I. 
And  since  the  radius  of  the  circle  is  =:  in,  the  diametbr  DC  ^  a. 

Now  (DP  +  DC)  X  DP  =:  AP  X  BP,  (Geoai.  98) 
thi^t  is    {x-^-a)  XX  z=  b  xc,  or  ji*-h  a*  =  bc^  the  first  forau 
And  in  the  second  form  (PC  —  DC)  x  PC  =  AP  x  BP, 
or  (jc  —  a)  K  X  ==  ^  X  ^f  that  is  Ji*  —  nx  =:  be. 

If  the  rectangle ^c  =:  ft*,  or  n  is  taken  a  geometrical  nca 
between  b  and  c,  then  the  distance  of  the  point  P  from  tk 
dfol^Js  found  by  drawing  a  tangent  (RP)  =:  n  from  any  poifll 
(R)  in  the  circumference;  for  AP  X  BPs  PR*  [Geom.  W) 
=:  bczzf^.  This  latter  method  of  construction  (by  means  of 
the  tangent)  may  be  adopted  when  ^— c  is  greater  than  a  iIb 
diameter  of  the  circle : 


TO  GEOMETRY. 


Ml 


t 


ItctM  ofeaktJaiiim.    Draw  the  radios  OA.  and  on  AP  kt  h\\  the  pcf^ 
pcndicular  Of  which  will  bisect  the  chord  AD  (Gcpiit.  65). 

Then  Or«asOA«-.AI«  (C«om.  83)V  and  OP«=OI«  +  IPSor  OP«a 
\Oi-AI«+I?«;  therefore  OPa  |/(AO«— A'P  +  IP«).  •«!  c«Hf 

fptt^twnPorx=:%/(AO<~AP4*1P*)^^^^ln<b«.fi'>^^^'™>  and  PC 
or  fs=  |^(A0*—A1«4- IP *} -^OC  in  the  fccond. 

Suppose  t^  +  ^'ssS  X  4j  (Ihc  fint  form). 

Then  AC  s=  Jus 4},  AIss^l^ss  IJ.  IPss6j,ODnrOC  =  4l:  and 

,=r|/(:oi-.3V^+39Tlj)r-4i=s7f-4j  =  3eDP;and7j+4i»l« 
s  PC,  Ibe  values  of  a  in  tlie  two  iirft  furt^if. 


Construction  of  the  third  form*  Let  a  circle 
vboK  diameter  is  a  be  described  as  in  the  pre- 
ceding  forma;  and  take  the  chord  AB  =:  fr  4-  c; 
ouke  AP  zr  b^  and  PB  =  c,  and  thfough  P  draw 
the  diameter  DC.  Then  PD,  and  PC  wiD  be 
the  two  roota  or  valuea  of  x. 


f 


I 
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For  (DC  —  PD)  M  PD  =:  AP  >c  PB,  {Geom.  »T) 
that  if  (a— x)  XJr=:5>rr,  or  ax^x^=:bcp  (jr  being  s  PD}« 

And  (DC— PC)  >c  PC  =  AP  X  PB, 
that  ia  (a— 4r)  K  «»  or  ajr-*x*  r:  be,  («  being  denoted  by  PC)« 

When  5  +  c  ia  greater  than  the  didmcter  a,  take  n*  '=:  bcp 

or  kt  ax^ji?  izn*9  then  AP  and  PB  mill  be  equal*  and 

AB  ;:  «». 

Methni  of  tataitaHom,    Tfoim  the  centre  O  let  fall  the  pcrpendloilar  01 
upon  AB»  and  join  OA. 

•    - 

Then  OI«ss  AO*— Al'(C«wi.  83)  =  Jtf •— (t±i)\ 
iW  IPeAp-.At-*--t±£»*^| 

nd  OPs|^(^*-»te)t  wham  PD.  aad  PC  the  two  tahict  .T  #  an 
OD.OP,  ndOC-l'tiP,  ari«-.tr(|4»~fe}:  aB4i«+V(X^lc)« 


I  • 
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Ut  Hf  rr^eaxS  betlwcqiialiQB.    TTicniiaUssDC.  ^s«i 


Af. 


Tlif  lano  cofichitMiof  muU  (ntm  completing  the  square  i  ibut.  Ukiag 
Uie  Ihifd  ibnii  m— j^ssAc,  or  x*-«ms— ^i  mliirace«*— «i-f.^«^s 

From  the  preceding  contlructiont  il  tppcarsi  thai  when  a 
geometrical  problem  can  be  solved  by  an  equation  ool  exceeding 
^   a  quadratici  it  also  admits  of  a  construction  by  means  of  rigbt 
lines  and  the  circle. 

934.  The  area  (a)  of  a  right  angled  triangle,  ami  the 
hypotenuse  (A)  being  given,  tejind  the  other  two  sides. 

Suppose  AB  is  the  hypotenusct  and  CP  the  perpendiculir 
kt  fall  from  the  right  angle  ACB  upon  the  bypotmuse. 

Since  AB  (or  A)  x  CP  =  9a  {Mensvr.  937)  we  get  -^  =  CP 
the  perpendicular. 

Now  let  one  of  the  segments  AP  or  PB 

be  denoted  by  x,  then  the  other  will  be 

A*-x.    And  because  CP  is  a  mean  pro* 

portional  between  the  segments  APj  PBj 

4a*  4e' 

{Geom.  164)  we  have  (A— «)*  =  -.,-,  or «• -^ Ajt  =:  — -tt; 

mhich  equation  gives  *  =  iA  +. t>^  lih*  —  'TTJ*  ^  ^*^  ^* 

ments  AP  and  PB.    Whence  the  sides  AC,  BC  will  be  found 
by  Ceom.  83.  ^  • 

Suppose  tlie  hypotenuse  Aficsl38sA»  and  the  area 38  39 se:  tba 
CP  bang  M  ^  s  «.  «e  have  AC  s  «r(8l  4-3«}.  m4  fiC  B  t^^tli-l.  a^ 
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fsa 


irUie  perpendicular  -?-  r:  4^,  the  exprefiion  f/fiA*—  -r^) 

UzzOf  and  Jr  =  ^,  or  the  point  P  coincidet  with  the  center  of 
the  circle :  therefore  should  the  given  area  exceed  ^A*  the  pro* 
blem  if  impossible*  • 

Otherwise  thus: 

» 
Suppose  O  is  the  middle  of  AB ;  and  put  ir  =:  0P|  half  the 

diflercncc  of  the  segments  AP,  PB ;  then  -fA  H-  x  and  |A  —  it 

will  denote  the  two  segments ;  whence  {Geom.  164;9  (ih  4-  Jr) 

X  (4A  —  jr)  =  ^  ( =  CP«),  i hich  gives  a*  =  iA*  —  ^\  and 

jr  =  \/  (ih*  —  ~j  =:  OP^  which  added  to,  and  subtracted 
from  ^A,  give  the  two  segments  AP  and  PB,  as  before. 

GeamelricaUf. 

On  tlie  given  hypotenuse  AB  describe  a  semicircle ;  also  on 
the  same  line  AB  let  a  recunglcZB  be  made  equal  to  twice  the 
arts  of  the  triangle  {Geom.  179):  from  C  draw  CA,  CB;  and 
ACB  is  the  triangle.  For  the  triangle  ACB  is  =  |  the  paral. 
lelogram  ZB  [Gcom.  83.  corol.  9),  and  the  angle  ACB  a  right 
one  [Geom,  J9.) 

Method  q/ cdculation.  Draw  the  radius  OC ;  then  tfir  perpendicular  CP 
iMJni^  round  as  More;  wc  have  t^rOC«— CP«)  s=  OP  (Otviw.  K%  or  half 
tJie  diilorcnce  of  the  legmcnts  A?  aiui  FB:  mhkh  is  the  tame  cxprestioii  u 
that  found  b}'  the  last  of  the  preixnling  metliodt. 

• 

In  this  construction^  the  vertex  (c)  of  the  triangle  is  deter- 
mined by  the  intersection  of  two  loci.  1  hus  the  circular  arc 
ACB  is  called  the  loan  or  place  of  the  angle  ACB^  because  two 
lines  drawn  from  A  and  B  to  meet  any  wliere  in  the  arc  ACB 
will  form  the  same  an^  {Geom.io).  Therefore  wlien  the  base, 
and  vertical  angle  of  a  triangle  are  giren^  the  locus  of  the  verles 
is  the  arc  of  a  cirde«    But  when  the  baae  and  area  ate  (irco, 

VOL.  lit  8  H 


AffLlCATIOII  Of  AI'AKBAA 

the  licw  of  the  verteiU  a  right  lioeiNtfiUd  10  the  Ui^  Thus 
all  trianglet  tUndiDg  on  the  hate  AB^  and  havii^  equal  arta^ 
.will  have  their  verticet  in  the  indcfinile  line  DO :  Gfom.  Of. 
Corel.  9. 

i 

935.  la  a  right-angled  iriangU  ACB,  Ui  ihmr§  h  ftyee 
Ma  kypoi€nus0  kB.  and  iha  sum  of  ike  oiker  eiAte  AC«f>BC| 
io  delermiM  ihose  eidee. 

Suppose  AB  s  A,  AC  +  EC  =  r^  and  BC  z  «• 
•  Theni— a  =  AC,  and  (#—*)■  +  *•=:*• 
{Geom.  as)  or  #*— SIX  +  ^^  =  '^^ ;  which 

— I — 
and  these  two  values  of «  ait  BC  and  AC. 

If  /*  it  greater  than  aA*j  the  problem  is  impossible. 

Suppoie  ABa5l5sA,  snd  AC4- RCss?!  aeit 
Then  i$  d:  ^{^itllZll^  s  lOf  ±  i^  ^  a  12  andD«  the  icquiitd  lidA. 

Ceomeirically.  ^  - 


/ 


On  the  hypotenuse  AB  describe'  a  semicircle,  and  also  a 
segment  of  a  circle  to  contain  Haifa  right  angle  \  mske  the  choid 
BD  =  the  sum  of  the  sides }  then  from  the  point  of  intersectiea 
Ct  draw  CA<f  and  ACB  is  the  triangle. 

For  ACB  is  a  right  angle  (Geom.  je),  and  therefore  ACD  is 
also  a  right  angle ;  and  since  ADC  is  =r  half  a  right  angle,  the 
angle  DAC  must  be  half  a  right  angle,  and  consequently 
ACi:  CD|  tlierefore  AC  +  CB  =  BD  the  sum  of  the  sides  by 
construction. 

Method  of  calculaiimu  By  trigonometry,  ai  ABtfiiM  ADBit  BD:i6tf 
DAB;  whence  the  angle  DBA  bccooaei  known;  and  then  tbe'iides  BC  aa4 
AC  arc  readily  calculated  from  the  given  tide  A& 


is 

I 


H 


TO  ^BOMBTtY* 


n$ 


939.  Lei  iki  kfpoienuse  AB,  and  ihe  d\ffiTtn€§  ff  lA# 
W(/ei  AC  9nd  BC,  5#  ^iv^n  ;  iofnd  AC  <ib(I  BC. 

Put  A  :r  the  bypotcnuie,  tf  :r  the  diflerenoe  of  the  leqwied 
•id^  and  jr  =  tbe  ktt  ^.  Then  m^^d  will  denota  tbt 
grttter. 

And  [x  -f  d)*  +  X*  ^  A*  (C^ofii.  83),  or  fiJi*  4  9&-|-#  s:k*| 
this  equation  giTtt  x  =  /(4A*-— i^)  —  ^if. 


Supp<Me  Ass  15,  tod  /: 
the  lea&t  tide;  tbd  9 4-3  s 


3;  then /(l*»— t 
12  the  greater. 

Ceomeiricalljft 
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On  the  hypotenuse  describe  t  semidrck, 
tnd  also  t  t^ment  to  contain  H  "ght  an- 
glesi ;  and  make  the  chord  BD  s  the  given 
diflertnce  of  the  sides  t  produce  BD  to  Cf 
snd  join  CA ;  then  ACB  is  the  triangle* 

For  ACB  being  a  right  angle,  and  the  angle  ADC  =:  t  a  right 
one,  the  angle  DAC  must  be  •!•  a  right  one,  and  therefore 
AC  :=  DC,  and  consequently  DB  Is  the  difference  of  AC  «d4 
CB. 

Method  nf  €aladaiiai9»  By  trigoiioiiirtry»  as  AB  x  dm  ADB  tt  BO  t  dm 
DAB;  this  being  determined*  til  the  other  angles  in  the  figofe  become 
known. 

937*  Having  the  base  (AC)  ofm  righi  etngled  iriemgle^and 
Ihe  sum  of  the  hypotenuse  and  perpendicutar  (AB-|-BC)j 
tej!nd  each  of  the  latter  sides. 

Let  the  base  AC  s  t,  AB  4-  BC  s  i,  and  CB  =«i  Then 
the  hypotenuse  AB  s  a— 4r.     And  i*— e<ji4-ii*=:A*«fii^ 

(CfOM.ss)j  whence  i*'-»iijrsi%  and  jrs^^  ^  PVP" 


•/         "•       fl 


ine  nypomnie  ao* 
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•M  ArrtlCATIOII   Of  ALOIBBA 

IfACsBlsA.  ana  AB-f  CD8l6s#;  tlieii  ^^^^ 
mSmCB;  ind^^slOsAa 

Geometrically. 

At  C  the  extremity  of  the  giveD  bate,  erect  CD  perpendicu* 
lir  to  AC,  aiul  n)usA  to  the  lium  of  the  other  tidea  ;  joia  AD, 
and  make  ihe  angle  BAD  =.  BDA  t  Then  ACB  it  the  triangle, 
for  the  angle  BAD  being  -  the  angle  BDA,  the  op|H)d;te 
aidea  BD,  BA  must  altio  be  equal  {Geom.  46.  cor.  d)  and  there- 
fore AB  +  BC  =:  CD. 

Mfeikod  of  cakuUUm,  By  trigononu  DC  :  CA  ::  radius  :  imng.  angle 
ADC ;  doui^le  tlih  it  the  angle  AKC  {fitom.  41) ;  thirreroce  \u  Uie  Uiangle 
ACB,  tlK?  base  AC,  «iud  all  tiie  an|^ic«  will  be  given. 

S36.  let  the  lose  AC,  and  difference  of  ihe  hypotenuse  AB 
and  ptrptndiLulur  CBp  le  given  g  to  determine  those  sides 
separately. 

Sup|x>5e  b  :=  the  baae,  d  ~  the  diflTereuce  AB  •-  BC,  aiid 
X  =  BC.    Then  x  +  d  ::^  AB  the  hypotenuac. 

And  {x-^dj*  •  *•  +  *•,   or  x^-f  sJjt-^  J« 
rs  A*-*- *•  {Ceom.  83;;  \)i hence  sdx  r:  l^-^tP^ 

•**«  '  =  — :rj —  =  CB  :  and  ihcrefoSc  —  -j  — 
^d  9d 

+  rf  =:         —  =  AB  the  hypotenuse. 


Si^ 


Geometrically. 


Make  CD  perpendicular  to  the  given  base  AC,  and  equal  to 
the  diflerencc  AU—  BC ;  join  Al>  which  bisect  in  F.  and  draw 
PB  perpi-ndicular  to  AD,  nieeiing  DC  produced  in  B ;  draw  AB : 
and  ACB  is  the  triangle  For  the  angles  at  P  bci%'  righi  ones, 
and  PA  ^  PD,  therefore  the  triangle  ABD  it  |socdetj  an4 


TO  CBOMBTRY« 
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AB  =  BD I  therefore  CO  it  the  difference  of  CB  and  AB,  the 
p?co  difference  by  construction. 

Afefkdd  y  CAieulaHom.  Bj  trigoiMmi.  AC  s  CD  !  t  rMm  t  Uffg.  iiigW 
DAC ;  and  its  cotiipteineiit  U  the  angle  ADC  s  DAB»  whence  ill  the  inglet 
10  the  triangle  ACB  become  known. 

939.  To  divide  a  given  line  AB  inio  mean  and  ej^reme 
proporiion* 


n 


Let  AB  =:  o,  end  x  zz  AD  the  greater  part^    x         7) 
thena— xirDU  thelesa.  '  *" 


And  AB  :  AD  : :  AD  :  DB 
or     a  :    J(r     ::    JT    :  a— «,  mhtttet if '=: ef ^n»$ 

vAx^'\-ax:^a^\  which  giveax  zz  C — j*  — 4«  — AD. 
font  Xht  geometrical  conslmclion^  %rtGeom.  ISf* 

^  239.  To  divide  a  given  line  AB  inio  two  parti  AP  and 
PB  so  that  their  rectangle  AP  X  PB  shaU  be  of  a  given  wuig* 

niluJe  {m^f. 


i 

]        Let  a  denote  the  given  line^  and  m  one  of    \- 


the  parts ;  then  the  other  will  be  a  —  r  1  and 
(«  -  jrj  *  =s  HI*,  whence  **— ox  .  —  wi%  which  give*  xiz^a 
4  |/(^*_  m*  ;  and  tbtse  two  ro6ts  or  vahiet  of  jr  are  the 
ptns  AP  and  PB. 

If  m  is  greater  than  i^ »  the  problem  is  evidently  impotsible* 

The  cofistntction  and  method  of  calculation  will  be  etaetly 
the  ume  as  that  m  Art.  Mi,  by  taking  PC  n  m. 

940.  TffBOBBM.  If  tt  tine  BD  be  drawn  from  the  vertem 
of  any  triangle  ABC  ia  bUecl  ike  base  t  Them  fiBQ*  -f  SAO* 
sAB'^BCS 


*M  ArrLicATioN  or  al»ikA 

LctBPbcpenMwKcululoACt  andpolBOsA,  DBs^ 
MdAsAOorDCi  then  A  •(■  '  s  AP.  andA-rfsPC: 

And  BD*  —  DP-  =  BP 

AP+BI»  =  AB»    (C. 

CP*  +  BP'  =  BC*  \     ' 

Thai  iii*_tf*  =  DP«/ 

fA+rf)«  +  i»— d«  or  A'+ IW  +  *•  =  AB* 
(A-rf;-  +  i'-«f  orA'-tM  +  y  =  BC« 
whence  by  addition        «A*        +  f i«  =  AB*  -f  BC*, 
or  .  9AD*  +  SBO*  =  AB*  ■^■  BC*. 

Orol.  If  AR,  CR  be  pannd  to  BC,  AB,  rapoctivdyi 
then  BDR  and  AC  mil  be  the  diigooaU  of  the  paratlelagiv 
ABCR,  and  DR  =  DB  [Geom.  St.  cont.  t),  and  tbeidbii 
flDC*+9RD* :::  CR*  +  RA*  j  but  DC  =:  ADj  and  BD  =  RO} 
coniequeolly  «DC*'«-4RD*=CR*4- RA*-4- AB* -f*  BC*: 
but  4  timei  the  iquare  on  half  a  line  ii  ei,u  i\  to  the  tquare  en  ibi 
whole  line  I  ibereron  aDC*  =  AC*«aiu;  4RO*  =  Rfi'i  whem 
we  have  AC*+RB*  =  CR*-4-RA*  +  AB*+BC*i  that  m^ 
(A«  turn  nf  the  squar$s  cj  Ih*  /uo  diagonah  of  a  parallth- 
grow,  w  *qual  to  /A*  tquurts  on  thtfour  lidtt  taktm  togelim. 

941.  TuEORiH.  Tlk«  rtclangU  under  Ike  two  Htgrnb 
o/anjf  ^uadrilaltrat  iHscr'tbed  in  a  circlt,  u  eguat  /«  fA«  iva 
afth*  two  nclutiglit  of  the  oppotite  tide*  t 

Tbatia.  AC  x  80  =  AB  x  CD+AD  x  BC. 

Suppoae  CP  ia  drawn  to  make,  the  angle 
PCD  =  BCA: 

Then  becauie  the  angle  PDC  =  BAC, 
(C«OM,  70),  the  triaoglei  CPD,  CBA  are 
equiangular}  whence  AC  :  AB  : :  DC  i  DP 
(Ceom.  94.  corof.  l)j  therefore  AC  x  DP  =  AB  x  DC. 


TO  OtOMBTRY. 


tSf 


AgMni  because  the  tn^e  CPD  =:  CBA,  and  CPD-|-  CPB 
make  two  right  anglesi  and  CBA-f-CDA  alto  make  two  right 
anglet,  ^^  angle  CPB  n  CDA,  and  the  angle  PBC=:  CAD 
(CfOfii.  70)9  theiefbre  the  triangles  CPB,  CDA  are  equiangular; 
consequendjr  AC  :  AD  : :  BC  :  BP,  whence  AC  x  BP  =:  AD 
X  BC ;  now  by  adding  this  equation  and  the  feimer  togethcTf 
vehafe 

AC  K  BP  4-  AC  X  DP  rr  AD  X  BC  +  AB  X  DC, 
that  is  (BP-f  DP)  x  AC,  or  BD  X  ACsiAD  xBC+AB  xDC. 

84t.  Theorem.  Let  ABC  U  any  Iriafigte.  and  $Mppos§ 
AO  =  AB,  Md  GO  parallel  io  ABi  th^n  \f  GD  he  taken 
i:  CO,  CG  will  be  a  mean  proportional  between  AC  and  CD* 

By  similar  triangles,  C  A  :  AB  (AG)  1 1  CG  1  GO  (GD)^ 
and  by  division,    CA  :  CA-AGt:  CG  :  CO— GD, 

or    CA:CG:sCG:CD. 


1 
\ 


1 


i 


From  this  Theorem  the  locut  of 
the  Tcrtei  of  a  triangle  may  be  de« 
teraiioed  when  the  base  AD  and  the 
rafia  of  the  sides  AV,  DV  are  given. 
Thus,  if  a  circle  be  described  alxnit 
the  center  C  with  the  radius  CG, 
then  any  two  lines  drawn  from  A  and  D  to  meet  in  the  circum« 
irnnce  will  have  the  ratio  of  AG  to  OD. 

For  CA  :  CG  (CV) : :  CG  (CV| :  CDj  that  is.  the  sides  of 
the  triangles  CVA,  CVD  about  the  common  angle  at  C,  are 
proportional,  and  therefbtt  the  triangles  are  similar  (Ceoflii.  04. 
^^*  1)9  ooniequently  the  other  sides  are  proportional,  nia. 
AV  I  DV  tt  CA  t  CV  (CG)  t :  AB  (AGi  t  GO  (GD.)  Hence, 
to  describe  the  eirtle  which  is  the  raquired  foc«i,  divide  the 
base  b  the  fbn  pioportksi  of  the  sadea,  and  Cnd  the  center 
(C)»dbaftt 


#40 


A»LICAT10«  Of  AtOtBlA 


Mi»  If  %  olb.  irw  ikoi.  irntf  MQih§r  48lli«  art  m  iftr 
ground  at  90  yards  disiancr  from  tocA  oikerj  whtr^  muu 
1  Hand  in  a  tins  hiween  ihrm  $q  ihai  each  wmy  appear  ef 
4ka  same  tnagniiude }  Me  heighi  n/ike  eye  bring  5i  ftH  t 


Suppose  O  to  be  the  center 
4>f  the  lets  ihot,  C  the  Center 
of  the  greater,  and  E  the  place 
of  the  eye  |  also  let  EAj  VA 
be  tangents  at  A  and  B ;  then 

CAEj  OBE  will  be  right  angles. 

» 

Now  it  is  evident  that  when  the  two  shot  appear  of  the  same 
magnitude^  the  diameters  of  the  circles  which  bound  the  viiible 
surfaces  will  be  seen  under  equal  angles,  or,  which  amounts  is 
the  same  thing,  the  angles  CEA,  OEB  will  be  equal  {  ihercfM 
the  triangles  CAEj  OBE  will  be  similar,  an4  consequently  C^ 
OE  will  have  the  same  ratio  as  the  radii  CA,  OB,  or  asSf 
inches  to  S  incAei,  which  are  the  radii  of  a  48/^.  shot,  and  s 
gib.  shot,  nearly* 


Construction.  Divide  the  distance  CO  =  90  yards  into  two 
parts  CG,  GO  having  the  ratio  of  3|  to  e,*  and  describe  ik 
locus  of  the  vertex  of  the  triangle  CEOj  as  directed  in  the  pit* 
ceding  article  :  then  if  D£  be  drawn  parallel  tOj  and  at  die 
distance  of  b\  feet  from  CO,  the  point  £.  where  it  intericcU 
the  circle,  will  be  the  place  of  the  eye* 

^Calculation.    CG  =  38.  Itt?,  and  GO  =  21 .  81S/«/«  nearly. 

And  38 .182— CI .  818  :  3S.  182  : :  33 .  182  :  89 .  (  8^  s.  CN»  irom  tkisUkt 
CG,  and  therr  remains  30  •  9in  =  GN  s=  N E  the  racliut  i  It.en  the  pcq-fi* 
dicular  P£  beings  S^/tf^/.  we  get  PN  =  50.6,  which  t^ken  from  CN 
gives  CPs38 .  18i>/r«f/»  the  distance  from  the  greatest  hall  vhens  a 
miut  stand  to  see  them  both  under  ll«e  same  angle. 


N.  B.  The  point  P  b  between  2  and  3  inches  from  the  gnwiid,  aad 
aequenily  PC  is  taken  that  quantity  too  great  in  the  computaiioa;  thccflr 
cludon  however,  Is  not  materially  affected  oa  that  account* 


TO  OlOUETRT. 


Ml 


944.  Hiwing  ike  sides  pf  a  plane  triawgh^  to  fimd  ihe 


Let  CG  A  be  Uie  triangle.  Abont  G 
ai  a  center  \iith  the  rtdiiia  GA  dcKribe 
A  semicircle ;  produce  CG  to  D  ;  draw 
BAR^  and  AOP;  make  CP  pcrpcndi- 
aibr  to  AP,  and  CR  perpcndictdar  to 
BR ;  then  the  angle  O AB  in  a  aemicircfe 
is  a  right  one^  conseqticntly  PA>  CR  are  parallet^  and  PCs  All  | 
abo  GO=:  GA  =1  GB;  and  CB  irtbe  iinn,  and  OC  the  diC 
Icrence  of  the  skies  GC^  G  A  ;  and  because  the  Irian^  AGB  ii 
isocclcsj  the  angle  GRA  is  =:  f  Ihe  angtd  CO  A* 


[■I 
Id 


Nmr  if  AB  be  the  base  of  the  Iritagle  ACB>  aod  CR  the 
pcrpendieultf  en  Ihe  hue  (pradoeed),  Urt  haTe  (hiffmtm* 

"TB — » 


art.  <38)   AB  t  BC  -!•  AC  t:  BC  —  AC t 


SAIi  3 


Again,  nippose  A  O  is  the  tM»e  of  the  trun^  ACO«  and  CP 
the  perpendicular  on  the  base  (pTodueed;> 

AC?-CO« 

"inj — » 


then  AO:ACh-CO::AC  — CO: 


AC»  -  CO»      AO      ^« 

-SAO r=  •• 

But  the  triangles  CPO,  BAO  are  ftinilar, 
that  is  CP  :  AB  ::  OP  :  AOi 

BC»— AC*      AB  .  ..  ..AC»— 


AO    .^ 

BC*— AC*      .«    »„     AC«-CO"      ._     .^ 
or        Aft     ' — ABtAB:: — jj^— — AO:AO| 


and  bf  eamposttioD^  —    ,»t      ■  t  AB  :: 


—  CO" 

XQr-«Ao, 


TOU  11, 


II 


f4t  ArrtiCATiON  or  AtciatA 

whcnra  BC*  -  AC*  :  Afi*  :t  AC*— CO*  :  AlCf,(hf  cqw. 
mulUplet).  or  BC*~  AC*  :  AC*  —  CO*  1 1  AB*  i  AO*,  that  k 
(BC + AC)  (BC  -  AC) :  (AC + CO)  (AC-CO) : :  AB» » A0»: 

Ik 

But  if  AB  be  made  radiuiy  AO  will  be  ibe  iang^ni  of  the 
angle  OB  A  or  hair  ibe  angle  CGA  of  the  proposed  triangle 
CCA. 

Therefore  let  s  and  d  respectively  denote  the  iwm  (BC)  tad 
difference  (CO),  of  the  bides  including  the  required  angle 
(CGA)j  and  £  the  otiier  side  (AC) : 

Then  (i+*)  (i.*)  I  (i+d) {h^d) ::  rad.^ :  ^^^J  {jE^ 
X  rad**  =:  the  square  of  the  tangent  of  half  the  angle  CGA« 

txamfk.    LetCAsiea*  CGss384»  AGislfi^^audtbendiussU 

984  384 

169  XeS      , 

553  s  #  215  s  d 

46t}  s  a  -    4(1?  ss  a 

1015  cs  sJ^h  677  =  kJ^4 

91  s5 «— a  £47^  ss  a— d 

15 -4- d)  (5— J)  ..       €77x«4t    ■        .,^  .  .   ,^ 

y^pg.^_jjxrai.i  =  -— ^■1.8104  oeariy,  «id  it.  squsm 

soot  as  1 .5455  the  naiuraiiungmU  of  53*  23'. 

But  tlie  operstion  by  logarilhins  b  very  sboit  t 

1015  «r.  CO.  i^.      6.993534 
91  «r.  CO.  hg.      8.040959 

677  hg.      8.830589 

C47  leg.      9.39i6in 

fffld.* log.     90.000000  .         \ 

9)  20.1257779  . 

53*  23*  leng.  log.     I0.128HH9 

TheifCpe  twice  53^'  23'  Is  106»  46*  the  itquiied  aagle  CGA. 

This  nile  b  preferable  to  that  la  voL  1^  art,  229i  and  «»>**T*t|  ^ 
vhea  the  lequUcd  aogle  is  very  obtuie. 


TO  CtOMlTKT.  t.n 

«I9.  h  a  right  angled  trtangU  ACB  ft  Inttrilt  a  recf- 
mngl*  GC  ^a  given  magnUudt  (m*). 

Let  OD,  paraltel  In  BC^  biKct  AC  tho 
biw  in  D.    Then  bjr  rimilir  triangluf 
DO 

=SG,  which  dnwn  into  SC  or  AD  -DS 
it  the  KcuDsIe  GC>  that  ■>  tq  K  (AD+ 
DS)  ( AB-DS)  =  m\  or  DO  :  AD  : :  m' 
:(AD+DS}(AD~DS}.    HciicelherollowlngrotitfriicfiMr 


On  ACdeieritie  t  lemicircle,  in  n-htch,  it  right  snglei  to  AC, 
ipjily  SQ  utd  IN  u>  that  DO  t  AD  :t  n*  :  SO*  or  IN*  (Gmn. 
■It.  166)}  then  if  SOf  IP  ire  perpendicular  to  At,  either  of  the 
RctanglctGC,  PC iiihat  required.  For(AD-f-DSJ  (AD— DS) 

DO 
=  SQ',  by  Gcom.  07,  corol.  i.    Therefore  =rQ  x  SQ*  =  n*. 

Conl.\.  \Vheniir*=ADxDO,theDDO:AD::DOxAD 
:  AD*  (or  DV*J,  and  the  poinli  I,  S,  coincide  n  D,  and  DO, 
DC  arc  the  lidei  of  the  rectangle,  which  n  a  MffxJmvm,  be- 
ause  DV  n  the  greateit  p^iiible.  And  in  that  ctte,  the  pro* 
bicm  admits  of  but  one  answer. 


Cora/.  8.  ITencc  wc  conclude,  that  if  KOF 
be  any  curve  concave  to  in  axii  EC,  (he 
greatest  insrribcd  rectangle  OC  ml)  ht  when 
OD  biiedi  the  bate  AC,  or  the  aubtangent 
DA  =  i-the  bate,  and  the  tangent  AB  ii 
biiccted  at  the  point  of  ronuct  O. 

144.  Tkt  iinu  imi  roiiiMf  o/  twc  am  (BD,  DC)  Mng 
ghei^  fo  find  the  tine'  and  mint  af  the  turn  (EG),  m4 
i}^niu§  (BS)  ^Ovmwtu  (Seefripnoa.  iic^yio). 


ArrticATioM  or  alcciia 


Dr»  llMannSH,  OIC«  GP, 

attdihcnuliiMCDi  a1«ojoiai>Gt 
awl  let  SR  and  OQ  be  piralU 
is  ihe  ndiui  CB,  uul  OI  per- 
fntAiniu  lo  CB.  Then  DK, 
KC;  andCO,  OC,  sk  the  sines, 
aail««iauofth£are«  BD,  DC. 

By  •imilar  irianglci : 


CD:CK::GO:GQ,ai)d^i^^=GQ:  Ihereron 
£^^+?i|j°2  =  QP+CQ  =  PC  thM  *j«  •//**  mi; 

^  9!^  _  C^^  =  QP_QG  (OR)  =  RP  =  5H. 

At  liae  cf  the  dif. 

Again} 

CK  CO 
CD  :  CK  ::  CO :  CI,  wbeace  =^q^  -  CI. 

CD  ;  DK  ::  GO  >  OQ»  and  —^^  =OP=  PI  =IH, 

whcnce£^2_5]^i^=CI-m=CP,  cotitu  cftht  smm; 

and 

^^^^^^=Cl  +  \H=CH,a,siM€oflh€diftnMct. 

Hence,  irtbeiituMiidcaiifteof  an  arc  be  denoted  by  Sand  C, 
and  the  tint  and  cotiae  of  anotlicr  arc  by  i  aud  c,  and  tba 
'  radius  =  r : 

Sc  +  tC^ 


TO  CtOMETRT* 


«» 


When  the  ^ven  arcs  are  equals  then  S^s,  and  CrrlV  ^d  the 

cxprensiona  become  — ,  and ^.or  (making  the  radiiiszr  1) 

SIC  and  ^ — i*  for  the  iiJie  and  coshe  of  dnnUe  the  arc  whoae 
tine  and  coilM  arc  denoted  br  i  and  c. 

Therefore,  if  ^  be  the  arc  \i'ho«e  line  is  ft  and  cof ine  c ;  then 
the  iiM  and  cotine  ofA  +  jt  (or  9^  will  be  ^c,  and  <**-!*: 

And  by  the  tuime  nde,  the  sine  of  {A+A)'^A  (or  S^J  it 
sifXtf-f-t(c*— i*)i  orSic*  — f'l 

And  the  eoshe  (c* — i*)  c  — «ic  x  * t  or  c*  —  Uc.  That  ia }• 
if  any  sine,  or  €0$ine,  be  muhiplied  by  Sc,  and  the  next  pft^ 
ceding  one  by  #*  +  c^f '  and  the  latter  product  aubiractcd  from 
the  fiMrmefi  the  remainder  ia  the  next  following  sine^  or  cetlnf. 


Hence  we  have 

tines. 
Are    Aw 

4J    4je>  — 4A 


C 

&c. 


Where  the  law  of  contimiation  ii  manifest,  it  being  nuch,  that 
all  the  terms  of  the  roiiiie  and  sine  of  any  multiple  arc  nA 
(a  being  a  positive  integer)  taken  in  oideri  are  the  terms  of  the 

binomial  (e+4  •  Thus,  for  example^  to  find  the  sine  and 
mine  of  5Ai    ^ 

(r+ #)•  =  r » +IC*  +  I0t«c» -H 101 V + 3i^c  4- #»•  where  the 
first,  dltrd^  fifthi  Sec.  tcrma  being  ael  down  altemaldy  4  »  and '^t 
it  the  e0ti«t:  and  the  second^  firahbf  ^aiitht  ficcb  comecliiiii 
likt  oiniier^  givt  tti(e  /tut** 


AtrUCATION    Of  ALOtiaA 


Mf  •  T%0  iamg^Mis  0/  iw  arcs  Mng  T  and  1 1  iaJSmd  Ha 
iaagani  ^tha  sum  af  those  arts,  and  also  #/  /Adr  difarmt. 

If  the  corftspoDding  sines  and  cosines  are  denoted  aa  in  the 
prccedbg  problem ;  Ibcu  by  Trigonom. 

eesine.  :  sine  : :  radius  t  iang.  (Ceom.  9M) 

nsu  Cc^Ss  :  Sc^i-sC : «  1  {radius) :  ^;^^^»  '^V-  of  tlic  iww 

g^ j^ 

£!c4-iSf  :  Sc  — «C : :  I  1  ^^^^  tangent  of  the  diflercncc 

Now  auppoM  m  and  n  to  itpreient  the  lecantt  of  the  given 
area,  respectively; 

Then  (Geom.%\\) 

T 

m  t  T  ::  1  {radius)  :  -  =  5  theWjitl 

m  :  1  : :  1  :  —  ::  C  the  eosine. 

in 

•  .. 

And  in  like  manner  we  have  -  =  i.  and  -  =  r :  these  vahm 
l^ing  substituted  in  the  foregoing  eipressions  for  the  tangentii 

(^ve         y  the  tangent  of  the  sii«« 


and         >^  the  tangent  of  the  difference 


•' 


Jtnuari.  If  an  arc  be  greater  than  90%  its  tangentt  cosioi;» 
Sec.  are  to  be  used  with  the  negative  sign  prefixed.. 

M8.  Given  the  vertical  angle  (AVB),  the  perpendUukr 
(VP)|  and  the  rectangle  of  the  segments  of  the  hose  made  tg 
the  perpendicular.  (AP  x  PB)  |  to'dttermine  the  triangle. 


Let  VO  bisect  the  verticle  anglej  and  put 
I  =  the  tangent  of  AVO  or  OVB,  and  x  =: 
the  tangent  of  OVP  s  the  radius  being  1  • 


TO  ClOlftTRY* 


•4t 


i  +  X 


^9 
I*  • 


1 


'J 


^en  by  the  preceding  problem  '-J^.    if  the  imig.  of  the 


i—x 


angle  AVP,  and  y— ~  that  of  the  angle  PVB. 

« 

Now  if  the  lecUngle  of  the  segments  be  denoted  bjr  f,  Mil 
die  perpendicular  VP  by  p»  we  shall  have  (by  trigoiim,) 

mere,   re       ,_^,     »*     l+tM  !  —  /•«•  * 


Whence,  by  reduction,  x  =  /^,J^^,  the  Amjt.  cfOVP. 

This  added  to,  and  subtracted  from  i  the  vertical  angle,  will 
gire  the  angles  AVP,  and  PVB ;  and  thence  the  segments  of 
the  base,  8te.  may  readily  be  found  by  trigonometiy. 

If  p*l'  be  greater  than  r,  the  problem  it  evidently  im« 

possible* 

Eiampte.    Suppose  the  ?ertidil  angle  s  95^  the  perpendknlar  b  GO^ 
ind  the  rectangle  of  the  tegmenti  of  the  bate  a  4400t 

Then  */s  1 .0913085  the  natural  imtg.  of  474*)  •nd  V^^^^^MIH 

the  natural  iang.  of  I4»  4 1',  nearly,  the  angle  OVP;  whence  AVPa62^.  I  l*g 
tad  PVB  s  32^  49^.    And  the  tidet  are  found  bj  commNi  trigquometiy» 

Geometrically. 


Suppose  AVB  if  the  triangle  circimi* 
icribed  by  a  circle  whooe  center  if  C. 
Let  the  perpendicalar  VP  be  produced 
to  D:  then  since  AP  x  PB  if  given, 
and  =  VP  X  PD  {Geem.  gj),  therefore 
PD  if  giveoi  and  conaeqiien^  VD  wiO 


041 


AMPLICATION   Of  AtCBBRA 


ab')  be  known.  Join  CA^  and  draw  CO  paraBcl  to  AB,  toj 
CS  perpendicuUr  lo  ABf  ihcii  VD  and  AB  are  bUected  in  U 
and  S,  rcipcctively  {Geom.  6^),  and  consequeuUy  CS  =r  PO  the 
diflTcrcnoe  of  \  VD  and  the  ptrpcndicular  PV.  Alio»  ibe  angic 
CAS  is  the  difference  of  AVB  and  a  right  angle  {C^fom.  lU]* 
Hence  the  following  ion^trtiction  is  obvious : 


Make  the  given  rectangle  AP  X  PB  =:  m^  (Ct$m.  IM) ;  anJ 
we  get  VP  :  m  ::  f/i :  PD;  then  if  a  riglit  angkd  Iriaiiglc  ASC 
be  constructed  having  the  angle  SAC  :r  the  difference  of  the 
given  veriicjl  angle  and  a  right  one,  and  the  opposite  side  SC  r 
the  difference  of  VP  and  ^  VD,  the  side  AS  will  be  -}  the  base 
AB,  and  AC  the  radius  of  the  circumscribing  circle,  which  de* 
scribe,  and  produce  CS  till  SI  =:  the  given  perpendicular;  thca 
draw  IV  parallel  to  the  base  AB ;  and  the  point  V  ia  the  circle 
will  be  the  vertex  of  the  required  triangle  AVB* 

CakuUtion^  Taki<>g  the  dau  ai  liefaie,  iic  liaw    ^^'  ^^  « 'S 

c=  PD,  whence  PO  or  SC  =  6J ;  and  the  ang!i-  Ci\^  ae  5*  then.4bre  (by 
irigonom.)  at  radius  :  eiUng,  5"^  ::  6}  (CS)  :  76.?ss  AS  half  Om;  Ujc. 
AnJ,  at  Jilt.  5^  S  CJ  ::  wud. :  7<i.4i)  U  =  CA  the  radius  of  the  circle,  wbkk 
aho  if  the  diagonal  of  tlie  parullelogram  CIVO  ;  and  VO  being  {>>*},  ic 
gel  COssSl*^37  .S  marly,  consr<|ucotly  the  tt^inent  APsTti.i-f  37.5 
slia.T,  and  PUs'iG.^'— 37*5  =  38.7»  nearly;  mhence  AV  and  \l 
arc  readily  found, 

'  fi40«  To  iuvestigaie  the  content  ofthejrustum  of  m  Cone  n 
PyramiJ. 


Let  HDAB  be  the  {ruatum,  and  sup* 
pose  the  cone  or  pyramid  to  be  corn* 
pleted. 

Put  i*  :z  the  area  of  die  base  HB, 
I*  :^^at  of  the  top  D A^  A  :=  the  height 
C0»  and  X  =  QV^  CV  being  the  axii« 


i 


TO  GBOMETRT. 


t40 


Then  !•  :  /»  i!  (/i««-i}*  :  «•    (Cewir.  I3V) 

orl    :/    :t   A-f«     :  a»  nkkucf  irs  ~^asOV,fhmfoi«CV 

.  .     A/  A5  • 

^*  +  ^.„«_.. 

.iRd  Ji«  X  .--  =  .^— '  ihecontctiC  of  HVE,  (Cwn  153.  Mw S) 
Afco  j/»  X  y.^ .  ss  ''^i  Ihe  con(ent  of  D VA  t 

And  the  dHTcrcnee,  or  '***~^*^*  ~  i*  (^S^O  »  i*  tf*  -l>  W•^  <% . 

fix.  The  arcat  efthc  tw&  ends  €tnd  ihe  mean  pr^poriiemml  le* 
ht^ttn  them  in  ene  sum^  wultlplitd  bjf  ^  pf  Ike  height ^  is  the 
fontcnt  of  the  fruBtutii«HDAB*'  The  Aunt  itsuh  at  that  hi 

ert.  f  83  mcnsuralioii* 

« 

'  S50.  To  fud  the  ccntent  ej  ti  segment  ej  a  sphere. 

Lc^  HP  be  the  diameter  of  a  fphcre  |  TAO  a  negment ;  and 
»uppo9e  the  hemisphere  to  be  circumscribed  by  a  cylinder 
HWBP.  Pot  R  A  Ihe  height  of  the  Mgmcnt  ^  k  }  TR  or  RO 
the  radius  of  iU  base  =  I ;  and  m  zi  •  7B54. 


TI»rn  ^  =s  HQ  {ficom.  97^  aad  y  +  A 

e^l^J:!^:  AQ  s  UB  Uie  diaiii.  oT  the 

3       tpl^rr)  tml  ^*^  s  the  radius  CA; 


sKa,  sad  ^— *  «  nN. 


Nov  y  ..^      j  K  M«f  ^ — I  -  j    X  •»•+  ■  ■  j^    ■  X  — j5 —  X  l» 
XjAisthecoalefitorthecoiiicfniitum  nWBN  {!^lhefftteiingmrtkk)% 

Aho  (ilii!)Vx  flix  A  iithecofilcatortlieeyQadcrdWBDi 


▼OU  lit 


%  K 


«M 


ArftlCATIOM  Of  AtatiaA 


Aa4  (Gmm.  154.  cor.  9)  Ikt  dillmBOi  oTtboncxpiwIoM  k  Um  ooBttal 
ofUMScfiafol  TAO; 

vhicb^  bj  feductioDf  becomct r x  mA,  or/paUliig  JssS^sTO^ 

irc  have  (33*  4-  4A*}  x  A  x  |m  the  cobUbI  of  the  legicenL 

In  words^  T^y  3  Hme^  the  square  of  the  diameter  ej  the  kue 
add  4  times  the  square  of  the  height^  them  multiply  the  sum 
ijf  the  height 9  and  that  product  by  the  deHmal  .ISOQ  (or  f  of 
•7654)9  and  Uie  rcftult  is  the  content, 

951.  ji  Stone  hieg  let /all  into  a  well^  it  was  ehsetved^ 
that  after  bting  dropped^  it  was  4  seconds  before  the  sound  ej 
the  Jail  at  the  bottopn  reached  the  ear.  Hence  the  depth  ef 
the  well  is  required. 

Heavy  bodici  near  the  earth's  mrfiice  descend  by  their  ova 
gravity  16xt  feet  in  the  first  second  of  time.  48^  in  the  next, 
aOfV  in  the  thirdj  and  lo  on,  constituting  a  series  of  distances 
in  arithmetical  progression,  the  first  term  being  t(^$  and  com- 
mon dificreuce  ddrr*  Now  kt  /=  16|V»  d  :=  SSttj  f  =  4 
seconds,  and  x  =  the  sum  of  all  the  terms  in  the  prngrcisioo 
or  depth  of  the  well  |  also  put  i  =  1 100  Jeet  the  velocity  of 
sound  per  second: 

Then  (138)  we  have  v^-r  for  the  number  of  t^rms  or  time 

in  which  the  stone  is  fulling  to  the  bottom,  (f/'=  d  in  this  case); 

and  -  the  time  of  the  sound's  ascent :  therefore  both  times  to* 
s 

gethcr  must  be  equal  to  the  whole  time  / ; 

.9*   .X       ^      .  y«i*jr  , 

VII,  /-J  +  -  =  /,  whence  v/'-j-  +  x  zz  st. 

Now  put  r  =:  v^-Vi  *tid  x*  s  «} 

then  r»  +  «•  ^st;  whence  we  have  i  s  ^({r*  +  st)  —  f r, 
or  as'  =:  x  =  (/(if  H-  st)  —  jr)*  =:  931  feet,  neariy,  by 
substituting  the  preceding  numeral  values  of  the  different  letters. 
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95).  Tejittd  ihf  tmparathe  iniensitf  •f  light  Bt  i\ff!mni 
dlttancesjrom  a  lucid  point  P. 

La  BPG  tiu)  DPC  be  similar  lectort 
of  two  circlet  described  tbout  P  u  a 
center. 

Now  the  same  light  which  ifsiies  from 
the  point  P|  atid  is  spread  over  the  sector 
BPC9  will  also  be  difliiscd  through  the 
sector  Drc.  And  it  is  evident  the  intensity  of  the  light  must  grow 
less,  as  the  space  it  occupies  becomes  greater :  but  the  spacea 
BPG.  DPC  are  as  tiie  squares  of  the  radii  PB  and  PD  (Geom. 
105.  carol.)  \  hence  we  conclude,  that  ihe  inifnsides  are  in* 
virseljf  as  the  squares  ef  the  distances ;  that  is,  if  the  light  at 
B  and  D  are  respectively  denoted  by  AT  and  n^  then  PB  ■ :  PD* 
::  a :  iV.  And  the  Mme  oondusioa  is  evident  in  respect  of  heat. 
Thus  if  PD  is  double  PB,  then  the  heat  at  B  will  be  4  timet 
that  at  Dj  supposing  P  is  a  point  firom  which  beat  is  emitted* 

853.  Let  OAB  he  a  eencave  spherical  speculum  or  mirrers 
te  find  the  point  F  where  a  ray  ej  light  SO  parallel  te  the 
oris  AD  meeis  ihe  radius  CA  a/ter  being  r^JUded  Jram  the 
incident  point  O. 

Let  C  be  the  centre  cf  the 
spherical  surface  OAB)  CO  a 
radius,  and  OR  perpendicular  to 
the  radius  CA.  Then  because 
CO  is  perpendicular  to  the  sur« 
bee  of  the  speculum  at  O,  the 
angle  of  reflexion  COF  it  equal  to  the  angle  of.  inctdence  COS, 
or  the  dtreet  and  reflected  rays  SO,  OF  make  equal  angM  with 
the  perpendicular  CO.  This  is  oneoftliekiioiwii  laws  of  optica* 


2 


BeeMte  SO  it  paraUd  lo  CR,  the  anglea  SOC,  RCO  am 
tqnal;  bnt  thu  «i^  COF :r  COS,  tbertfim  Ihi  triatig^  CFG 


&K  • 


•If  AfPLtCiVTiqii   91   fLGltlA 

b  iModc^  «nd  FO  =:  FC«  SupppteON  z:  OC9  tbco  ibc  trU 
angle  CON  is  ieooeles,  and  RN  =  RC :  morcuvf^i  tA  ibc  angk 
at  C  it  oommoii  to  both  the  itoodci  triangki^  tbcy  nivia  be 
cijuiangultr  or  fimibur;  hence  CN  (sCR) :  CO  ::  CO  :  CF. 
Let  the  radiui  CO  ^  r,  CR  r:  4,  ami «  =:  CF;  thca  die  pro. 

portimi  i§f  S^  I  ri:  r:  -7  zz  M  zz  CF,  whence  AF  =  r  —  ^ 

sir  -—  r* 

zz  -    -T —  the  difltance  frooi  the  sjieculutu  where  the  ^itflccted 

ray  OF  meeu  the  axii. 

If  die  incidetit  ray  ii  indefinitely  near  the  axis  DA9  then  k 
may  be  taken  =  r,  and  m  becomes  zz  -^r,  or  fC  zz  FA. 

Suppoce  the  radius  CO  or  r  :r  0  fcei  =  7^  iiuhety  and  OR 
zz^t^  inches,  then  CR=:60«l<>fi  inckts  nearlyi  =:^;  whence 
CF  =  37.47  incha.  Hence  it  appears  that  when  a  fiplierical 
•poculum  or  burning  mirror  is  ex|>osed  to  the  rays  of  the  sun,  all 
the  reflected  rays  are  not  collected  into  nnc  point  vtt  facus^  (or 
the  extreme  rays,  or  those  reflected  from  O  and  B^  meet  the  axii 
at  a  greater  distance  from  the  centre  C  tiian  tluise  that  are  in- 
*  cident  near  the  middle  of  the  siKculuni  at  A.  Thus  in  the  pn> 
tent  instance,  tlic  point  F  ii  1 .47  inches  froai  the  middle  of  ibe 
radius  CA2 

The  Geometrical  ecnslnution  is  obvious :  For  having  dra^ti 
an  incident  ray  SO  (whether  it  be  parallel  to  the  axis  ^A,  ar 
not)  join  O,  C,  and  make  the  angle  ^f  reflexion  COF  equal  to 
the  angle  of  incidence  COS;  then  F  is  the  point  inhere  the  le* 
fleeted  ray  meets  the  axis* 

e54.  In  rfconnoitrititr  a  country  we  chervcd  two  uindmiUs* 
one  bore  N.  the  ether  tl.  we  th^n  proceeded  t  miles  in  a  NEbE 
direction  and  came  to  a  village  that  was  at  an  equal  distOMCt 
from  those  objects;  and  when  we  had  continued  cur  route  f 
miles  Jartlur  in  tlu  same  direction^  we  found  ourselves  upon  em 
height  in  a  line  directly  between  them.  Hence  the  distancefrgm 
em  windmill  to  the  ether  is  required  f 
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Ixl  N  and  E  be  the  north  and 
o^i  windmills,  B  the  place  \\-hcre 
tlic)'  were  first  ob!<crvcd,  BR  the 
NKbE  line,  H  the  village,  and  R 
(he  height  in  the  line  NE.  About 
H  mith  the  radius  HB  or  HR 
{t  miles)  describe  a  circle, iaiid  join 
RQ/RA. 


Then,  aince  HG  =  H]^,  the  poinU  E,  N,  are  equally  dialaiMI 
finra  the  circle,  and  therefore  it  follows  from  Geam.  !^  er  OOb 
that  the  recUngle  (BC  +  CE)  x  CE  is  equal  to  the  rectanglt 
(BA  + AN)  X  AN;  whence  we  have 

BC  +  CE  :  BA  +  AN  ::  AN  :  CE. 

But  the  triangles  ANR,  CRE  arc  similar, 

whence  AR  (BC) :  CE  ; :  AN  :  RC  (BA)| 

snd  by  composition.  BC  -f  CE  :  BA  -f  AN  : :  C£  :  BA; 

therefore  by  equality  (from  the  first  proportion) 

CE  :  B A  : :  AN  :  CE  t  consequently  CE  is  a  mean 
proportional  between  BA  (or  RC)  and  AN* 

AK  by  similar  trinnglcs,  RC  :  CE  ::  AN  t  AR  (BC)  | 
now  the  Qd,  temi  CE  bcirig  a  mean  proportioiul  between  the 
li/.  and  9d.  tenHs  RC  and  AN,  the  4  terms  RC,  CE,  AN,  BC» 
are  continued  proportionals :  Hence  the  question  is  reduced  to 
that  of  finding  9  mean  proportionals  between  twd  given  lioea 
(RC,  BC)^  which  is  a  solid  problem^  and  consequently  will  not 
admit  of  a  geometrical  construction  by  means  of  right  lines  and 
the  ciide  only  (938  )• 

If  tf  =sMa4,  as  CEthe  Sd.  trrm*  and  /  and  c  are  put  to  denote  tho 
ttw  snd  €Mif9€  of  330.45'  the  MgW?  RBC  (the  radikt  lidng  1);  then  lij 

iniommu  «ls RC,  and ctf cs BC;  and  the  4  proportionals  are a^  «,  -^ 

<<wkefice«x£aBial*,  vhidi  giftt ass  (ci^ifi)^  as  9. 3;4lf6  milm, 
aesrij.tsCE}  whence  by  ttigOiponctf]r,liE  is  Jimdca  7.7941  iiOis; 
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CONIC   SECTIONS. 


.     BtriNITiONI* 

m 

%5$.  Thb  figuffs  dmoiniiuicd  Conic  Scetioiii  aif  pmdt  bf 
•  plane  culling  a  cone. 

•56.  If  ihc  plane  pais  ihiougli  the  vertex  of  the 
ieciion  will  eyidemly  be  a  triangle.    And  if  it  be . 
parallel  to  the  base  of  the  eone,  the  section  is  a 
ciKle  (Geom.  lit.  cotqU).  Thus  the  section  QVB 
is  a  triaoijle ;  and  the  section  CG  a  circle.  These 
however^  are  not  called  conic  sections* 

t57«  When  the  plane  is  inclined  to  the  base 
of  the  cone,  and  ctiu  both  sides,  the  section  ia 
an  ellipH.    Thus  CG  is  an  ellipse* 


958«  If  the  intersecting  plane  is  parallel  to  the 
side,  the  section  is  called  a  parabola.  Thus  if 
the  plane  POD  is  parallel  to  VA^  tlie  section 
PGD  is  a  parabola.  /£ 

959.  But  if  the  inclination  of  the  plane 
be  such  that  it  cuts  the  opposite  com  w&en 
produced,  the  section  is  an  hyperbola. 

Thus  if  V  be  the  vertex  common  to  both 
cones  V  AB,  Vah,  and  the  plane  POG  when 
produced  cuts  the  cone  \ah.  then  POG,pgi, 
are  opposite  hyperbolas.  This  section,  the 
parabob^  and  ellipse,  are  exclusively  called  Comic  Seciima. 

S60.  The  vertices  of  any  section  are  the  pomts  where  tbeii* 
lartectmg  plane  meets  the  opposite  sides  of  the  cofie« 


( 


*   OBflNtTlOIII. 


tss 


s 

! 

i 

I 

i 


Thttf  C  and  G  are  the  Ttrliccs  of  the  dlipte,  and  G,  g^  those 
of  the  opposite  hyperbolas*   The  parabola  has  only  one  vertex  G« 

S61.  The  axu  or  iransvtrst  diameiir  ia  the  line  connecting 
the  vertices. 

Thus  CG  is  the  aits  of  the  ellipse ;  and  Gg  that  of  the  hyper- 
boli«  But  the  axis  of  the  parabola  is  infinite  m  length ;  GO 
bdng  a  part  of  that  axis. 

969.  The  center  of  tny  section  is  the  middle  of  the  axis  } 
consequently  that  of  the  parabola  is  at  an  infinite  distance  from 
the  rertex. 

*  • 

863.  A  Jiameter  is  any  right  line  passing  through  the  centle 
and  terminated  hy  the  curve* 

S64.  An  crJinale  to  a  diameter  is  any  right  line  terminated 
by  the  curve,  and4)isected  by  that  diameter. 

Thus  PD  is  an  ordinate  to  the  axis  CG  in  the  ellipsey  to  Cg 
in  the  hypcrbolai  and  to  GO  in  the  parabola.  The  aemi- 
ordinates  OP*  or  OD,  or  Od^  are  also  called  ofdinatcs* 

Hence  the  ordinates  to  the  axis  are  at  right  angles  to  it« 

S63.  An  aisiisi  or  €h$rissm  is  a  part  of  any  diameter  con* 
tained  bttween  its  extremities  and  an  ordinate  to  it. 

Thus  OG,  Qf  9  are  abscissae* 


966.  BEFORE  we  proceed  to  the  properties  of  the  sections, 
it  may  be  necessary  to  explain  what  li  understood  by  the  ef  lui* 
ffsa  pf  4  came* 

Let  AB  the  diameter  of  a  circle  bisect  the 
chord  DP|  then  OD  =:  OP,  and  AO  X  OB 
^Oiy{Gecm.  07.  corol.  1),  or  lAB  — OB) 
3(  OB'  zz  00^  I  therefore  if  tht  diameter 
ABzif^AOorOBsv^aiidODsOPsyi 


tM 


CONIC   IBtTlOm* 


then  (d^Jty  X  >r  s:  yS  or  'Jjt—A*  s  y*  ii  the  epmH^M  •[  ae 
circle^  ind  defines  the  mlure  of  llial  otinre  fay  eiprcBsing  the 
fdatioQ  of  the  Mbuiss  x  lo  Ibc  corrcspooding  ordinaU  y  al  tuy 
point  (O)  io  the  diameter* 

ToJijtJ  ikt  Equations  o/ihi  ikrtt  Conic  Secthni. 

S6h  Let  the  plane  CPGOR 
cut  the  cone  VLW;  and  sup* 
pose  GO  :^  CS ;  also  let  PD 
and  SR  he  at  ri^ht  angles  to 
GC9  and  the  poinu  P  and  D 
at  equal  dittancrs  from  the 
vertex  V :  then  if  AB  ai\d* 
HK  arc  the  diameters  of  the 
circular  sections  through  O  * 
and  S»  PO  and  SR  will\»e  in 
the  planes  of  those  circles,  and 
perpendicular  to  the  diameters      A^ 

AB,  HK,  respectively.  ^v 

• 

Then  the  triangles  SGKj  0GB  |  OAC^  SHC,  bcjbg  ic« 
spcctivcly  similar,  we  have 

SK  :  OB  :  t  SG  (OC)  1  OG.  (SC) : :  OA  ;  SH 
whence  SK .  SII  =  OB .  OA. 

• 

And  since  OD  and  SR  are  in  the  planes  of  the  circuiir  sections 
whose  diameters  are'ABj  and  HK,  and  also  perpuidictdar  to 
those  diameters,  therefore  (Geom.  07*  cord.  l)SK^SH:rSR* 
r:OB.OA  =  OD*,  consequently  SR  and  OD  are  equal| 
tliat  is,  whatever  be  the  curve  CPGDR,  the  ordinaus  (SR,OD) 
to  the  axis  CC^  are  equal  at  equal  distances  from  the  vertices 
C  and  G. 


Now  suppose  NQ  is  the  diameter  of  another  circular  seetioi 
of  the  cune ;  i!icn  IT  (in  the  plane  of  that  cirde,  and  also  ii 
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that  of  Um  oblique  Kction  CPGTR)  will  be  perpcndicoUr  to 
CC  and  ^Q,  whence,  by  •imilar  iriani^f* 

SC  :  SH  ::  IC  :  IN, 

SG  t  SK  :t  IG  :  IQ,  . 
6eiefoi«  (9«}  SC.SG  :  SH.SK  (SR*) : :  IC.IG :  IN.IQ  (IT>)  | 

or  SR* :  SC.SG  ::  IT*  :.IC.IO : 

* 

That  b»  As  the  square  of  any  ordinate  (SR*)| 

Is  to  the  rectangle  tf  thi  dfrtspeniing  atictism 

(SCtSG),  ,^,> 

5e  is  the  square  of  any  other  ordinate  (IT^J^ 

^    To  the  rectangle  of  its  corresponding  abscissas 
{IQ.IO). 

If  I  be  the  center  of  the  transverse  axis  CG,  then  TZ  (at 
light  angles  to  CO)  is  called  the  conjugate  axis« 

Let  CG  =  t,  TZ  r:  c,  any  abscissa  (OG  or  OC)  =  x^  and 

tbe  corresponding  ordinate  (CD)  r:  y.    Then  the  preceding 
analogy  becomes      ' 

i<  X  |< :  4c)r  4c  t  :(!—*)*:  jf*. 
or  !•  ;  c*  i\  tx—x^  :  y*; 

that  is  p  {tx^^)  =  y*.    Which  is  the  efircliofi  ef  an 
ellipse f  or  the  oval  CZPGDTR. 

968«  When  the  intersecting  plane  is  parallel  •  to  the  side  of 
tbe  cone, .  (PD  being  at  right  angles  to  CG,  and  its  extremities 
P  and  D  equally  distant  from  the  vertex  of  the  conCi  as  before) 
then  C  will  be  at  an  infinite  distance,  and  the  axis  infinite  in 
length,  in  which  case,  we  conclude  that  the  rectangles  SC«SGf 
ICIG  have  the  aama  ratio  u  SG  aiid  IG|  oonsequenily  Iho 
proportion 

^R*  :  SO.SG  ::  IT*  tIC.IO 
willbcodme  SR*  :  SG  :;  IT*  t  I0| 

Hut  b,  |A«  ititcUMt  art  oi  lAt  <fMr#i  of  (Mr  €on9$p9»iitig 
fdinates,    B«t  tbe  tane  cooclniioa  maj  be  obtyined  thM  i 
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Sloo0rr=NI.IQ.SR>=HS.8K  • 

(bythcprop.oftliecirck)iaiMiNI=HS, 
therefore  IT*  and  SR*  will  hiTctbeunie  > 
ratio  u  IQ  um)  SK  1  but  by  umilw  tri- 
WgW 
IG:  SG  i:  IQ  :SK  ::  IT*  i  SR* 

^•^i^y  equality) ; 
That  itj  the  •quaret  of  the  ordinttea 
IT  and  SR  are  la  the  tame  proportioa  u  tke  abscistu  ]Q 
'  and  SG, 


Put  the  afaiciM  SG  =  f.  the  conupoo^uiff  onfioale  SR  =  t^ 
and  X  and  y  for  any  other  abiciu  and  its  ordinate ; 

Then  f  :  c*  ::  X  :  jr*,  whence  ~'  =  y*>  o^i  putting ••  =^ 
wchave  j»jt=y*»  Mt  t^wafioM  o/'s^orojofaf  when  the  eoB* 
itant  quantity  j,  which  Irf  a  third  proportional  to  the-aiif  ao^ 
iu  conjugate,  is  called  the  latui  rechimt  or  paraneitr  of  Al 


SOfl.  Let  the  intersecting  plane  cut 
the  opposite  cones;  and  suppose 
f  i  =z  GI. 

By  similar  triangles, 
IQ  tiq::  GI.:  G», 
IN  Hn  I :  ffl  :  s** 
whence  IQ. IN  :  iq.in  :;  G|,/l 
:  Ci.gli  but  these  Utler  rectangles 
^re  equal  because  Gi  z:  gl^  and  G| 
=  gi,  consequently  the   two  fanner 
must  also  be  equal,  or  IQ.lN  ( =IT*) 
s  iq .  in  =  i/*f  hence  IT  and  if  are 
fqu^t  aud  therefore  (be  opposite  bjpeibdas  are  stifular  u4' 


t(ttiAtlOM«  or  THk  CORVtlt 


M» 


kgun,  by  Minilar  trian^t, 

SK  t  SG  :t  IQ  :  IG» 

SH  t  S^  '.\  IN  :  Igf 

hence  wt  have  SK.SH  :  SO.Sjf  t:  tQ.lM:  lO^Ylft 
lot  SK.SH  =r  SnS  and  IQ.  IN  r:  IT*  (bj^  prop,  of  circk)^ 

and  therefore  SR'  :  SG.S;  ::  IT*  :  IC.I^, 

that  iff  the  squares  of  thi  ordinates  (SR,  IT)  have  the  sama 
tatio  as  the  rectangles  of  their  cotrespimding  abscissas  (SG^ 
Sgf  and  tOt  If),  as  in  the  ellipse^ 

If  C  be  the  tenter  of  the  transverse  akis  G^»  and  CB  parallel 
19  NQ  or  HK  |  then,  by  simitar  triangles, 

IQ  I  tC  ^  CB  :  CG, 
IN  :  )^   ::  CD  :  C;, 
ind  IQ»IN:IG.l^t:CB,CD:CG.C^i 

Now  IQ  •  IN  =:  rr*9  consequently  the  square  of  iny  ordinate 
(IT)  and  the  rectangle  of  its  corresponding  abscissas  (lO.I^) 
have  the  constant  ratio  of  the  rectangle  CB  •  CD  to  the  square 
of  the  senii«transverse  (CG.C/),  hciflce  a  mean  proportional 
between  CB  and  CD  will  be  the  Kmi-conjugate  to  the  trans* 
verse  G^.  Let  this  be  denoted  by  |c,  and  pot  <  =:  G^,  t  rt 
any  absciss  IG|  and  y  =:  the  ordinate  IT|  then  i+x  =:  Ig  the 
ether  absciss  (instead  of  i'-^-x  as  in  the  ellipse)i  and  we  shall  havo 

jr«  t  (^4-jr)jr  ::  4«.|c  !  Il.i^i 

'  •        ■  c* 

or  y*  I  !«+*•  n  c*  1 1*|  whence  p  {ix  +  «»)=:  y%  the 

efMlton  v/.an  kjfperMdu 


♦ ' 


^'; 


•  • 


•    • 


•"i;» 


'.  « 


From  the  three  eqottiona  thus  obtjuoed^.  %e  mty  derive  the 
•ther  pfineipal  properties  of  the  curves  by  eonaideHng  the 
tectionk  in  ptat^  epiy,  without  any  falther  ttfcrcnce  to  the 
eoTiditsein 
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tL  f 


-\ 


•  '  • 


•'  I  ««•  J  ^ 


U.t 
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Ov  THU  ELUPSE. 
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*    • 


•   • 


%10.  Sof rosB  CG  anJ  ZT  ar9  ih$  irMtv0f$€  •mi 
jugai0  oxM,  any  absciss  fGzzSt  and  lAt  Xgrr$sp09siuig 
^inai$  FRsry: 


ZT 


7»«ii  g^  (CO  X  »-»•)  =f •.  (««7)  ^ 

Lei  the  ordinate  PR  be  t  third 
piti^rtioiul  to  the  axes  CG  and  ZTj 

thatU^  =  PR;then|j^^=FR,    C 

•^4CG^  =  y  • 

ZT'  ZT* 

Iherefore  we  have  g^^  (CG  k  #— *•)  =  Jg^ 

ZT' 

or  CG  X  «— «*  =: ,  this  quadratic  equatioii 

gives  X  =iCG  +  /  f  — ^  —  ^)*  **^  *^^  ^^^^^  ^ 

*  4 

values  of  M  are  th^  abKiisos  FC  and  FG  ; 

or  FC  =  IG  +  |/  (IG*  —  IT«j, 
and  FG  =  IG  — |/(IG«— IT*). 

But  FG=:  IG— IF,  therefore  |/(IG*~IT*)  =  IF,  and  con- 
scquently  FT  =  IG« 

This  ordinate  PR,  which  is  a  third  proportional  to  the  aiei| 
is  called  the  parameter  of  ihe  axis  CG. 

And  if  I/=  IF  then  F  and/  are  tlie/oct  of  the  ellipse* 

CoroL  1.  Hence  F/,  the  distance  of  the /oci,  is  a  mean  pro* 
ponional  between  the  sum  and  diflfcrence  of  the  axes.  Or  the 
distance  of  the  foci  from  the  center  is  a  mean  proportiooal  be* 
Iween  the  sum  and  the  difference  of  the  semiaxes. 


^         MttlfiM.  ^  1261 

CaroL  8.  And  when  the  axes  are  giten,  the  foci  may  be 
iound  by  making  TF,  l/i  each  =:  the  semttransvcrte. 

971.  i/*  iwo  lines  are  drawn  from  the  foci  to  meet  at  any 
foint  in  the  curve^  their  sum  will  be  equal  to  tho  transverse 
fxti:  that  is.  FS  H-/S  =  CG. 

Make  GN  perpendicular  to  IG, 
and  =:  IZ  the  semiconjugatei  and 
join  IN;  alto  let  RS  be  an  ordi^ 
oite  at  right  angles  to  IG. 

Then  the  triangles  VXD,  IGN 
being  limilar,  we  have 

IG*  :  GN*.(ir)  ::  IR«  :  RD% 

whence  IG* :  IZ>  i :  IG«  *  IR* :  IZ*— RD*  (by  alternation 
and  division)* 


And  IG* :  IZ*  ::  IG*— IR*  (or  IC  -f  IR .  IG— IR) :  RS% 
(867) 

whence  lijr  equality  RS*  =:  IZ*  -  RD*. 

Now  FR  =:  FI  +  IR,  and  FR*  =  FI*  +  «Ft  x  IR  4  lR*t 
but  FS*  =  FR*f  RS*{ 
vbence  FS*  =  FI*  +  «FI  X  IR  4-  IR*+  IZ*—  RD*  (by  «d. 

or  FS*  =  FI*  +  IZ*  +  gFI  x  IR  +  IR* -RD*| 
but  FI*  +  IZ*  =  IG*,  (870.  corol.  I) 
vbcnce  FS*  =  IG*  4  SFI  xIR4  IR*— RD*  (by  substituUcn).   , 

Let  10  be  «  4fA.  tMroporUonal  to  CG,  F/*,  and  IR, 
that  U,  «IG  :  sFI ::  IR  :10{  then  9FI  x  IR  =  9lG  x  10 
thif  nbttitttted  for  9FI  x  IR  in  the  lut  equation,  and  we  havfe 
FS*  =  IG*  4-  filG  X  10  +  IR*  >  RD*. 

t 

AgaiD,  tiace  ilC  :  «FI  ^i  )R  1 10,  or  IG :  IR  c.FI :  K), 
.4t  get  IG*  t  IR*  :t  TV  (or  IG*.~IZ*)  1 10* i 


/ 


/ 


* ' 


'ff 


AM  'coMi*  ncntnii  ' 

But  firom  th«  unilar  trian^ IRO,  IGNi,  *' 
IG*:GN*(=IZ*)::IR*tRDS        «    ^ 
whoace  IG'  t  IG*~IZ*  i:  IR*  t  IR*— RD*  (lijr dtvin(Ni)| 
«r  IG«4IR«::IG»— IZ«tIR*^IU)«.       , 

AIm  IG*  s  IR*  1 1  IG*-<IZ*  1 10*  (irom  die  4lli.  prapqr. 
tiont]),  whence  by  equality*  IR*  •  RD^  =  lO^'lhit  MbMititiid 
bt  IR*— RD*  in  the  latter  of  the  preceding  valuea  of  FS*« 
and  the  icault  it  FS*  r=  10*  +  sIG  X 10  <f  IO*| 
imd  the  square  root*  give  FS  c;  IG  •f  ID  or  CI  •!•  IQ. 

And  by  proceeding  exactly  in  the  same  manner  tirith  /R*  si 
l/l—  IR)*  instead  of  FR*  =  (FI  -hlRjf,  we  ihaU  get  /S  s 
1G~I0, 

Tberefore  FS  and  /S  are  mpectively  aqual  to  OC  and  OG, 
the  two  parts  of  the  transvene  diameter. 

CoroL    Hepoe  ii  derived  the  conunon  method  of  deacribuf 
curve  with  a  tMtad.  thus : 


Let  the  thread  be  equal  in  length  to  the  transverse  CG,  ssl 
fix  its  ends  at  the  foci  F  and  /» then  move  a  pencil  or  pen  rouaJ 
by  the  thready  keeping  it  always  stretched^  and  the  point  of  Al 
pencil  or  pen  will  describe  the  curve* 

Or  the  curve  may  be  traced  mechanically,  thus  t 

Take  any  point  P  in  the  transverse, 
and  with  PC»  PG  as  radii,  about  the 
foci  F,  ff  describe  arcs  intersecting 
each  other  in  R,  R,  Rj  R  which  will 
be  4  points  in  tlie  cune ;  and  the  like 
number  may  be  found  by  assuming 
another  point  in  CGj  and  so  on :  the  curve  is  then  to  be  draws 
through  the  points  of  intersection. 


y 
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oj9.  To  draw  a  tangent  ioM  ellipse  %t  9  given  point  P  tn 

the  curve. 


•  f. 


4 


Let  the  point  and  the  (bci  F,/,  be 
joined,  and  bisect  the  angle  FP/  with 
PB ;  then  TA  drawn  through  P  at  right 
angles  to  PB,  or  to  nake  the  angle  FPT 
-yPAf  will  be  the  tangent  required. 

The  trutli  of  this  ponitructioii  wiQ  be  jnanifeit  from  the 

following 

*  r  I 

TBEOneM.    Jffjrom  two  given  points  T,/,  two  tines  FP, 

/P  le  drawn  to  meet  at  a  given  right  line  TA^  and  make 

equal  angles  FPT^/PA,  the  lines  FP,/P  taken  together  wilt 

li  less  than  anjf  other  two  lines  FR,yRt  drawn  Jrom  the 

fame  points  to  meet  on  tho  same  line  TA« 

Dnw  FW  at  tight  angles  to  TA»  and 
produpe  /P  to  mfti  H  19  W;  also  let 
)VR  be  joined  I 

Then  since  the  artglcFPS=r/PR=:SPW, 
the  right  angled  triangles  SPF,  SPW  are 
amllar  and  equal,  and  therefore  FPr:  WP, 
and  FP  4-/P  =  \V/;  but  \VR  r  FR,  whence  FR  +fA  s/H 
•f  RW  which  b  greater  than  W/or  iu  equal  FP  4y  P* 


f 

a. 


S 


The  feUowiog  method  ti  drawiog  an.  Ovsl  b  fteqtwntly  practised 
fwkmea,  ^ 

Two  equal  bocetcs  triangles  OCP,  OCP,  sfe  con? 
itracted  on  a  common  bite  OP,  and  the  Me%  CO, 
CP  pwKlueed ;  then  C,  C|  are  the  centers  of  the  ctr- 
colir  sra  AR,  ^&  (decribcd  with  a  pStrofcommoa 
compsMesl  and  O,  P,  the  Cfl&tm  qf  the  aics  M 
IBdlUl, 


#64 


come  iUTiovi* 


tqual  to  the  tnotvene  ajdt^  ii  foUowt  that  ao  dlipdcil  aic  de. 
•cribed  with  a  thread  (as  directed  in  the  preccdiiig  cocoDifyl 
will  past  thipugh  the  poim  P  and  touch  the  line  T A  in  that 
point:  for  if  ¥?+/?  be  tncreoiedt  the  curve  Ihua  deacribcd 
must  cut  the  line  in  two  points,  but  when  dimnMed^  it  cat 
neither  intersect  nor  touch  it,  as  is  evident  firooi  the  ^^scriptioa 
of  the  curve. 


It  has  already  been  observed  (935)  that  opticians  find  when 
a  ray  of  light  falU  on  a  reflecting  surface,  the  angles  of  incidence 
and  reflexion  are  equal ;  hence,  if  either  focus  be  a  kicid  pojnr, 
and  the  concavity  of  tlic  ellipse  a  polished  surface,  the  nys 
issuing  from  that  point  or  focus  i^ill  be  reflected  to  the  other: 
thus  the  angle  FPB  ^\/  PB,  and  the  ray  FP  is  reflected  in  the 
direction  Vfi  hence  it  is,  that  F,  ^  arc  called  foci  or  iumi»i 
points. 

S73.  Let  TP  le  a  tangent  to  tk»  eHipi0,  F,  J,  tht  /mi, 
I  the  centtr,  and  PR  an  ordinate  to  the  axis  CGj  Ika 
>C» :  IP  ::  IR  :  IB, 

Since  PB  biiccts  the  angel  VT/ 
we  have/P :  FP : :  /B  :  FB  (Ceon).o6) 

whence/P  +  FP  :/P— FP  : :  FB  +/B 
;/fi— FB,  (by  compouiion  and  diviaioo) 

pr  «IC  :/P— FP  a  sIF :  filB, 
or    IC  ,/P~^P  ,s  IP  ,  IB, 

pnd  IC»  ;/^-^P  X  IC  ::  IF  t  IB.  (Qfl) 


But  in  the  triangle  F^.  I  U  the  middk  of  the  base  F/,  PI 
Ibe  perpcndicuUr  oa  that  base,  and /P-^FP  (orSiC)  if  |bt 
m^  of  the  lidca ; 


Hi 


«hene»  (U5)  F/":/P  +  FP  (of  «tC)  t'.ff—tPi  ttRj 


and  ^  (or  IF) :  IC  : : 


../P-I?. 


:IR, 


whenee  -^  ,  ^^  x  1(3  =  IF  X  IR: 

Thercfure  IC* :  IF  x  IR  : :  IF  :  IB  (by  substitution)* 
or  IC* :  IF  X  IR  : :  IF* :  IB  X  IF,  (»«) 
and  IC*  :  IP  : :  IF  X  IR  :  IB  X  IF  (by  ilt^hutioa), 
thatis  1C«:1F*:!IR:IB. 

Corol,    L-ct  I Z  be  the  setniconju^tA  kxc  t 
then  since  IC* !  iF*  :t  IR  :  IB, 
ite  have  IC* :  IC*~IF*  :;  IR  :  IR-IB  («rBR),bydivisiort. 
that  ii  IC* :  IZ*  :t  IR  t  BR^  because  IC*-ir=IZ*.  (fi7tf) 


974.  jT  TP  ^^  a  tangenif  CO  the  transverse  dWi,  IZ  ih9 
semiconjugatt,  PB  perpendicular  to  TP«  aiitf  PR  an  ardinaiei 
then  IC  ti  a  geometrical  mean  between  IR  and  IT. 

Let  ftS  be  parallel  to  CZ. 

ThcnIC*:lZ«::lRMS«(b3r 

titn*  triajig.) 
But  IC» :  IZ» :  IR  :  BR  (273e 

corol.) ::  IR*  :  IR  X  BR| 
whence  IR* :  IR  xBR::  IR* 

!  IS*  (by  equality),    ! 
aiid  therefore  IK  X  BR  =:  IS*. 

Moreover,  itie  right  angtcd  triangles  TRB,  PRB  bdng  tiniUar* 
ive  htve  TR  i  RP  :t  RP  :  BR,     r 
whence    TR  X  BR  =  RP*. 

But  IC*  iW'.i  lC*-m» :  lZ*__li^^  -  RP*.  (ml). 
And hf  <idi. triatig.  IC*  ill*  u  IR*  ^ '^V^' =  ISS 

whoice,  by  nibstitution  IZ*— IS*'=  RP*  =  TR  x  BR, 
or  IZ* = ML  X  Bli  •!•  TK  X  fift  =  (IR -f  TR)  Jl^It  £  BR  X  IT. 


TOt.  II. 


MM 


I 
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in 
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I 
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1        I 


come  iiGjiONi. 

And  iiaet  BR  :  IR  n  BR  x  IT  flR  n  lt«  (m) 
that  b  BR  I IR  ;  2  IZ«  :  IR  x  IT  (l^y  MiUUtutioii} : 
Alto  BR  :  IR  ::.IZ*  :  IC\  {919  corol.) 
therefore  IC>  =:  IR  x  IT ;  that  is.  IC  U  a  mean  proponioiul 
between  IR  and  IT. 

•  CoroL  ll  If  TD  be  a  tangent  to  a  circle  detcribcd  on  At 
transverse  CG»  and  the  points  D  and  I  joined,  also  suppose  DR 
to  be  perpendicular  to  CG  :  then  the  angle  TDI  being  a  right 
one,  we  have,  by  sim.  triangles,  TI .:  DI  (or  IC) : :  DI  :  IR^ 
therefore  IC  is  also  a  mean  proportional  between  IR  and  IT  m. 
the  circle,  consequently  the  point  D  is  in  RP  produced.  Hence 
it  follows,  that  if  any  number  of  ellipses  have  the  same  trans- 
verse (CG),  the  Ungcfnts  drawn  from  the  poinU  (Pt  &c.)  wbcic 
an  ordinate' (RD)  intersects  them,  will  all  meet  in  the  same 
point  (T)  in  the  transverse  produced*  For  IR  and  IT  remain 
the  same,  whatever  be  the  length  of  the  conjugate. 

Carol.  9.    Since  IC* :  IZ* :  RC  X  RG  :  RP,  (S67)  in  the 
ellipse } 

and  RD*  =:  RC  x  RG  in  the  circle, 
it  will  be  IC*:IZ»::RD*2RP\ 
or  IC  :  IZ  ::RP    :  RP; 

that  is,  the  ordinates  RP,  RD,  have  always  the  same  ratio  ss 
the  semiaxes,  or  axes  of  the  ellipse : 

or  iraMiverse  :  coiijugaU  i :  RD  :  RP« 

CoroU  S.  Hence  also«  the  ana  of  the  ellipta  will  to  § 
geometrical  mean  between  the  circles  described  on  ihe  tme 
axes.  For  if  ordinates  (RD,  &c.)  be  drawn  from  every  point 
in  CG,  the  sum  of  all  the  RD's  constituteii  the  artm  of  ik 
flcmicircle  CDG,  and  the  sum  of  all  the  RP's  that  of  the  semi- 
ellipse  CPG|  but  the  sum  of  the  former  to  that  of  the  latter  ii 
M  RD  to  RP|  or  as  the  transverse  axe  to  the  conjugate*  Aei 
any  corresponding  segments  have  evidently  the  same  proportieoi 


ELLIFSB. 


t«r 


Hence,  if  I  be  put  to  denote  the  transverse,  and  c  the  conjugate, 
then  .78541'  if  th^  area  of  the  circle  described  on  the  trana* 
reree,  and  I  :  c  !.  .7854/'  :  .7851/c  the  Urea  of  the  ellipsct 
which  it  a  mean  proportional  between  the  two  areaa  .78541* 
and  .7854c*. 

975.  If  CG  le  the  transverse  axiSf  TP  and  CB  tangents 
§t  P  and  C,  respectively^  and  KPB  o  diameter  produced f 
then  the  triangles  IP T,  ICE  will  le  equal. 

• 

Draw  the  ordinate  PR,  and 
ktCF  be  parallel  to  TP. 

Then  thetriangleft  PRI,BCI} 
CFI,  TPI  being  leapectiTcly 
limilar,  we  hare 

IF :  IP : :  IC  :  IT ::  IR :  IC  (974) : :*  IP :  IB,  (by  lim.  triang.) 

that  if,  IF  :  IR  ::  IP  :  IC, 
and  IC  :  IP  ::  IT  :  IB 

therefore  (Georai.  04.  carol.  I)  RF,  CPg  TB  aie  parallel  to 
each  other.  * 

« 

Now  the  triangles  TCP,  BCP  oii  the  aame  btie  CP,  and  be* 
imten  the  parallels  CP,  TB,  are  equal,  therdbre  adding  CPl  to 
rach  we  have  IPT  =  ICBt 

CoroL  The  triangle  PRT  s  trapcsoid  CRPB }  tVfs  appeals 
by  taking  the  triangle  PRI  from  each  of  the  triangles  IPT,  ICB, 

97<.  Let  the  diameter  HV  le  parallel  to  the  tangent  TP, 
then  PK  and  HV  art  called  conjugate  diamttert.  And  if 
SN  he  an  ordinate  to  PK,  and  HD,  SQ  parallel  la  ike 
iangent  CB,  f Af  Mtrngle  &0£  =  trapaxoid  COQBt 


uu  % 


^ 


come  9i«noNi. 


Let  PR  hfi  f  n  QidiiiAte  to 
CC: 

By^aimiUr  triangltt, 

IC:CB::IRsRP::IO:0Q, 

whence  by  alternation  anil 

divisioi^^ 
IC  :  CB  ::  IC-t-IR  :  CB-hRP ::  IC+IQ  :  CBrhOQ, 

or  IC+IO  :  ^C  +  IR  ::  CB+pQ:C$-irRP  (by 
alternation). 
But 
OCxOGz:OC.(IO+IC),  and  RC  MiC:rRC.  (IR-tlC)s 

whence 
OCxOC  ;  RC  X  RO  :^  OC.  (lO  f  I(?) ;  B^C  (Ul  t  IC), 

or 
OC  xOG  :  RC  X  i\G  ::  OC,  (CB  +  OQ) :  RC,  (CB  +  RP) 

by  equality ; 

•  =:OC.(S»±5e):RC.(£2^-M). 

;:  trapfz.  COQB  i  Irupex.  CRFB, 

^oreovcfj  tbp  tri«Bg|ea  PRT,  SOG  bdng  similar,  wc  tuve 
trlang.  SOF,  :  tr'tang,  PRT  t:  SO*  :  RP'  :«  OC  x  OC  :  RC 
XRG.  (267) 

or  Uiaiig.  SOE  :  triang.  PRT  i:  trapez.  COQB  :  #mp«s, 
CRPB,  (by  equality) ; 

But  («7A  corol.)  triang.  PRT  =:  irapez.  CRPB,  thcrcrorr, 
^  by  equality!  the  iriang.  SOK  =  fiupez.  COQB.     And  in  ihe 
tame  manner  it  is  proved  that  the  triangle  HLl  zz  irapez. 
CLDB. 

Corol.  From  tbeeqna!  triar^le:}  IPT^  ICB,  Like  th^  triang. 
1^1  W^  then  the  trapeas.  TIWE  :^  qus^ilrilatiPral  BCEN.;  frpip  this 
•iibtra}:t  tlic  trapcz.  COOJ^,  and  add  lis  cqual|  or  ttM^  tjiang, 
SOE«  to  the  remainder  QOrNi  and  we  havjQ  itux  trja'^fr*  SQN 
=  tiapea.  TPN£«  In  like  manner,  by  subtracting  CLDB  from 
the  triang.  ICBj  and  adding  its  equal  HLIj  we  get  the  triaog* 
HOI  =  triang,  ICB  =  triang*  IPT, 


BLtIMB< 
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fi77.  ffPKauiHVh  <enjtigale  tftamtteri,  and  SN  an 
trdinale,  as  in  Ihe  prgctding  Theprtm, 

Then  IP*  :  IH'  :t  NP  xNK  ;  NS'. 

By  simiUr  trianglef» 
|ri«<»^.  IPT  :  triang.  EIN  j :  IP*  :  IN*  t 

and  IPX  I  IPT-EIN  ::  IP'  :  IP*  —  IN'  (by  dlvnion), 
that  »,  /rJan^.  IPT  t  traitez.  TPNE  :i  IP*  t  (IP  +  IN) 
.(IP— IN'jorNKxNP. 

Moreover,  tiiice  the  triangiei  HDI,  SON  are  titmUrk  w«  he** 
IH' :  NS*  : :  triang.  DHI :  triang.  SON ; 

that  ii  IH*  :  NS*  : t  triang.  IPT : lrapex.T?HZ (by equality) 
::  IP*  :NK>cNP; 

or  alternately,  IP*  t  m*  t:NK.xNP  ;NS*.  And  in  the 
mne  manner  it  i»  ptoycd  th^  IPM IV*  t :  NK  X  NP  t  NW  S 

tbeitfbre  NW=N.S.      ,;       i     . 

Corol.  1  •   Hence  any  diameter  bf  secH  all  its  douUt  ofdiaalcfl* 

•     ■    A  • 

(>)^9)f.  9«  And  the  property  demonstrated  in.  Kgard  to  thi^ 
traa^vcrse  axi9  (Art.  9|S7)  ii  general Jor, any  diameter  whaterer, 
m.  ihe  rectangles  of  Ihe  segments  of  any  diameter^  ore  «/  iha 

squares  of  their  corresponding  ot  dinates. 

•  •  • , 

Corol.  3.  HencM  also  if  derived:  the  oictbod  of  finding  tha 
c(mtcr  and  axes  of  an  ellip;^  (  thut> .        , 

• 

Draw  two  parallel  ordinatea  or  lines  <  ^ 
SS,  RR,  and  bisect  them  with  PK  which  ' 
will  be  a  diameter ;  then  abmtt  I  the 
center,  or  middle  of  PK,  describe  all  arc 
of  i  circle  lAeeting  the  dUpnc  ia  two 
points  DD^  bisect  OIX  io  B|  and  thiotigh  B»  I|  draw  OC  whicli 
wiH  be  the  tr^sverat.,  *  If  tb^  aip/falla  Without  Iha  dlipae  k 
fbM  the  cQii^iigajW«L    '       *       ' 
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CONie  SVCTIONI. 
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«rt*  iTveiy  pMralUlogram  eireumscrikmg  m  Mip$9  U 
«fic4l  io  ih§  reciangh  of  ike  tweaxn^ 

Let  PK,  HV  be  conju. 
gate  diasnetert,  then  the 
Uogentt  through  their  ex- 
tremitiei  will  form  a  parol- 
klogram  SN.  (376j* 

i 

Draw  the  axes  CG»  ZB, 

and  the  ordioatei  PR^  HL,  alio  tuppose  GC,  AS  are  produced 
till  they  meet  in  Tj  and  let  lO  be  perpendicular  to  $  A. 

Then  (974)  IC*=:IR.IT,  and  1C»  =  IL.ID;  . 
therefore  ID  :  IT  ::  IR  :  IL. 
But  the  triangles  IHD^TPI I  IHL^TPRarc  reapccuvely  aimilaii 

whence  ID  :  IT  ::  IL  t  TR, 
therefore  by  equality,  IR  :  IL  ::  IL  :  TR»  or  IL*=  IR.TR: 

Also,  because  IC  1  IR  t:  IT  :  IC,  (974)  < 

we  have  IC— IR  (or  RC  J :  IR :;  IT— IC  (or  CTJ :  IC,  by  divisia% 
or  alternately,  IR  :  IC  ::  RC  :  CT; 

and  IR  +  IC  (or  JIG) :  IR  ::  RC  +  CT  (or  RTJ  :  RC, 
by  composition, 

or  alternately,  IR  :  RG  :;  RC  :  RT,  hence  IR.TR  =  IL' 
sRG.RC. 


we  have  IC 

In  like  manner,  since  IC 

we  shall  get  IC 


1 


Moreover,  because  IC'  :  IZ*  ::  RC.RG  :  RP*,  («67)^ 

or  IC  :  IZ*  ::  IL*  :  RP*  (by  cquaJityS 
:IZ    xlL   :RP. 
:IZ«  ::LC.LG:LH», 

:IZ    ::IR:LH. 
or  IZ    :  LH  : :  IC  :  IR  (by  •ItenuUoo). 

But  (974)  IT    :IC    ::IC:IR, 
tbcKfore  by  equiUty  IT    :  IC  : :  IZ  :  LH.  or  IT.LHsIC.lZ. 

But  the  triangle*  lOT,  ILH  being  limilar,  we  have 

IH    :lT::LH:IO.orIT.LH=IH.K\ 
and  therefore  the  icctaog.  IH.IO  =  IC.IZ,  and  4IH.I0 


ELLIPSE. 


§71 


But  the  recung.  IH .  10  it  =:  the  pmllclograin  PIHS  or  i 
of  the  circumscribing  paralldogram  SN^  consequently  9lC  ••§ IZ 
or  the  rectang.  CG  •  ZB  =  the  parallelogram  SN. 

979.  The  sum  o/lhe  squares  of  any  two  conjugate  iiameiers^ 
it  equal  to  the  sum  of  the  squares  of  the  two  axes.  That  tx, 
PK*  +  HV«  =  CG"  -+•  ZB» :  (see  the  preceding  fig.) 

By  the  last  Theo.  IL«  xRG.RC  =:IC--IR-  (orlcTlR 

therefore  IL«-»-lR'  =IC*. 

But    !€•  :    IZ»  ::IL-  :  RP*, 

and    IC*  :    IZ*  ::IR«:LHV 
whence  «IC*  :  sIZ*  ::IL«-HR«  :RP-+LH\  (by  com* 
position) 
that  is  2lC«  :sIZ«  ::!€•  :RP*+LH«| 

therefore  by  equality  RP*  +  LH;  =  IZ* : 

V 

Henci*thesumofthe4squarcsIL*-|-IR*+RP*+LH'r:IC* 
4  IZ*  the  sum  of  the  squares  on  the  semiaxes :  but  (Geom.  83) 
the  sum  of  those  4  squares  are  equal  to  IH*  4- IP*  the  squares 
00  the  semiconjugates ;  therefore  4lH*-f*4lP*  s  4lC*  -^4lZ% 
orHV*4-PK-  =  CG«4-ZB-. 

S80.  If  a  cylinder  he  cut  hf  a  plane  ollique  to  its  axis^  the 
stdion  is  an  ellipse* 

Let  CZGT  be  the  section,  HRK,  NTQZ, 
tiro  lections  parallel  to  the  base  of  the  eyiin* 
der.  Then  tlie  equation  of  the  curve  b  de- 
rired  exactly  as  in  the  cone,  (967) )  thus 

By  similar  triangles, 

6C:SH::IC:IN, 

SG:SK::.IG:IQ, 

whence  (90)  SC.SG  :  SH.SK  (or  SR')  ::  IC.IG  :  IN.IQ 

(IT*orIZ-j, 
or  SR- :  SC.SG  ::  IT* :  IC.IO, 

That  is,  the  squares  of  the  efdiwl^i  «rt  «l  lAf  rectangles  ^J 

the  corresponding  uiscissoi. 


ift  COMIC  lUtlONt. 

'     Tb«  eoojugftte  Mm  ZT  U  the  diBAeter  df  ikt  cyfiBd«r«  (huif 
■  (be  ccDUsr  of  tbe  Irtiitrtne  CO.        ,-        -       ' 

If  CG=:l,  ZT-r,  SC  or  SG~c,  SR=y.  then  the  liir^ai^ 
pn^Nmioa  givM  ^^  ffjr— «■}  =  jr*  fJW/ifiiaiwa  ^M#W/i^ 

«Sl.  TA»  ifhenid  or  solid  gntnitd  tj/  lk»  reroluHtu  ^m 
tlUfst  alttut  tilhor  umU,  it  }  o/tht  circuwueriUmg  eifltadtr. 

Let  ZTG  be  «  «cniidlipM,  ZT  ibc  con- 
jt^atc  ULU,  IG  ibc  KmitraniverMi  and 
AGB  a  liciaicttclc  described  ibout  the 
ceaier  I. 


Then  if  the  ellipie  and  circle  reVo!ve  about  the  aiia  IG,  Ik 
former  will  deacribe  i  heinUpht.-roi(I,  oud  the  laUet  ux  heinitpbut. 

Suppose  DC  to  be  t  plane  parallel  lo  the  bate  AB ;  then  SO 
and  DC  will  he  the  diometerd  of  the  eircul»  sections  of  the  htt 
■olidi  made  by  that  pUne.  And  bccaiitc  AB  :  ZT  : :  DC  :  SO 
at  every  point  in  IG  («74}  the  nirfavei  of  the  coritapoafiif 
circular  lection*  will  be  in  the  conitant  ratio  of  AB*  to  ZT': 
if  therefore  we  conctive  the  two  aoUdi  to  be  compoacd  of  in  ia- 
finite  number  of  iudefinltely  ihiu  etcmcnury  circular  pariU 
planei,  (Gcom.  131j  the  mim  of  ihoic  in  the  bemitphcrc  ACB 
will  he  lo  the  lum  of  tliose  iu  the  lienii«pheroid  ZOT*  ai  AB' 
toZTS 

that  li,  AB«  :  ZT*  : :  so'td  AGB  :  solid  ZCT : 
But  if  A  H(  ZQ  are  the  cylinders  circuniKribing  the  two  toliibi 
then  AD* :  ZT* ::  ajiind.  AH  :  njlhiJ.  ZQ.(Geuin.l31.c«roM) 
therefore  by  c(|uality,  iolU  AGB  :  tolid  ZCT  ::  cyli<d. 
AHitylind.ZQx 

But  (Geotn.  IJ4]  the  »o!id  or  hemiBphere  AGB=:f  of  tk 
cylinder  AH,  couaciiucnily  (W  O-i' proporlioo)  the  solid  ochau* 
ipbcroid  ZGT  =  f  of  the  cj  Itnder  ZQ. 


HTPEKBOLAt 


trt 


And  if  the  ellipse,  and  the  •cniicircle  de- 
icribcd  about  I  with  the  raditis  IZp  rcvolvft 
about  the  semiconjugate  axis  IZ,  thcn^  in    o 
the  same  manner,  it  ia  proved  that  half  the 
spheroid  (or  the  nolid  CZG)  is  equal  to  |  of  the  tircumserSbing 
cylinder  CQ.    1  his  is  called  an  oHate  spheroid,  or  dlipaoid* 
Bat  when  the  transverse  diameter  of  the  ellipse  b  the  fixed  axiat 
the  solid  is  a  prolate  spheroid. 

CifrdL    AB*  t  ZT*  (or  DC*  i  SO*)  :t  spheruat  segm^ni 
DGC  :  sphercid^l  segment  SGO. 


) 


Or  THE  HYPERBOLA. 

f  89.  Thb  equation  of  the  curve,  or  fundamental  property,  ia 
already  derived  *from  the  cone  (969j  |  but  in  considering  tht 
section  in  plane^  the  following  definitiona  wtU  be  necessary. 

1.  If  PGR,  pCr  be  the  oppo« 
site  hyperbolas,  GC  the  trans- 
verse axis.  1  its  center,  F,yj  the 
foci,  Wl  W  at  right  angles  to  CG, 
and  GZ,  GT,  CZ,  CT*  each  equal 
to  IF  or  I/,  then  ZT  is  the  con- 
{ogate  axis. 

9.  When  the  conjugate  axis  ia 
equal  to  the  transverscy  or  ZT 
=:CG  the  curve  is  called  in  eqin* 
bteral  hyperbola^  or  right  angled  hyperbola. 

a .  The  line  PFR  d  right  angka  to  the  i^  CF.  ii  cidkd  Ihft 
fvattHer^  m  lahu  fwdtum 


▼ou  lit 


f74 


eomc  iiQTioMir 


4.  Two  indefinite  rij{bl  Kiiet  LM,  XY^  drtwn  tlimiigh  tin 
center  I  ptralld  to  GT,  GZ,  are  called  the  asffmpi0i€$  of  tht 
hyperiMbf  or  of  the  opposite  byperbolu« 

3.  If  ZT,  CO,  are  made  the  transverse,  and  conjugate  la 
two  other  hyperlMilus,  vr\uHe  vertices  are  Z  and  T^  thoae  ait 
called  conjugate  hyp^rbohs^  wiih  respect  to  tlie  former* 


6.  Any  right  line  PK  drawn  through 
the  center  I,  and  terminated  at  the  oppo* 
aite  acctions,  is  called  a  dUimeUr^  and  the 
oxtrcmitics  P,  K,  its  vertices:  and  HV 
parallel  to  IT  the  tangent  a  P,  is  called  iu 
€0HJugale  diamd^rm 


7.  If  any  dianactcr  KP  ^be  continued 
within  the  cuive,  the  inner  pai:t  PN  is  called  the  abscissa  i  sal 
SW  parallel  to  the  Ui\gent  TT  is  a  double  ordinate  to  the 
diameter  KP. 

S83.  The  square  if  ihe  Jisianee  oj  the  focus  from  ihe  cam 
is  equal  te  ihe  sum  cf  the  squares  of  the  semiaxesi  vie.  |/^ 
i=  1G«H-IZ>.  (see  tlie  following/g.) 


Let  IZ  be  the  semiconjugatCi  /?  the  seniiparameter  or 
proportional  to  the  semitransvcrse  IG  and  semiconjugate  IZ : 

Then  the  equation  of  the  curve  (269)  gives 

W  :  IZ*  :2  (1/4- IG)  .  (If-^IG)  or  I/*— IG*  t/P«: 

But  IG  :  IZ  :;  IZ  :/P  (the  semiparam.) 
and  IG»:1Z«::IZ«:/PS 
therefore  by  equality  IZ*  =  I/*—  IG».  or  IZ*+ IG*  =  \f^l 
instead  of  IG'— IZ*  =  I/'  as  in  the  ellipse,  (970  coroL  |)« 


Carol.    Hence  the  distance  from  Z  to  G  set  on  tke  uia  fiott 
Aa  center  I  both  ways,  give  ihe  fod  f^  F. 


f84.  Iftmo  lines  are  drawn  Jrem  the  fed  §9  meei  at  anf 
point  in  the  curve^  their  difference  will  be  ejnal  ie  Mt  tranu- 
ferse  axis :  thaijs  FS  -*/S  =:  CG. 

Make  GN  perpendicular  to  IG,  and 
=  IZ  the  semiconjugate,  and  join  IN; 
also  let  RS  be  an  ordinate  at  right  an« 
|lcs  to  IG. 

Then  RS  being  produced  to  D,  the 
irianglea  IRD*  IGN,  will  be  similar, 
and  we  shall  have 

IG* !  ON*  (IZ") : :  IR« :  RD*, 
whence  IG« :  IZ*  s:  IR*— IG*  :  RI>*~IZ*   (by  altmatkNt 
and  division)^ 

And  IG«  t  IZ« ::  (IR  +  IG).(IR-IG)orIR^— IG»  i  R8% 

(««9) 

whence  by  equality  RS*  -  RD*  —  IZ* : 

NW  FR  =  Fr+IR,  and  FR«  =  FP  +  «FI  x  IR+IR% 
but  FS'zrFR'^.RS*, 
whence  FS«=FP+9FIxIR+IR»+RD«-IZ«  (by additioo)^ 
or  FS«  =  FI«  — lZ«  +  «FI)cIR  +  IR«  +  RD«: 

But  W  =  FI*  — IZ*,  (983) 
whence  FS«  zz  IG*  H-fiFI  x  IR  +  IR*-f-RD*. '  \ 

Let  10  be  a  fourth  proportional  to  CGj  Vf,  and  IR,. 
that  is  9lG  :  'sFI  ;:  IR  :  lO ;  then  9FI  x  IR  =  siIG  x  tOt 
Ms  substituted  for  SFI  X  IR  in  the  last  equaticm,  and  #e  hAff 

FS«  =  IG*  +  «IGxIO+IR«  +  Rb«: 

Agab,  since  9IG  :  fiFt ::  IR  :  lO,  or  IG  t  IR  :: fl :  lO^ 
we  gel  IG«  t  IR*  :t  FIV(or  IG*  +  IZ*) :  lOS 

But  hom  the  similar  triangles  IRD*  IGN^ 
IG*:GNM=I2:*)t:IR*iI\p*; 

wbesce  10*  s  IR* ::  iG*-f  IZ' :  IRHRD*  (by  coaipositioo)  | 


in  • 


•T#  come  iictions. 

Alio  IG*  I IR*  ::  IG*h-IZ*  i  lO*  (from  the  4ili.  fiopor* 
tiooalj, 

whence,  by  equality,  IR*  -f  RD*  ?:  10'  Ait  sulMiUUcd  iof 
IR*4-RD*  in  the  latter  of  the  preceding  valuea  of  FS\ 
and  the  result  it  FS*  =:  IG«  +  SiG  x  lO  4-  lO^} 
and  tlic  square  roots  give  FS  =  IG  +  10. 

Aui^nrocccding  in  the  same  manner  %i^ith  /R*  :r  (/I— 1R]« 
instead  ot  FR»  =  iFl+lR)%  we  shall  get /S  =  10  —  IG ; 

Therefore  FS-/S  or  IG  +  IO— (io~IG)  =  sIG  =  CC 
the  difference  of  the  two  lines  drawn  from  the  foci  to  meet  in  the 
curve.    In  the  ellipse  thtir  sum  is  =  the  transverse  CO.  (371) 

Carol.  Hence  is  derived  a  me« 
Ihod  of  describing  the  curve  by 
continued  motion  when  the  trans* 
Terse  and  foci  are  given ;  thus. 

Let  two  threads  FS,/S,  whose 
difference  in  length  is  =  the  trans* 
verse  CG,  be  fastened  at  the  foci 

F,  J ;  then  if  the  other  ends  are  tied  together  (suppose  at  S) 
and  passed  throi!gh  a  small  bead  or  pin  S^  and  the  bead  or  pia 
be  made  to  move  along  the  threads  while  they  are  constantly 
kept  tightj  the  said  bead  or  pin  willj  by  its  motiooj  describe  the 
cur\'c« 

Or  the  curve  may  be  traced  mechanically^  thus.  Take  any 
point  O  in  the  axi:>/N,  then  with  GO  and  CO  as  radii,  about 
the  foci/,  F,  degcril>c  arc*  of  circles  intersecting  each  other  ia 
R,  R,  which  will  be  Uvo  points  in  ihc  curve:  and  the  like 
number  m.iy  be  fouiul  by  ass'iming  anoibcr  point  in  the  sxii 
(/N),  and  <o  on.  The  curve  is  then  to  be  dravrn  through  the 
points 'of  iiitti  section* 

S83.  To  draw  a  Undent  to  the  hyptrhola  at  a  given  point 
B  in  the  curve* 


HYPERBOLA. 


«TI 


Let  SF,  S/  I»c  drawn  to  the 
foci  F,/;  then  a  line  SB  which 
bisects  the  angle  FS/  is  the  tan- 
gent rcquircJ. 

Suppose  TA  is  drann  through 
S  to  make  the  angles  FST,  /S  A, 
cr|ual ; .  tlien  if  F,  yj  were  the 
fixt  of  an  ellipse,  and  the  length  of  the  threads  SV+  Sf  re« 
mained  constant^  ah  elliptical  arc  might  be  dcKribed  with  thai 
constant  length  which  would  touch  TA  in  the  point  S,  and  SB 
would  bisect  the  angle  TSf^  or  stand  at  right  angles  to  TA 
(t7^);  but  in  describing  tlie  hyperbola,  the  threads  SF,  Sf.  are 
constantly  diminished  equally  in  Icngtii,  and  consequently  the 
motion  of  the  point  S  must,  for  that  reason,  be  at  right  angles 
to  the  direction  of  the  curve  of  the  ellipse  at  that  poiut,  that  is^ 
tfi  indefinitely  small  part  of  the  hyperbolic  curve  iSO)  will 
coiocide  with  SB,  which  therefore  must  be  a  tangent  to  the 
curre. 


Coroh  Hence  if  T A  were  a  reflecting  surface  perpendicitlar 
\o  the  cur^'e^  a  ray  of  light  FS  proceeding  from  one  focus^ 
aoulJ  be  reflected  in  the  direction  S^  to  the  other. 

Scholittm.  In  comparing  Articles  971  ^nd  980,  the  reader 
will  perceive  that  the  latter  may  be  considered  as  a  repetition  of 
the  fonner ;  the  difference  consisting  merely  in  the  «f«^i.4  +  and 
— ,  which  vary  in  a  few  stcpn  of  the  prcicefS*  This  similarity 
extends  to  most  of  tin-  proprriies  of  the  Ellipse  and  Hyperbola. 
We  therefore  shall  only  enunciate  tlie  tlicorems  in  the  three 
folkming  articles,  and  leave  their  itnxstigations  as  exercises  for 
the  student,  who  will  'it .. I  little  difficulty  in  framing  the  de- 
monstrations when  he  comprehends  wliat  is  laid  down  tespecting 
thedlipse* 


«eillC  IBCTIOHS. 


'  AM,  1^  TP  be  t  tangent  to 
the  bypeibola,  F,/,  the  foci, 
I  the  ccDtcTi  end  PR  u  ordintle 
to  the  itJi  CG. 


Then  IC*  :  IF*  i:  IR  :  IB. 
(PB  being  perpendicular  to  the 
tangcot,  u  in  the  dlipie,  art.  S73). 

And  IC  is  i  geometrical  metn  between  IR  tad  Vti  thit  i 
]R:1C::IC:1T.  ^ 

Hence  alwt,  if  two  or  more  hyperboU* 
have  tlie  ume  conunon  a^iia  CG>  the  tan- 
genU  at  the  cxtrcmiiici  of  the  ordinate!  RP, 
RD,  &c.  will  all  meet  in  the  tame  pmnt  T 
in  the  axil,  a*  in  the  cUi()Sc,  (374  coro/.  i.) 

And  the  ordinalet  RP,  RD  have  the  ume 
ratio  aa  the  conjugate  axes  of  the  hyperbola*. 
Whence  it  follow!  that  the  hyperbolic  ipacei  PC^,  and  JXi, 
lie  alao  proportioDal  to  thane  ixei  i  for  each  ia  compoied  of  tbt 
like  indefinite  number  of  parallel  ordinate!  whose  lunu  are  r. 
apectlvcly  aa  RP  to  RD. 

S87>  Every  parallelogram  inicribed  be- 
tween the  four  conjugate  hyperbolas  ia 
equal  to  the  rectan^c  of  the  two  axe* : 


That  is,  the  parallelogran  SN  = 
k2B. 

And  the  oppoiil*  sides  are  biKcted  al 
the  poinU  of  conUct  H*  K,  V,  P,  aa  in  the  ellipse  (art.  378)> 

t68.  The  diflercnce  .of  the  squares  of  any  two  conJngM 
diameters,  is  equal  to  the  diflerenve  of  the  square*  of  the  tve 
ate*: 

That  i»,  HV»-PK»  =  CG«  — IB*.  In  the  cOipK  that 
«««*.  arecqiinl,  {arl.919-) 


C    «T»   ] 


r  •  i| 


Or  THE  HYPERBOLIC  ASYMPTOTES. 

$S9.  If  I  ie  the  center  of  the  hyperboh^  CO  ike  iretnsverse 
0[U,  RR  (=  ZT)  the  €onjugate,  ID,  Id  the  asprnptoies,  ?p 
tfii  erdinate  produced  to  Danddf  Then  Prf  k  PO  =  OR*/ 
(RR  beifig  the  tatigeni  at  G). 

Bf  ninil«r  triuis^es,  IB* :  BO* ::  IG* 
:  CR»  (or  IZ*) : 

And  {m)  IG'  :  GR* : :  (CG  4  GB) 

xCBor(IB  +  IG)(IB-IG), 

or  IB*-IG«  :  BP«  ; 

Hutu  IB*:  BD' ::  IB'—IG* :  BP* 
(by  equality)  J 

or  •llenutdy 

IB*:IB*— lG«:tBD«:BP| 

•nd  IB* :  tB*-.(IB*— IG*)  :t  BD*  t  BD*->BP  (by  4!* 

viflon); 

That  w.  IB* :  IG* ! :  BO* :  BO*— BP*. 
wtltemately  IB*  :  BO*  ::  IG*  :  BD*— BP) 
whenoe  IG*;  GR*::  IG*  t  BD*— BP*  (byeqaility)) 

Therefore     GR*  =  BO*— BP*  =  (BD+ BP)  (BO— BP| 

mVd  X  ?D,  \ 


CoroU    Hence  if  Qf  be  any  other  parallel  ordinate  prodvoe^ 
then  N9  X  NQ  =  Ptf  X  PO:  for  each  ta  =  GR*. 

tgo.  If  two  parallel  lines  Aa,  B#  an  imiun  through  lh§ 
^ptrhta  te  meet  the  iugmftaiett  them  ^A  x  jMt = nB  x  nl. ' 

Through  p  and  ti  d^w  ordinttef  to  the  axit:  Then  tht 
tnu^pDA,  nQBi  pd^  nqb, ^ be mfe^Mj Mfuburi . 


/ 


tlKKforc 
pA,pa  : 


*iB.ii>. 


^ 


SOI.  ^  ami/  right  /im 
(Bi)  ie  drawn  through  Iha 
hyperbvla  to  ate!  the asi/mp- 

tolei  1  then  the  partt  of  that  fi  w  httwttm  tht  eMrv4  * 
loltt  will  he  equal :  that  it  OB  =  a^. 

Ut  WOS  be  parallel  lo  f  Q  or  iffl.    Then  th 
QflB.  SOBj  and  tlso  ^n/.  (OW  beiDf  Rfpeetivd]r  i 
we  have  nQ  :  OS  ::  rB  t  OB» 
and  kQ  i  OW::  <•*  :  Ob, 
wbeoce  nQ.ftQ  :  OS.OW  ::  nB.at  i  OB.OJ 
^KNiniling) : 

But  (SS»  corol.J   nQ .  Rf  =  OS .  OW,    tberefi 
=  OB .  0>  I  whence  it  followi  that  OB  =  mi, 

CoroU  1.    If  the  tangent  TT  be  parallel  la>B, 
biaecled  in  the  point  of  coiiutt  V  j  for  if  B>  b*  t 


HVPERBOLtC  AtrUtTOriW 


8BI 


Cant.  S.  Hence  «Im  it  tpimin,  Out  if  ihe  Mntidlimeter 
tV  be  prodaccd,  il  will  bisect  all  ihe  comspondtng  double  ordi*  ' 
miM,  Oa*  &c.  for  tince  TT  ii  biwcied  in  V,  it  followt  from 
limilir  irianglcik  thai  iti  ptrallelt  oA,  £B,  Sec.  we  biicetcd, 
and  because  nh  =  OB,  the  double  onHnatM  wO*  be  $n  alM 
l>iKeted  by  VE.  ' 

Ctnl.  $.    Hence  when  the  cum  of  an  hyperfiab  il  given, 

the  a^ej  may  be  determined  thus, 

Dnw  parallel  nrdinatei 
VL,  WB,  and  SQ,  DP, 
■ml  let  them  be  bisected  in 
0,  A,  and  O.  E  by  the  linei 
AI,  El,  then  their  point  of 
coDcouTK  I  will  be  the  cm> 
ter.  Take  any  t«-0  pointt 
P,  if ,  itt  the  curve  equally 
diitint  from  Ihe  center  I^ 
and  bisect  t^  angle  Pit] 
with  the  line  ICR-;  then 
if  IG  =  IC.  CG  will  be  the  Iranmrse  axe. 

From  any  point  P  In  the  cunre^  draw  an  ordinate  PR  to  tht 
aiii  CG, 

then  («fi9)  GR  xCR  :  PR* ::  CG* :  (cm/w;.  ax«()*» 
or  /(GRnCR)  :  PR  ::  CO  tconJvg.txUi 
That  it,  the  conjugate  axit  ZT  it  a  fmirth  pruportlona!  to  the 
mean  proportionil  between  GR  and  CH,  the  coiteapolidbtg 
ordinate  PR^  and  the  traniverae  axi»  CG. 

W.  If?  it  ang  fotnt  i»  the  citrve,U9d  PiC.  GSt  PO,  GHj 
panlM  t*  the  msymfMei  IQ,  ID*  rttptttivelyi  then  th* 
fwttiihgnm  PKIO,  GSIH  era  tquai. 


CONIC  Sl^CTlOUtt 


I 


i 


Thfoiifli  G  and  P  4raw 
iU>:  Then  because  PK  and 
KO  aie  pualld  to  QH  and 

HG^aadGQsPD(89l), 
we  ahall  hare  HG  =  KD, 
and  HQ=:KP=:IO,  there- 
fore  OQ=IH=HG=GS. 

And  by  tun.  triaiig. 

HQ  :  HG  ::  OQ  (or  GS)  :  OP| 
whence  UQ  x  OP  =  HG  x  CS :  but  KP  = 
thererore  KP  x  OP  =  HG  x  C8. 


HQ, 


Now  aa  the  Rctang)e«  of  the  sides  oF  the  paraUekjCrams  SH, 
KO,  about  ttie  equal  angles  KPG,  SGH  ai«c<)ual,  it  folkmi 
(rroiu  An.  s.ts  Mensur.i  that  the  parallelograaia  tbonseim 
inuit  al<o  be  equal. 

a     . 

CaroL  l.  Hence  all  -llie  intfcril)cd  paralldogrtoui  ate  cqud 
to  one  another :  for  each  U  equal  lo  SGHL 

CcroL  (!•  It  :iUo  api^^art  tliat  de  asymptoU  ccniimtiallf 
mpproachet  iowards  the' curve,  hut  can  never  meei  id:  fof 
KP  X  OP=:  HG  X  CS    (a  ^iven  magmtuJe),  consecjiicHtly 

>  ■  ^^p —  =  KP^  uhich  miut  always  be  of  some  length  if  OP 

is  assignable.    Thus  suppose  HG|  GS  are  each  an  tiicA,  and 

10000X1760X96  ^•n*'^- 
The  distance  of  the  curve  and  asymptote  tliercfore  diminishes  si 
the  latter  is  increased  {  on  which  accoimt,  the  asymptote  ii 
sometiniea  considered  as  a  tangent  to  the  curve  at  an  infinils 
distance. 


OP  =  lOOUO  miles,  then  KP  = 


Corel.  3«  If  I A9 1B«  IL,  W,  &c.  are  in  geometrical  prs- 
gression  ascending,  then  AC,  BT>  LR,  NV,  &c.  (parallel  lo 
die  other  asymptote)  will  be  a  descending  progression :  for  tbs 


I 


hypimbolk  aiymptotii*  am 

nctinglei  lA  x  AC,  IB  x  BT*  Are.  being  cqiul,  BT»  LR, 
NV,  &c.  aRKcipnically  «!>  IB,  IL,  IN,&e.  ThusiriAsl. 
IB  =  |.  IL  =  I {  IN  r:  y.  &c.  then  AC=  1,  BT=|, LR=^ 


f93.  Let  TV  be  a  tangent  a/  V,  s«{  DQ  fittaOtl  I*  dW 
taHgenti  then  tf  GS,  VB.  PK.  art  ptratiel  to  the  migw^t 
IQ,  VB  M-i//  be  a  g  omelrical  Mcca  htwten  GS  mhI  FK| 
AQt  is  VB'  =  PK  X  GS. 

The  Iriatiglet   KPD,   BVT, 
SGD  being  wmilar,  we  hire 

VB    :VT    ::PK:PD, 

VB    iVT    siGSiGD, 
whence . 

VD':VT':!PKxGSiPD 
X  GD  (by  compounding)  t 

Bm 

VT'  =  PDxPQorPDxGD, 

(Spl  c«r.  1) 

TbervfriK  by  ecjualityi  VD*.  =  PK  x  GS.  . 

tH.  The  mhlMnei  quadriliitear  ifacet  GVBS,  VPKB 
an  tqaat, 

'  Since  VK,  the  diimeter  produced,  biiecta  ill  the  doable  or- 
dinatet  (Sgi  coral.  8)  clch  of  the  ipacei  EVC,  EVP  U  com. 
poKd  of  an  infinite  number  of  equal  ordinatca  EQ^P,  fte, 
Ihvrkforo  liy  the  method  of  indivhiblet,  ihbie  apacet  aic^^l. 

And  becauK  the  triangWi  PKD,  QHG  are  limilar,  and  PO 
=  GQ,  those  triangle*  are  also  equal : 

Now  QD  ia  biaected  in  E,  cMUcqnently  the  iriinj^  £D1 
=  triang.  EQI  t 

From  the  triangi  EOl  take  EVP  -f  PKD,  nd  from  EQI 

nbtfict  EVG  +  QHG,  wd  we  have  Ibe  ^ac«  VPKl  =  ipMt 

o  o  •. 


come  itcriONi. 

VGBI :  and  if  the  equal  irianglef  VBI^  VNI  am  itapecUvcl]f 
ivbdiiclcd  from  thoiie  fqual  spacei|  thco  ibe  ipace  VPKB 
=:  ipaoe  VCHN : 

But  (90Q)  the  parallelogram  RVNI  =  SGHfi  from  each  of 
tbeie  take  the  eommon  paralitlograin  SONIt  and  we  have 
OVBS  =:  OGHN,  aotl  if  to  each  we  a«ld  the  trilinear  OGV^ 
theie  icMiIte  GVBS  =  VGHNs  VPKB, 


Scholium.  The  a* 
•ymptotic  space  GVPKS 
is  therefore  bisected  by 
the  ordinate  or  line  VB 
which    is  a   geometrical 

mean  between  the  extremes  GS,  PK.  Hence  it  appears  thai 
when  GS,  VB,  PK,  RL,  &c.  are  in  geometrical  progreasioo^ 
the  included  spaces  GVBS,  VPKB,  PRLK,  &c.  are  equal | 
and  the  spaces  GVBS,  GPKS,  GRLS,  Ecc.  proceed  in  arith- 
metical progression,  while  the  corresponding  distances  IB,  IK, 
IL,  on  the  asymptote,  are  in  geometrical  progression :  the 
former  are  tltcrcforc  analogous  to  the  loiariihms  of  the  btter. 
Thus  suppose  the  hyperbola  is  equilateral  or  the  asymptotes  lA^ 
IL  are  at  right  uiiglcs,  and  GS  =:  IS  =:  l.  III  =:  s,  IK  =4, 
IL  =:  8,  &c.  then  the  area  of  the  space  GVBS  =  0.693147  the 
log.  of  2  or  IB ;  the  area  GPKS  =:  1  •  3662^  the  log.  of  4  or 
IK;  the  area  (;RLS  =  9.079441  the  log.  of  8  or  iL,  &c. 
These  logariihuis  arc  called  hjpcrlolic  logariihms. 

• 

The  system  of  logarithms  however,  will  vary  with  the  angle 
made  by  the  asymptotes:  Thus  if  they  fonn  an  angle  of 
55*44'S5"^,andlS=CS=:l,  IB=:«,  IK  =  4,  IL-8,  &e.  the 
area  of  the  rhombus  GI  will  be  0.4343944819;  and  the  asymp* 
totic  spaces  GVJ)S,  GPRS,  GRLS,  &c.  equal  to  0.30103, 
O  •  602p6,  O  •  9030^,  &c.  a*speciivcly,  which  arc  Brt;^ I'i  loga« 
rithms  of  d,  4,  8,  &c.  The  area  ol  the  rhombus,  or  which  is 
the  same  thing,  that  of  any  inscribed  parallelogram,  ia  called 
the  modulus  of  the  8)*stem. 


C   iM    1 


Or  THi  PARABOLA. 


f95.  Let  G  iflhi  vertex.  F  ihejoois.  GS  the  axhi  them 
the  ordinate  PA  at  right  angles  to  GS,  is  the  parameter.  Aai 
FG  the  distance  ef  the  Jaeus /rem  the  vertex  is  ==  ^PA. 


Draw  IT  parallel  to  FA  t  Then 
from  the  equation  of  the  curve, 
(«8) 


GI:IT-:GF:?3!i;5?  =  FA%  or 


IT* 
f|   lot  GI :  IT  i:  IT  t  <»  ta  the  {AtfameUr  =  PA,  hf  .hypo* 

thuii,  (868) 
Thciefofe  ^  ^  ^^^j^.  ^  GT  ^  ^^^ ^^^^  ^^*  PA:=4GF« 

C96.  Let  a  Hne  he  draum  frank  the  focus  to  any  point  (B)  in 

the  curve,  and  an  ordinate  (B A)  from  that  point  to  the  axis^ 

also  Id  GD  [in  the  axis  produced)  le  taken  zz  GF;  them 

FBriDA. 

•  « 

Because  FA  =GA  —  GF, 

ihcrtfoie  FA*  =  GA>— 9GA 

xtIF  +  GF* ; 

Bot($09)  BA«  =:p.GA=:4GF 
X  GA  {p  being  the  para- 
meter), 

•hence  FA*  +  BA»sGA*  +  «GF.GA  +  GF%  by  addition) 

iodiince  FA'+BA^=rFB*,wehareFB*=:GA*-ftGF.OA 
+  CF'j 

and  by  eitMTting  the  roota,  FB  r:  G  A  4  G  F;?  G  A  4  GO^DAi 

IF  the  point  H)  in  the  cone  it  above  the  keat,  thm  Ws 
=GF— Ga»  end  F^  =  Da. 


•86 


CONIO  tftCTIONf. 


*  • 

CotqI.  This  Theorem  aflTordt  a  icady  method  of  deicrib 
the  parabola  hj  pmnU,  thus :  Since  ihe  dUtanee  of  the  a 
at  the  extremity  of  any  ordinate  from  the  fecua  it  ectoal  to 
distance  of  that  ordinate  from  the  point  D,  if  a  number  of  li 
ah^  f?p  AB,  8cc,  are  drawn  parallel  to  DI  (at  right  angla 
DA)  and  the  diitancci  Da,  DF,  DA,  &c.  set  off  from  the  fie 
F  to  meet  those  linci  respectively,  tlic  points  of  concourse 
be  those  through  which  the  curve  must  be  drawn. 

The  line  IDR  is  called  the  directrix  of  the  parabola. 

997*  To  draw  a  ian^eni  (o  the  parabola  ai  a  giv^n  poii 
in  ihe  curve. 


From  B  draw  BF  to  the 
focus,  and  BC  parallel  to 
the  axis ;  let  BO  bisect  the 
angle  CBF  |  then  if  the 
angle  OBT  be  made  a  right 
one,  BTwill  be  the  tao« 
gent  required.  <ii 


• 

./I 

T 

/ 

h 

^«*/*  •  ••^2^^ 

F 
O 

c 

\ 

This  construction  results 
from  considering  the  parabola  at  an  ellipse  whose  transverse 
is  infinite  in  length  (S68)*  For  a  Ungent  to  the  ellipse  at 
point  is  perpendicular  to  the  line  which  bisects  the  angle  forme 
the  two  lines  drawn  JFroni  the  foci  to  meet  the  curve  at  that  [ 
(979):  if  therefore  the  axis  is  infinite,  one  of  the  foci  wil 
at  an  infinite  distance,  and  the  line  drawn  from  that  focus  o 
in  ihai  case^  be  parallel  to  the  axis. 


Corel.  1  •  Hence,  because  BO  is  perpendicular  to  the  c 
at  B,  and  the  angle  FfiO  =  OBC,  if  tlie  concavity  oi 
parabola  were  a  polished  surface,  all  rays  of  light  (as  CB, 
falling  on  that  surface  parallel  to  the  axis^  would  be  rcOecti 
the  (bcua  f.  (9:S3.) 


VAtAloLAi 


«S7 


CoroL  9.  From  iIm  cotniructiati  and  the  preceding  dicortm» 
'A  tppetn  Ihai  Ihe  tuhtaiigtnt  TA  is  tiisccted  at  the  vertex  G, 
ihit  i*.  GA  =  GT,  (BA-bebg  an  onlinate  to  the  aii<}>  For 
ibe  angle*  KBO,  -TBO  being  right  unci,  and  the  angle  CEO 
-  FBO,  ihereTore  the  angle  NBC  =  TBF.  but  the  angle  NBC 
=  BTF,  therefore  the  angles  FBT,  FTB  are  et^ual,  and  conse- 
qnenll}-  FT  =  FB.  But  FB  =  DA  (IDR  beii^  Ihe  directrix), 
from  this  ukc  GD,  and  from  FT  take  iu  equal  GF,  and  there 
inidini  GT=  GA. 

Carol.  3.  Hence  also,  the  distance  AO  is  always  =  FP  or 
hilf  the  parameter.  For  since  FT  :±  FB,  and  the  angle  TBO 
1  right  onC|  F  will  be  the  center  of  a  circle  passing  through 
T,  B,  O,  and  therefore  FO  =  FT  =  FB  :  btit  FB  =  AF  -(■  sFG 
(or  FD)  =  AF-t- AO,  and  coniequenily  AO  =  SFG  =:  FP. 

CtraU  4.  And  the  tangent  C5  is  a  mean  proportional  be* 
tnen  GF  and  GA ;  for  BT  is  bisected  hj  GS,  and  Ibe  angles 
FST,  SOT  being  right  ones,  SG  is  a  mean  proportional  between 
GF  ind  GT  (Gcom.  I(M)  or  beiw-een  GF  and  GA.  And  FS 
if  I  mean  proportional  between  FG  and  FT.  . 

-99.  //"BN  ht  a  tangnt  a/  B.  and  lAe  line$  HD,  LK,  QN, 
kt.  are  paralUt  U  Ike  aii$  GA,  thw  Una  ntill  ht  divided 
M 1,  C,  P,  &c  JK  Iht  tame  preportiom  at  the  douhle  Ordinate 
BQ  u  divided  In  H,  A.  L,  &e. 

JHlii,  1D:1H::HB:HQ.  Sie. 

PK:PL::LB  :  LQ,  &c. 

Dmr  the  ordinate  10.  and  let  the 
pnineter  be  denoted  hy  p : 
Tbn  because  ^  x  AG  =:  BA*,  (£08) 
it  win  be  ^ :  <BA(orBQ) ::  BA 
.'fACorATt 

But  by  dm^  lrUn|^  BH  i  HD  : :  BA  i  AT, 
by  etiotUty  p  t  BH  ::  BQ  i  HDj 


como  •icTtoiit4 

■ 

Monorar.  ^  x  GO  s  10>  or  HA*<  (tdS) 
and   />rGA  =  BA% 
whenoe  f  (GA-GO)  =  BA*^-HA%  by  aoblnciia^ 

or         pxIH     =BA*-IfA*; 
thereBft.  ^  :  BA+HA  ::  BA— HA  :  IH, 
tlutu.  p:HQ::BH:IHt 
IMT  allematdy;,  p  :  BH  : :  HQ  :  IH  i 
whence  by  equality,   BQ  :  HD  : :  HQ  :  IH* 
or  altenutely,   BQ  :  HQ  ::  HD  :  1H{ 
«MlbydivUioii.BQ-HQ  :  HQ  ::  HD-IH  t  IHj' 
TbfttU,    BH      :HQ::ID:IH. 


Carol.  Hence  the  external  lines  ID.  GT,  PK^  &cJ  iriO  hm 
the  same  ratio  u  the  squares  of  the  correspoodiiig  liiniai 
BD.^T,BK.&c. 

.That  U  ID  :  PK  ::  BD* :  BK%  ftc. 

For  ID:IH::BH:HQ. 

and  ID  :  IH  ::  BH* :  BH.HQ.  by  equality,      ,    * 
or  ID  :  BH* ::  IH  :  BH.HQ,  by  altematioa: 

But  ^""Q  =  IH,  iheieforc  ID :  BH* ::  55^52  j  bh  .  HQ. 
■  P    ,  P 

In  like  manner  PK :  LB* ::  '"^'^  :  LB.LQj 

And tberefoie ID  :  PK ::  BH* :  LB* ::  BD* :  BK\ .^m. 
triangkt.  /    ' 

990.  ^  BK  be  s  iamgent  to  ihe  faraboU  ai  B»  lA#«  BS 
parallel  to  the  axis  GA»  is  a  diameter,  and  OI»  RC,  SP^  fa. 
parallel  to  the  tangent  BK,  are  ordinates  to  thai  diameiir. 

'jind  the  abscissas  BO^  BR,  BS,  &c.  have  the  sawu  raiio  it 
the  squara  of  their  corresponding  ordinates  01^  RCo  SP^  fa* 
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Let  ID,  CT,  PK,  &c.  be 

parallel  to  ihe  axis  GA  or  lo 
thcftianictcrRS.  ThenBOID, 
BRC;T,  &c.  being  parallclo- 
grams  the  opposite  lide^  will 
be  rtf  pcctivdy  equal :      •  ^ 

And  (S98  corol.) 
ID:PK::BDMnR%  &e. 

that  if  *         / 

Ba:BS::OP  :  SP%  &c. 


300.  /tny  dlomettr  (BS)  Hsecis  (ril  its  iouhle  prdinatts 
(IC,  &c.)  er  lines  parallel  to  ihe  iangeni  (BT)'af  ihe  verien 
(B)  ofihai  diameieft 


Let  IR,  BA,  CK  be  or- 
dinates  to  the  axit,  and 
draw  IE  f/crpenJicular  and 
OD  paralkl  to  CN:  also 
suppoiie  p  zz  llie  parame* 
ter. 


Then  («99)  />  X  EI  3  CE*  —  EN«  =  EK  X  EC, 
that  is    p  :  EK  : :  EC  :  £1 : 
And  by  sim.  triangles  B A  :  AT  or  tOA  : :  EC  :  EI, 
whence  by  eo^uality   p  :  EK  : :  BA  :  90  A, 

or  alternately   p  ;  BA  : :  EK  :  9GA :  i 

But  (868)  p  :  BA  ::  «BA  :  9GA, 

tbertfore  by  equality  EK  :  9BA  ::  fiGA  x  f  GA » 

consequently  EK  or  IR-v-CNz9BA.  That  is,  the 
ordinate  BA  is  an  arithmetical  mean  between  the  ordiiiatet  IR 
and  CN :  but  OD=BA,  whence  it  fellowi  that  RN  md  10  iit 
both  bisected  by  0D# 
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Ctrol.  Hence  when 
the  curft  of  a  parabola 
is  giveot  tba  azii  and 
fociii  are  dctcraiincd 
by  ihe  followiog  con* 
•trucliun : 


Drew  any  two  parallel  lincf  or  ordinates  IC,  DZ  termioakd 
by  the  curvcj  and  binect  them  in  O,  R  wiih  the  diameter  BS; 
then,  at  right  angles  to  BS  dnw  ZK  which  bisect  in  N  wiik 
the  perpendicular  NGj  which  will  be  the  axis. 

To  find  ihtfoois,  kt  AQ  be  parallel  to  NK  and  =r  fiAG« 
draw  QG,  and  the  point  P  where  it  intersects  the  curve,  will 
be  the  extremity  of  the  parameter  of  the  axis :  for  by  sim. 
triangles  FP  =:  q¥G,  therefore  F  is  iht/ocus. 

301.  Lei  GA  h  ihe  axis,  and  F  ihe  focus  i  then  (S93)  Mr 
parameitr  (/)  rf  ihe  nxii;  is  equal  io  4FG  er  four  iimes  ike 
disiance  of  ihe  /oats  from  ihe  vertex  G«  In  like  manner^  if 
B  le  ihe  vertex  ofamj  other  diameter^  lis  parameier  (P)  will 
le  4  iimes  ihe  line  drawn  from  ihe  focus  io  ikai  vertex. 
Thai  is.  P  =  4FB. 


Draw  OR  parallel  to  the  tan« 
gent  BT  meeting  the  diameter  BR 
in  R,  aUo  let  B  A  be  an  ordinate  to 
tlie  axis,  and  make  FS  perpendicu- 
lar  to  BT. 

Then  («97.  coroK  «)  GA  =  GT 

r=  BR,  therefore  the  abscissas  GA« 

BR  to  tlie  ordinates  BA,  GR  are 
equal: 


^    And  (368)  GA  =:  ^t  also  BR  (or  GA)  s  ^^  (by  tbe 
definition)  j 
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whence  p  :  P  ::  AB« :  GR*  or  BT« : 

But  FS« :  FT*  : :  AR* :  BT*  (by  |im.  triangles), 
therefore  /  :  P  ::  FS«  :  FT* :  but  FS«  =  FG.  FT  («»?• 
corol.  4), 

consequently  ^  :  P  : :  FG  .  FT  :  FT*, 
whence  ^  :  P  ::  FG  :  FT  or  FB ; 

but  p  s  4FG^  and  therefore  P  r:  4FB. 

(hrol.  Let  PFQ  be  paraRel  to  GR*  Then  because  FB 
=:  FT  =:  BQ,  we  hare  P  =  4BQ  the  parameter  of  the  diameter 
BR;  therefore  (by  the  definition)  the  parameter  is  the  double 
ordinate  drawn  through  Q,  and  consequently  f  BQ  =  QP  the 
semiparameter.  Whence  also  it  appears,  that  the  parameters  of 
all  the  diameters  of  a  parabola  pass  through  the  focus. 

•  And  it  may  be  observed  in  general,  that  the  properties  which 
hare  been  demonstrated  respecting  the  axis,  its  abscissas,  and 
ordinatcs,  extend  to  any  other  diameter^  its  abscissas  and  ordi* 
nates. 

302.  Lei  BR  he  any  right  line  ierminatei  hf  the  ctfrve, 
Qfid  BT  a  tangent  at  B  |  than  if  KD  he  a  line  parallel  to  ih€ 
Qxit  GA,  it  Hill  he  divided  by  the  curve  at  F  in  tlu  same 
ratio  eri  BR  is  dlvidii  in  D : 

That  is,  PD  :  KP  ::  DR  :  BD« 

Draw  RT  parallel  to  DK  i 
Then (299)  KP  :  TR  ::BK*;BT«. 
And    BD*:BR»::BK«:Br;. 
(by  sim.  triang.) 
thmfore  by  equality 

KP :  TR  ::  BD« :  BR%  whence  KP.BR^sTR.BD*: 

Again,  by  sim.  triang.  KD  :  TR  : :  BD  :  BR, 
and  KD :  TR  ::  BD*  :  BD.BH,  or  KD  (BD.BR)  zz  TR.BD\ 
theitfore  KP.BR*  =  KD  (BD.BR},or  KP.BR^KD.BD; 
that  is  KD:KP::BR:BD, 

And  PD  :  KP  : :  DR  :  BD,  by  dit isiou. 


tM 


come  ttcTiQNt. 


Cofol.  If  BC  be  dnwn  through  Ihc  poiiil  of  iaUrfcctioii  p^ 
then  DC  it  parallel  to  the  tangeut  BT.  For  the  triangles  BDP^ 
BRC  being  similar, 

we  have  BP  :  PC  t :  BD  :  DR, 
but  KP:  PDr.BDsDR, 

whencei by  equality,  BP  :  KP  :s  PC  s  PD,  therefore  (Geon. 
04»  corol*  1)  the  triangici  BKP^  DCP  are  equiangiiUr^  and  DC 
parallel  to  BK. 

S03«  If  BS  be  any  diameter^  BT  a  tangent  at  B,  and  ZT 
a  parallelogram  described  about  the  parabola ;  ihen  if  KL  i# 
a  line  parallel  to  BS,  and  BD  joined^  KO  will  be  a  mean 
proportional  between  KP  and  KL : 

TTkfllii,  KP:KO*::KO:KL.. 

Draw  R^VV  and  QO  paral.  . 
kl  to  BT  or  Sp : 

Thcn(C0l>)  BR:  BS::RP« 
"^  or  QO* :  SD*  (by  siui.  triang.) 
t:BQ«:BS«. 

Aud  BR.BS  :  BS*::  BQ* :  BS*.  ibcrefbre  BR.BS=BQ*, 
or  BR:  DQ::  BQ:BS», 
That  is,  KP  :  KO  ::  KO  :  KO. 

Corol.  Since  BR  :  BQ  : :  BQ  :  BS,  therefore  BQ  is  a  mean 
proportional  between  BR  and  BS :  but  by  lini.  triangles,  RC| 
QO  (or  RP)  and  SD  (or  R\V)  are  in  the  tame  proportion  u 
BR,  BQ,  and  US,  and  consequently  RW  is  divided  in  C  and 
P  so  that  RC,  RP,  and  K\V  are  also  in  continued  proportioni 
or  RC:RP::RP:  RNV. 


301.   The  area  of  a  parabola  is  |  of  its  circumscribing 
parallelogram  t 

That  is.  lU  space  AGPC  =  a  AGNC. 


fAMAfOLA. 


Concdre  the  torface  GPDCN 
to  be  compofcdy  or  tni<Ie  up  of 
an  indefinite  ntmiber  of  indefi- 
nitely small  threads  or  lines  KP, 
TDf  &c.  parallel  to  NC  or  the 


tfif  CAy  the  longest  beings  NC^  and  the  shortest  at  G  = 


Then  (908)  GA  t  AC*  ::  GR  :  RP*  or  GK% 


GA 


therefore  GR  or  KP  =  '^  X  GK*  t 

GA 
In  I«kc  manner  TD  =:  jr^  x  GT  : 

(GA  \ 

^^  being  a  constant  quantity  j  the  sum  of  all  tho 

^   lines KP,TD, Sec.  will  be  ^  X  (o*+GK"+OT«+*. .GN*)l 

Now  if  GN  is  supposed  to  be  divided  into  an  indefinite  num* 
-  bcr  of  indefinitely  Hmall  and  equal  parts,  these  parts  will  form 
[:  an  arithmetical  progression  whose  least  term  is  o,  and  greatest 
GN :  and  if  n  is  put  to  denote  the  number  of  terms,  the  sum 
I  of  their  squares^  or  the  sum  of  the  infinite  progression  will  bo 

i  J  (''J>)t  A^  first  term  being  ©•,  and  last  «••  ♦ 


*SliouI(i  the  ituflent  have  any  doubts  respecting  this  result  from  art.  179, 
tV  following  procf IS  vill  show  the  truth  of  th»»  coiirlu^'on.  Ijet  n  or  GN 
^tKe  perpendicular  height  of  a  pynimld  having  a  M|tiAre  baw  whosr  side 
i«  also  s  GN,  and  conrcive  the  pyramid  to  lie  composed  of  an  Infinite 
Ruinlicr  of  Indefinitely  thin  ^nare  lamln»  laid  one  iiprm  another,  \\\9 
(tcale>t  nr  the  basi*  being  GN*,  and  the  least  at  the  vertex  sr  o*;  then  It 
i«  fti.'Ifnt  the  content  of  the  pyramid  will  Ik*  the  sum  of  all  the  lamln«  or 
"(fievof  iquan!!  from  t^  toGN*;  but  tliv  content  of  the  pyramid  h  asGK^ 
X  (GN  ss  }GN^  tlie  sum  of  the  leriett  as  above»  according  to  th^Ariik* 
"^^k  tf  Infinites. 

The  summation  of  such  series  howeveTyh  properly  the  bntlneii  of  FHixIoin^ 
vluch  aflbrds  a  general  method  x  but  the  expressloat  In  tlie  artkk  idocd 
'->!  vin  amwcr  the  purpose  la  sotne  of  the  most  rinple 


803.  The  cfnleMt  </  a  pdraioloid  #r  toUd  generat 
rtvoNtion  oj  <  parabola  (BGCJ  ahut  Hi  axi«  (GA 
it/  cirtunjcriling  cylinder, 

SuppoM  the  uii  of  tlic  para- 
Wa  divided  inio  an  infinite,  or 
indcfiDiteuumber  of  equal  parti, 
and  conceive  the  paraboloid  to 
be  composed  of  the  like  or  cor* 
tcipondiog  number  of  circular  lectioni  wboie  diametei 
OP,  QR,  &c.  the  diameter  of  the  grcatett  icttioo  t 
and  that  of  the  Icaat  lectiun  (at  G)  =:  « : 

Then  the  number  of  icctioni,  or  parm  Into  which  C 
poKd  to  be  divided,  form  an  arithmcticil  progr«a»i 
firH  term  =:  t,  latt  term  =  GA,  and  number  of  I 
=  GA|  and  the  aum  of  such  a  icrica  =  (*+GA]  x 
iGA*. 

BC« 
'CA 
BC« 


rARABOLAt 


n» 


^QRt  or  ^^^  K  GS  =:  that  having  the  diani.  QR : 

ioiiMqtiently  —^  x(GA-f  CD-f  GS-f o)winbeth« 

luo  pf  all  the  circular  secttoht,  or  content  of  the  paraboloid: 

bttttbeium  (GA-f  GD-f  GS-f  Sec... .o}  =  iGA%  hence 

cBC* 
the  expreuion  becomes  -tjt*  ^  tGA*  or  cBC*  X  iGA,  whidi 

'y  half  the  content  of  the  circumscribing  cylinder  BEFC« 


f» 


n. 


• 
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Or  THE  Construction  or 
CUBIC  AND  BIQUADRATIC  EQUATIONS. 

ao6.  Wb  have  given  the  construction  of  quadratic  equations 
by  mcaos  of  right  lines  and  the  circle  (933) :  but  cither  of  the 
coolc  sections  might  be  substituted  for  the  latter,  because  their 
quatjons  are  also  of  two  dimeniions :  the  circle  however,  ia 
prtfcred  on  account  of  the  simplicity  of  its  description*  A  right 
line  can  intersect  a  conic  section  in  two  points  only,  which  dc« 
tennine  the  two  roots  of  a  quadratic.  But  one  conic  section , 
may  cut  another  in  as  many  points  as  a  cubic,  or  a  biquadratic 
equation  has  roots ;  hence  it  appears  that  such  equations  can  be 
constructed  by  means  of  the  conic  sections,  or  their  roots  deter* 
nined  by  the  intersections  of  hci  of  two  dimensions. 

t07*  To  cofislruct  a  simple  cubic  equation  x^zza^h^  or  to 
find  iwo  meam  propcrtiouali  between  two  right  lines  denoted 
tf  a  and  h. 

We  shall  take  tbe  eiample  Art  §54,  where  it  is  required  to  find 
hvamaan  pioportioiia|a  beurten  the  Itiiea  RC  and  BC  or  RA« 


IfQ  COHITSUCTIOH   OV  CUBIC 

Let  Iht  tngle  ARC  be  «  rtt;bi  om : 
produce  CR  uiJ  AR,  uid  on  ihe,aiu 

ROdeKribcA»cnii)»r«lK>laRl*D  having 
it!  panuDctcf  :r  KC,  suid  nn  tlic  uis  RO 
aootber  RPO  wlioie  rarameUr  =  RA: 
then  the  ordinalcs  PD,  PO  drawn  ffoin 
iIk  ioicnccliun  P  la  r)ie  axes,  will  be 
the  mi-an  [  rojiortioiiali  rHjuirttl. 

For(S6ij}  RUx/'urjti).RC  =  PO',aiHl  RO  X  l>aram.K\ 
=  PO't  thcrcfuru  PD  U  a  iiR'^n  proportional  bL'twn-n  RC  and 
RD  or  PO  i  and  PO  'n  a  uiL-an  proiwftional  bclwvcii  RO  a 
I'D  and  HA, 

I'hin  problem  ia  usually  con«lructed  by  meani  of  the  ctrtk 
and  uni.'  uf  ibc  ci)nic  Ecctiont :  ihc  preceding  iiKthod  bouent, 
it  miirc  itniplk!  of  Lxplication. 

309.  To  cunslTUct  a  BiiiuaJratic,  Lcl  ihe  Circle  who« 
cuntLT  i&  C  inieisect  the  parabola  PVP  in  the  points  P,  P,  P,  P; 
draw  the  ordinaliia  PO,  PO,  PO.  PO  to  the  axis  VO;  also 
make  CD  parallel  and  CR  perpendicular  to  VO,  and  draw  CP. 

PutVO=j(.  OP  =  y,  VR  =  a,  CR 

=  i,  CP  -  r,  3i'.d  the  parameter  of  the 
paraboU  =  ^.    'llicii  px=:  i/'',  whence 

*  =  y-.    Al.oPD  =  PO~DO=y-i, 

P 
and   CD  =  VO  — VR  =  j— a:    but 
CP'=PD*  4- CD',  thati.  (*  —  «)' 
-|-(y— ij'  =  jr»— Uaj+u'H-y'  +  f 

=.r*,aDd  iiibililuliag' —  for  x,  wcgct 

varying  ihe  valuis  of  ilie  cocfficienii,  may  be  made  to  croncide 
with  any  proposed  blfinadratic  e<]uation  ihit  wani*  ibc  second 
urm)  and  then  the  ordmaiei  on  itie  aiii  from  llic  pnnuot 
inlericcttun  P,  P,  P,  P,  will  be  the  root*  of  lliat  equaiion. 


'  —  r')p'  =0,  which  bj 


AND  •IQVADtATIC  tQOATlONI. 


m 


For  cnmple,  Suppose  iht  proposed  cqiiitioii  to  be  y *  ~^* 

+  IIJf  — c  =  *. 

Let «  parabola  PVP  be  described  whose  parameter  =:  1  ^pf 
~  ^,  r  =  ^  — ^^  =  •»!  whence  a  =     7"    t 

(a«4.£«_f)p«=:iit4.£«..rt2— t,  whence 
f  r /(«•  +  *• +  c): 


m 


1 


Now  in  the  axis  tike  VR  :r  a  =  — - — »  and  make  RC  per- 

))cndicular  to  VR  and  zz  —  -  =  ^^  then  about  the  center  C^ 

with  the  radius  ^(a*  4-  £*-4-c)  describe  a  circlv*  and  the 
erdinates  to  the  axis  from  tha  points  of  intersection  P^  P^  P^  P^ 
will  be  the  four  roota  of  the  equation. 

When  RC. represents  a  negative  quantitVf  the  ordinates  on 
tbst  side  (of  the  axis  are  tlie  negative  rootf ,  and  the  contrary. 

Carol.  I.  If  the  circle  cut  the  parabola  in  two  points  only^ 
the  equation  has  but  two  real  roots,  the  others  being  imagiiury  t 
and  if  it  touch  the  parabola,  two  roots  must  l>e  equals  because 
two  of  the  ordinates  may  be  said  to  coincide. 

CoroL  9.    Should  the  circle  pass  througii  the  vertex  V,  then 
CP*  =  CR«-*- VR\  that  is,  r«  =  *•+«%  and  the  last  tenn 
of  the  biquadratic  will  vanish,  if  therefore  the  remainder  be  di«   . 
vided  by  jf,  the  result  is 


J!(f-v-*=^ 


which  may  be  made  to  coincide  with  any  euHc  tquatfon  want- 
ing the  second  term,  and  the  ordlnatea  will  be  reduced  to  three 
for  its  roots. 

This  method  of  cooatniictjng  biqaadratit  and  cubic  equations 
Vrbicli  wapl  l)if)|Nmiid  teqn,  is  that  of  Descartes.    But  the 
YOL.  it«  a  Q 


X 


/ 


BBS  TRIIKCTINO 

CMutnictiooi  may  be  muk  genenKli}'  rehring  the  Cna  dc> 
noting  lh«  noU  to  «  diunctcr  of  Uic  pcnbob  that  it  not  the 
aril,  as  may  be  kco  n  Bakcr'i  GaontelrkaJ  JCiyj  THotpital't. 
Cfmts,  MacUuria't  Atgti.  &c. 

But  the  lame  thing  may  be  cfTucU.'d  by  making  uk  of  either 
of  the  other  coaic  •ectiom,  indfad  of  the  paraboUt  which  ii 
unaJIy  auumcJ  becaute  iu  cf|ualioii  coiuisU  of  two  terma  only': 
the  cUipic  howtver,  U  more  easy  of  ileicnpiioD. 


a09.  ^  engtt  vmy  It  triteeUd  hy  the  t»nMneliom  «/*  a 
tutie  equdlioH,  Tbut'ir  i  and  c  dcnoic  the  jime  and  cMine  of 
an  arc,  the  raitW  being  1:  iheu  (aifi)  3ic*~/*  it  the  jiaa 
of  three  timet  that  arcj  but  c*  =  1  — $'  which  being  lubHi. 
tuted  fur  c*,  aod  we  have  ilw  cubic  etfuation  H  —  4f*=^ 
putting  ^  =  the  tlmt  of  the  angle  to  be  (fiMcted,  and  codm* 
quenlly  the  value  of  j  will  be  the  tine  of  ^  of  the  propoied  ai^. 

The  following  contlruction  of  ilic  pn^ikui  ii  by  meana  of  iltt 
(irclt  and  hi/ptrbolu. 


Let  BGA  be  the  given  angle. 
About  G  with  the  rsdiua  GB 
deicribe  a  circle ;  make  BA 
perpcmliciilur  lu  GA.  and  in 
AG  produced i3kcGH=:iGA; 
draw  III  parjilcl  aiid  equal  to 
4  AS,  and  l;:t  IK  be  paraltJ  to 
H  A  t  then  buiwccu  tbe  aaymp- 
lotct  IH,  IK  deicribe  an  by* 
perbola  to  pau  through  the 
point  G,  and  it  will  cut  the 
•ircic  in  P  ao  that  the  angle 
VGA  =  1  of  the  angle  BGA. 


Utrongh  I  draw  the  ladiut  GC,  and  kt  CE  be  p 
to  OK.  tiM  nuke  GS  aud  KPR  parallel  to  in,  uii  FN  M  KU 


AN    ANOtl. 


tw 


p 


Then  tiiicc  GK  and  HI  are  the  halven  of  GA  md  AB,  the 

! 

triinglcs  GHT,  GAB  arc  similar^  and  because  GC  =  GB^  IIm 
triangiet  GCE,  GBA  aie  similar  and  equal. 

And  because  the  parallelo^ms  NK»  HS  are  equal  (ftO^)  if 
the  commcm  parallelograni  NS  be  ftublracled  from  eacby  and  the 
paraltelograni  OR  added»  the  parallelogram  SR  =  parallelogram 
HR,  thai  if  PR  X  RH  r:  KR  x  RO, 

or  PR  :  RG  ::    KR  :    RH, 
and      ,  ::  i>KR  :  9RH»  (by  doubling) 

or  ::    CE  :  9RH,  (bccauac  9KR  =  CE)  % 


Bui  because  ITE  =:  HG,  therefore  9RH  =:  ER  4  RC, 
hence  we  ha\'e  PR  :  RG  ::  CE :  ER  +  RG, 
or  CE  :  PR  ::  ER-i-RG  :  RG. 

But  CE :  PR  : :  ED  r  RD,  by  inn.  triangles; 
whence  ED  :  RD  : :  ER  +  RG  :  RG,  by  equality^ 
or  ED-*RD  (ER) :  RD  : :  ER  t  RG,  by  diyision } 
therefore  RDr  RG^  and  consequently  PD  =  PG : 

Now  GP  =:  GC,  and  therefore  the  angle  GCP=:  GPC|  but 
the  external  angle  CPG  =:  PDG  -f  PGD.  or  CPG  =:  twice 
PGD :  in  like  manner,  the  esnemal  angle  CGEnGCD-f  GDC, 
or  CG£  ^  triple  PGD.  ihat  is  BGA  (::CGE)  :=  irifiU  PGD. 


If  the  opposite  byperbob  be  described,  it  will  trisect  the 
supplemental  angle  BGL,  that  ia,  the  arc  QL  ia  -^  of  the  are 
ECU 


all  parallelograms  inscribed  between  the  asympiotea 
and  curve  are  equal,  the  semitransverse  or  semiconjogate  asia  of 
the  hypetbohf  wHI  be  the  diagonal  of  a  square  wboae  aide  if 
y(GS.GH)« 


V. 
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DEFINITIONS. 
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l.lflcilAjliCft  it  the  icience  which  titatt  of  th«  moiiang^ 
fckxriliety  forces,  Md  in  gcncrtl  of  ibc  ictioht  and  efccu  cf 
moving  bodic«  upon  one  another*  It  comprehends  Siaiia^  cq 
the  weight  and  equilibrium  of  solid  bodies*  Djfnamks^  the 
science  of  moving  pouers.  HydroifaiUs^  of  the  gravity,  and 
prefiure  oi  fluids*  Hi^ihauUn.  treating  of  the  motioD  €>f  water^ 
and  other  fluids,  the  construction  of  water^works,  &g«  &c. 

9 
% 

0.  Motion  is  a  constant  and  saccessive  change  of  pUc>.  If 
the  body  moves  equably  or  passes  over  equal  spaces  in  equal 
tim'csi  it  is  called  uniform  motion*  If  it  increases,  or  decreascii 
It  is  called  accelerated,  or  retarded  motion*  The  tnotioii  is  aba 
said  to  be  absolute,  or  relativfi  according  u  the  body  moved  is 
compared  with  another  body  at  resty  or  in  motion* 

S.  Fiilociiy  or  cehriiy^  is  the  quickness  or  sbwncss  of  mo* 
lion,  or  the  rate  at  which  a  body  moves*  Thus  if  a  body 
passes  unifonnly  over  a  space  of  two  feet  in  half  a  second  of 
time,  it  is  said  to  have  a  velocity  of  4  feet  per  Kcond,  or  move 
at  the  rate  of  4  feet  in  a  second. 

4.  Quaniiij/  of  motion  or  womtntum,  is  the  power  or  force 
of  bodies  in  motion*  This  is  proportional  to  the  weight  or 
quantity  of  matter  moved  drawn  into  its  velocity*  . 

5.  ,Force  is  a  power  exerted  on  a  body  to  put  it  in  molion% 
If  it  act  insuntancously,  it  is  called  impuUo  or  percussioo.  If 
conAtantly,  it  is  a  permanent  force  Uke  pressure  or  Iho  fbrco  of 
gravity* 
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1.  Forces  are  also  distinguished  into  motive,  and  necelerathe 
or  iturdive*  The  motive  or  moving  force  relates  to  the  qnan* 
tity  of  matter  moved  u  well  as  the  velocity  commimicatolf 
ind  is  proportional  to  the  momentum  or  quantity  of  motion 
produced  in  a  given  time. 

7.  An  accelerating  or  retarding  force  is  generally  understood 
\o  be  that  which  affects  the  celerity  only^  and  therefore  it  ia 
proportional  to  the  velocity  generated  in  a  given  time^  or  to  the 
motive  force  directly,  and  the  mass  or  body  moved  inversely. 

Thus  if  the  body  or  nuss  B  be  urged  by  the  moving  force  F^ 

1I1CQ  g  will  denote  the  accelerating  force  {  for  the  magnitode  or 

F 
filoe  of  the  fractiao  ^  increases  directly  as  F  is  incrca8ed«  but 

diminuhes  u  B  is  augmented. 

Gravity  or  the  power  of  gravitation  is  all  accelerating  force  | 
(or  the  velocity  of  a  body  falling  by  its  own  weighty  or  piojecU 
ed  ?ertically«  is  continually  augmented  in  the  former  case,  but 
diminiihed  in  the  latter,  till  all  its  motion  in  that  direction  ia 
ksL 

8.  f  1i  iirer /kF|  is  the  innate  force  of  a  body  by  which  it  re« 
nstfl  any  endeavour  to  change  its  state ;  this  is  always  propor* 
tional  to  the  quantity  of  matter  in  the  .body.  Thua  if  two 
Mies  of  the  same  kind  are  floating  oA  water,  the  fens  or  lighter 
Mjr  is  more  easily  moved  than  the  greaterg  and  therefore  ita 
rit  inertiae  is  less* 

••  An^eUeiic  body  ia  that,  the  position  of  whose  parts  bet|l|^ 
dunged  by  the  action  of  a  force,  either  recovers,  or  has  a 
tendency  to  recover  ita  former  figure.  Thus  the  strings  of  a 
ridin  are  elastic.  And  a  tennis  ball  rebounds  by  the  force  of 
iu  elasticity  or  the  fofee  cierted  by  iu  parts  in  recovering  their 
pontioa  before  impacts  Bodiii  gat  litriqg  lUa  proper^  ara 
called  Mis^kifk^ 


/. 


u  1  to  9. 

IS.  DtntUg  ii  alio  Ihc  proportion  of  the  qiiuitil 
in  any  body  to  the  quantity  in  anolhcr  body  of  the 
nitudc.  Tbui  if  a  body  of  any  liie  weigh  fi  poun 
other  of  equal  bulk  weigh  4  pound*,  the  dcoaity  ol 
to  that  of  the  Utter  i«  a*  3  to  2. 

IS.  Ptietivtt  I*  a  retarding  fiuce  ia  inacbiD$t,  i 
the  ptiu  nibbing  ayuiiit  one  another. 


Sit. 


AXIOMS. 


1,  Every  body  pcnevem  in  it*  Hate  of  reit, 
motion  in  a  right  line,  uulcii  it  be  compelled  lo 
lUte  by  Mme  external  force. 

S.  The  alteration  or  chinge  of  raotian  la  alwiyt 
to  the  force  applied,  and  ia  made  ia  the  diiectioa  o 
line  in  which  it  acu.  ' 

9.  Action  and  icactian  an  oju^  and  ia  contracy 
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The  quantity  of  mtUer  in  t  body  may  be  denoted  by  ila 
frtigbt ;  therefore 

if  r  =:  the  body  or  its  weight  | 
m  r:  its  magnitude  in  cubic  feet,  or  any  other  known  mea- 

part; 

\    tf  :=  its  density : 
then  w\%MM  md.  or  w  is  always  directly  proportional  torn  xi% 

lAiw  :mx  dual  b;  and  suppose  the  density  to  be  don« 
Med,  then  the  weight  must  also  be  double,  the  magnitude  re- 
maining the  samCi 

hence  Sw  i  m  X  9d  \:  a  :  b  i 

Agsioi  if  the  magnitude  be  tripled,  ii  is  manifest  the  weight 
ik-ill  slid  be  increased  3  times,  and  so  on : 

consequently  Sw  X  3  i  3m  x  ^J  i:  a  i  b. 

That  is,  the  weight  or  quantity  of  matter  6w  is  directly  pro* 
portional  to  the  magnitude  am  multiplied  by  the  density  9i. 

CoroL  '  If  the  magnitude  be  gtven«  the  weight  is  as  the  den« 
sitjr.    And  when  the  density  is  given,  the  weight  will  be  as  the 

magnitude* 

SIS.  The  momentum  pr  qnaniUy  cfmothn  generated  by  an 
impulse  or  momentary  force  ^  is  as  the  force  thai  generates  iL 

For  a  double  force  will  manifestly  generate  a  double  qu;intity 
of  motioo  or  momentum  |  a  triple  force  a  triple  momentum, 
[j  and  10  on.    That  is,  the  motion  impressed  is  directly  as  the 
peroMsive  or  motive  force  which  produces  it. 

SI 4.  The  Spaces  described  in  uniform  motions^  are  in  ike 
I  tmpound  ratio  of  ihe  velocities  and  the  times  ^f  their  dim 
kription. 

Thus  if  the  felocity  be  v  icet  per  second^  and  the  time  s  I 
lecoods,  then  the  space  described  in  the  time  I  will  be  t^  x  # 
feet:  that  is,  the  qMce  is  directly  as  vi.  And  if  /  =:  the  apace 
in  fcet,  thea  i  s  vl» 


SM 
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C^ro/.  I.    Hciioe  if  the  tine  be*tli^ia«ie»  (lit  i|iiee  i^ 
icribed  will  be  ti  the  velocity  t  but  when  the  vdootjr  it  tbt 
f^  iwiey  it  will  vary  at  the  time. 

CWo/.  9.    Since  I  =  -.  and  v ::  •:  therefore  in  uniform  no. 

V     ^  i 

tionf •  the  time  is  u  the  tpace  direcUyt  and  velocity  recipiocaO/. 
And  the  velocity  ii  u  the  space  direcdy  and  time  icciprocally, 

315*  Lti  m  d€Mt§  ihe  momentum  or  ^uaniliy  of  moiUa  U 
a  moving  body^  w  iii  weight  or  quantity  of  matter^  and  v  iu 
velocity  /  Men  if  they  are  supposed  to  h  variatle^  m  will 
vary  aswxv.  That  is.  the  momentum  will  lie  in  the  cewh 
pound  ratio-of  the  mhss  and  velocity.    ' 


If  a  body  be  put  in  motion  with  any  initial  velocity  b^  i 
momentary  force,  it  is  manifest  that  double  that  force  will  be 
necessary  to  communicate  a  double  velocityi  and  a  triple  vtlodijr 
will  require  a  triple  force,  and  so  on :  now  the  momentum  bdoj 
as  the  generating  force  (313)  it  follows^  that  in  the  same  body, 
Uie  momentum  is  u  its  velocity ;  but  the  momentum  also  in- 
creases as  the  quantity  of  matter  increaseSi  consequently  io  il 
bodies  it  must  be  as  the  mass  and  velocity  jointly :  or  si  b 

directly  proportional  to  wv. 

CoroL  1  •  Hence  the  ratio  of  the  momenta  of  two  bodies  in 
motioui  is  compounded  of  the  ratios  of  their  masses  and  vck- 
cities*  For  let  the  momtotumi  weight  or  mass^  and  vclocitj 
of  a  body  be  denoted  by  Af,  H\  and  V^  rtspectivelyj 

then  m  :  ti^  X  v  :  t  Mi  IFx  V 


Carol.  9. 


g..        m       w 
Since  j;j=^ 


X  TH  we  have  ^  :=  ^  x 


that  isj  the  ratio  of  the  velocities  is  compounded  of  the  direct 
ratio  of  the  momenta^  and  the  reciprocal  ratio  of  the  wdghu  tf 
quantities  of  matter. 
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SciioLtvit.  Td  eiemptiff  ihli  |iropoiitkNi  In  mimben,  tuppoic  two 
jbanoon  ihoft  one  DA.  the  otBe^  36/A.  to  ttrike  an  obstacle  with  the  fe* 
Ipcrtti^e  velodtlct  of  1000  and  800  feet  per  tecond ;  then  their  momenta  or 
\hff  fofcct  with  which  thej  meet  the  obtUcte  win  be  at  9  X  1000  and  M 
K  800,  or  at  5  to  16.  In  tblt  manner  the  forcei  of  impact  or  percnitloa 
are  compared  cme  with  another.  But  it  may  be  obterved  that  fuch  ftircd 
cannot  be  enmpared  with  the  force  of  pre«ttife  or  weight*  or  bodiet  at  reitt 
no  more  than  a  rectangle  can  be  compared  with  the  line  by  which  II  If 
generated. 

316.  If  a  ^uiestenl  Wy  h  Urged  bf  an  nniformly  ncceU» 
fating  force  during  a  given  iimep  the  velocity  generated  at  the 
end  of  that  time  will  h  in  the  compound  jratie  ^  the  force  and 
lime  of  actings 

Let  I  dendtt  (bt  ttnie«  »nd  /  the  constant  force ;  and  con* 
Ktvft  the  time  to  be  divided  into  innumerable  equal  particlet  | 
then  the  Erst  impulse  tvil)  manifestly  generate  in  the. body  a 
velocity  ptoportioaal  to  the  acting  force  y^  which  velocity  may 
be  considered  uniform  during  the  first  panicle  of  tibic»  we  can 
therefore  denote  this  velocity  by  /  because  it  is  proportional  to 
that  force ;  now  while  the  body  is  moving  with  the  vielocityy^ 
it  receives  another  impulse  equal  lo  the  former,  which  must 
generate  an  equal  velocity,  tbe  body  therefore  in  the  second  par* 
ticle  of  time  will  mo\'e  with  a  celerity  proportional  iof-i-f  or 
%  X  f;  in  like  manner  3  x  /  will  denote  the  velocity  during  the 
9  d.  particle  of  time,  and  so  on  i  tonsequently  the  last  velocity 
or  that  during  the  t  th«  or  ultimate  particle  of  time  ^ill  be  re« 
presented  by  f  xf.  ^ 

And  in  uniformly  retarded  motions,  the  diminished  velocity 
will  also  be  in  the  compound  ratio  of  the  tetarding  foite  and 
time«  .    '' 

m. 

Corel.  U  Therefore  in  uniformly  accelerated,  or  retarded 
motions,  th^  incrcnienta,  or  decrements  lot  velocity,  are  equal 
in  equal  times,  bccanae^  tf,  3/,  &cy  form  an  arithmetical 
nrogression*    And  hcpce  we  caii  defenrfine  the  relatioa  betwtca 


X 


t""  GEMIIAL   LAW! 

the  tiow  tod  iinGe  dcMnbed ;  for  it  U  evident  lk«t  the  tpact 
described  in  the  time  (  with  the  •uocnsive  velocities  y,  if^  ^^ 
Ccc.  would  alio  be  deicribed  in  llw  unie  time  wiih  an  uiufom 
velocity  which  ii  «  tuean  iMtween  all  the  vckxiiiet  (Nr.t«niw  of 
that  lerin :  tww  the  grcaieit  velocity  or  greateat  Icrm  of  Ac 
prognauon  i*  (/)  and  ai  (be  pailicli-t  of  time  are  su|i|)osed  la 
he  in^cfioitcly  amall,  the  leait  lenu  may  be  taken  ^  « ;  and  the 
oumbct  of  teratt  being  r:  /,  wc  luvt  o  +_/  ■§■ «/"+  a/"***  ■  •  •  ■  jf 
=  (o  +  j/j  K  ^,  or  ^fy  itic  luin  of  all  the  tcnna  or  ccleriiio, 
which  being  divided  by  t  tlicir  number,  gtvca  \tf  the  nicu 
velocity,  equal  to  half  the  grcateit  (//*)  \  hcucc  it  appcan,  Ihit 
if  the  body  moved  urtifomily  with  half  it«  greatest  celerity,  ii 
would  describe  (be  tame  space  in  the  tame  tiine.  Now  Um 
space  being  in  the  oonipound  ratio  of  the  velocity  and  timt 
(314)  it  will  UKrcfore  be  as  \ij  x  i  or  {/*/,  that  is,  as  <*  ibe 
square  of  the  time,  the  force  /  and  body  rcuaioiug  the  same. 
And  because  the  velocities  generated,  or  dettrqyeU,  arc  a*  the 
times  of  di-KriplioOf  (he  spaec  uill  altn  be  a«  lliv  •q(un;  of  tbe 
Velocity,  If  the  body  varie*.  the  velocity  (witli  die  same  force) 
is  inverKty  as  the  uu«s  or  wcigh(,  in  which  caM  the  apace  dc- 
Kribcd  will  be  directly  as  the  force  and  square  of  llic  time,  and 
reciprocally  at  tbe  niais. 

CoTol,  9.  Since  io  the  same  body,  the  monicntum  is  as  iti 
.  velocity,  thercfure  (he  mouientum  generated  or  di-stroyed  by  a> 
uniformly  accelerating  or  retarding  force  ac(ing  for  any  time,  it 
alio  in  the  compound  ratio  of  the  force  «iid  time  uf  acting. 


JU't  ic  =  the  weight  or  mast  or  quantity  ofBtatter  iu  a  ^ody, 
y=:  the  force  constantly  acliligoiiit, 
.    I  =  the  time  of  its  acting, 
V  =  the  velocity  generated  in  that  tiiuCi 
1  =:  the  tpaee  dcscitbedj 
■I  =  tlie  uomcDtum  at  tbe  cod  ofthc  time  4s 
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Then  oc  being  the  tymbd  denoting  general  pmportioD»  we 

bsve,  from  the  two  lant  articles,  the  following  relations  in  uni« 

fornily  accelerated  motions, 

m  cc  ii't;  oc  (/i 

»  «  (/. 
i  oc  vt. 

'X 

.  s  when  the  force  and  mass  are  proportional. 
1  oc  r'  i 

And  from  these  proportions  or  relations,  other  comparisons 
^rc  readily  derived.  Thus,  >iince  equinniltiples  or  submultiplea 
of^joantities  have  tlie  same  ratio  as  the  i|iiantities  themselves,  if 

((or  example)  we  divide  tf't^  oc  if  \flf'(»  the  result  is  v  or  ^,  that 

is,  the  velocity  generated  or  destroyed  in  any  given,  time,  is  di. 
rectly  as  the  fonx  and  time,  and  inversely  as  its  weight  or  mass 
when  the  latter  is  not  gi\'en. 


Since  «  oc  /*  X  —  is  the  same  as  i  ot  *^,  if 

w  w 


the  force  (/)  and 
mass  or  weight  (jv)  arc  proportional^  then  omitting  S  ^^  have 

I  s  r  :  for,  by  the  nature  of  fhictions.  when  /  is  u  /*  )r  -  ■ 

and/u  «/,  a  will  be  as  /',  or  i  oc  1%  as  above.  This  takea 
place  in  bodies  acted  mi  by  -gravity,  where  the  force  is  pro* 
portiooal  to  the  wciglit  or  quantity  of  matter.    But  (310  def.  7) 

if  ^^  (theacceleratin^  fierce)  =:  F,  then  $  oc  /*F,  whence  lee  |/p. 

And  because  i  oc  vt^  wc  have  i^  -m  therefore  by  substilutioo 

*-  oc  y^r#  and  *  «  ^t  whence  v  oc  y^iP,  \ 

.  Hence  we  shall  Itave 

V  oc  v^iF  oc  fVt 

ft  n  • 


Mi 
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And  gsftn  quantitiet  tie  also  to  be  left  oat  Tbui  $  vtrifi 
if  Wy  or  i  a  W;  now  if  v  the  velocity  }•  pvcn^  thtti  i  a  l« 
or  the  f  puce  will  nry  m  iImp  time, 

SI 7,  To  compare  ihe  velociiiet^  &c.  of  two  bodic«,  kt  JP 
denote  any  othet  weight  or  muf ,  and  F|  Ti  f^  5»  Af|  the  acting 
forccj  time^  &c«  aa  above ; 

Tben 


"^  ::  K:  -fTyi  whence 


M/ 


TF 


i  '.  vl  ::  5  I  FT 


a 


•  -  '       /  ^  IF 

^_  ^  X  ^  X  - 

t    _    V  t 

3  -  -px  y. 


/ 


fcc« 


IT 

&c. 


But  numeral  retulti  are  obtained  from  quaiititiet  denoted  by 
nuuibera*    We  fhall  lubjoin  an  example  or  two.    Let/  =:  the 
force  of  gravityi  which  may  be  contidered  as  unifunn  near  the 
earth^a  surface*    Then  since  it  hu  been  found  by  eiperimenu 
that  a  body  descends  from  rest  in  a  perpendicular  dirtction  the 
apace  of  K^feet  in  the  first  second  of  time,  and  because  an 
cc)ual  space  would  be  described  by  the  body  in  the  same  time  if 
it  moved  uniformly  with  half  its  acquired  velocityj  (316,  corol.  l) 
its  velocity  therefore  at  the  end  of  the  first  second  of  time  will 
be  16^  X  9»  or  S^^/eei  pcr'secomi;  and  the  celerity  generated 
or  destroyed  being  as  the  times  of  Jcscriptiun,  we  have  1  sec. 
I  3St  ::  2  stc.  :  32i  X  9,  or  64j/eti  per  second  the  velocity  at 
the  end  of  d  seconds ;  and  therefore  SS{i  feet  is  the  veiocity  per 
second  which  bodies  acquire  in  descending  perpendicularly  from 
rest^  at  the  end  of  /  seconil:!.    Also  since  the  spaces  described 
are  u  the  squares  of  the  liniesj  or  the  squares  of  (he  gcDcraitd 
celerities,  we  have 
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9tippote  it  It  required  to  6iid  how  far  t  hfivy  bod/  woold  detccftd  bf 
Hk  figrce  oi  gravity  or  its  omn  weight  !■  6  wcondt  of  ^me,  and  alio  ita 
fdocHyattheeiidofUialtiiiie.    llirQ  fsl6,i^, /alM.    Tmt2  mc 

and  wt  hare  Szs^  rs  16^  x 36ss579>(iil^  the dlstaneet 

And  r^y-sz^Qix  6  sl93jM  per  second,  thtcderitj. 

Admit  a  ihot  to  be  discharged  in  a  perpendicniar  direction  with  an  hiitiat 
fdodtj  of  193>M  per  second ;  to  what  hdght  would  it  aacendf  and  what 
tiflK  would  ehpie  before  it  fell  to  the  ground  again } 

Here  ^  « I^  =  '>j-3^y  «b  519 JM^^^  h^^jh^* 

:  6  tecondt  the  time  of  iU  ascent,  there* 


Andr=0 


(32i] 
193  X  1 


5^ 


ion  19  seconds  Is  the  time  required, 

Tlie  maaa  or  weight  of  the  body  is  not  considered  to  these 
compuUtions,  because  til  bodies  would  fall  equally  fast  if  they 
were  not  resisted  by  the  air.  The  laws  of  descent  therefore  8up« 
pose  that  bodies  fall  in  a  non-resiMting  medium.  It/  and  F 
denote  the  motive  and  accelerative  forcus^  respectiYely^   then 

(910.  def.  7)  Fa  ^t  now  if  a  body  descends  perpendicular  by 

its  own  weight  or  the  force  of  gravity,  the  weight  itself  is  the 

motiTt  fiiroct  mJ  consequently^  =  !»  that  isi  the  accelerative 

force  of  gravity  F  it  constant ;  this  h  usually  expounded  by  32^ 
fiei  the  increase  of  velocity  generated  !)y  that  force  in  every 
teoond  of  time.  Gravity  however,  strictly  speaking,  is  a  varia- 
ble force,  for  a  body  is  somewhat  heavier  near  the  earth  *a  surface 
than  at  any  distance  above  itf  because  it  is  more  strongly  attraec* 
cd  by  the  e^rth  in  the  former  tituatioD  than  in  the  latlcr« 


t  >»  ] 


OP    THI 

COMPOSITION  AMD  RESOLUTION 


Sll.  Wkkk  the  efleeU  of  leveral  fanxt  i 
directioai  «re  reduced  lo  that  uf  t  linglc  foi 
dtrectioa  only,  it  it  called  (omptiition  of  J\ 
Tcracly,  the  rtttlulloM  ef  /orcet  coniiBii  ii 
,  moK  Ivrcci  .whose  joint  effect  in.  different  d 
,  ujuivthut  to  that  of  a  liiiglc  force  in  a  given  i 

510.  Suppott  a  body  at  B  to  he  urgtd  in  i 
«nd  BS  by  two  Jena  thai  u-ould  uparateli 
unifarmly  along  Ike  I'mtt  DO  and'  BN  in  th 
loth  forcet  art  together,  the  body,  hy  the  t 
nill  deicnle  BC  ihe  diagonal  of  the  parallel 
the  same  t'lmt  t. 


Conceive  BD  and  BN  to.be  two  in.  j 
flexible  tinea  or  wire*  in  contact  with  the  p 
body  placed  between  them  at  the  aiigtiiir  / 
point  D I  tlien  if  the  linei  bi^iii  their  mo*  L 
lioiu  together  and  Diove  parallel  lo  them- 
Klvea  in  the  aanie  plane  lowirdi  NO  and 
DCf  tlie  body  will  be  carried  or  urged  along 
two  linea  or  wirci,  and  conitantly  ntovc  in  tl 
'  dOn  formed  by  their  intcrMction,  iti  track  I 
the  diagonal  BC  \  for  let  id  and  Pa  be  any  ( 
tiona  of  the  moving  lines,  then  because  BD 
from  the  poiition  BD  to  NC  in  the  lame  tim 
uniformly  from  BN  lo  DC^  their  velocilie*  ai 
aud-BN  i  and  for  the  same  reason,  BP  and  I 
Tclocitiei  when  the  lines  arc  in  the  puiitioni 
the  velocitiea  being  uniform,  the  lines  BD,  ] 
arc  therefore  proportional,  consctjuently  (by 
intcrKc^oa  O  or  plaw  of  tliu  body  will  always 


f) 
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of  the  ptrallclogram  BNCD,  and  since  it  ii  supposed  to  be 
always  in  contact  with  the  moving  lines  or  wireSf  its  sitottioa 
at  the  end  of  the  time  /  is  the  angular  point  C. 

And  the  body  will  also  describe  the  diagonal  BC  when  urged 
by  uniformly  accelerating  forces,  provided  they  are  similar : 
For  let  T  and  /  denote  the  times  of  describing  BD  or  BN,  and 
BP  or  B&,  respectively ;  then  the  spaces  being  aa  the  squares  of 
the  times  {Sid,  corol.  1.)  we  have 

BD  ;  BP  :;  T*  :  /% 
BN  :  BJ  ::  T*  :  i\ 
whence  by  equality  BD  :  BP  : :  BN  :  Bh. 

That  isj  the  parallelograms  BPO£,  BDCN  are  similar,  and 
Iherrfere  the  angk  dOn  or  situation  of  the  body  is  always  io 
Ihe  diagrmai  BC  as  before.    The  same  thing  b  also  manifest 

m  the  case  of  nniformly  retarding  forces : 

• 
Thuf,  toppose  the  motion  of  BD  to  be  144)^  in  the  lint  second  of 

time,  1 19/f  in  the  next,  BO^f  in  the  tUnft  &c.  and  that  of  BN  G3/iei  la 

the  fint  second,  49  In  the  next,  35  in  the  third,  &c*  then,  for  examplf,  if 

U,  Pn  ;  NC«  !K)»  are  the  positions  of  the  lines  at  the  end  of  the  first*  and 

third  second*  of  time,  re$|iecllvelj;  we  have  li^ssl44J,  nPs63,  BKss937|, 

sod  BOs  147 /iMTt 

and  BN  !  DO  :t    B^    t  BP, 
or  337}  X  147  ::  U4|  t  63. 

Or  suppose  lU,  HP  are  tiescrtbcd  In  9  ieqond%  then  Bftss957|,  and 
BPs  1  \'2/cei ;  and  337} :  147  ::  SM\  1 1 1?.  I'henrfore  the  paraUdograms 
BP05,  BDCN,  are  similar,  at  before. 


CoroL  I.  The  Tclocities  at  the  points  P,  O,  b,  mnd  conse* 
<]uently  the  forces  in  the  xlirections  BP,  BOj  Bb,  are  as  the 
Ones  BP,  B0|  hi.  -  And  the  force  in  the  direction  BO  is  equi« 
f alent  to,  or  compounded  tff  the  two  forces  in  the  directions 
BFandBfr. 

Cond.  9.  And  sinee  the  fortes  in  the  diiectioiii  fiP^  BO^ 
hbf  naj  be  expounded  by  Chose  linesi  it  follows  that  any  stn|^ 
fnee  BOt  m  BCf  can  be  r§$ohed  into  two  other  feites  ictiiig 


BD  be  uniromily  ■cctlcnUxl*  like  that  of  t  body  fill 
IMl  towuJt  the  uilh|  uid  tuppoie  the  liue  BD  b 
the  diRclion  BN  m  u  to  tlc^cilbc  each  of  the  equal 
linci  B^,  iA,  Am,  &c.  in  tlie  ume  time  f )  then  if 
SQ^G  I  DC,  NC|  &c.  kK  tlw  (KMitioiM  of  the  tm 
Dt  ihu  end  of /,  91,  SI,  tie.  limi:s»  mpcciivelyf  the  bil 
O,  G,  C,  &c.  will  Ik  the  comipomling  plicce  of  I 
•11(1  nim-c  the  linct  Kb,  BA,  BN,  &c.  (or  ihetr  e>iiule 
DC*  &c.)  are  dirtxtly  ■•  the  tinic«  of  ilcicriptiniit  an 
tAiux-a  Bl>,  BS,  BDj  kc.  u  the  iqiUKi  of  the  til 
cofol.  l\  it  will  be 

BP  :  PO*  ::  BS  :  SG*  i:  BD  :  DC*,  Ice. 
hence  the  poiou  B,  O,  G,  C,  >cc.  arc  in  the  curve  oTs 
And  BN  ia  a  Ungeal  to  ttic  curve  at  B.  (<99-] 


Corot,  4.  Hence  altothcfarrcaof  obli(|ue  aod 
direct  inijut:!  nuy  be  couifMrud :  I'hui,  auppoM 
a  body  to  be  urged  from  U  in  tlic  diruction  BC  by 
a  force  denoU'd  by  the  line  BC|  ihun  if  that  force 
be  reaolved  into  two  other  I'urcea  BD  and  DC  (or 
£N)  the  former  parallel  and  the  lattiT  peipeiuttcu] 
obtiaele  NC*  the  line  DC  will  rcprcteut  the  Ibree  c 
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Tor  fxample,  mppose  a  4?/*.  il.ol  mhfn  moving  with  a  rdocllj  of  1000 
feet  p*r  tecfmd  fhoiild  strike  an  object  (NC)  in  an  angle  of  50^  (KCB) 
then  4H  X  1000  \\\\\  denote  its  moin«*ntumt  and  rad.  :  sifie  50^  : 1 48  X  1000 
:  3o770;  (h<?refore  its  force  against  the  obstacle  mill  be  lets  than  it  would  bo 
in  a  |)crpcndicu]ar  dia'Ctioo  in  the  proportion  of  36770  to  48000. 

320*  t/ three  fortes  of  the  same  kind  A,  G.  C,  ad  together 
in  the  some  plane  against  the  body  B  in  the  directions  ABp 
GB,  CBf  and  thereby  keep  it  in  equililrio^  those  forces  will 
h  proportional  to  the,  sides  of  a  triangle  HOC  (or  BNCj  which 
gre  drawn  parallel  to  the  directions  AB,  GB|  and  CB« 

This  if  intnife8t*froiii  the  last  propoaitioii 
eorol.  1.  for  aince  tht  force  (IB)  in  the 
directiM  BC'is  equivalent  tOj  or  compound- 
ed of,  the  tm*o  forces  in  the  'directions  AB 
or  BN  and  GB  or  BD/  if  the  rormcr  (BC) 
be  exerted  in  a  eontrar}*  direction  (CB)  the 
effects  of  the  other  two  will  be  dcstro}'ed,  and  the  body  must 
remain  quiescent ;  the  three  forces  therefore  are  as  BN,  NC  (ot 
BD),  and  GB|  the  sides  of  the  triangle  BNC  or  its  equal  BA^« 


*  Corol.  1 .  And  because  three  lines  perpendicular  to  the  sides 
of  a  triangle  will  form  another  similar  triangle,  the  three  forces 
will  also  be  proporilonat  to  the  sides  of  that  similar  triangle. 

Corol.  2.  Hence  if  the  force  in  the  direction 
BC  be  a  weight  C  suspended  by  three  strings  or 
cords  AB,  GB|  BC»  the  tensions  of  the  cords  of 
the  forces  by  which  they  are  stretched,  will  be  as 
the  sides  of  the  triangle  BNC.  For  example,  if 
BN  =  4,  NC  =  d,  BC  =:  5,  the  tensions  of  the  cords  AB^ 
CB,  BC,  will  be  u  4,  3^  and  5,  respectively. 


CereU  Jt    The  forees  In  the  directions  ABf  GB  may  be  reW 
duced  to  a  tingle  force  {bB)  acting  in  i  direction  contrsry  if 

TPL«  tip  t  t 


tu 
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that  of  CB,  and  the  body  kq>l  In  cqui. 

librio  by  two  oppoitite  and  equal  eflbrtii« 

But  if  tbe  body  (B)  be  put  in  motion  by 

three  (^Ivcn  forces  PB,  QB,  RE  of  the 

sanie  kind,  acting  in  the  same  plane,  then 

a  tingle  force  equivalent  to  all  three  may 

be  found  thus:  Complete  the  parallrlogram  QBPOf  and  tha 

diagonal  OB  will  represent  a  force  equal  to  the  two  fbreet  PB  and 

QB ;  and  if  RS  and  OS  are  respectively  parallel  to  BO  and  BR, 

the  two  forces  OD  and  RR  will  be  reduced  to  the  diagonal  SB 

or  the  single  force  SB »  which  therefore  is  tlie  force  equivaknt 

to  the  three  givi*n  forces ;  that  isj  the  single  force  SB  acting  ia 

the  direction  S3  would  have  the  same  effect  on  the  body  B  as 

the  three  i^ivcn  forces  acting  together  in  tbe  directions  VB,  QB| 

and  RB. 

Hence  it  appears  thai  any  single  force  may  be  resolved  into 
three  or  more  forces  acting  in  Jiflcrcnt  directions. 

Scholium.  What  is  «idvanccd  in  this  last  article  will  hold 
true  in  all  kinds  of  forces  whatcveri  whether  of  impulse  or  pc r« 
cussion,  pushing,  or  drawing,  or  whether  instantaneous^  or 
continualj  provided  they  arc  similar,       , 


On  Till  COLLISION  or  BODIES* 

3f  K  (fa  p€rfif€ilj/  elasiiv  spherical  loJjf  B  hnpinge  on  a« 
immovable  plane  AG,  ii  will  retound  or  be  refleciedfrom  iki 
surface  in  an  un^le  equal  to  the  angle  of  incidence i  thai  fi. 
i/  C  le  the  point  of  impact^  the  angle  DCG  =  BOA. 

Let  BC  denote  the  force  of  the  body  in  that    b 
direction!  which  suppose  to  be  resolved  into 
two  other  forces  BP  and  BAj  the  former  paraU 
Jel  ^and  the  latter  perpendicular  to  the  plane 
AG ;  then  if  we  conceive  the  body  to  be  urged  or  carried  aloiif 
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the  diagonal  BC  by  those  forces  or  lines  moving  pflrallcl  to 
themselvesi  it  nuist  meet  the  plane  in  the  point  C  with  a  force 
equal  to  PC;  and  since  there  is  no  resistance  in  the  direction 
of  the  surface  AG,  the  force  (BA  or  PC)  in  that  direction  m\l 
not  be  retarded  by  the  stroke,  the  body  therefore,  after  impact, 
is  urged  by  two  forces  respectively  equal  to  the  two  former, 
namely,  one  in  the  direction  of  the  surface  CG  as  before,  the 
other  in  that  of  CP,  this  latter  is  the  re-acting  or  restoring 
force  (def,  g)  which,  if  the  body  be  perfectly  clastic,  is  equal 
snd  contrary  to  the  compressing  force  PC  (ox.  9  and  3) ;  hence, 
by  composition,  CD  the  track  of  the  body  after  impact,  must 
be  inclined  to  the  reflecting  surface  in  the  same  angle  as  before* 


[$ 

If ' 


Corol.  !•  The  velocity  with  which  the  body  quit!  the  re« 
fleeting  surface  is  equal  to  that  at  the  time  of  impact,  because 
the  generating  forces  ate  equal  aad  in  similar  directions. 

CcroL  9.  Since  the  times  of  compression  and  restitution  are 
not  instantaneous,  the  body  is  moved  in  the  direction  CG 
during  those  times  by  the  force  AC,  and  consequently  the  point 
of  incidence  and  that  of  reflection  cannot  accufateli/  be  the  same 
if  the  body  is  elastic. 

Corei.  3.  When  the  surface  AG  is  not 
•moothy  the  body  will  be  reflected  with  a 
whirling  motion :  For  let  O  be  its  center, 
and  C  the  point  of  impact ;  then  while  the 
body  is  retarded  in  the  direction  AG  by 
the  friction  at  C,  the  force  in  the  direction  BO  must  produce  a 
motion  by  which  it  endeavours  to  rolU  This  is  i?onflrmcd  by 
experience,  for  spherical  bodies  arc  seen  to  acquire  a  rotatory 
motion  when  reflected  obliquely.  Thi^  motion  may  aflTcct  the 
direction  of  the  body  when  it  quits  the  plane:  And  if  the  body 
is  not  perfectly  elastic,  the  restoring  force  will  -be  less  than  the- 
compressing  one :  on  these  accounts,  it  is  probable  that  the  mi# 
^ct  of  ioddence  and  itflectton  are  alwaya  diflercnb 

est 
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CarpL  4.    If  ihe  body  be  non^eUitic,  it  will  not  acquire  or 
.  generate  a  restoring  force  by  impuUe,  {def.  »)  it  mutt  tbcrefiMe 
after  the  impact^  be  carried  along  the  turface  CG  by  the  force 
acting  in  that  direction* 

Bemark.    If  AG  be  a  polished ^urfice^  and  BC  a  tij  of 
light  proceeding  from  the  lucid  point  B^  the  ray  will  be  reflected 
an  the  direction  CD^  that  is,  the  angles  of  incidence  and  re* 
fleciloa  are  e()ual  in  thai  case.    This  is  a  fundamental  law  of 
Optics,  founded  in  nature  according  to  soine  writers,  because 
'tis  said  nature  always  acts  ly  tht  west  expsdltioms  methods f 
for  the  sum  of  the  lines  BC  and  DC  arc  less  than  the  sum  of 
any  other  two  lines  that  can  be  drawn  from  the  points  B  and  D 
to  meet  in  the  surface  AG  (rAeore m^  art.  87«).     Sir  I.  Newton 
however,  has  shewn  that  the  reflection  of  light  is  not  eflccted 
by  its  particles  striking  against  bodiesj  but  by  some  repelling 
power  that  extends  beyond  their  surfaces.     But  if  a  particle  cf 
light  moving  along  BC  be  struck  in  a  direction  (CP)  pcrpcn- 
dicular  to  the  surface  AG,  either  at  C,  or  before  it  reaches  thr 
point,  so  that  its  velocity  is  not  changed  by  the  im|nil>e,  it  will 
be  reflected  in  an  angle  equal  to  that  of  incidence  [corol.  i .) 

322.  Suppose  B  and  C  are  two  equal  non»elasttc  bodies^  and 
let  the  body  B  strike  the  quiescent  lody  C  in  ihe  direction  ef 
their  centers  with  a  velocity  of  Vfcet  per  second,  then  after 
the  impact  they  will  proceed  together  as  one  body  In  the  di* 
rectioa  CD  with  a  nlqcity  equal  to  half  K 

Fur  both  boditi  being  non*cla.siiC|  they         ^ 
.    cannot  gencraie  any  'i>rie  thui  will  cause        ^     ,    q     ^ 
them  to  recede  from  one  another ;  and  ^iiice 
a  double  quantity  of  mutter  is  moved  by  the  same  furcc,  (ihat  of 
B  at  the  impact)  the  velocity  mu9t  be  diminished  in  the  same 
proportion  (313),  that  isj  tlic  velocity  is  reciprocally  as  the  aug* 
mented  weight  or  mass } 

y^  B 

B  :  K  ::  B  +  C  (inversely)  :  j-r^.  or  |  ^whcn  C  =z  B^ 
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Corel.  The  mofnentum  of  both  bodies  moving  together^  will 
be  tlic  fame  as  that  of  B  before  the  stroke ;  for  kl  B  and  C 
dcnctc  the  weights  or  quantities  of  matter  in  the  bodies  B  and 
Cf  whether  equal  or  unequal ;  then  f^  X  B  will  represent  tho 

rxB 


momentum  of  B,  and 
after  the  impact. 


X  (B-t-C)or  rx  B  that  of  both 


Fuppo!ie  BalClb.  cs4lb.  and  F:sQO/r€i,  then  g^  ss  ~^ 
ts  IS/tet  the  vdocity  per  second  of  tx>th  togdber  after  their  congreis. 

3f  3.  Let  the  body  B  moving  with  a  velocity  =  V  ot*ertak§ 

nd  strUe  the  tody  C  whose  velocity  in  the  same  direction  is 

sv;  then  ij  the  bodies  are  non^elastic^  they  will  proceed  iom 

f^H  B*f-t^  X  C 
f  ether  as  one  mtiss  with  a  velocity  =  u      ^'      • 

For  the  force  lost  in  B  by  the  stroke  is  communicated  to  C| 
because  action  and  redaction  are  equal ;  and  therefore  the  force 
•r  momentum  of  both  moving  together  is  equal  to  the  sun^ 
of  the  separate  momenta,  that  is  /^xB-t-vxCt  and  thia 

J^  V  B  at-  t>   V    O 

3i\ided  by  the  mass  B+C  gives         k-^A    '  ^  ^oclty* 

Ixt  Bsunb.  Ccs4rb.  ^aelO,  and  veSt 

Then     ^g     ^     ^  » 1^^^    ■     =5 9  fed,  the  vekKJty  pcf 

Kcvndf 

CoroL  \.  If  C  be  quiescent*  v=:o}  and  g—^  is  the  veto* 
city  with  which  they  proceed  together  after  impact* 


CoroU  9.    If  C  movea  in  a  omtrary  direction,  or  towards|  B, 


then 


FxB  —  vyjC 


will  denote  the  velocity  after  the  sfroka* 


And  when  K  x  B— «  x  C  ;z  o,  all  motion  is  destroyed  by  the 
coneourte*  But  if  Kx  B-*>«  X  C  be  negative,  both  bodiei 
will  move  together  towanli  Bt 
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ftippOM  Bk4,  CcsI6.  ^85.  lod  9rslO; 

Thai  -  ]|^^        »        4^i(j        «  — T  *••  woctty,  1 
IbtftCMV  b  towtrdi  B  after  impict. 

Oiro/,  3.  The  velocity  loil  by  B  U  F—  ^-^^  =  ^-=- 

thai  if^  B  +  C  :  C  ;:  F—v  i  velocity  lost  by  B. 
la  like  sunueri  B  +  C  :  B  ::  V  -  y :  velocity  gained  by  C 

If  the  bodicf  move  in  contrary  directions,  that  body  i 

prevail  whose  momentum  ia  greatest^  but  its  velocity  wil 

......  ,,     ^      rh^vC    ^   FC-4-vC  . 

dimmished,  consequently  r  —  -^      #s  >  or  ■  p  ,,  g^   m 

velocity  loitt 

Thai  ia»  B  +  C  :  C  :  t  V+v  i  velosity  lost  by  B,  aupposi 
the  most  powerful  of  ibe  two, 

394.  tf  a  non-elastic  hdjf  B  impinge  directly  on  a  j 

III/  perfectly  elastic  body  C  with  a  given  velocity ^  ii  will 

loundwith  the  same  velocity  ;  and  the  whole  force  exerte 

C  against  the  striking  body  P,  is  double  the  force  of  im 

.when  both  bodies  are  non^eUstic. 

For  if  both  were  non-clastic,  the  motion       «  ^ 

o 

or  force  of.  B  would  only  be  destroyed  by  Q  ■  q 
the  impact,  or  the  bodies  would  adhere;  but 
when  C  is  perfectly  elastic,  it  not  only  destroys  all  thmt  mi 
or  force  but  exerts  another  force  equal  and  contrary  to  it  ii 
action  of  recovering  its  figure  before  the  stroke ;  consequent 
will  recede  with  its  former  velocity :  and  as  the  elastic  bod 
first  destroys  and  then  restores  the  same  force,  its  effect  is  do 
that  of  a  non-clastic  body.  And  if  both  bodies  are  perfi 
.  clastic,  the  effect  is  the  same,  for  the  whole  force  of  rcstitu 
musiL  be  equal  to  that  of  compression. 

Corel.  1.    If  C  be  moveable,  the  velocity  lost  by  B| 
eommumcated  to  C  by  the  stroke  will  be  double  what  i 
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wouM  be  were  the  tx>die8  non-elantic ;  for  the  restoring  forco 
ict9  just  as  much  in  the  direction  of  BV  motion  as  against  it* 
consequently  while  the  bodies  recede^  B  is  retarded  and  C  urged 
by  sdditional  Forces  equal  to  that  of  impact ;  that  is,  the  vdoci* 
ties  lost,  or  communicated  by  collision^  are  twice  as  great  io 
elastic  as  in  non*clastic  bodies. 

CoroL  9.  Since  the  force  lost  in  one  body  is  gained  by  the 
other,,  if  B  and  C  are  equal,  and  both  perfectly  elastic,  C  being 
moreable^  the  striking  body  B  will  rest  after  collision,  and  the 
other  C  move  with  a  velocity  equal  to  that  of  B  before  the  im« 

pjct* 

Corel.  S.  Hence  it  appears  that  the  velocities  are  relatively 
the  same  before  and  after  the  impulsei  that  is,  the  bodies  will 
be  equally  distant  from  one  another  at  equal  times  before  and 
after  the  impact. 

» 

395.  If  the  hody  C  moving  towards  D  with  a  telerihf  =  v 
If  itruck  ly  the  body  B  whose  celerity  in  the  same  direction  if 
=  ^;  to  find  their  velocities  after  the  impulse^  supposing  both 
arr  perfectly  elastic. 

B 

It  follows  from  art.  893   coroh  8,  and      g^ 

iff.  394  corol.  1,  that  the  celerity  lost  by  B 

after  the  impact,  is    t^  .  ^-  X  9,  and  therefore  V b+TT 

X  9,  or  — J» — "T  ,^J"  is  its  velocity  in  the  direction  BD  or 
DB,  according  as  the  expression  is  positive  of  negative. 

VH  — •  t>B 
And  (by  the  same  corollaries)  v  +  — 1>      v^      >CH^r 

is  the  velocity  of  C  in  the  diiection  CD. 

,  But  if  C  be  tnoviog  in  a  contrary  direction,  or  towards  9| 
l)m  by  making  IT  negativfi  the  aame  eipresrioni  beeoint 


SiO  *  eotLuioif  of  bopui# 

^(°  "j^  ^  ^  '"^  thy  velocity  of  B I 

■  K  fX     ■•  the vdoatjr of C, 

towards  D  when  the  exprcsslooi  ait  positiTe,  but  io  the  opponit 
diitclioa  if  ihcy  are  negative. 

Lei  BssVM.  y^ssi/^i  per  wtcaud;  CsaM.  and  vaaeo  /kt  pci 
Mcond  I  and!  suppose  the  budin  move  In  contrary  directlooi^ 


Thetefore  after  collision,  the  bodies  will  move  again  in  contnuj  dii«ctk)«k 
with  velocltiet  of  47«  and  Ifi/cei  per  Kcood,  respcctivelj« 

Caroi.    If  C  be  at  rett^  iben  by  making  t»  =:  o^  we  shall  fd 

the  velocities  in  that  case. 

The  precediiig  method  of  investigation  will  answer  when  one 
of  the  bodies  is  noa.  elastic  i  or  when  both  are  imperfectly 
elastic^  provided  the  forces  of  elasticity  are  known. 

326.  If  the  noti'tlasiic  loJies  B  and  C  movi  in  the  same 
ptane^  and  itrike  one  another  obliquely  at  ihe  poini  O  u'lth 
given  velocities ;  to  determine  their  directions  and  velccili^s 
after  collisim. 

9 

Let  BO  and  CO  be  taken  in  the 
ratio  of  the  respective  velocities;  and 
sup|x>se  Di/  is  drawn  to  touch  the 
.bodies  at  their  point  of  contact  O. 
Complete  the  rectangles  BAOP, 
CDOG;  then  the  celerity  BO  is 
resolved  into  two  others  AO  and 

PO,  and  the  celerity  CO  into  DO  and  CO  fS19y  corol.8): 
DOW  as  the  efforts  of  the  bodies  against  each  other  aiie  made  in 
the  Uqc  joining  their  cen(erS|  those  forces  are  not  affected  b| 


i 
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Wm  volocilicf  j[AO,  DO^  In  the  dircctifiti  DJ;  conscqwentlf 
the  velocities,  in  the  line  (PC)  int^hich  they  act  against  cme 

>  BvPO— CvCO 

another,  are  denote!  by  PCX  iod  GO :  and  u      j^ 

is  the  celerity  with  which  the)*  ^*ou1d  proceed  together  after 
direct  impact  with  the  velocities  PO  and  GO  (389,  corol,  1)  S 
If  B  be  the  mom  powcrAii)  let  OQ  fm  OO)  be  made  '=; 

'^'a^C^^^t  ««•  lake  Ofl=:OA,  and  OrfrrOD,  ami 

complete  the  rectangles  OQRcr,  Otklili  then  the  diagonals  OR 
and  01  will  be  thc^  directions  and  velocities  of  B  and  C|  re« 
specttvelyk; 

If  the  bodies  are  elastic,  they  will  be  Kflccted  after  impact  \ 
^ut  the  eonstruclion  is  no  ways  diflfercol :  for  having  found  the 
velocities  in  the  line  PG  by  art.  395,  the  result  will  point  out 
whether  they  must  be  set  oflT  on  the  samoi  6r  on  contrary  aides  . 
tf  O. 

N.  B.  The  bodies  are  suppotied  to  move  along  OR'  and  Ot 
after  impact;  strictly  speaking  however,  their  tenters  do  not 
describe  those  diagonals,  but  lines  parallel  to  them»  * 

8cR0.LtU»k. 

Tlie  preceding  conclusions  respecting  the  collision  of  bodies 
arc  confirmed  by  experiment,  abMracting  from  the  imperfectioit 
of  materials ;  for  it  is  pfobable  there  is  no  surface  perfectly 
smooth,  nor  any  hard  bodies  cither  perfectly  elastic  or  non« 
clastic.  Some  experiments  however,  made  with  a  view  to  ascer« 
tain  the  force  of  bodies  in  motion,  seem  to  have  misled  several 
eminent  mathematicians  of  the  last  century.  Thus  because  it 
if  (bund  that  a  hard  body  itnpinging  \m  soft  and  yicMing  sub« 
stances  of  uniform  consistence  will  penetrate  to  depths  propor* 
lional  to  the  squares  of  the  velocities  of  impact,  it  has  been  iiu 
fmd  thai  the  momentum  or  force  of  bodies  in  motion,  idiiteiftl 
of  being  compounded  of  its  velocity  and  mass  (def*  4}  is  as  tho 
iftart  of  the  fdodly  into  the  nMi\  this  erroneoui  ooochiaioii 


>?• 
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mulu  from  ascribing  a  whole  effect  to  part  of  iu  came :  hi 
the  whole  effect  (ur  depth  to  which  the  body  peoelratea)  U  luA 
produced  by  the  motion  or  force  of  the  body  at  the  moment  of 
impact,  but  by  its  successive  efforti  during  the  time  of  penetra- 
tion, eacii  tflori  being  as  the  body  drawn  into  the  vclodty  with 
which  it  is  moving.  So  bodies  when  projected  vertically  rise 
to  heights  proportional  to  the  squares  of  the  initial  velocities 
(316,  coroK  I)  and  during  the  lime  of  ascent  act  against  gravity, 
which,  like  the  soft  and  yielding  substances,  is  an  uniformly 
retarding  force ;  but  to  infer  from  this,  that  the  force  of  the 
ascending  lK>dy  at  any  |MHnt  of  time  is  as  the  square  of  its  velo« 
city  into  the  mass,  would  be  contrary  to  theory  and  cxperi* 
ment. 

Balls  dischargfd  from  guii^  would  penetrate  wood,  banks  of 
earth,  ^c.  to  depths  proportional  to  the  squares  of  the  vcloci. 
tics  of  inipnct,  provided  the  resistances  were  uniform.  And 
Mr*  Robins  found  that  mu^^kct  bullets  of  equal  size  %(hen  shot 
against  a  block  of  elm  wiili  veloviiics  of  1700,  730,  and  400 
feei  per  second,  penetrated  to  the  depths  5,  i,  and  i  inches, 
respectively  :  thc^c  number:)  are  not  exactly  as  the  squares  of 
.  the  vehtcitics ;  but  **  a  greater  coir.cidencc  cannot  be  cxp<;cted 
when  the  unequal  texture  of  the  same  piece  of  wood,  and  the 
change  of*  the  tonu  of  the  bullet  by  the  stroke  are  considered.'* 
(Gunner)*,  Chap.  2.  Prop.  8).  These  experiments  however, 
have  been  objected  to  as  inccmclusive  *• 

In  estunating  the  force  of  a  pile  engine,  the  velocity  of  the 
w  eight  or  ram  ii  easily  determined  :  but  if  the  pile  be  heavy,  its 
luomeatum  should  be  taken  into  consideration,  because  the 
ram  and  pile  proceed  as  one  body  after  the  impact :  and  if  tha 
ground  resist  uniformly,  tilt*  pile  will  sink  to  depths  pro|iortional 
tg  the  squares  of  the  velocities  with  which  it  begins  to  move. 

Bodies  impinging  with  equal  momentums  may  have  different 
effects.    Thus  a  4Bll/.  shot  with  a  velocity  of  lOOO  feei  per 

•  f hitU>a*i  Matk«  and  I'kik)!,  Dictkwaiy,  art  CuvvaaT. 
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lecondy  ind  i  bitter*mg  ram  whose  weight  is  ICOOOf^.  moving 
i»-ith  a  velocity  or  ifcei  per  second  would  have  equal  momcn* 
tarns,  for  4B  x  looo  =  isooo  x  4  :  but  the  former  when  dis. 

• 

charged  against  a  wall  (for  example)  might  paf>s  through  it 
without  any  other  eflect  than  that  of  driving  out  a  few  bricks  or 
stones ;  whereas  an  impulse  of  the  ram  would  probably  cause  a  ' 
large  breach :  for  that  part  of  the  wall  upon  w  hich  the  ball  im« 
pinges  IS  separated  and  driven  out  before  it  caii  communicate 
much  motion  to  the  adjacent  parti ;  but  the  shake  is  extended 
to  a  considerable  distance  by  the  slow  movement  of  the  batter* 
ing  ram^  because  the  parts  struck  adhere  together  for  a  longer 
time* 
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397,  Lei  the  equal  iines  BD  and  CN  h  perfiendicvtar  ia 
the  plane  of  the  horizon  represented  ly  BC;  and  sfippose  a 
shell  is  discharged  from  the  mortar  B  in  the  dli  ection  BN 
with  a  velocity  that  would  carry  it  uniformly  fr&m  B  ^o  N  in 
the  same  time  thai  a  heavy  lody  would  descend  ly  its  gravity 
from  B  /^  D ;  then  if  the  motion  of  the  shell  is  not  affected 
ly  the  resistance  of  the  air^  it  will  describe  the  paraMte 
curve  BTC.  (Art,  319,  coroK  3). 

BC  is  the  horifontal  range  or  amplitude. 

CBN  is  the  angle  of  elevation. 

The  velocity  with  which  the  shell  quits 
the  mortar^  is  the  initial  or  projectile 
vclocitv.  ♦  ' 

And  if  the  perpendicular  BR  be  made 
equal  to  the  height  to  which  the  body 
would  ascend  if  projected  vertically^  it  will 
represent  the  impetus. 

TA  is  the  altitiide  of  the  prfjcctton,  T 
bang  the  highest  point  in  the  cUrve. 

»T  9 
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Thus  tttppoie  the  angle  of  ekraticm  CBN  r:  4S%  ike  tiaa^ 
of  flig^l  or  thai  m  which  the  shell  desrib^  the  curve  =  19 
leoonds  =:  i.  mdd  =  lO^Jieii  then  di^  =  9^\6/eei  zz  BD 
or  CN  (317)  =  BC  the  range  in  thU  case  ;  fnil  it^^%  =  the 
tangent  BN,  which  divided  by  I  (the  number  ofseccAds)  givciv 
4l\f%j€€t  the  projectile  velocity  pei  second,  hen^  (31  \)  the  ver« 

tical  height  to  which  it  would  ascepd  in  I  sccoiida  is    ^1      ;  ■  ^. 

=  \d^  the  impetus  BR;  w^ich  therefore  ^  :=  ^alf  the  range 
at  au  ekvatiou  of  45^. 


Coral.  1«  Let  PA  be  perpeiidicuUr  to  the  horizontal  Kne 
fiCi  and  TS  parallel  to  PB  ;  then  the  \clocity  of  the  prc^tilc  * 
in  the  direction  of  gravitation  at  any  poiiuT,  b  to  the  projectile 
velocity  in  the  direction  BN,  as  SBS  or  SPT  to  PB.  For  BP 
and  BS  are  described  in  tt^e  same  time ;  but  a  body  descending 
from  rest  through  BS  would  acquire  a  velocity  that  would  carry. 
|t  uniformly  through  SBS  in  the  same  time  (317) ;  and  oa  the 
apaccs  described  with  uniform  moiious  arc  as  the  velociticsj. 
therefore  SBS  or  sPT  in  to  BP,  as  the  |K*rpendicular  velocity  a^ 
Ta  to  the  projectile  vetoeity  in  the  direction  BP^ 

CoToU  9.  The  horizontal  celerity  of  the  projectile  is  uniform ; 
for  the  celerity  along  BN  is  uniform,  aiid  UA  is  directly  aa  Bi^ 
by  similar  triangles.  Hence  also,  because  the  velocity  in  the 
direction  BC  is  con:»tant,  the  celerity  in  the  direction  of  the 
curve  at  any  point  (B)  is  as  the  secant  of  the  angle  of  elevation  ; 
for  BP  is  the  secant  to  the  radius  BA.  Therefore  if  T  be  the 
vertex  of  the  parabola,  the  motion  in  direction  of  the  curve  will 
be  slowest  at  that  point ;  and  the  proj^ectilc  will  move  u  iih  G(|ua| 
celerities  at  equal  distances  from  it^ 

CiiToL  3«    I<ct  SO,  parallel  to  the  tangent  BN^  bistct  BD  \ 
then,  as  the  velocity  acquired  ii^  descending  through  BD  ia^ 
SBD  or  twice  the  \elocity  of  the  projec^le  at  B,  therefore  sBS 
the  velocity  acquired  at  S,  which  ii  half  that  atD,  will  be  equal  ta 
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|fie  projectile  velocity ;  and  by  the  firet  coroU 
IS  velocity  in  direction  of  gravity  :  velociiy 
in  direction  BQ  ::  fiBS  or  SQO  :  BQ| 
thcrerore  itBS  or  sQO  =BQ,  because  the 
velocities  or  two  fimt  terms  of  the  propor* 
tioii  are  equal.  Whence  (301 )  SO  if  the 
lemi-paramctcr  to  the  diameter  BS:  and 
when  the  elevation  is  45%  A  will  be  the 
foais  of  the  parabola  \  and  the  heisht  AT:r  ^ 
of  the  range  BC. 


Corbl.  A*  Because,  when  S  is  the  point  where  the  cderitf 
acquired  by  a  body  falling  freely  by  the  force  of  gravity  firbin  Bt 
v-ould  be  equal  to  the  projectile  celerity  it  Bj  the  impetus  BR 
is  =  BS,  consequently  fiBS  ^  fiBR  =  SQO  =:  BQ  r;  S0»  and' 
BQ*  =  4BR«  =  4Q0«  =  BR  X  4Q0.  But  («99)  VT.  QO, 
NC,  &c.  are  u  BP%  BQ*,  BN*,  &c.  or  PT  :  QO  : :  BP* 
:  BQ*. 

whence  BQ*  =  BP*>^QO  ^  ^jj  ^  4Q0,or^sBRt 

that  is,  BR  :  BP  t :  BP  :  4PT,       - 
Also,  BR  :  BQ  ;:  BQ  :  4Q0, 

BR  :  BN  ;:  BN  :  4NC,  &c. 


3S9.  Having  ihe  impehUf  and  elevalioHf  to  ietermine  Mi 
random  or  horizontal  range,  and  tho  groateU  hiighi  Iq  whioh 
the  projectile  will  rise. 


If  BH  be  the  horizontal  line,  QR 
the  impetus,  and  NBC  the  angle  of 
deration ;  then  by  the  last  of  the 
preceding  corollaries,  we  have  to 
construct  the  right  angled  triangle 
BCN  ao^that  BK  is  a  mean  propor^ 
ikmal  betwtai  BH  •»!  4KC^ 


m  VKOJtCTILI   UOTIOH. 

On  BR  dacribt  t  •cmicircle,  aod  Ukc  BN  =  4Bf  i  let  U 
lb«  perpendicular  NC ;  md  BC  U  ibc  boriiMilil  rugc. 

Dnw  RPi'lben  the  triangle*  BCN,  OFR  beio|;  linulv,  «• 
have 

BR  :  BF  (oriBN)  ::  BN  :  NCj 
and  BR  :  iBN  ::  4BN  :  4NC, 
that  it,  BRX4NC  =  BN*. 
ThcFcfwc  BN  'u  a  mean  proportioaal  between  BR  and  4NC. 

If  BC  be  bisected  by  tbe  pcrpeodicultr  AP,  and  GFT  dtawa 
panlk)  to  BC  or  perpendicular  lo  BR,  T  will  be  the  vertex  if 
the  parabola }  and  BG  or  AT  ilt  height  above  tbe  boriioa  BC. 
For  PB  =  PN,  and  FP  =  FB,  and  tbe  triangle*  FBG,  FPT 
being  limilar,  BG  is  =  FT  =  AT.  tlKreTorc  T  is  tbe  vcrtci. 
(997,  corol.  9) 

And  because  BN  =  4BF,  the  range  BC  =  4GF. 

S89*  Having  Ike  prejeclile  vetocitg,  and  the  Jistamtt  fiC 
rf  an  oljetl  C  on  the  horizontal  plane  /  lo  Jlnd  the  eitgle  ^ 
elevation  g/  the  morlar  or  cannom  at  B,  io  Bt  la  hll  thai 
abject. 

^1*=  the  projectile  velocity,  and  4f  =  I6j*j/eett  then  '-jt\ 


w—.  ii  the  inipetua  BR.  (3S7) 

On  BR  describe  a  semicircle  t         _  A 

takeBO=-;BC.  and  erect  O/ per.        Pvn\/ 


pendictdar  to  BC ;  then  thraiigh 
F  andydraw  BN.  Zp,  and  ciihcr 
of  the  angles  CBN,  CBp^  is  the 
elevation  required. 


WL 


For  let  the  perpendicular  Af  bisect  BC,  and  draw  gji  1 
lo  BA}  then  it  is  proved  that  t  it  the  vcrtei  of  the  parabola 
B/C,  in  the  aaote  manner  a*  T  >•  found  tobe  that  of  ^  jan- 
bola  BTC. 
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Cor^L  1.  Hence  there  art  two  elevations  which  give  the 
itme  range  with  the  same  velocity ;  one  being  aa  much  above 
45*  at  the  other  is  below  it. 

Carol.  9.  When  BO  or  i  of  the  range  BC,  ia  =:  the  radtna 
of  the  circle  or  {  the  impetus  BR^  then  Q^  will  touch  the  circle, 
and  the  points  fp/^  coincide,  in  which  case  the  elevation  be« 
cones  45^  The  range  therefore  at  45*  elevation  is  iht  greatest 
because  its  fourth  BO  will  be  a  maximum. 

330.  Let  $  and  c  denote  the  sine  anil  cosine  of  the  ang^e  of 
eb-atioot 

r  the  horizontal  range  or  amplitude  BC« 
h  the  greatest  height  AT  or  A/« 
m  tlie  impetus  BR. 

V  the  pnijectile  velocity  or  the  number  of  feet  per 
second  the  projected  body  would  describe  with 
its  6rst  or  greatest  velocity. 
I  the  time  of  flight. 

Then  from  the  similar  triangles  BFR,  BCNj  we  have 
rad.  :  BR  ::  Wa.  angle  BRF  :  BF, 
That  if  J  1  ;  m  ::  1 :  iiit  =:  BF,  and  ism  zz  BN. 

And  in  the  triangle  BCN 

rad. :  ism  (BN)  ::  c  :  4ri;9i  =:  r  z:  BC  the  range: 

» 
But  2cs  is  the  sine  of  double  the  angle  whose  sine  is  i  (346)9 

therefore  4ci  is  twice  the  if  af  of.  double  the  elevation ;  couse* 

quently  if  a  =  the  sine  of  twice  the  elevation^  2am  is  the  hori* 

zontal  range,  or  9am  zz  r.    Hence  the  ranges  with  the  same 

impetus,  are  as  the  sines  df  double  the  'elevations :  for  let  ^ 

denote  the  sine  of  twice  any  elevatioot  ipd  R  the  contspociding 


ige,  tben  tAm  s  iff  and  m  s  ^t  aiso  Sams 
!--?>  or^s§ttliilas«:r:tiEtir» 


wbeooe 


M0 
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•31«  If  the  devtUoo  be  the  saiiie»  but  the  ^ralodlicsi  dUKicoi^ 
the  boTNKHlUl  ranges  are  ••  the  iquarea  of  the  vclocitiea.  For 
lei  Jf  be  the  impetui,  R  Ibe  corretpouding  hoiisooUi  ranges 
and  a  the  aine  of  double  the  angle  of  elevation^  As  above  3  thai 

9aM  s  R,  whence  a  =  ^rv;  alao  Sam  s r,  and  A  sr  -*■  a 

11 
^  that  bt  mtMtiriR;  butif  Kbe  the  velocity  com- 

aponding  to  the  impetua  M,  then  m  being  =:  r^  ^  ^  ^  12 
(397)  we  have  v*iF*t:r:R. 

339*  If  boih  elcvationsi  and  alao  the  velocitiet,  are  difleitof| 
the  rangea  are  in  the  compound  ratio  of  ihe  squares  of  the  Telo* 
cities  and  the  sbea  of  double  the  angles  of  elevation.  Thusy 
let  A  denote  the  sine  of  double  any  angle  of  elevatioOf  Af,  Ft 
and  R  the  corresponding  impetus,  velocity,  and  range  |  ihca 

•ince  «.#Af=«,  «nd««/«  =  r.  we  hate  ^  =  f ,  that  i,, 
AM  I  am  ::  R:r;  but  Af  =  *-^,  and  m  =  rit    whence   hj 


4d' 

aubstitution  AF*  x  av^  ::  R  :  n 


4ir 


333.  To  determine  the  height^  AT  for  example,  we  bare 
BF=:iai  (330),  whence 

rod.  I  sm  :i  $  :  ^m  :=:  OF  =:  AT  r:  A  the  height|  a  bci  g 
the  sine  of  the  elevation  OBF  to  rad*  I.  But  if  the  time  I 
be  given,  then  \dt^  :z  m\  and  the  height  k  zz  {diU^. 

334.  From  the  preceding  articlesj  we,  collect  the  following 
expressions^  namely 

«is:  T^f  rs4ciiii=:Mai,  hzzfmzi\dffi 


whence  v^^Amd^  »=  ^  =  -  =:  i^Sas:  j^, 
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Ami  by  ioVstilatioiii  a  faridy  of  Ibcoicoit  may  be  (pond  for 
the  diflereni  cam  oa  horisontal  planet* 

S33».  Hawing  ib0  t^fM'y*  or  impetus,  and  ihe  anftf^ft^l^ 
retttQUf  i9jlud  ike  tanp  on  €  plant  inclined  tafhe  hnriten^ 

Let  BH  rtpretnit  the 
borixntital  line;  BR 
(perpendicular  to  BH) 
the  impetus;  BC  the 
oblique  plane ;  and  BN 
the  direction  of  the  pro* 
iectilet 


On  the  impeliif  BR 
describe  the  segment  of 
a  circle  to  contain  an 
angle  BFR  equal  to  the 
Supplement  of  RBC| 
take  BN  =r  4BF,  and 
draw  NC  perpendicular 
toBHi  then  BC  is  the 
range  on  the  plane  BC» 


Join  RF)  and  draw  FO  parallel  to  NC.  Then  since  the  angles 
BFR,  BOF  are  equal,  and  the  angle  RBF  equal  to  BFO»  the 
angles  FBO9  FRB  are  therefore  equali  and  consequently  the 
triangles  BFR»  BOF  are  similar  1  whence  BR  t  BF  (iBN) 
IS  BN  :  NC,  and  we  have  BR  x  4NC  =:  BN'  as  in  Art.  098; 
therefore  BN  being  a  tangent  to  the  parabola  at  B,  the  curve 
will  pass  through  the  point  C.  And  by  sim;  triang*  BC  z  4BO* 

Cerol.  !•  If  the  impetus  BR  and  range  BC  are  given,  the 
direction  of  the  prf^ectile  is  feimd  thus :  Let  the  circle  be  de.-« 
scribed  as  above }  take  BO  =:  iBC»  and  draw  O^ perpendicular 
to  BH,  then  .through  F|/|  draw  BN,  Bp,  and  eTtber  of  t|ioie 
Arectiooa  la  that  itquired^  la  in  borisonui  ranges. 


▼OIn  ii# 


V  V 


•30  tftOjtCTItS  MOTION. 

• 

<Wol.  t.  But  if  Ofloiick  the  ctrcfej  iIm  points  P^/  iril 
eotncicley  aiid  the  directioa  binectt  Uit  ai^  RBC  betwcm  tht 
pitnQ  and  impctut.  And  bccauie  in  that  caic,  BO  b  a  auuu 
imunii  therefore  when  the  direction  of  the  projectile  b  equally 
dbtant  from  the  vertical  BR  and  pbne  BC,  the  range  BC  wifl 
be  the  greateit  poiiible^  u  in  horisontal  rang^ 

330.  Let  £  =:  the  sine  of  FRB  or  FBO  the  angle  of  elevatbo 

above  the  plane. 
C=:  the  sine  of  BFR  or  BOF  the  cpsine  of  the 

pUne's  inclination  to  the  horizon, 
c  z:  the  sine  of  RBF  or  BFO  the  e^ine  of  the  deva. 

tion  above  the  horiaon. 
in  =:  the  impetus, 
r  =  the  range. 
I  =:  time  of  flight. 
V  zz  the  velociiy* 
h  =  AT  the  greatest  vertical  height  above  the  pboai 

ThcnC5BR::S:  •^-JJ^  =:BF, 

y*    iii,/«S>cBRx  ScxBR      -.^       .4ScxBR 

C I  BF  ( — ^^i — )  ::  c  ;  — ^p—  ss  BO,  and  — ^ — 

Ihe  range  BC,  or  -^^p"  =  »*• 

-  837.  Let  APt  parallel  to  CN,  bisect  BC ;  then  since  TA  b 
parallel  to  the  aiis  of  the  parabola  (which  b  perpendicular  lo 
BH)»  BC  is  a  double  ordinate  to  the  dumeter  TA»  therefbie 
(«98)  AP  is  bisected  in  T«  and  FT  (parallel  lo  OA)  a  tangent 
to  the  curve  at  T,  and  consequently  the  triangles  BFO.  FPT 
are  similar  and  equal ; 

hence,  sin.  BOF :  1^^  (BF)  ::  sim.  FBO  :  FO; 

\^  ThatbC:^  :i  S:^  =  FO  =  AT  =  A  the  greatest 

yeriical  height. 
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338.  The  lime  of  describing  the  curve  BTC  is  equal  to  the 
time  thai  a  body  would  be  fiilltng  freely  through  NC  or  4FO  or 

--^9  (319  eorol.  3) ;  but  if  P  be  any  space  descended,  then  ^ 

P 

(317  achol.)  ^  -«-  b  the  time)  therefore^  putting  dzzl6^ 

fi§if  the  time  of  flight  will  be  V-t^*  ^  c*  ^  J  7  '  teconds* 

N.  B.  If  S  be  Uken  for  the  it9i#  of  /BO  the  highest  ele?a* 
tioof  the  computations  jtht  to  the  upper  parabolas  i  theaa 
boweterj  are  omitted  in  both  figurest 


339.  The  expressions  *~-  =  r,  and  -j;  y^  ^  ^  ' 
«"•"*  =  45c  =  IS?"  =  ^'^J' *"•  ^"^  43  » 

y,        ,AScm       9$    ,m      '     C'r 

And  by  substitution  we  get  the  following  theorems  for  tho 
range,  ekratiun,  time,  and  Telocity^  on  oblique  planes  t 

_  Scv^  _  4 Son  _  dcl^  ^  erv^ 
^-  ac^  =    C*     ^    5    ~  iiSm" 

^     dtC      a    ,d 

p  9    ^  m 


95 


dr       diC      4dlcm 


d  '^  dC^  4d$m 
•r=:9|/An  =  Cv/V: 


dc' 


Sc 


TCT- 


340«  The  preceding  deductions  from  the  properties  of  the 
parabola  however^  art  of  little  use  in  the  practice  of  Artillery, 
on  account  of  the  rery  great  resisUnce  of  the  airi  which  in  swift 
motions,  is  sometimes  more  than  fiO  times  the  weight  of  the 
prcjepled  body.  And  in  consequence,  the  horitontal  ranges  are 
Xfdta  lets  than  ^  of  what  they  would  be  were  the  pngccttoos 

no  9 


I 


I  . 


1600^ 


made  la  vacuo.    For  ciainpley  if  i  ctnnoii  dM  ^  AiclttffBi 

vdooity  of  iBOO/al  par  ieedod  at  iA^dcfatioo, 

then  ^'"^^  =  39703  /ir#l  the  impetiii,  And  f  X  3970S 

=:  795H0/eei^  or  upwards  of  IS  inika  would  bo  Ike  borisontal 
range  according  to  the  parabolic  theory }  whereu  in  actual  prac 
lice,  it  is  found  to  be  less  than  3  niilea.  And  the  turve  described 
is  not  at  all  ftimilar  to  a  parabola }  its  vertex  or  highest  point,  instead 
of  being  vertical  to  the  middle  of  the  itage.  is  nearer  the  iartber 
cxtrenuiy,  where  the  curve  meets  the  horisoO  in  a  greater  aiigle 
than  that  in  which  the  body  was  project* 
ed.  Sec  the  adjacent  6gure,  where  BC 


represents  the  horixontal  line,  and  B  V  C  ^**'*  > 

the  track  described  in  the  flight  from  B        ^ 

loC. 

Many  attempts  have  been  made  to  investigate  the  nature  of 
this  curve,  but  from  hypothetical  data }  and  hence  no  theoiy 
has  yet  been  found  to  agree  with  practice ;  but  this  will  nol  be 
considered  as  extraordinaryi  since  it  is  known  by  experiment 
that  the  same  weight  of  shot,  length  of  barrel,  and  Quantity  of 
powder  frequently  give  diflfcrent  ranges. 

Another  great  irregularity  in  the  firing  of  shot  fs  the  deflcc* 
tion  of  the  ball  to  the  right  or  left  of  the  mark.  A  deviation  of 
this  kind  is  likely  to  take  place  when  there  is  considerable 
windngc ;  for  if  the  ball  in  itk  pa<>$age  along  tlie  bore  ahouU 
touch  one  side|  it  will  be  reflected  to  the  pthert  ^d  agaio 
rebound  to  the  opposite  side,  and  so  on,  and  thus  acquire  a 
kind  of  xig«xag  motion;  in  which  case  the  bail  must  quit  the 
piece  in  a  direction  inclined  to  the  axis  of  the  bore.  And  the 
friction  on  that  side  of  the  mouth  of  the  cannon  touched  by  the 
shot  when  it  quits  it«  will  give  the  ball  a  whiriing  motion ;  the 
aide  of  the  ball  therefore  which  moves  foremost  will  be  un- 
equally re^&ted  by  tlie  air  in  consequence  of  this  rotatory  motion; 
which  is  another  cause  of  deflection  to  the  right  or  kftj  except 
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(be  utf  of  roUtioa  be  at  right  angles  la  the  Terttcal  phne  in 
which  the  projection  is  made.  Bullets  discliarged  from  a  rifled 
barrd  have  the  aiis  of  rotation  in  the  direction  of  the  piece* 
«ikI  consequently  that  side  of  the  bullet  which  moves  foremost 
is  equally  resisted  by  the  air  in  all  its  par^. 

341.  But  the  parabolic  theory  may  sometimes  be  useful  ia 
slow  motions  if  we  employ  data  derived  from  good  experiments, 
and  proceed  by  comparison  in  circumstances  not  very  dissimilar. 
Dr.  Huttrm  found  by  experiments  made  at  Woolwich  that 
<«  shot  which  are  of  different  weights  and  impelled  by  the  flring 
of  diflTcrent  quantities  of  powder  acquire  velocities  which  are 
directly  as  the  sqiure  roots  of  the  quantities  of  powder^  and 
inrersely  u  the  square  roots  of  the  weights  of  the  sbot^  nearly  ;'* 

That  is.  if  ^  =:  the  Uu  of  powder, 

w  zz  the  weight  of  the  shot  in  tbsm 
9  =  its  initial  velocity  x 

then  if  P,  fF,  and  V  denote  any  other  weight  of  powder,  shot« 
ind  velocity,  we  have 


)!1 


V  :: 


^I-  .  r  or  ^  • 


»•  :: 


mm 

jT^i  F*,  which,  when 


the  balls  are  equal*  or  tV=z  tc,  becomes  p  :v*  ::P:  F*,  that 
ii»  the  squares  of  the  velocities  are  u  the  quantities  of  powder. 
Dearly.  Which  conclusion  sgrees  with  the  experiments  of  Mr. 
Robins.  Very  small  charges  however,  and  such  as  exceed 
(hose  that  give  the  greatest  velocity,  are  excepted. 

349.  Here  follow  some  Examples  in  numbers. 

1.  If  a  ball  of  lib*  acqtiire  a  velocity  of  idoofeei  per  second 
vhen  6red  with  8  ounces  of  powder,  what  will  be  the  velocity 
of  a  13  inch  shell  weighing  106/^.  when  fired  with  Qli,  of 
pomdcr  ? 


Here/ 
and  ^: 


i. 


P^ 
Mt  the  9oheii]f  ic«|oifed| 


•tty, 


W04000      -, 


196 1 
the  squaie  root  ss  485 


: 


9.  If  tbt  horisontd  rang^  of  t  tbell  be  a  mk  wbw  dU, 
cbuged  at  45^  devtiioot  how  far  will  it  nnge  when  the  rk?^ 
tion  b  S9^«  '90^9  the  charge  of  powder  being  the  aamc  ? 

*  Here  cssi/m.  of  twice  46^  ris  1760  jardi,  Jsnim.  id  twice  ftT^; 
and  —  s  Ibe  nagr«  (ait.  030) ; 

9  S3  1760 ^  /^f.  3.845S  / 

Jsztin.  €4^4(f k'g.  9.r56l  ^ 

Therwn^ ss  1591  \ards        log.  3.g0l6 

Jtemark.  Here  it  is  supposed  that  the  grcalea  range  is  at  45*  cletalioi^ 
but  this  will  out  be  th«  case,  except  iu  ve^y  slow  uioliout  with  great  %6f)tL 
of  shell  or  ball«  (or  small  ^bcK  discharged  with  consiilcraible  velocities  w 
found  to  range  tlie  farthest  wlien  projected  at  about  30*  ekvatioo. 

3*  The  horizontal  range  being  176O  yarda  at  45^  elevation 
then  what  must  be  the  elevation  with  the  aanie  charge  rf 
powder  to  itrike^an  object  at  the  diitancg  of  159 1  yards? 

In  this  exaropk*  rs  I7C0«  if  ss  1591,  mzzsim  of  twice  45^%  or  the^ 

of  90*;  and  since  ^~  =ii?  (in  the  preceding  examp.)  wo  havcils^ 

the  MMff  of  double  the  re(|uire  J  elevation  t 

M  zssin.  'Jif /!r>^.  10.0000 

j?s3  1591 /Of.  a.'-'OIT 

r  =  1760 6.7545  ar.  conifi. 

$iH.  W^A(f  or  1  li*  t^O*.^ luff.    9 .  956a 

mm!  the  halves  of  a\*  40*  and  1 15'  ^  are  3':*  UQ*  apd  57'  40*  the  tftfiK^ 
§U9aiwtu.  (329  coroU  I) 

4,  With  what  impetut,  velocity^  and  charge  of  powder  wA 
a  IS  inch  shell  be  fired  at  an  ete^^ation  of  39^.19'  to  atrikt  la 
object  at  the  horisontal  distance  of  3950  feet  ? 

If  r=:3J30,  asssi'm.  of  twice  32*  IS*,  mstbe  iiupetits,  vsthe  vdr 
city,  and  </=  l6y»,/r-/J 

Then  (J3I)  m  =  ;-,  and  wTs^imd. 

r  =  Ji50 ^.3.5119 

n  sxiii.  64^24' loff.  0.0149  af,  comp. 

'J tM.M.        9.6!^0  ar.  comp, 

lm[>elus  IS03  hff.  3 .  '>358 


FROJCCTILB  MOTtOlft 

impetin i§g,  3.^558 

tf s  16,^ tog.  I.30a 


tM 
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9)  5 .  Oti43 
l0f .  2.5321 


Tlie  charge  h  dH«-nii1ncd  by  comparlnn  the  Telocity  311  nith  thillif 
the  thell  when  fired  with  ■  difremit  quantity  of  powders  thni  la  examp.  !• 
Ibe  Telocity  with  9ib.  h  485  fed. 

Hence  485«  :  34 1*  it  Oik.  t  4.44^  nearly,  the cibir|:» leqidred; 

5.  The  horisontnl  range  of  a  ahell  at  99*  of  eWatkm  beti^ 
1400  yards,  then  how  far  win  it  range  at  an  dcratioQ  of  99|* 
with  the  aame  charge  of  powder  f 

Here  esifn.  of  twlcen^,  rcBl400»  and  ^  safw  of  twice  99;*:  and 
—  s  the  rangCt  (art  330); 

r  as  I400..« -  lor*  3  •  1461 

A^sin.  59> Ing.  9.P33I 

a  ss  uHm  44  ••••••  M« ••••••         0.li8?  ar*  coinp* 

Jtaftg€    a  1728  yawb  kg.  3 .  M74 

6.  If  the  horizontal  range  of  a  shell  be  1300  yanls  with  Jib. 
nf  powder,  what  charge  will  throw  it  1000  yards,  the  elevation 
being  45*  in  both  cases  f 

The  squares  of  the  vetodtScs  being  nearly  at  the  quantities  of  powder^ 
vc  h4?e  (art.  331), 

1300  t  Tift,  t:  1000  t  5^]/5.  the  misvtr. 

7.  If  the  range  of  a  shell  when  fired  with  5U.  of  powder  at 
an  ekration  of  93®  be  1600  yarda  on  an  horiaontal  plane^  then 

how  far  will  it  range  at  an  elevation  of  M*  when  the  charge  b 

Sinoe  the  velocHies  are  iiearf  y  as  the  square  roote  of  the  qiiantitlsl  *of 
povdeTt  the  squares  of  the  velocities  may  lie  represented  by  5  and  4t 

Lk  r a  1600,  mmtim  of  twice  95%  w^mht  ArnHmf  of  tfice  50^,  r« 
s  4,  and  iiss  tbe  required  range  I 


! 

« 


i 

•I 

a 

/ 


.Mi  ri^OJECtSIiS  lf9TiQII# 

J  mtim.  100» ^^..^  kf  9  •  99J) 

r*aB4.- ^— ^....IfV.  0.6091 

«  a^^ik  MP.^..««— .^  •• 0.1157  ar. 

«*ss  5 —••••-.— .^.—^...o...    0*3010  ar>  coBip. 
JToiv*  s  1^5  yirdi      kg.  3.gl6^ 

••  If  the  horitonul  range  of  a  shell  at  M*  dofatioa  be  IM 
yanby  what  U  the  time  of  flight  ? 


Let  Mssthe  impetiit,  m^sin.  68*  (twice  the  def.)b  rs3900>tf  ii 
laofC!,  ifsl6/y>^»  aodlstlietiiiie'ofAigbtt 

Tben  (331)  m»£»  and  Is |^^;  and  Mibititirtioy  ^fcCMbvepi 

tfsftn.  CS^......^..*.... 0.0320  ar.  €aai|k 

ifss  l6|Xy .•••.•  .M.MVM a .7935  ar«  cpfn|ii 

9)    9.3419 
7iaw  nearly  s  U.9  tecondt  |g^.  1 .  1724 

Wbea  the  elcYatioof  U  45^  then  a sim.  twice  45^  s  |«  aad  the  cif» 
lioa  %^^  becomet  v^^  and  if  if  be  taken  ss  10  (neglecting  tha  fadni 
A)  we  tb^ll  have  J  y'r  lor  (he  iinm  ^JUgkU  eearlj«  in  that 


0.  What  will  be  the  range  of  a  ahot  on  n  plane  which 
10^  fiO't  and  on  another  which  deacencis  10*  90%  the  inpelcs 
bang  9300  feet^  and  the  elcvatioa  of  the  piece  M^  abote  ik 
horizon? 


34«  +  l(y>  20'a44*  90'   J  «*«'^»*^"  »^»«  ^  P«*«^ 

U  .f  8S1//I.  93«4Qr»  CaoM.  10^  9C/,  f  ssaof.  34%  ni89300»  and  rs 

tl»e  range  < 

Then:(339)  ^«rt 


4  .........^  kg.  0.«)si  C  .•^^...  10(1  t;999l 

$.••••••..•.  Icy.  9.6036  !g 

if log.  S>.9I86  C*... kg.  9.9S5S 

.    iw /<y.9;3979  '"  ♦ 

Icy.  3.5364.... 3439  IM, n^ftOB tt^ 0tcei9MHg phat. 

And  wheii  ^asj/«.  44^  9&,  Uie  tame  ckptcnioii  ||m  tmSMI  CBt^tht 
hpyt  oa  Uie  dbooiA'ny  plane. 

10«  What  Quantity  of  fkiwder  will  throw  t  IS  inch  ahdl 
3499  Icct  on  t  plane  which  tacendb  icP  M^t  the  inoftiv  hdn| 
dcftted  S4*  above  the  horison  ? 

Here #'flBi439,  isk  16^;  aad  ^ssi^ii.  S3»40^,  Ca6fl»  iriof^  $mmH 
34*  ai  in  tbe  last  example  t 

And  (333)  C^^99  the  feiodtji  er  ^«#»t 

W    :••  —  •••••*%   *V*    1  iSvO^ 

€<.«...... Ity.  9.9«5t 

9  M«*«.*M«.  i.«...    0*3964  a?*  eompi. 
•  •M.w .....••..•••    0»0il4  ar.  cooifii 

9)    3.9064 

rftel«rs40l  feet,  kg:  9^6039 

jMiif  ai  in  esaoip.  4. 

4t5«  I  401^  :t  Mft.  i  6.15ft.  iieari j»  the  ttq^re^ ciiar|e. 

•        .      '*■ 

li.  In  what  tine  will  a  ahell  ftrike  a  plane  whidi  tebtnde 
Tf  the  impetoa  being  9000  feet^  and  tha  moriar  eletaied  «i^ 
above  die  borixon  ? 

fM  SwsHm.  45* 4- 7^  Cmtu.  f,  viasSOOO,  {TaBlSJ^/Ml 


Tbca  (339)  ^V  ;«'  the tfme. 


I 


I  ....M 


»«M««.  Cy*  3.3010 
d  h^Mm$u.M  ley*  t.9064 

9)    9.0946      4 

1.0473 

9  •«M*«M««.iM  Iqf.  0^3010 
J|iafifi.39«    liy.9.S965 

C  ........•.••;.*.....mJo«oo33  ar. 

|Jlt*9  «pMi.<« 


•  •» 


•      • 
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t 
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It.  Tht  imm  of  flight  of  •  glidl  wm  ohicnM  ia  bt  14.4 
Mooufdt  <»•  plaiw  which  MOfndi  e|*;  whatww  the  dcniiw 
•f  tfw aMilir,,  th«  Inpetut  bdng  SSOi  6et? 

AmUSiS)^  ^ imS,  Pt^^  ^'^aS,  tht  iiM  «#  Ite  dralfat 

«  M  21  Pi 

•boft  Ihe  pUuMb 

#  .............  icg.  1.1584 

J^ 

tM  >•!»—»— •     6.6375  Mli  corny* 

2)    0,1607 
O.0H03 

JBlMf£M iboft  pbae 36* 90f  Ity.  ite     ».7745 

8.90  ■ 

Jliiii  abofc  Imiaoa    45    0 

IS.  What  mutt  be  the  devtUoo  of  a  mortar  to  throw  a  ahdl 
074S  ftci  on  a  pUoe  which  dosccnib  g^  l$%  the  ioipctua  beiai 
8000  feet? 

Ld  «  a9000»  r aB6745»  Casov.  8«  15'  or  fin.  8l<'  45',  TsMy.  8*  U'. 

Then  M  t  C  t:  ^rC^mT  i  cof/iieor  an  snglc«  half  of  vhicb  added  lo^ 
and  wbCndcd  fiom  half  Umt  aoppleiiieiit  of  81*45',  girt  two  diicdte 
tliat  will  aatvcr  the  quettloa. 


{r  a  9972(... ......  iog.  9.5?80 

P  ...^^.. icg.  9.9955 

r ............ 

9.4ni 

9.1619 

4rC  S8       9937 
mFs         495 

kfg.  9.5295 

lNrss495, 

*». 

2.6984 

dUL   291)2 

. 

m  ^  6.5239 

ar.  eoov* 

• 

C   ......^^  Ic^.  9.9955 

C902  •.^.....  Ay.  9.4621 

« 

COf<ii#  I6»4(r  .^ iDjr.  9.9811 

1 

• 

half  1 

129                       

^ 

.  49    a  half  ihe  miiplramit y  $!•  45' 

miB  57  41    % 

diiT.  40  45  J-  ^  twoieqolied  ikmUcm 
49*  9ir.  jad92*  9€r  abore  the  horiaoa. 


aboft  the  flaM^  « 


PKOJEOTlLt  HOTIOir.  Mf 

For  tht  cocnlrvdioa  of  (hit  aw,  m*  erf.  33S,  gWoL  I.    Bit  the  pi»- 

portion  ii  iDteiligil«d  m  IbUom 

Drt*  FD  paraOd  tft  LB  or  perpeMllcalaT  to  BK  (weAej^.ttLUi)! 
Ihta  lince  BOKiRCs}r,  andCeW*.  angle BOL  or  BFR,  thocfait 
BLerFOssirC.  Hcwx  In  the  HfuRle  BTR  we  have  0*ca  BR  (the  iM> 
peUB)t  the  opponte  angle  BFfii  and  the  pcrpendicnlar  FOt  te  A 
ibe  aogla  FRB,  FBR. 

Let  the  wfOMiit  K/ri  contain  the  ^itn  angle  BFR,    iLfT 
■nd  fuppote  G  the  ecnlcTi  and  draw  F/  parallel  to  BR, 
and  Wl  parallel  to  DF  i  then  tlnre  the  angle  WBG  li 
the  dfflcTciice  brtween  the  ai«le  DFR  and  a  right  Doe,  H 
to  oqoal  to  the  inclioation  oT  the  plane  and  boriton,  and 
C  It  the  liM  of  Ibe  angle  BCM',  and  T  the  lungtnt  of    ^j^ 
MQGi  iheierore  {m  being  sWB.  we  hare  jmrsaG.W  t 
kotOFsWI,  canac^acotlrGle^irC— (mr;  and  bj  trignanMliy* 
WBidM.  WGBxBOifMAk*, 
CI   I  tin.  Cn   II  CF  I  rotfM,  but  BGasGP,  theidbn 
bf  cpialHy  Wn  ■  Mm.  UGO  n  CI  >  tiM.  CH, 
tbatli^   tC      '  ■       II  {r€-^{mTt 

or  «    iC  n  {rC—airiairfMlGF.wbkliaiiglebe-  ' 

lag  at  the  centtf,  b  ss/BF  the  diScicnn  of  tbe  required  aaghff  FIA  fBK 
vbote  Mm  b  tbt  Hipplemeot  of  BFR. 

VTbeii  Ibe  plane  It  aaomdlnt  the  ccnicr  C  «UI  bU  on  Ibe  other  Me  •( 
BR,  and  GI  Ibe  tbM  tcttn  of  the  ptDpectia«  wUi  be  IfC+^mr. 

We  have  made  we  of  Ic^aritbiMbCGsaM  Ibe  cotupotatloM  an  m»A 
tborlcr  than  bj  natural  dnei. 


Or  THE  FORCE  and  DESCENT  or  BODIES  on 
mcUNEO  PLANES.  — Morion  Of  Pemdulvm». 

343.  Lit  CO  tt  ptrptndiadar  to  tht  Aon'xM  HO,  and  CH 
CM  €Uiqu0  fUn*  t  <md  sufpMt  tkt  hdji  B  it  luHaimai  on  th» 
pUiu  if  At  $lri^  BC  {poflUl  te  CH)  foMtmtd  at  C  i  ihtn 
/BD  h»  ftrtiiieu^  l#  CH*  «W  tritaftn  OD,  COU^ 


MOVIOS  OM 


tk§  tension  of  ihe  Oritig  CB  or  ik§/m$    - 
^ihe  My  in  lA#  Jirociion  CB^  . 

tko  preawn  ngaimi  ik§  pUno  HC,  : 
mto  tospociiveif  a$  CD^  CB|  BD  {  nr  CH|     ^ 
CO,  HO  iko  iidu  cfiho  itianiU  fJOHt 


Let  BA  be  ptnllel  and  equal  to  OQl  Mma  tW  force  ^ 
gravity  or  ibe  whub)  weight  of  tbe  body  ac|a  in  tbe  direction  A^ 
or  CD,  the  tu^taioing  power  in  the  direction  tlB  or  BC,  an^ 
Ihe  opposing  force  of  tbe  pUne  in  the  direction  DB ;  and  nnca 
these  three  forces  keep  the  body  in  equtUbrioi  |hey  afp  |is  the 
aides  of  the  triangle  CBD  {%%o)  or  COIf  • 

Or  because  the  sides  of  the  triangle  COH  are  at  the  aines  of 
the  oppoiite  angles,  the  weight,  the  power  in  the  direction  BC,. 
and  the  pressure  on  the  plane,  are  as  the  r^dius^  sine^  an^  co* 
aioe  of  the  plane's  elevation  abovf  the  horiion^ 

Suppose  HC s5,  CO  s  4/  HO s3|  aad  the  weight  Bae  JSilft.  then  tbs 
Sttftaining  force  or  power  \jfk  the  direttioo  9C  s  \2lku  fuid  the  pivimis 
agsinit  ibc  plane  ss  iftb* 


Corel.  1.  •  Hence  if  the  weight  B  =  15/^.  be  eonneded 
another  weight  W  zz  istlh.  by  a  flexible  line  BCW  (consideicd 
as  having  no  weight)  that  moves  freely  over  a  pn  or  pulley  at 
C,  the  weight  W  acting  in  a  perpendicular  direciifin,  will  juA 
prevent  the  other  from  descending  along  the  pbne^  or  tbe  ta a 
weights  will  be  in  equilibrio* 

CoroU  9*  Hence  also,  if  the  two  planet 
HC^  OC  are  of  an  equal  height  above  the 
horizon  HOy  and  the  weighu  B  and  W^ 
connected  by  the  line  BCW  moveable 
over  the  pulley  C,  are  in  the  same  pro» 
portion  as  the  lengths  HC  and  OCj  the 
weights  will  mutually  suftain  each  other  on  the  ptaneiw 


-I 

I 


INOtimD  »LAIIBI« 


t4t 


Ui  nCs5,  OCtst,  tliewvigfitBsiyi.  Aca  B  i  If  iiTiftath* 
vcifbf  W.  Aad  If  the  height  CRs4»  thru  BRsa3.  and  01tcs|^3S» 
aod  the  pitmc  of  B  afalntC  the  plane  lICaB9ttt  ^  thtt  of  W  agiloi^ 
the  plane  OC as y  |/J3 as  n.23lb.  nearly. 

CoroL  3.  If  a  ditle  be  detcribed 
through  By  C^  and  W,  the  polley^  bt 
ftead  of  being  at  €»  may  be  at  any 
point  R  in  the  arc  BCW,  and  the 
weights  B  and  W  will  remain  in  eqntli« 
hrio  when  the  connecting  line  if  broughl 
into  the  potition  BRW  «nd  iU  length  =  BR  4-  RW. 

For  the  aostuning  (brcea  in  the  dinKCtiont  CB^  CW  being 
equal,  and  the  angle  CBR  equal  to  CWR,  it  fbllowi  from  th« 
itsolution  of  ferceft  thit  the  treightt  are  equally  fuitained  hi 
the  directiont  BR  and  WR. 

The  angle  CBR  or  CWR  is  called  the  angle  of  iracfin. 
And  because  BR  it  below  the  plane  BC,  the  pressure  of  B 
agtinst  that  plane  is  augnientedj  and  th#t  of  W  against  CO 
diminished. 

344.  Svppotc  ih$  body  or  weight  B  U  sustained  on  the  phn9 
HC  ^  a  stri^  E?  fastened  at  P|  then  if  BDJe  perpendi^ 
cuhr  to  BPt  the  weight  B,  sustaining  Jarce^  and  the  pressnr0 
pn  the  plane^  will  le  respectively  ae  HD^  Bp,  and  HB. 

Let  BA  be  perpendicular  to  the 
horizon  HO,  and  AS  to  the  plane 
HC ;  then  (380)  the  three  fortea 
acting  on  B,  namely,  that  of  grarity 
in  the  direction  AB,  the  sustaining 
force  in  the  direction  BP,  and  the 
oppposing  force  of  the  plane  in  the 
direction  SA,  wiU  be  u  the  sidea  . 
of  the  triangle  BAS,  But  because  AB  and  AS  aie  perpcn. 
dicoltr  loHOiBi  HC.  aod  AB  and  BS 16  HO  and  An.  ■». 


M« 


MOTION  ON 


■pcetivdjr,  thi angle BAS s BHD.  mdA 
^ueotly  the  triinglei  HBD,  ASB  an  nmili 
proportiMu)  |  that  ii,  the  force*  tie  ai  the  I 
dnwn  pcrpeodicular  to  the  ditcctioai  td  Un 

SupygM  HDbS,  BB=z4.  BDsS;  udtb> 

T1«i  5  I  30  ii  4  I  IGO.  Ibe  pRMuraoBllwpb 

4  I  90  It  at    Stt.  tlwiuitsiDli^lbKeiB 

Conl.  1.  The  Miitaioiiig  power  (BF) 
panlld  to  the  plane  fiC ;  but  gitatest  in  d 
in  that  can:  it  is  ciduI  to  tbe  weight  B* 

Conl,  t'  But  whrn  the  niuuning  pow 
to  ibehorixoOf  the  weight  oFthe  bocly  B,  ( 
•ltd  thr  prcanrf  oD  thp  pUae,  are  mpecti' 
perpendicular  OC*  and  lenglh  of  thf  plant 

For  the  lidea  of  the  triangle  BCR  or  H( 
to  the  directions  of  the  three  forces  in  equil 

t<t  H0a4,  UC»5.  OCs3,  UHlUwtn 

Then  4  I  30  :•  3  I  15a.  Ihenuluoiog  pbWT, 
4  I  30  II  S  r  SM,  the  force  ifiiiiut  Ike  f 

345.  t»t  tht  hdg  B  upou  OM  intlined  f 

lihh  wilh  another  W  hanging  fretly  /  1/ 

■   motienf  their  ptr'ptndicuUr  velaeilin  mi 

thtir  wtigkli,  or  Ike  wei^hU  nuttiptie 

velodtipt  an  eijual, 

Let  the  weight  B  be  made  to  descend 
A  small  distance  on  the  plane  from  B 
to  H.  Draw  OO,  BA  perpendicular 
to  PH,  and  GR,  BS  perpendicular  to 
the  horizon  HO  i  then  BS  will  be  the  m 
perpendicular  descent  of  B;  and  be- 
cause BH  is  supposed  to  be  a  very  jmall 
considered  aa  thediflerqiGc  of  thelengtha 


tNCLlNtS  rtANU. 


MS 


positions  of  tb«  eonnecting  i\nt)p  which  diflTeitnee  !•  the  perpm* 
dkaltr  ascent  of  the  weight  W.  And  since  the  triangles  GRO» 
HBO  ate  umiUir,  and  also  the  quadrilaterals  HABS,  HDCR, 
we  have 

GR  :  DH  ::  BS   :  AH 

OR  :  DH  ::  GO  :  HO  :;  weight  W  :  wiighi B (344) 
whence  by  equality 

BS  :  AH  ::  wiighi  W  :  tveighi  B,  thtt  is.  the  perpen- 
dicular Yclodties  into  the  weights  are  equal. 

CeroL  Hence  if  two  weights  are  in  equilibrio  on  two  in* 
dined  planes^s  tbdr  perpendicular  yelocities  will  be  reciprocally 
IS  the  muses  when  they  are  put  in  motion. 

346.  Jlfm  ejflimder  R  U  Gained  &n  ihe  inctlnei  plane  HC 
f;  a  ^tmer  ai  P  drawing  one  end  of  ihe  repe  CRP  parallel  l# 
Ae  plane^  ihe  ether  end  king  fixed  ai  C ;  ihis  pewer  is  to  ike 
reighi  nfihe  cylinder,  at  half  ihe  height  CO,  is  to  the  lengik 
^  the  plane  HC. 


For  (343)  CH  :  CO  ::  weight  of  cylinder 
:  susiainifig  power  in  ihe  direction  of  ihe 
plane  ;  but  the  sustaining  power  is  equally 
diirided  between  the  parts  of  the  rope  RC 
and  RP ;  therefore  CH  :  iCO  : :  weight  of 
oflinder  :  sustaining  power  ai  P« 


Scholium.  Hence  it  appears,  that  w^en  the  inclined  pkoe 
if  of  suflScient  length,  a  great  weight  may  be  raised  to  a  gifea 
height  by  a  smaU  (comparatiTe)  force. 

34T.  Lei  HO  he  an  horiteniai  Una,  H  an4  O  two  pirn  or 
pellies.  B  and  W  two  eqnal  weights  tonnecied  fy  a  swuUl 
fiesAhle  Una  BHPOW  that  moves  freely  ever  H  wd  O,  .mil 
tanethar  weiglU  ai  tha  middle  ^HPO}  tefind  the  length  ^ 
Iheperpandi^JetrKfwhm  the  time  weights  rest  Ut  efuilihia$ 


M4  Motiow  an 

Son  llu  Ibnt  of  P  MSUiBS  both  the 
•qiul  wcighu  B  and  W,  the  fbicc  exerted 
by  ^f  in  the  diiccliou  HP  oiuit  be 
equal  to  the  weight  B|  bcpcc,  by  the  in 
Rwlutioo  of  tonxt,  HP  :  RP  : :  force ' 
•r  iP  in  the  ducction  HP  i  iu  force  in  the  4iMctM»  RP.  «!«» 
fore  HP  and  PR  have  the  tame  ratio  u  the  wngbt  B  B^d  iP| 
vheooe  the  following  nMutmction  U  ofavioun* 

From  any  point  C  in  the  perpendicdar  RP  dnnr  CA  lo  dM 
tP  :  B  ::  CR  1  CA;  make  HP  pataUel  to  AC,  ind  P  ii  lb 
place  of  the  wnght.    - 

Since  AR  =  ^{AC*~RC*),  wc  have,  bf  abn.  triaogH 

•(AC'-RC) :  RC  ::  HR  (  =  4H0)  ;  ^^jS:^^U^ 

B  RP,  where  AC  and  RC  may  be  any  quantliiea  in  tbe  pt». 

portion  of  B  and  {Pj  therefore  auhitttuliiig  B  and  iP  far  AC 

andRC,  weget  p^^^fttpj  »t  4HO  =  RP. 
SuppcMC  ctchoftbe  equal  wrifbtisStt.  Pss6A.  and  HOaBlfi>* 

Coral.  If  (he  weight  P  be  equal  to,  or  greater  than  boA 
the  other  weighu  together,  it  will  conatantly  dceceod,  aud  eat* 
acquButly  tliere  can  be  no  equilibrium. 

348.  If  a  tody  daccnd  from  retf  aUng  lh§  itieliutd  pttm 
GH.  Ihe  tpatf  it  descriiatt  u  M  M«  ipae*  U  wouid  deterilt 
M  the  tamt  lime  when/attimg  perptttdicuiartyt  «  <A«  At^tl 
cjtkt  plane  OC,  to  iu  temglh  CH. 

The  force  with  which  the  body  endeavoun  to 
dcfcend  along  the  plane  CH^  ii  to  the  force  by 
which  it  it  urged  in  a  pcrpcuilicular  directiouj  a* 
OC  to  CH  (343) :  und  siocc  tlioM  forcci  an:  uoi- . 
fomily  accelerating,  the  vclocitici  acquired  will 
be  u  the  force*  bccauM  the  times  are  equal ' 


INCLINED  PLANES.  S4S 

(3l6)i  that  it  the  velocities  generated  in  the  same  time  are  tt 
OC  to  CH;  but  (316  coroh  l)  double  the  whole  spaces  de« 
wribed  are  as  the  velocities*  and  therefore  the  spaces  ait  also  u 
the  velocities,  or  u  OC  to  CH. 

Corol.  1.  Hence  if  CRsCO^  and  CBsCHt  the  trian- 
gles  COH,  CRBy  are  similar  and  eqnal,  and  therefore  a;body 
would  descend  from  C  to  R  in  the  same  time  that  it  would  fall 
from  C  to  B.  Let  OD  be  parallel  to  BR  or  perpendicular  to 
HC,  then  by  similar  triangles^  the  times  of  descent  through  CO 
and  CO  are  also  eqnal. 

Coref.  9.  And  if  CP  be  another  plane^ 
aod  OS  perpendicular  to  CP«  then  the 
time  of  descending  from  C  to  S  is  the 
inne  as  that  through  the  perpendicular 
CO;  consequently  the  times  along  CD, 
and  CS  are  equal :  but  the  lecus  of  the  right  angles  CDO» 
CSO,  &c.  is  a  semicircle  described  upon  CO  (Geom.  7fi)| 
therefore  the  times  of  descent  through  all  chords  (CD,  CS,  DOf 
&c.)  drawn  from  the  eKtremities  of  the  vertical  diameter  of  a 
circle  are  equal,  and  equal  to  the  time  of  the  perpendicular 
dr9cent  through  that  diameter. 

Corol.  3.  The  velocity  acquired  upon  an  Inclined  plane 
(CH)  i$  to  the  velocity  acquired  in  the  same  time  by  falling  per« 
pendicularly,  as  the  height  of  the  plane  (CO)  to  iu  length  (CH)  t 
Or  u  the  sine  of  the  plane's  elevation  to  the  radius. 

349*  The  time  ofiesceni  along  the  plane  CH,  it  to  the  ilme 
^falling  through  the  perpendicular  CO,  as  the  length  oj  the 
plane  CH,  te  its  height  CO.  (see  the  hi^Jg.) 

Let  r  =  the  time  of  descent  along  CH,  and  I  r:  the  time  !o 
descending  from  C  to  D  or  from  C  to  0«  Then  since  tb^  body 
k  nrgej^i^thi  plana  by  an  uifermly  leodtraling  bne,  urt 
bavi  (310001^1)        ^    :       '  ^  ' 

VQt.  11^  •    '  ir  t 


T*  I  I*    ti  CQ  :  CI 
Md  CHi  CO  M  CO  t  ^ 

r 
«h«K«  7"  1    I*    II  CH  1  -» 

V  T*  t   t*    il  CH*!  C 
Thalk  r    I  I      i:  CH  >  C 

I  CarW.  HcDoa  the  timet  of  dcK 
Ibe-Houbeightt  we  u  tlwir  kngUi 

S90.  ji  hoiy  acquirtt  tha  tawu  a 
M  inctintd  plant  CH,  ashyfalti 
CO  /ft«  AcijA/  ofth^flana. 

Let  OO  and  DL  be  perpendicul 
wid  COf  icipcctivdy.  Then  nncc 
metn  ptoportioiwl  beln-een  CO  an 
wUlbeCO  :  CLiiCD* :  CL*(G( 
w/CO: /CLiiCDiCU 

Now  CL  beuig  the  height  of  ill 
tOK4.S] 

vtlM.  At  D  :  vilac,  u  O  :;  C 
whence  vtlott  cl  D  =  - 

Alio  because  the  vclocitiei  icqu 

■quare  rood  of  the  beigbti  CO  and 

veUc,  at  O  :  veloc,  at  L  : :  y' 

tbererore  veUc.  at  L  s  — 

velocity  ictjuired  at  L  in  the  perpe 
the  velocity  acfiuircd  at  D  on  the 
acquired  vclocitie*  at  H  ajid  O  aie 

..  .  Ccrol.  1.  Heoce  the  velociliea  a 
from  the  Hme  height,  down  any  p) 
right  Uoe>  *n  equal  to  one  another, 


INCLIMICO  rtANKl* 


UJ 


l» 


kt 


hi 


Ccr9l»  9.  And  tbe  velociiies  tc<}uiitii  by  descendiii|(  down 
ifij  pl«neS|  are  u  the  square  roots  of  the  heights. 

951*  In  Eoienon's  Mechtnicsi  Prop,  31|  we  find  the  follow* 
wg  Scholium^  **  If  it  be '  required  to  find  the  position  of  the 
plane  AC|  whose  height  BC  is  given  i  so  that  the  given  wmht 
W  may  be  raised  through  the  knigth  of  the  plane  AC,  in  tne 
least  time  possible,  by  any  given  power  P^  acting  in  direction 

WC,    Make  AC  =  ^  X  BC,  and  you  have  your  desire.'* 

It  may  be  worth  while  to  show  how  this  construction  ia  de« 
fired* 


Let  the  power  P,  denoted  by  a  ineiglit, 
daoeiHl  perpendicularly  and  draw  the  weight 
W 10  the  direction  AC  by  meant  pf  a  string 
piniog  orer  a  pulley  at  €• 

Put  the  height  BCs^A,  ffsAC  the  re> 
quired  length,  and  /sthe  timet 

Then  (543)  AC  :  BC  t:  W  t  ^^rP^»  ^ 


h\y 


the  power  or  rda* 

lire  weight  which  urges  the  weight  W  down  the  plane  AC ;  and  tince  P  it 

the  power  or  force  in  the  direction  CP,  the  difleience  r--^,or  ^^^^ 

win  be  the  force  which  accelerates  the  bodies  in  motion.    Kowpl7,corDl.) 
the  tqtMre  of  the  time  being  at  the  space  divided  by  the  accelenChig  feroe^ 

vehave  l*ocjr-i.-i^ — ,  orl^oCp^^^^t  therefore  the  expresrfon 


fi^vm  istobethe  lealt  ponlble  or  a  nn'i/ifiinfi ;  consequently 


ttett  be  the  least  possible,  because  fai  that  case,  any  multiple  or  submub 
tiple  must  also  be  the  least 


Let  -jr-ssf ;  then  -^—  mustbeaaslnlmanL 

Snppose  j^  ^  API ;  then  jr^^nur— ny,  and  a*— fpurss-^nyt  ^ 
qudratica  ifuatioo,  which  completed  is  a*— fiiff^|ifi*s|M**»  »ig ) 

Whence  aslnidb^  (im^^mg)^  where  If  |m^  be  less  than  ny,  the 
npftwieii  i^dai*— ay)  hecemcs  Impossibbi  thcrefem  when  the  vahm 
^^\  >  mbihakMlposK*bls^|ai^aBnstbesBnV9aady(^«wa^ 

f  T  •  . 


Ml  II9TIOII  OR 

m»,  wimm^mf,  ud  ymmSg,  and  tintC 

'ticfii  tka  p<rile]rtttdp|«wd^'ii>o\-awUbMtfiii 


Cfarvt;  HcMaUappcuilUtUwmooMBtaDnor 
tlutartlw««i(hlW. 

95f .  jT  C  i«  s  /«jii/  jii  M*  tp«rJJn<  tin 
iireclUn  ^  ikt  pkau  CD  tdomg  wAi'dt « 
yrM  riitf  to  meat  a  ^ai«  tr  right  tint  AJ 
ia  II  glvtm  timt. 

Upon  CO  e<]iial  I*  the  perpendicuUr  du 
which  the  body  would  deaceiid  in  ibe  given 
'  let  ft  Kinicircle  be  deacribcd )  draw  CD  in 
to  the  ialcrMCtion*  D  and  Pi  tnd  either  of 
dircctioiu  is  that  nquiced*  M  U  manilcit  fni 
348  coTol.  <. 

The^diiUnce  CB  and  angle  ABC  ire  lu 
bence  if  the  perpendicular  RS  he  let  fall  fmi 
,  the  linea  BP,  BD,  and  angka  PCB, 
d  bjr  trigonometry. 

3AS.  If  the  circle  ihould  toucb.  inilead 
inlcTKcling  the  line  AB,  ibeii  CD  drawn 
the  point  of  conuct  D.  will  be  the  direcl 
^ght ;  and  the  time  of  descent  from  C  to  i 
is  the  least  poisiblr,  because  the  radius,  or 
diameter  of  tbe  circle  is  the  least  possible, 
coiutnict  this  case:  Upon  AB  let  fall  the  p 
pendiculir  CP>  bisect  the  angle  PCB  with  I 
parallel  to  PC ;  then  R  is  the  center,  and  B 
circle. 

For  the  angle  RDB  is  a  right  one,  ihd 
tangent  to  tbe  circle  j  ind  btcause  the  1 
'=  DCR,  the  triangle  DRC  is  isocelci,  cotu 
the  radius. 


AB, 

found 


INCLttfift  HAHU. 


Mt 


Ccfot.  1.  Hence  when  (he  Ihm  of  descent  It  the  kttt  postu 
btci  the  direction  of  the  plane  CD  with  the  Tertical  CB^  it 
cquil  to  half  the  ccvrnplement  of  the  angle  ABC  which  the  plate 
or  Hne  AB  makes  with  the  vertical. 

Carols  f  •  And  therefore  if  we  would  con« 
struct  the  roof  of  a  house  that  the  rain  may  run 
off  in  the  least  timci  make  the  angle  of  the  ridge 
DCS  a  right  one,  or  each  of  the  anglef  CDS, 
CSD  equal  to  43% 

dS4«  If  a  hoiji  descend  from  A  to  O  down  anjf  numter  ff 
contiguous  plana  AB^  BD,  DO9  ii  wilt  ncquire  ihe  $am€ 
veUcitjf  at  O  as  a  body  falling  perpendicularljf  the  same 
height  CO,  provided  the  vehciff  is  noi  altered  If  iha  difm 
ferenl  directions  at  B,  D,  &c. 

Draw  CS  parallel  to  the  horison 
H0»  and  produce  the  planes  DB,  OD, 
to  meet  CS.  Then  the  velocities  ac* 
quired  in  descending  down  the  planes 
ABt  RB|  will  be  equal,  because  their 
heights  are  equal  (350,  coroL  1 1,  and 
therefore  the  velocities  acquired  in  the  descent  frofn  R  to  D  atifng 
the  continued  plane  RD.  is  the  same  as  thst  acquired  in  de« 
scending  through  both  planes  AB  and  BD ;  in  like  manner,  the 
teloctties  generated  in  the  descent  along  SO,  and  down  the 
planes  RD  and  DO,  are  also  equal,  and  equal  to  that  acquired 
m  the  perpendicular  descent  from  C  toO  (350|  coroK  1)4 

• 

Corel.  I.  If  the  tiiiea  AB,  BD,  Dt),  feet,  ait  supposed  to  Ik 
ditbinished  indefinitely^  in  length,  we  may  coiuider  them  at 
ultimately  forming  a  curve  line  1  and  hence  it  is  infcred,  that  t 
body  accpdres  Ihe  same  vdocity  in  descending  along  any  canr^ 
is  in  its  descent  through  the  tame  perptedicidar  height. 


deht.  1/  iti&ee  It  also  ippHiri,  Ihil  \MitM  icquh«  thb 
tame  vilofity  In  ^ekebdiiig  IhnRigh  iofy  eiiHteiM  plaiM  df 


the  SUM  ftrpcndiculir  hci|^  And  Amfem  whoi  thdr  ?clo» 
dlict  an  equal  al  toy  parUmlar  hdglUt  Uiqr  wiU  be  cipial  ||  dl 
othor  equal  lieigliU. 

C&r^l.  3.  Tlie  vdociiiet  acquired  by  dcfcrnding  thiougb  aaj 
plioct  or  curvctt  are  at  Ibe  square  looU  of  ibe  peipeadkohr 
beigbts  (350,  corol.  9)« 

% 

Scholium.  la  tbe  pfeoediog  articles  it  k  auppoted  ibai 
planet  are  perfectly  smootb^  or  tbat  bodies  are  nol  in  tbe  lean 
retarded  by  frictiqn  in  oblique  descents.  And  since  ibose  nie» 
lions  are  uniformly  accelerated  by  tbe  constant  force  of  gravity, 
tbe  descent  on  inclined  planes  is  subjected  to  tbe  laws  alreadf 
laid  down  for  accelerated  motion  in  a  perpendicular  dircctioa 
(or/.  31(1,  317).  Tbus,  tbe  velocities  ae. 
quired  in  descending  from  rest  along  CH  aie 
as  the  times.  And  the  spaces  described  as 
the  squares  of  the  times,  or  the  squares  of 
the  acquired  velocities.  Also  if  the  body 
>ivere  projected  along  the  plane 'from  H  towards  C  wi|h  the  vds. 
city  it  acquired  in  the  descent  from  C  to  H,  tbe  velocities  and 
times  of  ascent  would  be  equal  to  those  of  del  cent  at  equal  ifist 
tmces  from  H. 

Consequently^  if  a  body  descend 
freely  along  the  curve  CH^  tbe  velo« 
city  or  force  acquired  at  tbe  lowest 
point  H,  would  be  sufficient  to  make 
it  ascend  up  the  curve  HP^  to  the 
Same  perpendicular  beightt  in  the  same  timet 

Hence  if  P  be  a  body  atucbed  to  one  end  of 
a  small  non^clutic  string  CP»  the  other  end  being 
filed  at  C^  and  the  body  left  to  descend  freely^  it 
will  describe  the  circular  arc  PHB ;  for  the  force 
acquired  at  the  lowest  point  H  would  make  it  asocnd  to  B  in  lbs 
bori^Eontal  line  PB;  and  its  motion  being  lost  at  thai  poiaii  it 


PENDULUIIU  951 

win  descend  back  again,  and  rise  to  the  same  horisontat  line  BP 
ro  the  same  time :  in  this  manner  it  would  continue  to  oscillate 
or  vibrate  through  the  same  arc  BP  by  the  force  of  gravity  only^ 
if  all  causes  of  resistance  were  removed.  But  experience  proves 
ihat  the  air,  and  the  frictioq,  &c.  at  the  center  of  motion  or 
suspension  C,  act  as  retarding  forces,  by  which  means  the  vibnu 
tions  are  successively  shortened  till  the  body  loses  all  motion  at 
the  lowest  point  H.  A  body  moving  in  this  manner  is  called  « 
PENDULUM.  And  in  theory,  when  all  the  matter  of  the  pen- 
dulum or  vibratmg  body  is  supposed  to  be  in  a  single  point  (P), 
and  the  sustaining  line  CP  without  gravity,  it  is  called  a  simple 
Pendulum.  Pendulums  that  regulate  the  going  of  clocks  coa# 
tinue  thdr  motion  by  the  force  of  a  weight,  or  spring,  fte^ 
called  the  maintaining  power. 

355.  If  iws  pendulums  Cp«  CP,  vibrate  in  similar  ures 
ph^  PH,  the  times  of  vibration  will  be  as  the  square  roots  ^ 
their  lengths^ 

Draw  pdf  PD,  perpendicular  to  the  vertical 
CH.   Then  (334,  corol.  3)  the  velocities  acquired 
at  the  lowest  points  A,  H,  in  describing  the  arcs 
pA,  PH,  are  as  the  square  roots  of  the  vertical 
licights  hdj  HD;  but  the  sectors  ACp,  HCP, 
are  similar,  therefore  the  radii  AC,  HC,  and  also 
the  arcs  pA,  PH,  have  respectively  the  same  ratio 
as  tlie  homologous  lines  hd,  HD ;  that  is,  the  velocities  ac« 
jquired  in  descending  from  rest,  are  constantly  u  the  square 
roots  of  pA,  PH,  the  spaces  described  i  and  therefore  the  times 
of  descriptioo  are  u  /pA  and  /PH,  or  u  /Cp  and  %/CP. 

Carol*  H^ce  if  T  and  I  denote  the  respective  times  In  which 
the  ^eiidiihmit CP»€p|  perform  a  vibratigiii  then  /CP :  /Cp 
::rtr,  or  CPippuP  :l%  lAence  Cpxr'sCPxiN 

AaiK  Ihi  Vsgthi  tie  m  the  fqiiaret  of  the  limes  ^f  i  vtbra* 

•  •  •      •  •  "* 


I 


r 


4 
{ 


1      I 

•■    1 
f 


t 


railDViVlfl* 


likkmikf M^^Ammlt  ^lUitltii|Ui  or.ifiApk  pc^cWm  w|ydk 
•viMttiom*  in  Aiccqadfiflifne  ia  the  Utilude of  LowUMit  itdf|fofa^ 

itqulrcdl 


Tlie  pf«oediii|cxpitiiioo  glvct. 


CP 


r^  •^     !•     ^*  ^9  « i» 


If^i  musket  Ml  1^  ii^peiidcd  by  a  very  fint  tkrrad  or  wkt,  aad  tht  di^ 
^aoe  from  the  point  of  futpemlpn  to  the  center  of  the  ball  it  50 
bow  many  tipiet  will  H  otciUate  IB  a  roiaine^ 


Here  l«»£^?^,  and  I «  •  £Cg^«y^  ,Kc«^ 

ime  vibration,  and  ^  ■  "?: — b59  nearly,  the  number  of  vibratiooicr 
oic'Ulalioo*  in  €0  seconds. 

350.  But  the  vibrations  io  circular  area  of  diflercnt  lengths 
•re  not  isochronal^  that  isj  they  are  not  performed  in  the  aame 
lime.  When  however^  the  arcs  tre  very  amall^  the  diflerenccs 
are  found  to  be  almost  insensible.  And  in  that  cast,  iAe  iim$ 
of  one  vxlratxon^  is  io  the  lime  in  which  a  body  would  descend 
perpendicularly  through  half  the  length  ef  the  pendulum^  at 
the  circumference  of  a  circlet  Io  its  diameter,  (Emerson's 
Mcchan.) 

LctCHorCP 

be  the  pendulum 

vibratipg  in  the 

arc  LHB^  C  the 

point  of  suspen* 

iion,   and    CH 

perpendicular  to 

the  horizon.  On 

AH  describe   a 

a  semicircle  about  tho  center  D^  «nd  let  PS  be  an.  imkfiiiftcif 

small  part  of- the  arc  LPH ;  ditw  PQ,  SR  paralld  t^ithe  hod* 

sonul  line  LBj  and  makeSO^  Ql  pcrpcodicuUr^Jla.PQt  tfd 

join  DQ« 


F 


PENDULUMI*  SSS 

Let  i  denote  the  time  in  which  t  body  wouM  descend  perpen* 
dicularly  through  «CH  or  along. the  chord  LH.  Then  th« 
vclocititrf  acquired  in  the  descent  through  fiCHf  and  by  the 
pendulum  in  falling  through  the  arc  LP^  will  be  as  the  square 
roots  of  the  vertical  heightSi  or  as  y^fCH  and  y^AT ;  and  the 
space  that  would  be  described  in  the  time  I  with  the  velocity  ac» 
quired  in  iailing  through  fiCH  is  4CHi  (316  corol.  1)  which 
therefore  may  represent  the  velocity.  And.  since  the  arc  PS  ii 
indefinitely  small,  we  may  conceive  it  to  be  described  with  tho 
uniform  velocity  denoted  by  ^AT.  But  in  uniform  motions^ 
the  times  of  description  are  as  the  spaces  divided  by  the  velod^^ 

4CH  PS  I  PS' 

*•*<'"  «»^- »)•»•*"«*  TscH  •'- 7CT -iTiieHT^ 

the  time  of  describing  PS. 

« 

If  the  arcs  PS,  QB,  eo  tecount  of  thdr  nnallnesi,  are.  con* 
ndcrcd  ac  right  lines  the  triangiet  CPT,  PSO,  and  DQT* 
QRT  will  be  aimilar,  rctfpectirely ;  whence  CP  :  PT  tt  PS 

"•'*^,  or  ?^j|*5  =OS  =  QIj  and  DQ  :  TQ  ti  QR 


TO. OR      TQ.QR       ",  ..      -     PT.TS       TQ.QR. 

whence  PS  =  — ^t~SH~*  ^^'^  ^'"C  tubatituted  for  PS 

f  .PS 
in  the  expression  --y  At*  ■  ifo  *i>d  the  time  of  describing  PS 


I.TQ.CH.QR  I.TQ.CH.QR 

But  by  prop,  of  the  circle,  TQ  ^  v'(AT.TH).  And 
rr  s  /[fCH-hCT)TH],  these  vdues  of  TQ,  md  PT 
being  substituted,  and  we  have  the  tha«  of  dcecribiog  PS 


ti/iCH  X  QR 


'  sw 


VOfc.lt*  •• 


i  I 


'4 
.1 


J  : 


9H 


»IMBUtOMI. 


Ba|  4DH  s  tAH;     And  /(CH  4  CT)  ss  »^4<CH 
«>»TH)t  thciefera  by  wbiUtution,  the  lioM  a([dcseril»u%  K 

-  PliOT=THJiAR  **  V** 

Bat  if  we  tuppoi^  QR  to  be  the  arithmcdcal  mein  of  il 
fhe  QR*t  in  the  semicirclei  the  corrctpondiiig  mean  of  tkt 
TH's  will  he  DH  or  half  AH,  hecauae  the  leut  TH  ii  :=  «, 
and  the  greatest  =:  AH|  hence  the  time  of  deacribiog'PS 

-  7(iCft^HpXH  **  "^^     Now  dl  the  QR'.  i.  1, 
Mmicirclc  ARH,  awl  all  the  PS'a  the  arc  LPH ;  thcttfcre  ib 

time  of  deMribing  the  are  LPK  =  ^rtaCH—DHWArt  **  '^^^^ 

And    the   time   of  one  vibration  along   the  arc  LHB  s 

t  y/aCH 

</(8CH  — DH)3AH 

indefinitely  sraall^  DH  may  be  taken  =  #«  and  the  cxprcanon 

*»«»"'•  TsOT^TiAH  ^  «'^"'  ~  —AH ** 

when  I  It  the  time  of  perpendicular  descent  through  tfCH,  ji  ii 
the  time  of  descent  through  i  CH } 

Therefore,  as  the  diameter  AH, 

is  to  the  circumference  SARH, 

so  is  ii  (the  time  of  descent  through  half  the  length  of 

the  pendulum  CH), 

,    ii  X  2ARH    .      .         ,  1.    .•       . 

to  ' — T^ the  time  of  one  vibratiou  m  a  ireiy 


X  fiARH.    But  when  the  arc  LHB  ii 


AH 


small  arc. 


CoroL  !•  Hence  the  time  of  descent  through  a  smaH  aic 
(LPHJi  is  to  the  time  of  descent  along  iu  choid  (LH)»  aa  ^ 
diameter  of  a  circle,  to  i  of  its  circumference. 

For  i^  'A?"  is  the  time  of  deaceni  through  the  ii^  and  I 
the  time  along  the  chord,  ^ 

And  AH  t  iARH  ;:  t  i  i^]^?« 


rBNDVLVMi 


Ml 


Cmt.  I.    If  DH  be  bisf^ctd  in  G,  ud  F  s  ^^^^  tM 

lime  of  one  Vibration  in  a  very  tmall  are  |  then  the  time  dT 
nbraiion  m  any  arc^  will  be  T  +  CUa^Cfl  ^  ^'  neaiiy* 


/(n;U— DH)2AIl"  "TIT 


II 

For  we  found  the  time  of  vibration  in  LHB 

«CH     '    -  .     gCH  _ 

and  the  lines  9CH|  CH  4  CG,  and  CH  -f  CD,  are  in  aritb. 
meUcal  progression^  the  common  diflerence  being  GH  |  but  if 
OH  =  01  they  become  equal,  and  therefore  since  DH  it  ^ftry 
small,  they  are  nearly  in  geometrical  piogression  i  beoci  * 


-     SCH_       CH-4-CQ 
therefore  the  time  of  vibration 
^^  CH+cp  -^^    CHTcb'   ""^^  CiPfCD 


fr 


DO 


KT 


Cli4:CD 


CtffoC  3.  Hence  ako^  we  can  determine  the  perpendicular  descent  of  A 
bod  J  near  the  earths  surface  ia  a  lecund  of  time^ 

For  it  has  Y^cen  found  bj  experiment  that  a  simple  pendulum  99}  or  ra- 
ther 39 .  13  inches  bng,  vibrates  opce  in  a  second  of  time  in  the  latitude  of 
London.  Hierefote,  putting  c= 3. 1416  the  cimimierence  of  a  circle 
whoie  diameter  it  1»  ps39.  IJ,  /ssthe  time  of  perpendicular  ^esccbl 
through  ^p9  and  ^^  the  dis^ncc  required^ 

Then,  1  see.  tf  nci  l«  whence  le«»thetimeofdeicentthfoo|^i^ 

c 

And  the  spacci  described  being  ^  the  squares  of  the  times  of  description 

I  39  IS 

P16  corol.  I),  we  have  -^  :  i p  ts  (I  mc.)*s  dp  6r  4^*aifa  — j-» 

X3.H16's|93.t  fMcA«r,  nt^t\j,  sx  ISj^j  fict%  fdf  thndtKoA^i  gm- 
Ttty  la  t  teooiid  of  time.    Which  agrees  with  experinieat 

Rewiark.  Pendulnn^  of  the  aanii  length  vibrate  quicker  in 
ranote ktitttdei  than nea^ ibk equator.  For^  by  reaiKmof  the 
qphefoidaliigiife  of  the  earthy  thedistanpkfrottiitioelitcrlttcltiiei 
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''i 


■'*  i 


■ 
I 


I 

•  I 


«  rl 


1 


tift. 


MtCfliMlCAi  tOWMi< 


$94  fimihm  jp^pntf  dtt9u»t$,  u  wt  c|ipiQich  tht  ffMiui, 
r  But  the  gin^t  diminulion  ariioi  ftom  tbe  lol^apii  of  Che  eaitk 
W  in  axis  1  for  the  paru  petr  tb^  cquaKNr  mof e  qoid^cr,  and 
thereby  have  a  i^reaUtf  tendency  to  iccede  from  tbe  axb  of  noc^ 
tban  bodies  at  tbe  surface  tin  other  latitudes.  ^GrsTityi  tbcie« 
fore^  is  greatest  at  the  poles,  and  least  at  the  equator* 


K 


Of  THE  MECHANICAL  POWERS. 


SS7«  Tabs  I  are  certain  machines  or  instruments  contrifcd 
for  moving  great  weights  with  small  force.  4They  aie  com. 
mooly  reckoned  six  in  number ;  namelyi  the  Lever^  tbe  Wheel 
and  Axle^  the  Pulley,  the  Wedge^  the  Screw^  aiy*  tbe  Inclined 
Pkne. 

Tub  Lbvbii»  * 

S5i.  A  LCVER  is  a  rod  or  bar  of  wood  or-inetal.  asakand* 
apikoy  a  crow«bar,  the  beam  of  a  pair  of  scales,  &c*  It  is 
usually  represented  by.an  infleiible  line  without  weight  to  render 

the  demonitrations  more  simple.    There  are  four  kinds  of  leren. 

» 

A  lever  of  thr  first  kind  has  the  fulcrum 
or  prop  between  the  weight  and  the  power. 
Thus  if  AB  be  a  rod  or  bsr«  W  a  weight 
ittachcd  to  the  end  A  i  P  a  power  acting  at 
tho  other  end  B,  and  C  the  fulcrum  or 
prop  that  supporu  AB.  Then  C  is  the  center  of  motioo,  and 
AC,  and  BC  are  the  arms  of  the  lever  AB.  Of  this  kind  am 
ValanceSj  scales,  scissars,  pincers,  &c. 


A  lever  of  the  second  kind  has  the  weigh  t 
W  between  the  power  P  and  the  fulcrum 
C.  As  oars  and  rudders,  bellows,  cutting 
knives  fiicd  at  one  end.  Sec. 


6w 


<?' 


■  ii:m 


^ 


Mf- 


^ 


A  lever  of  the  third  hiocl  hat  the  power. 
?  bettl-eetl  the  Kcigbt  W  and  the  fulcram 
C.  Such  u  tongi,  Bheep-ihears,  *  man 
niung  a  ladder,  the  booes  and  muKlei 
of  oiinial*,  (Bore^  de  Motu  Animalium}.  "  ^ 

A  bended  lever  ii  Ute  fourth  kind.  Ai  t  claw-hammer  draw- 
ing a  nail.  TTuahoweverfttonljratpeeteaof  thefirttkiad^be- ' 
auM  the  fulcrum  ii  between  the  power  and  the  body  to  bo 


$S9.  Let  th»  weights  W  and  P  h  alt$thii  I*  Iht  tnit  ^ 
Oil  infiexiHa  Hat  or  levtr  AB.  and  tup^t  C  it  (kt  fiitenm 
tr  prop  npporting  iht  tvtightt ;  lAeii  j^Aqr  are  in'equUiMd'i* 
Iht  dif lancet  AC  and  pB  wilt  ha  retipretat^  at  tha  wrtghUt^ 
Ikafb.  ACtCB::P:W,  «rACiiVr=CB>cP.  * 

Let  S  be  the  centel-  of.^tbe  earth. 
Then  becauw  the  weights  W  and  P 
graritaie  towardt  the  center  S,  iho 
three  fbrcet  in  cquilibrto  act  in  the 
direction!  AS,  BS,  and  SC.  Draw 
CR,  CD  pcTfiendicu1ar4o  AS,  BS,  re- 
Ipectively,  and  CH,  CG  paralld  to 
BS,  AS ;  and  the  three  fbrcei  will  be 
» the  lidei  of  the  triangle  SCG,  or  CHS  (380)  J  ^ 

'    benee  CH  j  HS  (or  CO)  :i  P  :  W. 

Bat  in  the  parallelogram  CHS'G,  the  opposite  anglea  rt  H 
uid  G  ire  cfinal,  consequently  the  angle*  CHR,  CGD  an 
■1m  equtl,  and  theiefbre  the  trianglea  CHR,  Cpb  art  llflkSart 
whenco  CH  1  CG  :i  CR  :  CD. 
ButCH  I  CO  :i   P   (  W,  ^ 
ftcRfbnb]r«qaaKty,  CR' ;  CD  :i   P   :  W\ 
i  ^<iA}  CB  i:'J»   :  W, 

For  CA»  tod  CB.  and  Ilie'  reapeetive  petpendicalain  CR,  iat^ 
CD,  ^  ibk  MOMU/diftrtiti  dtiler  in  kogUi  or  pNitign. 


* 


«<• 


LlVll* 


L  HcaeeiftlMwcigliltW; 

vtighl  W  ind  power  P  m 
move  (Ml  tb«  fulcnmi  «r 
eepiter  of  motion  C^  die  arcs  or  tpmi 
Vfwt  P/t  described  in  lhe«une  time^ 
will  be  at  the  ndU  C  Wj  CP.  ihertfoit  the  wcigbr  W  x  Ww 
=  power  (or  weight)  ?  xPpi  tnd  fince  the  fdocttiet  wiB  be 
tt  the  arci  Wn/j  Pp,  the  momenu  of  W  end  P  are  equal,  : 

CoTol.%.  And  if  WCR  be  a  bend, 
ed  ieverj  and  the  power  P  act  perpen* 
dicttUr  to  WCOt  the  weight  W  and 
power  P  will  be  in  cquilibrio  when 
WC«  DCa  the  perpendicuUr  distances 
from  the  center  of  motion  C^  are  reciprocally  ai  the  wagh( 
power:  that  is.  WC  :  DC  ::  P  :  W. 


Cwrol.  3.  Therefore  when  the  power 
P  acts  obliquely  against  the  end  of  the 
lever  WR,  the  weight  W  and  power  P 
are  reciprocally  as  WC  and  the  per* 
pcndicular  CDj  the  t^^  o  distances  of  the 
directions  of  the  furcc^i  from  the  center  of  motion  C  ;  that  it 
WC  :  DC  ::  P  :  W.  Hence,  if  WCD  be  a  bended  lerer, 
and  the  weight  W^  and  the  power  P,  act  perpendicularly  to  the 
arms  CW,  CD,  then  WC  x  W  =:  CD  X  P,  aa  in  the  straight 
lever. 


Cofol.  4.  When  several  weights  W^ 
Sj  Dt  B,  acting  on  a  straight  lever  WB, 
are  in  equilibrio,  the  sum  of  the  pro. 
ducu  of  the  wcighu  multiplied  by  their  respective  distances 
from  the  support  C  on  one  side,  will  be  equal  to  the  sum  of 
the  products  on  the  other : 

that  iS|  SC  X  S4-WC  X W=:DC  XX>-|-BC  X«. 


For  thi  eflbrt  of  etch  weight  to  turn  tM  lereft  i«  it  the  irtlif^t 
multiplied  by  itk  dittuioe  fmm  the  fufemm  C»  and  thetefort  the 
sum  of  the  efforti  on  one  tide  must  be  equal  to  these  on  the 
otheri  in  the  ctse  of  in  equilibriimi. 

CoroL  5,  Hence  the  piece  of  flie  fiilcnim  is  leadily  deter* 
mined  when  the  length  of  the  lever  WP^  end  the  wdghu  W^  P^ 
sre  given  (tee/f •  tp  corbl.  l).  For  W  t  P  ::  CP  :  CW}  and 
by  composition^  W-f'-P  :  WP  (the  length)  ::  P  x  CW|  that 
is,  the  length  must  be  divUcd  into  two  parti  hamg  the  propor- 
tion of  the  weights. 

360.  A  lever  of  the  second,  or  third  kind,  may  be  reduced  tQ 
the6rst,  thus. 

Conceive  the  lever  Cp  to  be  equal  /2^ 

to  CD^  then  it  b  manifest,  that  if  C^ 

the  power  P  were  removed  to  p,        ^. '    C  I 

but  acted  in  a  contrary  direction,  I  •  q^ 

the  equilibrium  would  still  remain,     ,a/% 

and  we  should  have  pC  xp=:CW     ^M 

XW,  that  is,  DCxP=CWxW. 

Hence,  in  a  lever  of  either  kind,  if  the  weighti  and  the  power, 

are  multiplied  by  their  respective  distances  from  the  fulcrtntti  the 

products  will  be  equal  whte  there  is  an  equilibrium* 

Scholium.    The  beam  of  a  pair  of 
Scales  is  a  lever  of  the  first  kind.    Its 
anna  CA,  CB  ought  to  be  exactly  of  the 
ume  length;  fi)r  should  there  be  any  dif-  . 
ference,  equal  weights  when  placed  m  the 
icalet  S  and  K,  will  not  rest  in  equilibrio.    The  obvious  method 
of  trial  however,  is  to  weigh  any  body,  very  accurately,  in  one 
scale,  then,  if  the  weight  and  body  change  placet,  and  either 
end  preponderalea,  the  tcales  are  impMeei  or  false. 

Bgt  whes  we  know  what  the  body  weighs  ini  each  scale,  its 
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tiiMtVc^ht  mmy  be  Ibmid  .thii»7-^^Lel  JFvaii  m  iattm  dw 
weightt  of  the  body  ^  in  lb*  v»la  8  and  K  itspectfvdy, 

.      -^     then  CA  k  I  s  CB  X  H; 

-    and  CB  X  ^  s>CA  H  »»  ■     . 

•  » ■ 

•wheooe  i*  =  Ww^  w  t:z^  Wwi  that  isj  iu  true  wdghl  U  a 
geometrical  mean  bctweqa  the  least  and  greateit  weigbta  fcund 
by  the  fiUie  acalei*      .  '>  .      ^ 


•  • 


sai»  The  fteelyaid  Qr  Roman 
balance  it  alto  a  lever  of  the  fir^ 
kiiul.  But  the  arms  or  irackia 
CA^  CS  are  very  unequal  in 
length*  The  weight  or  coun* 
terpoiie  W  it  moveable  backwards  and  forwarda  on  the  arm  CS, 
which  is  divided  and  numbered.  The  distances  of  ihe  divisions 
(which  are  notches  in  the  beani)  from  the  fulcrum  Cf  are  deter* 
mined  by  repeated  trials.  Thus  for  example^  suppose  the  weights 
B  and  W  arc  iu  equilibrio»  then  if  the  weight  B  is  ^h.  a  notch 
is  made  in  the  beam  at  D,  and  that  division  is  numbered  M. 
And  in  like  manner,  by  suspending  different  weights  at  A»  the 

other  divisions  arc  found. 

*■ 

If  the  arm  CS  be  three  quarters  of  a  yard  long,  and  CA  one 
inch,  then  (uegleciiug  the  weight  of  the  beam)  a  weight  (W) 
of  2lb.  at  S,  would  weigh  the  body  B  of  b^lb.    For  87  x  i 

369.  Let  the  compound  lever  SD  he  composed  of  three  leven 
of  ihe  Jtrst  kindt  DA,  AB,  BS,  scting  upon  one  another  }  ih§ 
Julcrums  being  al  C,  O,  R  | 

nenPity'ii  CA.OB.RS  :  CD.OA.RB,  whenthe 

fewer  P  and  weight     ^ 
IF  are  in  equiliirio. 


/ 


\ 


\trRZKL  AND  AXLI* 
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l«*  CA  :  CD  ::>  :  ^~  the  force  tt  A; 

^n./^A       CD.P     CD .OA .P  ,.    !>_,,.•, 

ve    Btt      CD.OA.P     CD.OA.Rft.P_  ny.  ,t^ 
RS:RB:t    ^.^^^    :     CA.OB.R^"  - '^*>* 

Ihe  force  at  S ; 

Tbeitfrn  CD.OA.RB.PsCA.OB.RS.IT. 

And  a  tiniilar  conclaiion  is  derittd  in  the  other  kbdi  of 
lerers,  by  mdung  use  of  the  ittpecdve  dbtancea  fiom  the 
props  or  fulcntmt*  / 

The  heavy  lever  wiH  be  considered  when  wt  treat  of  tht 
Cemer  of  Gravity. 


/ 


WHEEL  AifD  AXLE. 

363*  Tnit  instnnncnt  is  a  wheel 
AB  fixed  on  a  roller  or  axle  OD»  the 
axle  being  supponcd  at  its  extrcmitiei 
so  as  to  turn  round  freely  with  the 
wheel.  It  may  be  considered  as  a 
perpetual  lever  of  the  first  kind.  For 
when  the  weight  W  attached  to  a  rope 
D  W  that  goes  round  the  axle,  and  the 
power  P  applied  at  the  circumfierenceof 
the  whed,  are  in  equilibrio,  then,  as  AC  the  radius  of  the  wheel 
:  CD  the  radius  of  the  axle  ::  W  :  P«  or  CDxWsCAxP» 
as  in  the  le?er» 


This  win  be  obvious  by  considering  the  tadil  AC»  CD  ao 
farnung  on^  line  or  lever  AD^  and  C  the  filknm  or  ofBtsr  off 
ipotioii  npott  which  it  turoit 


fu  If. 
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•M  WIlttL  AHlt  AXLt. 

CmU  I.  Whit*  Iht  wc^t  W,  w  dnwn  up  by  ibefMnr 
f,  tbfir  Tckwilics  will  be  u  ibe  ndii  (tf  lb«  ul^  uid  wbcd, 
letpeetiveljr. 

-  Coul.  a.  Whm  the  direction  {Sfi)  of  the  |iowcr  ippTwd  to 
he  wbeelt  ii  aot  perpeodicuUr  to  it*  diameter,  the  ndii  SC, 
CO  form  I  beaded  lever  SCO ;  and  if  CI  be  drawn  at  rigbt 
•DgleaioS^,  wcaballhaveCI  :C0::  W:  power  at  p. 

Ctrro/.  S.  Ifarolleror  c)-linderSD 
It  lumed  OQ  the  axii  CA  by  nicani  (^  _ 
the  handle  ABP,  and  the  poner  at  P  • 
scting  perpendiculBTly  to  AB,  and  the 
«-eight  W,  are  in  cquilibrioi  thro 
P  :  W  t :  DR  llie  raJiui  oF  the  roller  :  AB  the  length  of  ik 
handle.  For  when  the  rnlter  i*  turned  roundj  the  point  B  de> 
Bcribei  a  circle  whose  ladiui  ii  AB. 

Scholium,  Bui  the  wrighi  and  thickneia  of  the  lope  la 
wliich  the  body  [W)  is  appended,  ought  lo  be  uken  into  tht 
account.  Thus,  cviry  fold  of  rope  on  the  axle  or  roller,  may 
be  laid  lo  incrcsK  iti  diunicicr )  the  radio*  therefore  ii  alwayi 
the  diatance  fruin  the  axii  of  the  roller  lu  ihe  middle  of  tbe  out- 
ude  rope  or  fold  i  lor  which  rcaaoii  it  will  Minictiniea  be  found 
nrcrssary  to  increase  the  force.  The  wciglit  howc\-er,  will  cri- 
deotly  diminish  as  the  rope  (which  makes  part  of  tbe  wi-ig^i) 
shortens,  or  i«  wouud  ou  the  axU. 

To  the  u  heel  and  axle  may  hi-  rcfcred  Kveral  kind*  of  nu- 
chinea  or  insiruuiciits,  u  the  cniuo,  wiodlatt,  capitao,  gioihkt, 
auger,  &c. 

964.  /m  a  eomhinatioH  ofwheeU  with  leelh,  tfth»  pcwtr  t 
lit  lo  Ihe  wtighl  W.  as  Iha  product  of  the  ndii  cfM  Iht  w2fs 
wpiniomi,  tt  Iht  frodwl  9f  the  radii  v/aitfhtwhtehi  ^ 
mwer  und  weight  wilt  ht  in  tquitiiria. 

Thai  it,  P  t  W  ::  CA.OB.RS  t  CO.OA.RB. 


WHEIL   AND  AXLB» 


aai 


For  the  radii 
CD,  OA,  RB, 
of  the  wheels, 
mith  the  radii 
CA.Oft.RSof 
the  pinions  (or 
KtYiallcr  ,whceb 
on  the  axes  of 
the  larger]  act  as 

three  levers  DA,  AB,  BS  on  the  centers  or  fiilcm  C,  O,  Rf 
therefore  the  three  together  may  be  considered  as  a  compound 
kw  SD  (art.  362). 

CoroL  1.  And  when  the  wheels  are  in  motion,  thevclocitf 
of  the  power  P  :  velocity  of  the  weight  \V  : :  CD.OA.RB 
:  CA.OB.RS.  Or  the  number  of  teeth  in  the  wheels  aad 
pinions  may  be  substituted  for  the  respective  radii» 

« 

Corol.  8*  Henee  also,  as  the  number  of  revolutions  of  the 
fini  wheel,  is  to  the  number  of  revolutions  of  the  last  wheel  in 
the  same  time,  so  is  the  product  of  the  number  of  te^th  in  the 
pinions,  to  the  product  of  the  number  of  teeth  in  the  wheels. 
For  as  oncii  ai  the  number  of  teeth  in  any  pinion,  is  contained 
in  the  number  of  teeth  of  the  ilheel  that  drives  it,  so  many  re« 

volutions  will  the  pinioii  make,  for  one  revolution  of  the  wheel* 

• 

Sup|)ose  the  radii  of  the  plntons  are  eacliac4,  CDssQS,  0Ass3?, 
RBssSS,  snd  the  po%er  Pss  \Olb. 

TheH  4  X  4  X  4  :  95  X  32  X  93  :s  10  t  31251^.  the  weight  W  when 
the  ucioht  tnd  power  arc  in  cf|uilthrto.  But  were  the  wheels  In  motion, 
the  velocities  qI'  the  politer  and  weight  would  be  as  5125  to  10. 

By  the  addition  of  anoth^  wheel  and  piniott,  it  is  manifest  a 
much  greater  weight  might  be  raised  by  the  same  power,  bnt 
the  velocity  of  the  weight  .Uroiild  be  proportioAably  diminished  i 
Hen^  the  maxim  III  Mechanics,  what  h  gained  hf/  power  ii 
hit  In  iim9§  .         r 

9  A  d 


t  «»  J 

,   Tm  PULLET. 

aA5*  A  PutLsr  n  i  nnall  wheel  SD  el" 
■uul  or  wood,  BKHuble  found  ao  uu  C 
tftd  in  a  block  i  a  groove  ii  cut  tonaJ  tbt 
edge  of  ibe  whcd  10  leccm  the  mpe  WSROP. 

I/th  pulUjf  itjxetl,  ondlkt  wiigAl  W 
*n4  p»mT  P  arc  i»  e^uitibrio.  tht  ftmtr 
and  meigiU  will  it  tqual.  For  SCD  it  a 
lever  of  the  lirtl  kind,  where  the  arm*  CS,  CD  are  et^ual. 

When  the  puUey,  and  weight  W,  arc  aup- 
ported  by  the  rope  RSOP,  the  power  at  P 
will  be  but  hidr  the  weight  in  caw  of  an  cqui. 
libriutn.  For  the  lope  being  faitcncd  at  R, 
the  two  parti  RS,  PD  will  be  njually  itrctcb- 
cd,  and  consc<iuenily  each  will  bear  half  th* 
weigliu 

368.  In  a  camhination  of  pulliti  drawn 
ky  put  ropt  going  aver  uil  /Ac  pullict,  if  tht 
power  V,  i>  /o  ibe  weight  VV,  at  I,  ii  to  the  mimbiToffsrH 
of  the  rOjie  proceeding  front  the  movealle  or  Iffwer  lloek  0*4 
/u//i»lB.  i  ihtH  tht  pouer  and  weight  wilt  hiuefHUiiri»*_ 

For  the  lower  or  moveable  block  (B)  and 
the  weipbl  W  together  with  the  power  Pi  arc 
iitpportcd  by  6  ropes,  or  rather  6  parts  of 
the  laiQc  rope,  all  equally  BiretcKetl  i  but  the 
part  SI'  luitaiiii  the  power  P,'and  therefore 
each  of  the  other  paiU  i*  stretched  'by  ^  of  the 
weight,  con:ie((uently  (in  tlie  anuexcd  figure) 
'a  :  I  ::  W  :  P. 

Conl.    HcHkC  if  (he  weiglit  W  be  raised 

>  by  the  power  f,  the  lali.r  will  descend  i  feet 

(for  example)  while  tht  former  is  raised  i  foot. 

For  each  ul  the  parti  of  the  rope  procecditig 

fiom  i!b«V>'«Kx  m  Twwuhk  bk>ck  to  the  luper 
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or  fiml  one^  it  shortened  by  I  fboti  and 
weight  win  be  raised  that  distance. 

There  are  Tarioiis  other  comhinations  of  bloclu  with  pullieSp 
but  the  equilibrium  is  determined  in  a  similar  manner;  nameljr^ 
bjr  comparing  the  spaoea  (described  in  the  same  time  by  tha 
poweTf  and  the  weight  or  body  moved. 

But  pttlKes,  and  other  machioea  seldom  worlc  without  con* 
nderabte  friction  |  and  ropes  are  nertr  perfectly  flexible ;  there* 
lore  we  must  not  expect  that  computations  wUtt  ahraya  agree 
with  expeiiment« 


Or  TRi  WEDGi:. 

$97 •  The  form  of  this  instrument  is  suifidcntly  known 
(art.  880,  vol.  l).  It  is  commonly  made  of  w^ood  or  ironf 
and  used  in  splitting  blocica  of  stone»  woodf  &c.  and  sometimei 
in  Hfdng  or  raising  Tcry  heavy  bodies.  The  force  b  commu* 
ttcstcd  to  the  wedge  by  tlie  blow  of  a  sledge-hammer  or  heivf 
mallet. 

•         . 

fPhen  the  force  F  utiing  ptrpendteulnrly  t§  ihi  hek  of  ih§ 
wtdge  AB,  ii  in  equilibrio  with  the  reshianc§$  JL,  r«  wMek 
scf  perpendicular  to  Ike  sides  AC.  BC. 

Then  AB;F;:AC+BC:R+r. 


For  the  three  forces  in  equilibrio  will  be  as  the 
ndes  of  the  triangle  ABC  which  are  perpendicuhr 
Is  the  directions  of  thoae  fbrcesi  (390)  t 

That  is  AC  :  BC  ::   R   :  ri 

or  AC4BC  t  BC  ::  R4*r  t  r. 
Alao  AB  s    F    tl  BC  :  ri 
And  bf  «|uafi<jr  AB  I   F  n  AC -l^  BC  s  R«|-rt 


•  M  KBCW4 

3M^  If  tlM  wedgt  b«  icoUngnlir.  a#  Ibi  tii* 
anguUr  lidc*  ABC*  OCD  pcrpcodicuhr  to  the 
huk  or  end  ABGO,  tboM  lidct  aie  pinlld  to 
dw  dJRctioQ  of  the  force  (FJ  tcting  aguoM  Ibt 
«tw)  AG  I  Mu)  thrrefare  iny  rcuaUncei  ■gtinit 
the  plancf  ABC,  OGD  would  hive  no  effect  la  . '     ~ 

producing  en  cquUibriuin  except  wbit  mnee  Aoa  ftietio^ 
•Tlie  friction  however,  on  the  quadranguUr  tidei  only  is  w  nif 
great  that  it  retains  the  wedge  in  lu  situation  sftcr  the  farce  (F) 
is  removed,  and  hcuce  we  must  conclude  that  it  is,  at  leas, 
cijual  to  the  force  which  driTCs  the  wedge. 

But  we  cannot  compare  percussive  fi»ce  with  weight  « 
pressure.  A  common  iron  wedge  is  tomctimes  wholly  fornd 
into  a  block  of  tough  wood  without  splitting  it,  by  a  few  blowi 
with  a  heavy  mallet ;  now  it  ii  impouiblc  to  discover  by  calco' 
lation,  and  it  would  be  extremely  difficult  to  detennioe  fon 
experinicnl,  the  enormous  weif^t  or  pressure  necessary  forpn. 
ducing  a  like  effect. 

The  wedge  is  a  very  simple  nMchanic  power  |  and  to  ibis  nu; 
be  rtthiFcd  most  edge  UxAu,  aiul  thuM  that  have  a  F«nl ;  'u  tk 
axe,  chissci,  spade,  tec.  and  nails,  bodkins,  t  ccdlcs,  ftc. 

Or  TUX  SCREW. 


S0O.  Thi  screw  is  a  cylinder  CB 
round  which  is  cut  a  ^iral  groove ; 
the  part  that  rises  above  the  groove 
alto  foims  I  spiral,  and  is  called  the 
thread  or  threads  of  the  screwj  tbetic 
make  the  same,  orequal'aogles  with 
the  length  BC. 


When  the  screw  is  made  um  of  as  a  press,  &c.  CB  is  caM 

the  male  screw ;  the  female,  in  wtuch  the  other  turns,  U  ami 
cave  or  hollow,  and  fixed  in  a  block  ot  bamc  GU* 


SCA&W. 
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If  the  screw  be  tomed  by  a  power  P  acting  at  the  end  of  a 
lever  AP;  then  (abstracting  from  friction),  A$  the  dUiance  be^ 
iween  any  two  c^tignous  threads  measured  ik  the  Mrectien 
rf  the  length  CBt  ts  /O  the  circumference  of  the  circle  which 
the  power  P  describes^  la  is  the  tower  Pt  to  the  force  ai  fi^ 
when  there  is  an  equilitriwn. 

For  the  screw  moves  the  distance  between  two  threads  In  tbt 
direction  CB  at  every  revolution ;  and  lA  case  of  an  cquilibrhimt 
the  forces  (at  P  and  B)  aie  r^iprocally  as  the  spaces  described 
in  the  same  time :  Which  is  a  general  property,  in  all  mecha* 
oical  powers* 

Suppose  the  force  at  P  as  oOth.  the  distance  of  the  threads  ss  |  of  an  lnch« 
aiidAP=9/€el.  Then  IS  X  19  X  3. 1416 ss 078.58  ineha  the  drciim* 
fcrence  dcscrihed  by  ?; 


And  I  s  eri.SS  ts  30  t  1017870.  the  force 


by  the  loiter  end  of 


tfae 


Cat  the  friction  It  generally  to  great  that  It  prevents  ttie  tcrcvr  from  re* 
mliog  when  tlie  power  (P)  ceases  to  act;  and  therefore  It  wodld  probably 
lequire  a  Ibrce  cs  !?P  on  the  lever  to  produce  the  computed  eflcct 


3*0.  The  endless  or  perpe« 
tual  screw  AB  has  8f|uare 
threads  adapted  to  the  spaces 
between  the  teeth  of  a  wheels 
which  are  cot  oblique  tp  fit  the 
spiral  groove  whose  sides  are 
perpendicular  to  the  axis  of  the 
screw.  The  screw  is  turned  by 
aicans  of  a  handle  BDP» 


/  ■ 


r 

Suppose  the  weight  W  •!»  be  supported  on  the  pmion  ^ 
ndler  whose  radius  is  CO}  and  let  n  denote  the  number  of 
teeth  tfi  tto  whadf  C  is  Its  cueuni ferenoef  and  a  s  tbe  eirWrn* 
fBcnce  of  die  ciicle  described  b^  the  haivlki  or  powet  Pt 


.'I 


°v» 


I 


Ml  4^tE#» 

ThcD  fince  the  wheel  U  moved  fcrwtid  by  tee  Im4  of  iki 
wheel  tt  every  levolutiw  of  the  tcicw  or  hiodle^  PwiBtoiabft 
itvoluliooe  while  the  wheel  makes  1^  or  the  power  P  tooia 
through  the  ipacet  tie  while  the  teeth  deecribes  the  cimm. 

fcreoceC: 

»  •. 

Henoe^  vhcity  of  P  :  vel  of  teeth  ;:  «c :  C  :t  sxBD :  CC, 
(became  the  circumferences  c^C^  are  aa  the  radii  BD«  CC). 


;j  But  CO  ;  CO ; ;  wl.  of  W I  ^^  ^  ^^' "^  ^  the  wlodiy 

of  the  point  G  or  of  the  teeth  | 

hence  by  cqualityp  vW.of  P  t  ^"^co"^^  *^  *^^°  *^^* 
or  vr/.  of  P  t  ■  *^k —  :;  n  X  BD  t  1 ; 
That  is,  veL<dF  :  vet.  of  W  :i  »  x  BD  :  COt 

But  in  the  ease  of  an  equilibriumf  the  wdght  and  power  as 
leciprocally  as  their  velocitieij 

Therefore  W  :  P  ::  ii>  BD  ;  CO,  or  W  =  ''^^q°° 

Let  BDs  \Q  inch€s,  COssS  inchet^  the  number  of  teeth  in  tlie  «bt^ 
BlOO,  andPs40/^. 

^  TlM^ii  ^^^  »o^v»g  _  ICOOO/i.  die  weight  (W)  that  a  po«cr  oT  m 


■t  the  hindle  would  ^uttain,  nippoting  no  ftidioo.    This  ho«em«  nil- 
vaji  very  com Ideralile  i  but  ksi  on  square  than  on  sharp  threads. 

From  the  two  preceding  examples  it  is  easy  to  perceive  thit 
acrev^s  may  be  made  to  act  with  prodigious  force.  The  Initni* 
oient  callcd'a  Vice  or  Vis  probably  was  distinguished  by  thu 
name  on  account  of  its  great  power. 

Respecting  the  Inclined  Plan§,  it  may  be  aufficicnl  to  rdb 
to  articles  343|  M0|  and  83U 


t    »«9    } 


Ot  Uttt  CfiNTEtt  o*  GftAVlTY. 

^M.  Thb  eentei'  of  gravitj-  it  that  {K>int  hy  iK'hieh  ift  body 
W  suflpeildedj  it  shall  hang  or  n:8t  in  atiy  poBition^ 

Thus  the  center  of  a  globe^  ami  the  middle  of  the  ajtis  of  a 
^linder,  are  their  centers  of  gravityi  if  the  bodies  are  uniformly 
dcnsci 

« 

Atsd  the  <5eo(e^  of  a  circlci  alid  the  Intchectloli  of  the  dia^ 
gonals  of  a  parallelogramy  are  the  centers  of  gravity.  In  speak* 
ing  of  the  center  of  gravity  of  a  surface  hot^reveri  we  suppose 
that  surface  to  be  an  indefinitely  thin  uniform  lamina  of  matter* 

S72.  Suppose  the  centers  bf  the  globes  A  tknd  B  ate  e^n-^ 

nectei  by  an  i^fletible  horizontal  lint  or  tetter  AB  (withoni 

weigh  f)^  and  let  C  be  the  fulcrum  or  support  i  then  \fQ\x\ 

=  CB  X  B|  the  todies  will  be  in  equilibrio  (399)  J  and  tho 

fulcrum  C  is  thtir  center  of  gruvHy^ 

For  suppose  the  Icrer  with  the 
bodies  to  be  turned  on  the  fulcrum 
C  into  any  other  position  CI1{ 
and  let  full  the  perpendiculars  GP, 
HQ.  Then  since  the  bodies  are 
supported  at  the  centers  A  and  B| 
they  graritate  or  act  on  those 
points  or  the  ends  of  the  lever  ontyi  but  in  the  directions  OPj 
and  Qll  wbeii  tlic  lever  is  in  the  position  Gil*  Noa*  the  trian- 
gles, CPG|  CQH  being  similar,  it  follows  that  CP  and  CQ  have 
the  same  ratio  as  CA  and  CB}  henc^  CPx  A:sCQxB| 
therefore  the  equilibrium  still  temains)  and  the  bodies  would 
seal  in  ai^  poaitioQ  of  the  leveri  provided  it  was  always  support* 
id  at  the  point  U. 


V04,  u« 


IB 


9f»  csNTsa  01  asAvirr. 

Ctnt.  I.  Hence  if  the  fulcrum  or  punt 
khifted  towudi  B  (for  czunph},  il  U  rouu 
'  A  would  pRpbodentc,  and  the  lever  turn 
vertical  poiiiion,  ind  consequently  the  cent 
the  bodici  would,  in  that  cucj  Iw  b«luw  the 
but  in  the  jame  vertical  line. 

Cwd/.  S.  Hence  alio,  if  a  body  be  iui| 
about  which  it  can^move  freely  by  iu  own 
of  gravity  will  rati  in  the  vertical  line  paisiu 
«f  auipciuion.  Thii  luggcsli  •  method  off 
theccnter  of  gravity  of  a  thin  flat  body,  th 

'  Suipend  tlie  body  by  a  iiring  SP  at  tti 
^itit  P  on  the  edge,  and  mark  the  vcrtici 
PO  on  the  lurface  by  meant  of  a  plumb.lin 
SO.  Hang  it  up  again  by  lonie  other  poir 
Q,  md  draw  tlic  vertical  QR ;  then  becaui 
tlie  center  of  gravity  i*  in  the  line  PO,  an 
alto  ill  QRi  it  mutt  be  at  thdr  intcrteclio] 
G,  or  railKT  within  tlic  smi'ace  oppoiite  ibj 
point. 

And  it  fullows  that  iht:  body  would  rctiiaii 
at  TCtt  on  a  prop  at  R  were  the  ttring  S^ 
ruiuovcd )  but  a  very  imall  weight  or  lure 
when  applied  on  either  tide  of  the  vertical  li 
it  fall. 

Carol.  3.    Thcrcfurc  when  the  vcr' 
tical  line  (GP)  patiing  thnnigh  the  (ren- 
ter of  gravity  (G)  of «  body  (ABJ  falli     f 
without  the  bate  (AD},  tht  body  will 
not  lUnd  on  an  horizontal  plane  (AH),  I 
part '  of  the  support  or  base  in  that  vcrtici 
quenUy  the  body  mutt  turn  on  the  bate,  i 
Thit  it  alto  the  reaton  why  •  j^obc  will  not 
ccpt  it  be  horizontal. 


CBNTER  or  ORAVITTt 


*7t 


973*  tj  ihree  hdies^  AfB.D^J  knaum  weight$^  are  rm« 
MHted  if  means  ef  aa  tnfitxthle  line  or  lever  A0  passing 
ihrough  their  centers  of  gravity,  and  the  distances  AB,  BD^ 
from  each  other  are  given  f  to  find  the  common  center  of 
gravity  (CJ  fjfthe  whole. 

Thii  ii  the  Mina  thing  m     j^ f\   <n  -        ih  \» 

dttemining  the  fulcrum  C      ^i        A    V  3        ^  *    i 

when  they  rest  in  equilibrio. 

Therefore  (359^  corol.  4)  it  will  beCBxB-fCA>cAr:CDxO* 

Let  the  disUnce  AB  zza^  BD  =  b.  and  CD  =  «;  then  CB 
=:  h—xt  ind  we  have  (*— *)  B+  (*— x-f-a)  A  =  Djt,  which 
tednced 

gives  jr  =  ^x'!i,y^p*  =  CD.  the  distance  of  the  center 
C  from  the  center  of  the  body  D, 


Let  S  be  a  point  in  the  line  or  lever  AD  produced  |  and  put 
DS  zzdi 

Then 

gmc      Aa+Ab  +  Bb  .   .     Afi+At+Bi4-Arf4-Brf-4-Dil 

^^-•^AH:b+D"+^= AH-i+D ' 

^rc     f«+l+d)A  +  (i4-rf)B  +  dp    AS,A+BS.B4DS,D, 

'^^^= JOTTIT = 3C+1T5 * 

That  \9f  if  we  consider  S  as  a  fulcrum  or  point  of  suspenrion. 
the  sum  of  the  forces  or  products  DS.D  +  BS.B-I- &c» 
divided  by  the  sum  of  the  bodies  D+B-4-&C  gives  the  dis« 
,  ance  of  the  common  center  of  gravity  of  all  tlie  bodies  from 
that  point. 

CoroL  !•  Hence  the  center  of  gravity  of  any  mimber  of 
bodies  in  the  same  right  line  is  readily  determined  t 

Por  "S"+AS.A;;;g^y-DS.D  .,  u«  dUUn«  of  th. 
cntn  of  gfifitj  of  tbo  bodies  Ht  A*  B,  D,  fiomS}  Ibotibr 

tB  t 


I 


CtlTTftt  Of  OailVfTV^ 


4 

I 


'I, 


I 

•i 

1 


t. 


I 


piakiPcDS 

HD- , 


cyptttMOU  become  ij   .    a    .  a   .   tv  s  W  IM  OiitiDCI 


4oni  lh«  b<Kiy  D. 

Cofot.  9.    And  if  C  be  %ht  center  of 
gravUy  of  Ibe  bodies  B  and  Dl  tben     ^^^ 
(B  -f  D)  CS B  BS.B  -f  DS.D : 


For 


BD.B 


BD.B 


5:j^  =  CD,tndC6=:;^-  +  D«l 
BD.B 


•nd  (B  +  D)  (^^^  +  DS)=  (BD+DS)B+D«.Di 
Tbalis  (B-hD)CSsBS.B-4-OS.Dt 

tlA.  The  centers  ef  gravity  of  three  hdies  A»  B,  D,  awg 
how  situated^  being  given  i  to  fini  their  fommM  fPBter  ^ 
gravity  C» 

Join  Ibe  centers  of  gravity  of  spy  two  of 
tbeni|  luppose  A  and  B :  divide  the  distance 
AB  reciprocally  as  the  weights^  that  is  take 
FB  (for  example)  so  that  A-l-B  :  AB  ::  A 
;  BF;  then  F  is  tbe  center  of  gravity  of  the 

two  bodies,  or  the  place  of  thi:  fulcrum  upop  which  ibrjr  wpuU 
rest  in  equilibrio. 

We  now  may  consider  F  as  the  pUce  of  both  bodies  A  and 
B,  because  that  point  sustains^  or  is  pressed  by  their  weight. 
Hence  if  DF  be  divided  into  two  parts  CD  and  CF  having  the 
ratio  of  A+  B  to  D^  the  point  C  will  be  the  oenrer  of  gravity 
of  the  three  bodies.  And  in  this  manner,  by  taking  two  at  a 
time,  &c.  the  center  of  gravity  of  any  number,  or  system  of 
bodiesj  may  be  found. 

373.  Biit  the  center  of  gravity  ^several  bodies  AtB.D,H^ 
n^t  sit^ate4  in  the  same  phne.  majf  be  determined  thus. 


CENTER  OP  CRAVITY* 


S7f 


A 

e 

K 

o 


^ 

e 


f     '     X 


9 

« 

O 


Lei  DS,  AO,  BP»  HQ,  drawn  flom 
the  ctiltera  of  gravity  of  the  bodies,  be  pe r- 
pendicular  to  a  plane  patsing  thrdugh  SC« 
Then  tince  all  the  points  of  tuipcnsion 
jre  b  that  plane,  if  we  proceed  with  the 
distances  as  in  Art.  373,  we  shall  have 

"Q"^i};j^^Pg-*-P^P  for  the  d{su«ce  of  Uh.  center 

of  gravity  from  th^  plane.  Suppose  a  plane  GK  parallel  to  SC 
to  be  at  that  distance  firom  SC|  and  let  the  distance  of  the 
center  be  found  from  another  plane  CF,  then  the  point  which 
is  the  required  center  will  be  somewhere  in  the  intersection  of 
these  two  planes ;  and  therefore  a  third  plane,  found  in  liko 
manner,  if  it  cuts  that  intersection,  will  detehntne  the  point. 


Ccrpl.  Henee  if  a  body  be  suspended  at 
t  pmnt  S  in  the  plane  GH,  and,  after  the 
manner  of' indivisibles,  we  suppose  it  to  be 
composed  of  innumerable  sections,  AB,  CD, 
VR,  tec.  parallel  to  the  plane  GH }  then  if 
SQ  be  pcrpendi^qlar  to  GH, 

r  SO  X  section  AB 
7  SP  n^^^Hon  CD 


the  sum  of 


)  8Q  X  Miction  VR 
^       fco,  &c. 


by  the  body 


fill  be  the  distanee  of  the  center  of  gravity  from  the  plane  GHt 
For  if  the.  body  be  homogeneous,  the  magnitude  of  the  whole, 
or  any  part,  is  proportional  to  its  weight. 

therefpfe  if  il  s  the  distance  SO,  or  SP,  Sec,  a  s  tte  seM 
tioo  AB,  or  CD,  &c.  an4  B=:  the  body, 

,jj.|^alljhe^ 

lbs  plant  GH.  And  by  fbidiiig  two  othar  phMa  im  Whkbflit 
enter  Bfi^  iti  e«ael  aitnatio*  wiO  be  delsrmiMdi 


474  ciHTta  or  eaftiriTr. , 

Cmm^  X«t  SVE  W  ft  ri^  COM  (wpodt* 
•I  Um  nrtra.  Tha  dace  the  nttUr  of  gnviiT  of 
aUiU  MctioM  pvaUrl  t«  IW  bu»wa  In  Uwvdi 
6Q,  Um  eeour  «(  psvitf  ^  Ibe  com  oMirt  dM  U 
ti  thii  Hat. 

Put  thi  diuMlar  of  tlie  b*c  VKel,  tlN  dl» 
■eter  CO  of  (be  mcUm  indefidtdy  ntat  lke*buei«i^  lb*  diiadgU 
«f  IbcMztMClHMBc,  ate  AstbehcigbtvuMCt^udais.lUi 


*  I    an  tki  Mc&M  ■tulllpM 

mi'X^m^^'k!^        y  bj  tb«  dktaaraa  frotB  iht 


Tbatii  (P+«)+<^-i-JKO  X  - 


BtUtbc^ 


Bat  iIbm  the  iBdefinlldj  muU  diitaBccf  Q",  TO,  Icr.  ut  lupptMcii* 
bt  ctiMl,  Ibe  diOecMCC*  of  VB,  CB,  AB,  Ac.  «U  tlto  be  eqnl;  id 
tbcrcfixe  t>-i>a*  4»c*4-tce.  contlituU  u  Infistte  Mrin  of  nbei  tito 
noti  are  In  uilhmcikal  pragreMMi  tbe  gtcatot  cabc  beiBg  f ,  aa4  lb 
ktti,  or  tbu  at  the  vntex  so. 

How  tbe  ram  of  luch  a  Mtiei  ti  --,  vbne  n  denofci  ibe  ownbcr  of  toM 

(n9)tudfubiUtiiUiig*&Kii,  vcbaw  -  (or  ihewmof  »*+«'.4-(V 

Itcte^tl/fa.    Tbcrefon^x  ^w^'saUtbeAttUtdiTidtdt] 

^^  (orB)  Ihecoalcnioftbe  cone,  giva  \h,  tbe duUact  of  tl« caM 
ff  gravItT  ftwn  Ibe  Tcrtex  St 

Cora.    HcKc  (be  cmler  of  (nvily  of  aa  B||if^  iTiandd  ii  alw  jil ' 
iti  axil  diilaat  ttvn  tbe  votes. 


CtHttft  or  CRAVITT. 
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Tejlnd  ih€  €€nUr  of  gravity  of  a  Triangh  (ACD)« 

976.  Binect  any  two  of  iu  sides  AD,  CD, 
bf  lines  CB,  AO|  drawn  fiom  the  opposite 
angles ;  and  the  point  of  intersection  G  is  the 
center  of  gravity. 

Conceive  the  triangle  lo  be  composed  of  an 
indefinite  number  of  right  lines  AD|  HP*  &c«  parallel  to  the 
skle  AD ;  then  since  CB  bisecu  those  lines,  or  passes  through 
their  centers  ofgra^'ityi  the  common  center  of  gravity  of  the 
irhole,  Of  the  centre  of  gravity  of  the  triangle*  must  also  lie 
in  that  line.  And  in  the  same  manner  it  is  proved  that  it  falli 
m  the  bisecting  line  AO ;  consequently  it  must  be  at  the  inter* 
irction  G« 

If  DQ  be  parallel  to  BC,  the  triangles  OQD»  00  C  are 
equiangular,  and  because  CO=0D,  jhey  are  also  equal,  there* 
fore  DQ=CO{  and  since  AB=:BD,  it  follows^  from  similar 
triangles,  that  OB=:iQD=:iOC,  therefore  CB  is  trisected  in 
G,  and  consequently  CGs^CB.    In  like  manner  AG=|AO«  ^ 

Ccrol.  If  CAD  be  the. base  of  an  upright  prism,  the  center 
of  gravity  of  the  prism  will  be  in  the  middle  of  the  line  drawn 
perpendicular  to  the  base  at  the  point  G* 

Tofnd  ihe  aniet  of  gravity  ofaTraptgium  (ABCD). 

377.  Draw  the  diagonals  AC,  DB{ 
ind  find  Q,  P,  the  centers  of  gravity  of  * 
the  triangles  ADC,  ABC  |  and  R,  S, 
those  of  the  triangles  DCB,  DAB; 
join  QP,  and  RS :  then,  as  the  center 
of  gravity  of  the  trapezium  lies  in  QP, 
tnd  also  in  RS,  its  situation  must  therefore  be  ift  O  the  InteN 
lection  of  those  linet« 

« 

Or  the  center  O  may  be  found  by  dividing  QP  fectproeaHf  if 
the ateat  oFthe  trianglei  ACB,  ACD}  that  b, 

tfUmg.  ACB  t  fWeiY*  ACD  tt  OQ  i  OFt 


• « 


•I*. 


eiatiA  vt  tft4Viti^4 


I 


I 

I 


* 

if  8.  The  center  of  gravity  of  any  icgultr  pcijpm  k  cn> 
dently  that  of  its  loicribed  or  circumieribiiig  oiclci*  Hot  if 
the  polygon  be  irregular^  di? ide  it  into  triangles,  and  6nd  tlidr 
eenten  of  gravity  i  then  if  we  consider  the  magnjuide  of  each 
iriangk  to  be  a  weight  placed  at  its  eenUr  of  gravity «  the  tarn* 
mon  center  of  gravity  of  the  whole  may  be  found  by  proctcdio| 
as  in  art.  374. 

879.  If  sides  of  a  tegulat  polygen  (AE,  £&•  &M#  HD^  &c) 
he  inscribed  in  She  segment  of  a  cinle  /  ikent  as  half  ike  sum 
of  the  sides  (DH+HB),  is  ie  (CI)  iheir  distance  from  0$ 
center  efthe  circle,  so  is  (ND)  half  the  chard  of  the  segment  ^  h 
(CR)  /A<  distance  of  the  center  0/  gravitg  ^  those  polggonsl 
iides/rom  the  center  of  the  circle^- 


f 


Let  the  sidea  be  biiccted  in  L,  Q*  P»  I|  then  if  LQ  and  IP 
are  alao  bitfccled  in  T  and  O,  the  intcrieetion  of  TO  and  CB| 
or  the  point  R,  will  evidently  be  the  center  of  gravity  of  tki 
chords  or  polygoiul  tides  A£|  KB,  BH^  HB, 

m 

The  trUnglci  DSH.  COI  are  timilar, 

whence  CO  :  CI  ::  DS  :  DH, 

::  «DS(=BO)  :  «DH  (=I>U<l'HB)i 
or  CO  ;BP};  CI  ;  DH'f  HB. 


CENtfti  or  dRAVITYt  $1f 

I 

And  from  the  timiltr  tritnglct  ORC|  BND| 
iwtgel  CO  :  BD;:  CR  :  ND; 

therefore  by  equality  DH-f  HB  t  Ct  :;  ND  :  CR» 

C^Hl.  It  If  we  tuppote  the  sides  of  the  polygon  to  be  dimU 
toishM  inde6nitely,  so  as  to  coincide  with  the  afC|  then  half  the 
sum  of  the  sides  is  equal  to  half  the  arc»  and  CI  the  perpendt- 
cidar  becomes  equal  to  the  radius ;  hence 

As  half  any  arc  of  a  circle,  to  half  its  chord,  so  is  th^  radius 
of  ihe  circle,  to  the  distiknce  of  the  center  of  gravity  of  the  ar^ 
from  the  center  of  the  circle. 

CoroL  8.  Conceive  the  sector  FBXC  to  be  divided  into  an 
infinite  number  of  triangles  CXK,  CKZ,  &c.  the  bases  XK9 
KZ,  Sec.  being  considered  as  right  lines ;  then  (370)  thdr  cen* 
tcrs  of  gravity  will  be  |  CX  distant  from  the  center  C.  Let 
CW  ^  iCX,  and  describe  the  arc  WW ;  then  the  centers  of 
gravity  of  all  the  triangular  spaces  will  be  in  that  arc)  conse* 
quently  the  center  of  gravity  of  the  arc  will  also  be  that  of  all 
the  triangles,  ^or  of  the  Mctor  FBCX)  therefore  if  G  be  tbo 
Center  of  gravity  of  the  arc  WV  Y,  of  of  t\kt  sector, 

arc  VW  :  UW  (half  iU  chord)  : :  CW  :  CO. 
But  the  sectors  BCX,  V CW  kre  similar,  and  C W  :r  fCX^ 
«   whence,  arc  BX  :  i  cA^ril  FX  ::  |CX  :  CO, 
or,  as  the  arc  FBX  :  chord  FX  ::  |  radius  CX  :  CG. 

Ccrol.  S«    If  I  tn<i  x  respectively  denote  the  distances  of  the. 
centers  of  gravity  of  the  triangle  CFX,  and  the  circular  segment 

FBX,, from  Gf 

•■  ,      •       ■ 

Tbea  trlang.  n  tsteem.  x  m,  wfien^  V*"^?'  ^ *  s «  ili« 
dttuaee  of  the  eentn  of  (nvity  of  the  Mgineiit  from  thet  of  tht 

irOLo  lU  $  Q 


^» 


tin  TIE  Ot  OltAVITV. 


it 


f 


f   I 

1\\ 


m    * 


T0jhi  lib  CMitr  tfgfMifUt  ^a  HmMm. 
JMIt  IlbmimfcsltheceiilcrorgraYilylictiiitlMii^ 

Let  tiM  ipartMa  be  tuipnidcd  it 
in  wta  8t  m4  pul  4i9sSC  the 
txii»  m4  ^s.Uit  fftrtmelert  Akb 
•uppoie  liciurCKe  to  be  oompoicd 
of  at  Infiallt  Munbcr  of  Biiet  AH. 
CR,  kc  paralld  tn  O^  and  at 
•fualilUt«iiccf  SO|OQ»acc.  AumoAeaoolbcrl    . 

TKm,  fon  Ibe  natiiic  of  the  pafabolap 

lie.       &€• 

And  (375.  coniLj  S  VP^Ox  SO-hf  $^i>SQx  SQ^kc.Ji^fSCxK^ 
or  f  ypSO*4.2%^fSQ'^&c •^^VP^^ 

That  it  (SO^H-^^>^^— •^-••«^)V/a»«lltlitdk. 

Now,  by  Alt  179,  the  nun  of  theKnci80^.f8Q^4.&c. 

I                »                       a*-^*       a** 
(thatli,  ftoaaa*  at 8,  toa^atC)  viObe  j~p  m  ^  .  ^ 

K  8^psaU  the  dSi;  which  divided  by  f  i//M>  the  area  of  the  parabob, 
(or  B),  gives  Vh^  ^i^t  the  diOaiice  of  the  center  of  gravitj  from  the 
vertexS. 


theftfMv 


.< 


7o  find  dh  center  ofgraviif  ^  ihejirusium  of  o  squurg 

tyramid. 

$81.  LetlssCH  theiideoftheleitend,  ^ssABlheiideoflheUsa^ 
greater  end,  aad  As  the  height  of  the  friutuio* 


If  the  Ihnttimbe  cut  through  the  4  sides  of  tho 
lets  ttA  by  plaoct  perpendicular  to  the  base,  it 
wili  be  divided  into  4  equal  sqwire  pyramids.  4 
•qual  triangular  prisms,  and  a  paralldopiped 
GHDRtailoftht  same  altitude.    Each  pyramid 

having  AR  or  DB  or  C^  lor  the  side  of  Ua 


CENTER  6r  CAAyiTY.  iff 


tatte :  tad  Al  or  DB^  and  GH  or  HD  or  tlwir  cqaab  ^' tid /« tit  Iht 

lida  of  Um;  btict  of  the  prbmt  •« 


Now  ((--^\|Ax4cs(f»--2ff<flO}*^tlirc«bfe€^ 

4  pjfftmdli 

*J^  Xi*Xlx4^(rl-l«)A^^.....^oflli»4piifWi. 

^  )?  A  ....tft-of  Ae  paraOrlopliicdt 


Suppoie  the  Crmtam  to  bt  Mtponded  It  the  kofl  end  en  I 

from  tlifti 


Tim  ih  It  UiedliUii^  oTtlw  center  oTgnvftj  oTthepjramidf  > 

7  A   •••••f*f«*»«a«af  •••••••••  ••••••••••••••t*.  •••••••  Off  the  IMUlUt         >___ 

"I /*  t**»ff»««t*«»»*c«*«»MM««»M*t»°»M»««>»>*  Off  toe  peruieiopi peu. i 

the  dnUnce  m  (he  axh,  of  the  center  tf  gravity  cT  the  AmtaM  ftoa  tht 
|cut  end,  or  plane  of  nnpemhm  Gilt  (|1)^   TU*  txpieHkNi  ftdncctf  ke« 

I 

Ci9rol»  And  the  tame  expret^lon  will  amwer  for  the  frottom  of  a  cone 
er  toy  opright  pnamidv  Kg  and  I  denote  the  dianietcrf«  or  other  timthr 
|iiictoftl)eg|eateraodlct|fndtt  becaufethenirfaceswUlbepsthe  ii|iiafi| 
of  thoie  diaroetertf  or  linett 

Bnmpk.  Let  the  finittitni  be  a  vpiared  piece  of  timber  30y^f#long»  and 
the  tides  ^the  fTea(er«  and  Itti  en^ias^,  and  Hfitif  ropectlvelj ; 

Tbca  '^tj^^?  K  ?  "  >6f;yM|  ^  <li*taKt  of  lu  ototar  of 
fiavity  ttom  (he  lent  end. 

t 

88S«  Supfifi$  AB  if  A  squarid,  heam^  or  lever  tf  eah,  30 
feet  long^  each  end  Mng  m/eoi  iquarei  new  whai  weigkiW 
€t  ike  end  A,  wenU  ieef  U  in  an  kerinonial  petiHon,  on  a 
jWrmm  C«  9/eeiJhm  ihni  entf,  f/#acA  etihtefoet  eJfihtUnm 
peigki  57lb.} 


^^■^■^ 


1  irtt  foai^f  be  eampitiinided  if  ihe  mcriot  IhMa  aif  drnmiet 
iM^i  fflMlflifbecntiNMiaeonuneiieoikyeriaftweol. 


<«• 


.1 


.1 


I 

I 


I: 


«M 


Cf VTfft  Pr  ^itAVITYA 


Sinct  1  foot  hi  kagtk  b  whm  a  ruble  foot. 
%rc  luiv«  in  X  S7s  IS9M.  lilt  vdflii  of 
tlM  arm  CA  Mi43  X  57 191 1711*.  UmI  pf 

CO  « 191.  tiid  CP  s  1(  iect.  tte  diiUMO  itf  dill  cnlpra  oT  tm?Uj 
iht  tnm  from  the  fulcnim  or  prop  C« 

>Ve  may  now  consider  a  weigbt  of  1^390.  at  Q»  another  of  17 1/^  at  F, 
and  a  third  at  A,  all  tiispendcd  on  a  lever  toid  of  ititHj.  uhI  snciai  i| 
tquiUbrio  on  the  support  C:  and  we  hare 

W X  CA-f  Px  CPsG  X  CG»  (3^  coroL4) 


»benceW«^^^^^:X^^^'^=:^^^'>^^'l'"\''^'t^ 
trtight  or  brce  re%|uired« 

383.  ^CO  h  M  uniform  iron  hqr^  or  hvnr  ff.iki  second 
kindt  6Jeei  in  length,  weighing  36lb.  if  u  required  io  fnd 
what  power  P  u^oiiM  be  sufficieni  ft  susUin  ihie  tever^  and 
weight  W  =  64lb.  JM  et^uilUfio,  \f  the  dUianc$  QA  =  \^ 

JAf  At|  f 


The  lever  being  fuppnied  a  right  Une«  wf 
have  pC  H  PsspA  X  \V  (360).  vhenc^ 

CA  X  \y 

P  ss     #<it-  •  vhich.  In  that  caie«  would 

)ie  the  power;  but  half  the  weigl)t  of  the 
|cver«  or  ^CI>«  is  sustained  b/  the  power 

r,  (CD  being  inchfi) ;  therefore  P  hs  {CD  ^  9^?^^ 

9  312  lit.  tiie  power  required. 


C   A 

1^ 


u+i^ 


Scholium.  Were  the  lever  without  gravity.  It  It  manifest,  by  Increar 
ing  i(f  length,  the  necessary  power  would  lie  diminished*  But  when  thf 
lever  is  an  iron  bar,  beam  of  wood,  Jcc*  there  it  a  certain  dctcniUBabIa 
length  which  #dmjtt  of  a  miuimwn  power  thai  will  sustain,  tr  raita  a  given 
weight  ( W)  at  a  given  distiince  (CA)  from  the  prop  C.  Thus  In  the  present 
cxAuiple,  let  the  length  CDssx  inclies;  then  Ixshalf  |be  wckht  of  iha 

C\  V  \V  ^r       .  •  -^ 

lever  in  pounds;  and  \m^  ■'  ^.i   sthe  power  P. 


Suppose  {M'ir 


m,  then  by 


wehavw 


the  quadratic  equation  i««-  4irji  s — 4CA  K  W; 

whcaccjr  ss9iNdb|^(4m— 4CA  X  ^^): 


CCKTKR  01^  CtATtTf* 


S8I 


Nov  tiie  Icttt  pouibk  raloe  of  m  b  when  4fNP-p4CA  k  Wan*,  cr 
4m«s4CA  K  W;  hr  if  4m»  be  /m  than  4CA  x  W,  tkeex^mriiNi  f/(4i^ 
»->4CA  y  V  )  bettmift  lin|ioi<itbl«.    H**iic^,  %rhffi  4m*  at  ^C^  x  W,  w« 

getfitrr/;CA.x  W);  «nd  is2md:98:S^(CAx  W)»V('^^^) 
p  $4  i.^(hes,  the  lco|th  of  the  kver. 

Aad  P  G  J  ^  i^^^  s32l».  IV  IcaH  power  by  whldi  the  freight 
pn  he  Ristaiacd  In  eqtiiQbrbv  when  the  leter  irtighs  half  a  pound  per  Ipchu    ' 

364.  A  piecf  of  iimbtr  nearly  In  th$  shape  of  a  einte/ru^^ 
fumt  40 ftei  loffgf  i$  svpported  in  an  hcrizonial  posUion  on 
fwo  props  C  and  R,  jB/eef  from  ihi  inds  ;  now  if  the  dlamttar 
of  the  greater  end  be  ^fieU  and  thai  pfihe  left  ifpoip  what 
fi  ihi  pressufo  on  fach  trop  f 


t 


Let  /  and  /  denote  the 
of  the  ends  A  fi^d  D^  and  A  th(» 
Iragth, 

fcet,  8s  DG  the  dii tance  of  the  center 

of  gravitj  G  6om  the  lev  end ;  theitftyrt  GCs9f,  and  GBss  18|.    . 

Iff  s  the  weight,  or  the  cubic  contents  of  the  fhntunit  wt  may  coMcbt 
M  weighty  or  coolenti,  to  be  tnspended  at  the  center  of  grafity  O  onf 
(ever  AB  void  of  gravity,  an<f  tnpported  In  otpiilibrio  on  the  Mcnm  C  by 
I  power  P  Instead  of  the  pro4>  R ; 

Thea  (3C0)  CCktsCl^xP;  whence  £!^sPi 

or  Si(CB):^(CO):ittP,  the  pressure  on  R  ; 

•      »  •  •        • 

TIhiI  Is»  the  iMe  wdghl  nnnt  he  dirided  rMprocally  as  the  dtitaact^ 
#f  the  props  from  the  center  of  grarity  of  the  body. 

8SI«  Lei  DB  be  a  keavjf  bodg  in  ike  form  of  a  parattelo* 
piped,  ihmding  on  the  U^e  ACB  perpendicnlar  io  the  heriscoki 
iefnd  wkai  power  P  tfdtii^  p^tr^hi  '^  fke  kerinen^  ai  a  gioen 
krigk  CO  at  W  •^  fM  lar#,  wauti  if  jwjficienf  to  tnn^ 
iieoer.       . 


»m  CVMTtK  or  M* 

tM  &•  ptrpcadicabr  VS  Vime 
CB|  then  u  the  center  of  pint] 
tf  th«  KCtan^  CQ  li  ia  that  per- 

pcndiculv,  we  nujr,  eoiutder  the  wf 
free  CQ  u  beii^  colleetcd  into  i 
wdght  Mupcndcd  tt  the  pmnl  S  dj< 
nctljr  under  tb«  cmur  of  gravity,  i 
to  oMm  about  Ibe  pcuot  C,  ihe  Jon 
SC  X  ibt  weight  at  S,  or  SC  X  lurfi 
dering  SCO  a«  a  bonded  lever,  tod  C  t 
$C  X  aurface  CQ  =  CO  X  power  tt  I 
...  .  .  SC  X  jurj'ate  CO 
llbnuio i  Iwncc     qq  .'-.V  5 

Kow  the  body  it  compqaed  of  ini 
tnd  c^ual  10  CQj  theTpforv  aubilitui 
Vody  or  of  all  iboH  planet^  lor  C( 
•r  CO  I  SC  :  I  If  1  P,  th«  fbr(( 
planta  or  the  body  in  equilibiip  on  t 
vided  it  mtcd  on  tliat  edge  only. 

bt  CBsCAx3/C,  the  bright  BQftC 
Buppote  Uw  body  to  be  ttravy  klunc  or  nurt 
liioL    TbM,  axaxfiX  ■60  =  9fi10lfr.c:i 

Tbcrdbic  it  would  ivqu'iK  a  force  KoMhi 
applied  at  the  heifht  oT*  feet,  ciUwr  U>  puU 

SM.  L«f  BQAH  h  Ihs  ptrpemdu 
nrAi  tafindthtthitkntuC^v/an 
wnaiary  fa  tupptri  U, 

If  the  bank  cooiiitt-d  pf  loose  .earth 
Mt  any  support  on  the.  side  QB,  1 
QBA  would  alidc  down,  leaving  the 
AB  indincd  to  the  horison  CH  in  a-^ 
or  tcu  angle,  according  aa  the  cart 
more^  or  lai  lcn«cioua,    Saud  and  fi 


CKNTta  or  ORAVITY^  Si) 

fte  ingle  ABQ  in  lest  dim  80*  |  but  a  slope  greater  than  60^ 
may  be  formed  with  tonie  stiff  toils.  On  these  accottntSy  the 
locUnatioik  of  AQ  Is  usually  taken  at  4S*  in  coin(mUtioos^  as 
s  salt  of  medium. 

Let  AsBQ  tbelieiglit  of  the  wall,  and  xsBC  iU  thickncts;  tlien  U 
QA  sQB,  iA«  h  the  area  of  tlie  triangle  QBA,  and  Axfisthat  of  the  icc(» 
iBfte  DB  or  sectiDn  of  tlie  wan. , 

Now  If  wf  consider  the  triangle  QBA  A  A  body  at  fibeHy  to  dCM^ 
dMi  titt  plane  AB  without  lirictloiii  Iti  hne  agalntt  QB  In  an  boriaonM 
diicctiott  RN  win  be  HfiiX  to  Its  Weight  ih*  (denothig  Its  weight  by  the 
jiea  or  fafiace)>  for  k 4s  tiittained  in  equilibno  by  the  rcsislance  of  BQ» 
^bich  teitstance  b  perpendiciilar  to  IKl:  therefofc  (341,  coiol.  f)  Bit 
(orQA)x  BQ  tt  wdgki i^  t  iA% the foice in  the horiioatallioe NR;  K 
bfiag  the  cenltt  of  grafity  of  the  triangle. 

Let  As  be  oomidered  as  a  weight  at  S  the  middle  of  BC  (as  In  the  pie- 
ceciing  article);  thai  C  being  the  Itilcrani  of  Ihe  bcndid  kftr  NBC;  aai 
E2fs}BQ  (376), 

vehaft  CSxi^sBKxjAS  In  thecaseofaacquHlbriuia; 
or4jrxAiaB|Ax{A*»  whenoeisA^}, 

or  BCas.816BQs 

That  ii,  when  the  wall  is  built  wHh  materiah  of  the  aaiae  wdght  as  the 
earth,  iU  thickncn  moU  exoeed  ^  of  the  height  TMt  is  aooording  to  the 
example  hi  Dr.  MattonPk  Coorw  of  Math.  yoL  If. 

Mutler  howetcr,  {FrmcHcd  Forilficntimi)  by  allowing  j  of  the  prciaaiw 
fcr  ikdon  on  the  plane  AB,  reduces  the  Airce  of  the  triangle  to  |x  1** 
sriA»  agaimt  the  point  Ns 

Hence  {a X  AaaJA  X  |A«;  and  xhs A  Vi  « -^^At 

or  BCs.47BQt 

That  li  the  thlckncsi  is  nearly  half  the  height. 

Bat  M.  BeBdor  (JdM«  iahigmUun)  endeavoun  to  pioTe  that  the  tri* 
sag^  QAB  shoold  int  be  diminished  to  half  its  prcsioie  or  weight  on  ao* 
conot  of  the  tenacity  of  the  eaith.  He  then  comideis  the  pam  of  the 
biai^  as  acting  sepnraidy  against  QB  In  directions  parallel  to  the  slope 
AH^  and  reduces  att  tfack  Ibites  In  the  point  Q.  The  mme  eonekitlon 
tsaity  iHiwfftr,  is  ^bcatoed  by  taUog  f  of  the  tilanil%  orfx  !A«  fbr 


• 


• 


4114 


etNTM  or  at4V|t4^« 


( 1 

i 


« 


tli«ibic»Mtll«bii*koiim«al  iUfctkmaiiaiiitteH«l!t2  iU  AiNi 

or  BCss.436llQt 
vlikh  It  |iol  Ideally  dUReml  from  Mm  cooduaioa  icoordlng  io  MuBow 

TooonpMteiKetliickiiett  wheotlit  wtU  orferetmaititof  brick»oro(ilDait 
Lei  •al24M.  the  vi4ght  oft  cubic  hoi  of  commdd  ctrtli ;  twi  hQ5lk  tM 
of  t  cubic  fool  of  brick }  ami  jcsI58/!&.  the  weigUlof  iUHMTperciibicfeui 
Tbeo  134, 125, 158,  or  aaj  Ihfce  nimilicn  lo  the  tame  ptopoctioQ^  %rUI  4t^ 
note  their  tprcific  gravities.  Aod  tince  the  weights  of  bodiet  ave  at  thdf 
tpedfic  gravities,  if  the  vail  be  of  brick  we  shall  havt 


ihx^X*^\h^X€,  and  tssA^^aB.ll5A«  12  h 


Bearifi 


lA»«xlsiA>x  #...^..^«=A^^=   .47As  1  * 

4A»*X*»»SA^Xt jisAV^^w.43*s}a 

That  k.  If  the  wall  bt  l«>ftd«  high,  lU  thkknets,  accotdloc  Id  the  Inl 

bypothesii,  should  be  rather  more  thaa  13 ;  but  Belidoi'a  makca  H  abo^ 
1/eei. 

If  the  wall  bt  of  stone,  then 


4e 


AQk 


Hencfi  tupposing  the  height  BQ  =s  i$/ki,  Ike  diflcitsA  bypolkctttgiif 
about  11 1,  ^V  ^^  Hfi^t  respecUvelj,  for  lit  IhkMat. 

SB7.  If  CDQB  ht  ike  fr^Jil  of  a  rtvelmeni  #r  tivl/  i«/» 
parting  the  earih  QBA  t  io  find  ike  ikUkness  DQ  gr  OB 
$vh€n  ike  slope  DC  is  given. 

Let  iksOD  or  BQ,  nAssCO  the  bate  of  Ibt 
triangle  CDO,  isiBO,  also  suppose  e,  A,  t  to  denote 
the  same  specific  gravities  as  in  the  last  afticle* 

Then  hs  s=  the  rectangle  DB,  and  {A*  s  the 
iriangle  QUA  (as  above) ;  also  Imk^  s  the  triangle  CDO.    Now  isniead  tf 
inding  the  ccntirr  of  gravity  of  the  trapeaoid  (^DQD«  wt  |ball  gtrngin 


\ 


'  CSttttH  6f  Ok AVITT.  ■  18* 

'  ifcc  torfiint  cTUie  Kcttn[lc  DQ,  tod,  the  tiUni^  CDO  to  b«  inlgUi  tl  S 
m4  T  dlnctlj  under  their  ccntcn  of  gnvilj,  S  bdny  the  Middle  «f  OB 
(u before)!  birt.Twia  be  JCOdUmnt  &amC;tfa«t  ti CT «>  |iilb  h4 
CtsMA  +  t*.  • 

TkenCbriiiithcAikninartfiebeiidcdlcTetCBN,  vehitfl 

«r  fi  •A'i -1- nU  ■« -«■  fUi*  s  JM  hi  the  etK  br  ifttqanMM 

•hea  tbe  wall  It  of  brick,  sccordlBi  to  the  lint  bfpetbe^  la  Jhe  pnaedbii 

Hticlr.    TUi  eaprado*  reduced 

. .    .       ,9AV>ffi*M      .        I  .f9f  .  n*\       ..' 

flteij+iJ^/i       y  .".wd«g*/t^+ jj— w*- . 

feppMeCO*|orth«bei|btOD,  thith,  letiio{, 

tbeos&*^(^  +  ^]_ftAa.<sA,iiMll7.  '- 

Bdt  ■do^i  the  tecond  hrpothcili  (Mnlln't),  It  wSI  be  **' 

irtlMNrMaentbeorilaMi  Ibennbtdtutl^tlbtft  «t|il 

— '"(S+t)—*"-"* 
««»«'(s+V)-"*"-"'  ^■~i»' 

Vqtpeee  Om  M|fct  BQbIS  fcel, 
tltcaJ3xlSs:Tftct2 

.taxisessi       >  iwtrir.fcrOQthetMckMliUle^ 
-  .S    X  15  B.3  *  "^ 

And  b;  >ddiD(  CO  s  )  fcet  <i  entQ)  «e  Aall  ban  CB  tbt  fldcluMM 
'  il  bottom. 

SS8.  ff%i)i  thg  rtvttwunitupportt  ■ 
^niA  ^  MfM  QBAS  iralnrf  ■£»«  fA* 
fo^DQ:  Lit  T  s  the  in*  of  tbe  Iri* . 
■Bgle  PBA,  lad  (  s  Alt  of  Ibe  Ui- 
iB^FQIl  dw  WRmt r to dcoM  1, 

?»t.  tl.  9  » 


•M  CIUT«K  or.«t*.viTi 

Tlwa  f  Br X n- bUw  fonv of  ibe  IriMil*  I 
Imr  PXpaboottLcrulcranCi  ud(&Qi4.SQl 

aud  tbrirdUrcMara{UPxrr— (BQ-f-JQI*] 
^uwlriUtnal  QBAS.  . 

Hence  irUn  wall  be  flfttOM.  veilulltav 

'itrrtoMRl  ukI  baak  an  ia  cquilAria. 

SuppoM  QP  K  9  ktt,  inJ  ihe  taliu  QS  piral 

n2S=4S"i  ib« otber  dbuenrioai  tcQMlnloi u In 

TbnUwtqiuIbB  reduced  (iiTM  ■*-*-£» •1-6= 

KmMrk.  If  the  triangle  QBA,  (/jf.  ; 
nt}Mr  the  triangular  privni  of  cirlh  of  w)i: 
dicular  acciioa,  wei«  a  coliil  body  on  a  p< 
AB,  iu  foice  ia  the  horiioalal  directiqn  1 
by  |BQ*  at  all  inclinalioai  of  the  alojie  ^ 
=  the  area  of  (he  triangle  QBA ;  conieqi 
QA  :  QB  : :  {QB  x  QA  :  ^Da*  iu  forc< 
SI  in  the  firit  of  the  precoliiig  methods, 
givec  the  thickness  of  walU  nearly  dout 
found  by  experience  to  be  nccesiary.  S 
varioua,  that  we  cannot  expect  any  nilc,  vt 
which  will  give  a  tatttfiutory  result  in  all  c 

la  these  computations,  the  wall  is  consi 
blockj  or  Ihe  joininga  a*  strong  ts  the  aoli 
its  resistance  arises  from  the  weight  only, 
firmly  attached  to  a  foundation  sunk  in  thi 
lonie  other  data  derircd  frbm  the  itrtng 
enter  the  computations. 

889-  TtfnJike  thkkntii  bf  Iht  pUrt 
m  ttmicirtuiarArsh  VQWtTV. 


CIHt»  or  GKATITT* 


Let  VTAQ  be  k' 
.  perpendiculir  uctton 
of  hilf  (he  ardi,  6  lU 
crnler  of  gravity  { tod  ' 
CBQD  the  com. 
•pmding  section  .cf 
(be  pitT  mpporting 
tiM  hali  arch. 


Now    the    arch    la  . 
•oppcwd  to  beofnich  '■, 

niB(cTia)(,  that  were  It  no(  opposed  by  the  pier  DB,  iU  pwn 
weiEh(  would  break  itat'TA:  the  arch  therdbre  «xerti  it! 
force  or  weight  ia  (hrre  direclioni^  ninwiy  in  (he  perpendkabr 
dtRCtion  OK,  in  (hat  of  OV,  and  in  an  horicon(al  direction 
KV;  and  the  forcci  will  be  as  thote  (hrce  linci:  but  OKf 
wluch  i>  in  (he  direction  of  gravi(y,  miial  therefore  be  propor^ 
tional  to  ibc  weight.  Hence  ifw  =  the  weight  of  (be  irch,  or 
the  lurface  VTAQ  (to  which  it  ia  propbrtiooal), 


TbenOK:w:iKVt 


=  the  lateral 


■tV,ot 


icKV 
that  in  the  b«riSOn(|d  direction  KV. 


..  ^  Wc  now  eonaidcr  C  u  die  falcruni  of  (be  beaded  tever  CBVa 
and  tuppoM  »  weight  at  S  (he  middle  of  CB*  equal  to  the  ion 
fux  DCBQ,  or  =  CQ  x  BQ I 


.  Then  VB  x 


»KV 

■or 


ia  the  effort  <tf  Ihe  irch  at  V  in  Uie  di. 


Tcctton  KV  to  turn  it  fin  (be  poini  C,  And  CSxCBxBQ 
Ihat  of.DB  on  the  nme  point  C,  in  a  perpendicular  direction  t 
eoiiac({aen(ly,  is  cat*  of  u  c<iuilibrinm.  thon  fbrcea  ibual  be 
C^t  tlutii>    -      .  ' 

■  jCByCB;,»e=VB><^,  ,1«teJCB'=^^!'^^    , 

lJl*>MhillV<rlTBMTA««,  uaytmttJUi  Ika 
QBaW.  Mnl.  M  O  On  cMa  o(  |nlll;  .(  IJH  lUtn  rr«(ti 


Lm  Tl  he  pwaDd  to  AQ  ■  4n«  n  vd  10,  0  W)b|  tW  i^4db  ir  cmW 
rptvltjrardMpanOelagniDlQAT.  Airfif  N  be  tte  chriac  «f  |n«itj 
«r  Um  quadnnt  STV,  KN  b  lljM  r»(«riy  (3T9  coroL  S).  JUio  Um  um 
afllwq«<lni)t)tTVc:1(K>W/Mii^  tint  oftbc'RiuiK  nUVdsSbO^  m4 
tt»  diffacncAilBa.UKtbe  uvaVTli  Md  rincc  StbeHiddteof  n,  b 
Um  ceMcroTparUj  of  (bt  fciifire  ITRV.  NZ||w9.91>i  Wac^  VF* 
■  ba  1^  crater  of  grvvily  of  it|a  ipacc  ITV.  <n  •hall  )ii*c  (3is)  KS 
B22£:^^£!2n|l.lfi,tbeKfinIPs».4UM«riy.  Monom.4w> 
Gl  baiUM  diapmil  of  tbe  panllcloKram  QT.  ve  gtt  {by  til|«MiiM.) 
PCs  13.094,  which  being  divided  rccl|in>uUju  (he  two  nrimcalQAT, 
udVn,  givM  00=1,414.  and  O  bibe  ooawMa  cmtcr  of  fniity  «( 
Iwth  urfacaorof  the  4uaiilinwr  ipaa\TAQori0ctiiMi  eflhe  bflTuti. 
ABdh«KeOK«i>dKVM«iniUljl(MUKltolM3S.«t,  »p^».tT/ml,  n,  . 
ipectiireljf. 

TbcM  nlim  being  lubitituled  In  tb«  itxi^e  nprcMioa,  w«  ifaaB  fcai« 

4DC« 46X36,64 '  *beDeeBC  =  T.t>irf,  orarij-,  Um 

Ihlckneu,  «hen  the  pier  Jutt  preientt  Ihe  uch  from  bUing,  conscqvCDlIy 
Ibe  ■tlmendDn  ihould  be  Mmevhat  gmler.  Abo,  wbea  Ibc  pier  lUadi  li 
«atfr.  it!  prcuurawillbc  kticned,  and  u  allawaKvvMghtto  bemade^ 
ttHtKcouDt,  cxccptitberappMiedpothtildeDC. 

300.  Suppoi*  CD  u  a  ttam  rfwc«d  mtveaite  ai*ut  the  ni 
C.  and  tuppartti  ky  the  weight  W  atlachti  $9  4  Jlnibh  tint 
DPW  poising  over  «  puUty  a(  P  i  fo  dtltrmina  tht  cun* 
WRH,  a&)M|f  wAicA  the  weight  W  mutt  aftve,  M  Ihal  thf 
ham  and  weight  shait  alwayt  ie  U  e^itUriot 

Let  CD  be  hori- 
KODtal,  and  the  per* 
I>endicularCP=CDj 
alto  tuppoM  the  beam 
U  of  luufonn  thick* 
noil  then  wc  may 
eoiiiider  it  la  i  line 
or  lever  without  grav> 
ity,  having  a  weight  tl  the  midJIe  point  A  (iu  center  of  gravity) 
equal  to  that  of  the  b^an.  Make  CQ  pcrpeadicuUr  to  PD> 
and  QA  will  be  peq>eikliciilar  to  CD. 


ClllTIR  or  #liAVlTtt 


sso 


Since  CQ  aii4  CA  are  reipfctWety  perpendicular  to  DP  and 
QA  the  directiont  b  which  the  weights  W  and  A  act  on  the 
lever  to  tarn  it  about  thts  end  C0  the  weighti  or  forcea  in  equi* 
)ibri0|  will  be  reciprocally  u  thoM  perpendiculars  CQ  and  CAf 
(1^  the  properties  of  the  lever  j) 

that  lit  CQ  t  CA  n  weighi  A  ;  weight  W| 

or  CG :  CS  1 1  Wfifhi  A  ;  weigh  V/,  (by  sim.  triatig«)« 

KofT  suppose  CB  to  be  another  position  of  the  beam  or  lerer^ 
Ind  R  the  corresponding  place  of  the  weight  W  s  Dfaw  RZ« 
VT,  BE  parallel  to  CO,  and  VI  parallel  to  PC ;  then  WZ  if 
the  perpendicular  descent  of  the  weight  W,  and  IV  the  corre* 
iponding  yertical  ascent  of  the  weight  A,  and  those  spaces  are 
reciprocally  as  the  weights  or  forces,  in  the  case  of  an  equi* 
Ebriunit  (345)  ( 

That  is,  WZ  I IV  :  t  weight  A  I  Weight  W  n  CG  s  CS  (bf 
tquality)! 

Hence  it  appears  that  WC=CQ  t  for  WZ  :  IV  :  CO  t  CS 
::  CQ  :  CAorCO ;  that  is,  WZ  :  IV  :i  CQ  s  CO)  but  when 
die  beam  is  Tertical  or  in  the  position  CPf  V  and  O  coincide 
md  IV  becomes  =:  CO,  therefore  the  antecedents  WZ  and  CQ 
ire  also  equalt 


tf 


Let  WZ:;rjr,  ZR=:jf,  CDorCPs:*,  PWsrp,  OTr:n 
Is  the  length  of  the  line  DP  W,  mzzCG,  iiizCSorGSt 

Then  WZ  :  IV  ti  CO  t  CS  (or  CQ :  CO}) 

that  it,  « ;  |&— • :: »  : »)  whence  v  ^  i.     '■      that 
the  Mcton  QCV,  PCB  «t  limikr,  md  PC  s  tOC,  w|MO(e 

And  Ueawf  the  triaoglt  PC&U iwedei,  PB*s tPCxPE 


•  • 


tmmfntaiifi^Y 


sPR'l  aadpJBsf^. 


UHTIt  Of  OtAVlTr. 


/!=»:=i:*i)'- (,+.).=  ^(=Rz.l 


wheaM  (i 

the  cqutioa  of  the  curve,  cxhibilin(  1^  rcUtloa  of  «a  otdinui 
WZ  or  NR  (jt),  to  iu  correiponding  abMiue  ZR  or  \VN  (y). 

SuppoM  CDaCPsSOyW,  iU  weight  or  IIm  wisht V  A s (OUt 
tbeaCSbdi^tlwiideorstquan',  tnd  CO  Itt  dagoail,  anadsp^ki 
dtnoUdbjr  1.414  Icc.  bikI  Is  lo^welUTe 

1.4U  I  I  ti  COO  t  494^.  tlwwMKhtW. 

AltoW»=l4.HLc/xt=sC<issCWi  and  PMTscS.K;  «hm 

If  «•  anume  x,  and  And  iht  cofmpondtag  nlnci  df  jr,  the  nm  an 
W  traced  by  nrnm  of  poinUt  Thui,  luppote  WZ  or  <  s  10,  wbich  tM| 
■ubHiluted  for  X  ia  the  c()ualktt  of  Ui«  carte,  gi«a2&or  jr^lO-U/^ 

If  CV  be  the  raditUi  the  perpcodicuUr  aaceol  of  the  wn|h 
A  will  always  be  denoted  by  (VIJ  the  aim  of  tbe  Indiiuliaail 
CB  to  ibe  horizoni  hence  M.  Belidor  calla  thia  cunrc  the  Jiia. 
S»idt  KC  bit  Sfieuct  des  Imgauuurt,  where  «  w«i|hi  [W: 
moveable  along  the  curve,  it  made  the  counicrpcHie  |e  aDiH< 
brit^e  (CD)  that  turn*  on  the  end  C* 

391.  lAt  Ihe  plane  AEFQ  h  perptuiicuUr  to  tht  kw'an, 
C  tlx  €*nt€r  of  gravity,  aad  CGH  panlle{  l»  th*  kmmt 
th*H  ythe  plane  revolves  alout  C  as  a  ctMler^  alwaift  tituu 
ing  il$  vertical  position,  the  solid  it  gewerates,  it  equal  I*  f' 
said  plane  drawn  into  the  ore  (GR)  descriiad  by  its  ctmttr^ 
gravity. 

Coaeeive  the  whole  aurfaee 
AEFQ  to  be  collected  in,  or 
reduced  to  the  axia  or  line 
ZH  by  aa  indefinite  number 
of  petpendiculua  to  that  line 
drawn  through  the  aurface  i 
uid  auppoM  the  dialancci 
GB,  Cb;  CD,  Cd,  &c.  art 
teciprocally  ti  the  nuinber  of  |Miticle«  in  the  puou  Bj  I,  Dt  4 


CINTER  or   CHAVITY.  S91 

Sec.  re!(pective1y ;  then  if  B,  I,  D,  cf ,  &c»  denote  the  number 
of  panicles  in  those  points,  we  have  (by  prop,  of  the  lever) . 
CB.BzzGk.l^   GD.DrrGif.if,  &e.    and  therefore  (373» 
coro1.«)  CB.B  +  C*.*  =  CG(B  +  /),  CD.D-^Cd.d-CO 
[D+d)9  tec.    But  the  arcs  DO,  BP,  8:c.  are  respectively  as' 
the  radii  CD,  CB,  &c.  hence,  by  taking  those  arcs  instead  of 
their  radii,  we  get  BP.B+iSJsGR(B -!-£)»  DO.D+cTT.i 
rOR  (D+<f),  &€.;  whence  BP.B  +  ^^S.t+DO.D+cfr.if^ 
Sec.  =:  GR  (B-h^+D-f-iI«  &c«) :  now  the  whole  solid  is  nado. 
up  of  all  the   BP  •  B,  ^S  •  &,  &c.  taken  together,  therefore 
GR  (B  +  A  +  &€.)>  or  GR  x  surface  AEFQ  ia  the  solid.    And 
the  like  ia  also  true  of  surfaces  described  by  linea* 

Examples 

!•  If  the  circle  whose  center  is  G,  re* 
Toh*e  about  C,  it  will  generate  a  ring  (like    ^— 
the  ring  of  an  anchor) ;  its  solid  content 
will  therefore  be  zz  the  surface  of  the  circle 
multiplied  by  the  space  described  by  the  center  of  gravity  G,  or 
the  circuqifcrence  of  the  circle  whose  radius  is  CG.    This  is 
also  knoun  from  other  principles. 

9.  To  find  the  eohtent  of  a  cone,  or  the  solid  generated  by 
the  revolution  of  a  right  angled  triangle  ABD  about  the  per* 
pcodicular  BA. 

K  AC  S5  }AII,  and  CS  parallel  to  D,  then  C»  the 
mUldle  oC  CSf  b  the  center  of  gravity  of  tho  triangle ; 
that  is,  CG  s  }BD.  And  the  dide  described  by  the 
ix>iat  G  b  one  rerohitkmsE  JBDc  (c  being  s  3 .  14 IC), 
tHis  nniltlplkrd  by  {AB  X  llO  (the  area  of  tlie  triangle), 
h'jBDc.iAB.BDasBDV.jAB;  botBDV  is  tbeaiea 
of  the  base  of  the  cone,  or  of  the  circle  described  by  BD ; 
therefore  the  base  taultlpUed  by  |  of  the  height  gives  the  solid  content 

3.  To  find  the  ieontent  of  a  parabolio  spindle,  or  the  solid 
feneratcd  by  the  itvolntioii  of  a  parabola  DVS  abt)ut  an  ofJI* 
fitte  DS,       ' 


»99 


.  ciMTM  •*  omAvr 


^  O  bi  Am  ctntar  wt  pnttf  «nU  y*- 
i^oli.  OCafCV  (UO)i  btM^.fWling 
cnS.lilf.  M  than  have  fCVicslW  dqi  . 

ciimfcnM*  fli  tte  cifcb  taaihti  kf  *^  ^ 
pgiotO.  AmI(>k«  lOa.CyiitlieBTttsr  ^ 
tkt  pmboh  (304)  or  tU  |nmtii«  luffaait 
BV^CV%.D3:butCVV.DS  bthecootnitc 
dcr.  Tbcnfon  ■  parabolic  ipindle  ti  -^  of  It 
wbcn  lU  ub  (DS)  i>  si  right  aajlca  to  (CV)  i 


4.  Let  U  be  required  to  Rnd  the  turfao 
by  the  revolutioa  of  «  KDiicireutar  trc  Dl 
DS. 

SuppoN  C  to  be  Ihc  center  of  tfae  dick,  O 
fravityofthciicDBdi  UicB(J7»,«irDl.l}iDI 

'iT^=*^°>  "''  (Pultl»|'=5.»l6).  ^ 
or  clrcumfcreiK*  dMcribrd  by  the  center  of  |ra« 
revolHtioa  1  Ibii  multiplied  by  DBS  the  fenmtii 
4C9c:  that  li.  9CS  the  diameter  of  Uw  tphcr 
'-  circumfereDCC,  glretlbeiupetficiet. 

5.  By  a  revene  openlion,  the  ctotci 
surface  may  ■onietimea  be  deUrminedt 
pCHted  to  itnd  tbe  ccatcr  of  gravity  G  of  tb 
DS  being  the  tramverM  axe,  and  CB  the 

Put  laCD  tbe  Kiuitno>\'ene,  f  sCB  Ibe 
Jugate,  ca3.M16,  aod  issCG.  Tben  (714. 
^gt  h  the  area  of  tbe  temiellipK.  And  Sam 
rainfiereatt  dctcritied  bj  tbe  cento  of  grant/ 
pming  tbe  cllipie  to  tevotve  oa  tbe  axii  DS  i  i 
So  X  ilgt  or  tgc*s  b  the  leoerated  Kdid  or  i 
but  tbii  ii  alto  cijudl  to  }  of  the  circunuoiUng 

(3SI);iluitii/<c*«a)/fVi  wl)eiK«as^z=C 

(J79,  ewol.  2),  CG  =  ^JjBF  ~*i-  """^ 
tbe  Mmiciicle  AMP,  and  lenildlipte  DBS  are  Ibc 
acr  It  [•  Touad  that  ihe  center  of  gravity  of  thi 
tbat  of  tbe  MmiciiicU  dcKribed  wilb  tbe  ndiut  ( 


tlNTEH  or  CRAVITY.  iflt 

$09.  tftwo  0r  mare  Mies  move  unifermlf  in  siraighi  lines^ 
9heir  common  center  of  gravity  will  either  h  ni  nrt^  $r  mop$ 

uniformly  in  m  right  Rne. 

» ■ 

I.  Let  G  be  the  center  of  gravity 
of  the  bodies  D  tml  B.  Then  (S7S) 
D  :  B  ::  GB  :  GD.  Now  if  the 
bodies  move  from  the  positions  D 
and  B  in  any  right  lines  whatever, 
but  in  opposite  directions,  and  their 
velocities  are  as  GD  and  GB,  the 
center  of  gravity  G  wilt  remain  at 
rest*  For  suppose  D  moves  to  d  while  B  describes  BA,  then 
the  directions  being  opposite,  DJ,  and  B&  are  parallel  and  havo 
the  same  rayo  as  GD  and  GB,  and  consequently  the  trianghi 
GDJ,  GBi  are  similar;  hence  GB  :  GD  ::  G^  :  Cd  ::  hody 
at  d  :  My  at  b  \  therefore  G  is  the  center  of  gravity  of  tho 
bodies  when  at  d  and  b. 

When  Di  and  B£  coincide  with  the  line  passing  throu^  D 
and  B,  the  bodies  move  directly  towards,  or  from  each  other* 

f .  Suppose  G  the  center  of 
gravity  of  the  bodies  D  and  B,* 
as  biTore,  and  let  D  be  stationary 
while  B  moves  unifomily  fVom  • 
B  to  4 ;  then  if  GP  is  parallel  lo 
B>,  the  center  of  gravity  G  will 
describe  that  line  GP  with  an 
miiform  motion  in  the  same  time.  Again,  if  B  be  stationaty 
while  D  moves  unifermly  along  Di  in  the  same  time  that  B  de« 
acribed  B5,  O  will  then  describe  CO  which  is  paralld  to  Dil. 

Join  iht  aaJ  drtw  ?g  ptnlM  to  IM  or  CO  |  dwn  th* 
trun^  DOP,  DBI  f  nA  abo  tig,  DM,  m  mpwttvrif 


•   • '    .     ' 


▼oucj  %n 


m 


letMtta  0f  ciAym, 


Hwk  bii  GO  :;  t>B  i  GB  :t  tii  iPiiitii;?gt  mom 
the  aoteccdcntt  tid,  D^»  being  the  •aniCt  the  eoosequenu  CO, 
Pf  nittii  be  equal,  and  consequently  Og  u  paralid  and  equal  16 
CP»  Moreover,  tince  DB  and  db  are  divided  proportionally  in 
6  tnd  gf  the  latter  point  g  it  ihe  center  of  gravity  of  the  bodies 
at  d and  L 


,f 


til 


It  tfieitfore  followai  that  if  D  and  tl  move  omformly  loge^ 
ther,  and  detcribe  Dd,  hi  in  the  same  time,  their  center  o{ 
gravity  G,  which  is  ui^  in  the  dircctbna  GO,  GP,  will  de« 
acribe  the  diagonal  Gj  of  the  parallelogram  GP^O  \ftth  the 
aame  kind  of  motion,  in  that  tiuK,  whether  they  move  in  tlie 
aame,  or  difle rent  planes ;  for  the  points  O  atid  P  will,  in  butli 
eases,  fall  in  Bd^  and  D^,  rcspcciivci}*. 

*  We  may  now  consider  D  and  B  as  one  body  at  G,  moving  ia 
the  given  direction  G^^,  while  a  third  body  describes  some  other 
line ;  and  the  track  of  ihcir  common  center  of  gravity  bciaj; 
^  'determined,  as  above,  a  fourth  may  be  added ;  and  to  ou* 

» 

Carol.  Hence  we  conclude  that  the  center  of  gravity  of  tva 
or  more  bodies  is  not  afl'ectcd  by  any  action  of  the  bodies  upoa 
one  another.  For  suppose  O  and  B  attract  each  other,  then 
.  their  center  of  gravity  Q  is  the  center  of  that  attraction;  tite 
bodies  tlierefore  in  approaching  G  nnist  move  through  sp;ices 
proportional  to  CD  and  GB,  wlietl>cr  tliey  continue  in  the  sainc 
Mine  DB,  or  are  urged  in  the  directions  Dc/,  and  D£,  and  cou* 
sequently  G  will  remain  at  re»t,  or  describe  the  line  Gg. 

i 

It  may  also  be  observed,  that  when  a  body  is  projected  with 
"1  whirling  motion,  the  rotation  is  nude  round  an  axis  pasfinj; 
through  tlie  Center  of  gravity.  So  a  body  if  quiescent  iu  fnc 
space,  may  be  said  to  rest  oh  its  center  of  gravity,  but  an  oUiqoa 
impulse  would  destroy  the  c(|uilibrium  by  turning  it  on  that 
center. 


%.  -X 
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Op  the  centers  or 
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PURCySSlON,  OSCILLATION,  an  d  GYRATION. 

393.  Th  b  center  oF  Percussion  of  t  body,  or  i  tjriKin  of 
botlif^Sf  mm'ing  aboiU  an  axis  or  point  of  tuspentton,  is  t  point 
which  being  stopped  by  ?n  inmovcabfe  obstacle,  the  body  of 
system  is  quiescent  without  acting  on  the  axis  of  motion* 

Thus  if  a  rod  of  wood  or  metal,  SB«  vibrating 
•bout  the  end  S,  strike  a  6xt  obstacle  Ro*  and 
the  momenta  of  oS  and  oi  are  equal  (O  being 
in  the  axis  of  the  rod),  then  all  motion  will  be 
destroyed ;  for  neither  of  the  parts  oS,  ol  would 
hsve  a  tendency  to  move  round  the  point  o, 
which  in  that  case,  is  the  center  of  percussion,  or  the  point  m 
which  all  the  moving  force  of  the  body  or  rod  is  collected. 

39*1  •  To  Jin  J  the  center  of  percnssipn  (O)  ^c  lyilevi  of 
hdies  Av  B,  D,  &c.  connected  If  inJIexiUe  linos  wiihomi 
{ruvitjf^  and  ret*olvhg  ahout  the  poini  of  suspension  S,  in  # 
plane  passing*  through  their  centers  of  gravity. 

Through  G  the  common  center  of 
gravity  of  the  bodies,  draw  SC,  upon 
which  let  fall  the  pi*rpcndiculaT%  A  a,  ' 
R^,  Ddf  &c.  and  let  AC  be  perpen- 
dicular to  SA;  also  make  CRnSA, 
and  draw  CH  perpendicular  and  RH 
parallel  to  SC.  Tlien  AC  is  the  di* 
rtction  of  A's  motion  as  it  rcvolvea 
about  S I  and  the  system  being  stopt 
at  O,  the  body  A  wiU  urge  the  point 
C  forward  with  a  force  proportional  Ip 
its  vdocity  mto  the  quantity  of  matter,  tfiat  it,  at  A.SA  or 
A.CR.    NowifllieferceA.CRbeitaolTcdint^llietwoforc^ 
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A.RH|  ttWI  AXH,  the  Utter  A^CH  will  itpittciit  iIm  tftHif 
A  in  a  diicctioo  pcrpcodiciiUr  lo  SC  it  the  point  C  t  but  the  trU 
angict  CHRf  SoA  ait  uuikr  and  cquali  ^  thctefoie  CH=$ff« 
consequently  A.Sa  it  the  force  of  A  in  the  direction  HC ;  and 
(by  prop,  of  the  lever)  this  force  drawn  iotp  CO^  or  A^Se.CO 
s  SUi  (SC— SO)  =  So.A.SC^^^A.SO= A.SA«--Sa.Aio. 
if  the  effort  of  A  to  turn  tb^  fy$tem  or  bodies  abqiil  the  point  O* 

• 

In  the  same  manner  we  get  B.SB*  —  S^.B.SO.  aud 
D.SD'—S^f.D^SOy  the  forces  of  B  and  D  to  tui:uthe  uui\ 
about  the  same  point  O.  But  when  O  is  iquicscent^  the  forcc^ 
on  contrary  sides  of  that  point  destroy  one  auptb^a  ^K  ^^ 
sum  is  =:  0,  thai  is« 

A^  •— SM.JLSO  4-  aw — 86.B.SQ  ^.  D.SD  •— &^p.$0,  Ic.  x:  •; 

the  center  of  percussion  O  from  the  point  of  suspension  S 


of 


^  It  must  be  remarked,  that  when  perpcudi^ulars«  Aa,  Bi,  &e. 
fall  on  both  sides  of  S|  the  exprei^sions  for  those  forces  whic^ 
have  a  tendency  to  turn  the  system  in  a  Qontrajry  diiiectjuni,  must 
have  contrary  sigpv 

C^roh  \*  The  common  center  of  gravity  of  the  bodies  being 
G,  we  hare  (A  +  B  +  D, >c.)SG^Sn.A-fS*.]^  +  Sd[.p,  *c^ 
(37d«.  corol.  S.)  b^nce  by  sub&titution, 

CO  -  A.SA^-»-B.?B«-^D . SD%  fcc 
^^  -         (ATB+D^  &c.)  S(S         ' 

C$r9t.  8.  Bu^(Ceom.  art  Sd)  SA*— Sa*z:(Aa*)zGA^-C«H 

■ 

whence 

8A>sGA*-t>Sa«-««^sGA*-|-(Sa-)-(^<')(S«-Ga)sOA«.|^C(SG— tG«) 
=  GA*-fSG*—SSG.G«  (because  Sa=SG—Oa)- 

lh»tii,  S/V'- SC«  +  GA«— «SG.Co. 
la  likf  wanner  S^«  _  ?G«+  CB*-8$G.G£; 

•nd  S0*=  SG*  f  GI)*  -f  sSG.Gtf,  ftf . 


**»»««  or  p,,^ 

I*   .Cb*    . 


*• "Tin   o, 

(    AfSG.^CA.,  "•""•''•tor  will  b.       "^ 

^P(SQVGDi)7/«f^G^;B 

^^+f?SG.G^X).&c 

»•  PwWi.  «,  ,r''"  ""»•  W^i,  _^  '•'JWJie.lir  di^ 


GBtj 


^OAAcs. 


*c.)sr; 


it4£^a.c; 


GD' 


Acm 


»p 


•8» 


cvNTift  or  rsRcui 


Cbra/.  4.  If  a  circle  be  dncribcd  W 
CS,  the  point  of  luipeiuioo  (S)  vMf\ 
tamkteaotf  ind  the  diiluire  between  ll 
pemiuion  will  caotinue  inTiriablci  tli 
tnaiaing  u  btfoie. 

3»S.  SmpptfB  the  UJ^  A  (precedii^^ 
mbout  S  hj/  tka  umtantforct  ft  atiiu^ 
iiculur  t»  SC,  at  a  given  paint  C  j  te 
placed  in  C,  luould  rtetitM  lh»  mm 
i«M«  litHt  tg  thefone/Mttimg  atC^  t 

Bjr  conttdering  CSA  u  ft  brndcd  kvi 
bare  SA  i  SC  t:J  :-t^  the  (bm  tt 

fcrce/at  C,  or  it  is  the  cBmI  «f  the 

/  SC 
the  (brcet/and'^^T-  acting  fepmtelj 

woulil  thererore  have  equal  efiecu  po 
acting  at  C,  and  the  latter  at  A. 

Let  X  denote  the  ma>t  required  at  t 
of  the  Rvolving  masiea  or  bodict  x  i 


=  F.    Thenbyart.917,  (thclJ 


y.sc 

X  — .  where  IK  and  w  denote  the  bo 

«/ 

V  and  *,  that  is,  IF=  A,  and  tv  = 
Morcoverj  when  the  angular  moltooa  < 
cqualf  tbcir  velociiiuwill  be  «a  SC  anc 

whence  by  aubatituiion,  the  equatio 
SC  _  SA  „  A   _. .  .  ^^  .  _  SA 

■CIS  It  toy  olhcr  point  O  intlcad  of  C 
.     SA'.A 


CkNTER.  or    PERCUttlON. 
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CoroU  1*    In  like  manner^  the  masfief  or  bodies  *^  ^m     and 

"SC^'''  if  collected  in  O,  would  acfjuire  the  same  angular  motion 
from  any  Constant  force  acting  at  O,  as  the  bodies  B  and  D  re- 
ceive from  the  tame  force  acting  at  the  same  point.  Conse* 
4|ucntly  instead  of  At  motion  of  a  system  of  bodies  Aj  By  D» 
&c.  arising  from  a  force  /  acting  at  a  given  point  O^  we  may 

M    •!.-..•     -^.u         .  SA».A  .  SB'.B  ,  SD*.D  ^^ 
consider  the  motion  of  the  mass  -gTjr  +  "Sil**  "^  iiO^  * 

SA*.A+SB*.B  +  SD*.D,  &c.     .        ^..^....^  ;«.  n    .. 
er  '        ■  KJL|      I         11      when  concentrated  m  Uf  as 

an  equivalent* 
C^l.t.   Lee  SA'.A+Sn\B|SD«.D.&c.^^^  ^^ 

motive  or  moving  force  being/y  and  in  the  mass  or  body  rooted, 
the  absolute  velocity  of  the  point  O  (or  of  m^  or  the  whdie 
s}'stem  A  4-  B+D  &c.)  will  be  direcdy  as  ^  and  intiersely  as 

0ii  that  is  as  ^ ;  but  the  angular  Velocity  is  directly  is  the  real 
nr  abiolute  velocity,  and  reciprocally  as  the  distance  SO  fnmi 
the  center  of  motion  S*;  that  is,  as  ^  divided  by  SO,  or  as 

f  A  so 

O0'  "*  Sa'.A-4-S6*.B+SB».D,  kc  • 


*  Let  OT  be  a  body  at  O  moveable  about  the  poiot  of  lus* 


ilie  Ibrce/  Will  not  be  tuflicietit  to  urge  it  through  the  arc 

OP  in  the  time  A  consn|uently  the  velocity,  or  the  space  deicribcd,  dU 

miolslicf  al  the  body  k  tncJeaied,  the  velocity  tbeiefore  v^lll  vary  at  Die 

fritfiaB  ^  variei,  fo  a  Aractioa  It  cidiugetl  by  IncrcatUif  the  aumefator, 

bm  dlmiat^ed  by  aojpfMithif  the  dindinliiator.  Agaia,  the  an^lar  vclo« 
cHy  It  UMtoed  by  the  angle  OSP  «  by  the  arc  OP  ftr  tpaoe  deseiibed  by 
Ibebody,  wbkkipaoeltaitbereal.vclodtyt  butlftbeiadiusOS  beaug* 
MMed,  the  la^tabir  if^dddty  b  dii^ 

%it»thetamrabinliile  tdodty,  to  the taae  time;  and  tbetefae  theaiijblaf 
vclDchr  b  dhwclly  is  IlK  iial  velQdIy ,  and  toitmiy  at  fha  dlttai^ 


t  *oo  ) 


CENTER  or  OSCItUlTtOtl. 

3{HI.  Thi  cehieroFoKilUtifbof  tbttl]ryibnlut(bjrtfafcfcRk 
of  gravity,  b  that  point  in  which  if  any  qiumtiljr  of  waaXta  bi 
placn),  it  will  perfotm  iu  vibratiooa  in  the  aanw  time,  a^ 


ij  I  With  the  aime  angular  vtiijcity  if  the  b«ly  iadf, 

tct  (Q  be  the  center  of  gravity 
bf  the  body,  DBSAG  the  plane 
in  which  it  vibratea,  S  the  point 
of  tuspeniion,  O  the  center  of 
iwitUtiont  £SK  in  hurizonul 
■  lioe.  and  tuppoae  the  matter  of 
the  body  to  be  rcdu^ced  to  itie 
plane  of  vibraiioa  by  perpcndi- 
culan  let  fall  from  all  lU  parti- 
clea  A,  B.  D.  &c.   upna  that 

plane.  Draw  Aa.  Bt,  OJ,  Sec.  pc^fkndieidaf  to  Si  ibc  Gai 
pduinf  through  the  centen  of  gnn^  «kI  oacilUtioa,  and  AK| 
Cg,  BI.  OCt  OE,  perpendicular  to  £K. 

Since  A,  B,  D,  act  by  thL>  force  of  gravity  id  the  dlrcctiai 
KA,  IB.  £0,  their  cflurti  to  move  about  S,  will  (by  prop.  4 
the  lever)  be  A.SIC,  B  SI,  D.SEj' but  tlie  eflbn  of  A  ia  oppoid 
to  that  of  B  and  D,  and  therefore  Hibiractive;  whenoe  (coroLt 
preceding  art.)  the  lum  B.SI-i-O.SE— A.SK  will  be  equalk 
/.OS;  iheccfure,fubititiitingB.Sl-tD.SE— A.SK  for/.OSii 
the  expression  denoting  the  angular  velod^  (SfiS.  coral,  f)  » 
.  B.SI  +  D.SE-A.SK       ..  ,  .  ^ 

**"  A.iiA'-t-6.tiU'^[).3D'  '^  *"B^"f  °""**"  E^""^ 
hy  A,B,D.    ButifA-t-B-^-Dj&c.  were  coDcentrated  in  O.Ik 
numerator  and  denominator  wouM  become  (A  4  B  -f  O,  &c)  SC, 
'         and  <A+B-t-D|&e.)SO*,  leaixciivelyi  coiuequeotly 
(A+B  +  D)SC         SC  .    .  ,  ^. 

(X+B+DjrsO«  or  gy,  «  the  angular  motion  generated  byi 

\)Qd^  U  O :  now  the  angular  nwtioiu  arc  aupposed  to  bt  eqail  I 


etNTKa  or  oscillation.  40| 

tx^t^    ft.Sm-D.SE-A.SK    _  SC         Se      ,,       ,^ 

.5«..ria«g.SCO,S,G).whe„ceSO=*|^;±£^±g5^xg. 
BmI  it  foDowf  fiom  art  373,   that  B.Sl4.D.SE~A.SK=: 

» (A+IM-D)  whence,  by  ittbttitaticm  SOs  ^'^1^4^^^^^^^'^' 
and  by  the  fame  artklei  (A+B+D)  SG=:A.Sa-|-B.S&+D.Sd; 

^u.^f^^\f\  A.SA*-+A.SB*+D.SD»  .  .  ,. 
therefore  SO  =:  A^^^ft^s^H-b.S^  '  *^'"«  ^'  ^'"- 
ptettion  u  thai  for  the  distance  of  the  center  of  percu8StOl^frolll 
the  point  of  auspension*  Hence  the  centers  of  percussion  and 
oscillation  are  in  the  same  point.  And  therefore  whatever  haa 
been  demonstrated  in  art.  304  respecting  the  center  of  percus- 
sion, holds  equally  true  for  the  center  of  oscillation. 

And  here  it  must  be  obsenredi  that  when  any  of  the  per- 
pendiculars (Aa,  B^t  8cc.)  fall  above  the  point  S,  the  tapressions 
for  the  corresponding  forces  are  to  be  native* 

Cordk  1*  If  the  center  of  oscillation  O  be  made  the  point 
of  suspension,  S  becomes  the  center  of  percussion  or  oscilUtion, 
the  plane  of  \ibration  remaining  the  same.    For  let  n  :^  A.GA* 

+  B.GB*-|-D.DG'{  then  (394,  corol.  fi),  j^  =:  GO,  and 

r^^^  -f-  SO  r:  SO  the  distance  of  the  point  of  suspension  and 
center  of  oscillation  {  therefore  if  0  be  the  pdht  of  suspenstofi, 

mm 

•r-TT-;  -^  OG  ia  also  the  distance  of  that  point  from  the  ccntar 
of  oscillation ;  but  OG  s:  t-^»  which  substituted  for  OC,  and    * 


point  of  sospenaioii  O  to  the  center  of  oscillation,  u  before* 

C0rot.  f#    Ifp  be  any  particle,  at  A,  B»  or  D,  &c,  of 
vibrttiag  body,  d  its  distance  frooi  the  axis  of  molioo  8^  ( 
Is  the  body  (DT  wna  cfail  thcpiftticks  A^-B-^-D,  ft% 

TOUtI*  St 


i 


CfcttTBa%i   0VKA1 


.t_,_    A.8A'+B.SB'-t-D.!iD',  fc 
Um  ^ftinnt  of  the  center  uf  otcilUuoi 


Oi  if  if  ==  Ibe  diiUncc  of  maj  {lartitic 
vity  G,  thai  (sg4.  cord.  <)  we  hare  — 
the  diilance  of  the  center  of  oKilUiii 
gr««ty. 

CENTER  oi  CVRA 

907*  Tui  center  of  ^ratino  of  a  bo 
U  that  point  in  wltivh  if  the  whcde  n 
sante  angular  velocity  mohU  be  general) 
a  given  force  acting  at  any  place,  at  in  I 

Thua  tuppow  the  body  nit  to  be  ma 
a  certain  angular  Tel>H:ily  about  the  axii 
a  force/  acting  at  V,  then  if  alt  the 
A]  B,  D,  &c.  of  tlie  budy  wcic  ciilWci 
the  center  of  gyration^  liic  lamc  force  at 
generate,  in  the  »anie  lime,  an  equal 
motion  in  the  mat  at  R. 


A.sA 


To  find  the  point  R,  we  have 

angular  moitcm  generated  in  the  pani 
vyateni,  by  the  force  /  acting  at  P  (:ig 
Uk  ayitctu  i*  concentrated  in  the  pniui 

«"»"  !Xt  a^TDjsn  **  "*  "«'''" 

the  definition]  those  cxpreaiiont  are  nju 

the  diialancc  of  tlie  ccoler  of  £)Tatiw  R  I 
•ion  at  S. 


CtNTER  or    r.YRATtOM.  40> 

Corol.  I.  Since  (by  the  kut  coroU)  A.SA'4-B.SB*-4-D.SD^ 
-SO.£^G*  we  get  SR*  =  ^2:^^,  or  SR«  =  SO.SG,  Uitt 

ii,  SR  it  a  mean  proportional  between  SO  and  SG  the  dii* 
lancet  of  the  centers  of  oscillation  and  gravity  from  the  axis  ^ 
motion*  * 

Corot.  9*    If  d  =:  the  dittance  from  the  axis  of  motion  of 
any  particle  p  of  a  I'ody  b  (or  A-^B4-D,  tec.)  then  SRs 
.laim  of  aN  the^.J*- 

• — i   '^ . ' 

Hence  if  a  body  nn  morct  aboat  an  axis  by  the  force  of  gra* 
vity,  iu  whole  momentum  it,  or  may  be  considered  at  in  one 
point  O,  the  center  of  percussion  or  oscillation  {  bot  when  the 
body  it  urged  by  any  other  extraneout  foftcj  that  point  changel^ 
and  it  called  the  center  of  gyration* 

398«  ExampleK 

1  •  To  find  the  center  of  gyration  of  a  right  line  or  feiy  imall 
cylinder  SP,  moving  about  the  end  S. 

Soppofc  the  limr  or  cylinder  to  be  compowd  of  inmtnerable       g 
coutiguous  particles  pf  p,  p,  tec  and  o,  kig  m,  tec.  their  respec*       T 
tiredhtancctfroni  8;  I 

Then  ^^+^+p»t«+  9uc, pSP"  , 

or  p{o^'^m*'^n\8tc....y.^hP')zs9Xiihipd^*t 

Now  (179)  the  sum  of  the  iftfinite  series  oTsquareso'^-fn*  4rc       ^ 
from  a*  to  SP*,  it  -t-{  am!  sioce  the  body  tssSP,  ive  have 

'" '  j^  ^'  ts  ^  s  I  SP*.  (itjectlnf  p  u  Ii»iinida44«)  )        I' 

tbefdbpe  SR  a  /  jSP's  SP  ^^  tbe  diiUMe  of  the  center  «l  ontUea  R 
frosB  the  aids  of  suspcmlofi  S« 

■ 

f  •  Let  it  be  lequired  to  6nd  the  center  of  perciittioti  or  otcil* 
latkmof  the  lint  or  tmall  cylinder  SP,  tha  axitof  motion  being 
at  S||  aa  btfoif» 

art 


«M-  CSttTBM^OV. 

'  Ut  O  fct  Hn  BlMIt  «r  Sr,  or  in  enter  </ pi 
MdlteUMt  tiKmap,i,aadt deaoU  tbi  fum 
pll,  Wt  bw  (W.  MWl.  SJ  SO  •  j^^  =  g 
kae*  of  O  &an  tkt  wit  of  RMtuMt 

Cent.  Since  (336.  ooniL  3)  ibe  kmgOi  of  a  •) 
■MOAda  In  tlw  latiiude  of  LoDdoa  h  3M3  h 
s  39.13  4- ^-^  a  ».» fNcAM ;  which  b  Uk  k-B 

«lut  wMiM  vibriie  bj  lU  Awn  wcichtt  floce  la  af 
Tibnliwt  bring  uippcueil  unalL 

3.  To  find  the  center  of  oscittitioa  of  i 
suipended  «l  the  circunifCTcaoe,  and  vibn 


Lrt  S b« tiw poUl  of  HMpmioa.  SPadiimH 
the  center  of  ibe  rirvk  or  itt  cnlct  of  fmvil^-,  i 


If  wc  ia)i|M)w  Ibe  Mirfacc  of  Uia  ciick  to  bi  rom 
of  Ihe  cIrcnmfvrriKM  oTionummMe  cnncmlric  i 
HI,  BK.  Ac.  aod  ^  ■  parlkle  In  Uk  dtruiBferei 
D,orl^<rc.  thm  pGD>  i*  lite  pfwluctaflliep 
f  by  the  i>|Uiii«  of  ill  cfuUnce  from  Ibc  ccnler  of 
and  (puUint  mbS.UIC),  SnGD  talbecbvamf 
ndiviitOD)  thew(an  fGD'usMQ  arSp«< 
the  circuinfereorc  drawifiotD  iheKiuamor  lli< 
Kke  maiuKr  SftiGa'  will  tknote  ttw  pradiKtt  i 
and  MOD) 
Tbcfclbre  cp<«»  +  SpHCIV  +  apnGW  ttc....« 

or  Spm  (o'^.GD'.f  GB'ftc C 

in  tbe  wrfwa  of  Ibe  circle  SP; 

that  li,  (tWJ  9fn  X  — -  iw*^^Bi*ttini 
bod;)  rquil  iTM  of  (be  elide  sxGS*  Uiefetl 
diftaocc  of  the  ccater  of  oicilbllon  fnxa  the  cente 
Ibil  i«,  SO  «  }  of  (be  diaiucter  5f , 


Cani.    Hcacelfa  cyliodcr  bewqicadedattb 
culw  KctioB  pjoiaf  ibrou^  iti  center  of  iraii 


OtCILLATIOK^  ^YtATIOK,  ftc.  40$ 

fihiiP  of  ifiit  icctloii,  the  center  of  orillaHnn  will  l)e  at  the  ditHnee  oT  }  of 
die  cylimlef't  diameter  from  the  point  of  tut p^^mioiu  Rir  we  wty  •on* 
crive  the  cyliadcf  to  he  composed  of  an  Infmile  uumbcr  of  circnUir  tectioQi 
orpbnet.   • 

• 

399.  If  0n9  end  of  a  string  PSR,  &c.  wrapped  round  m 
qlinder,  h/asUned  at  P,  and  the  cylinder  left  to  descend  £f 
ifi  ewn  weighty  it  will  move  with  a  whirling  motion  ;  and  the 
span  descended^  will  to  to  the  space  descrihd  in  the  same 
time  It/  a  lody  falling  freely^  as  %  to  3« 

Let  RS  be  the  circular  section  of  the  cylinder 
through  G  its  tenter  of  gravity^  O  the  center 
ofoscilUtioni  S  t  momentary  point  of  suspen* 
lioni  and  SO  parallel  to  the  horizon* 

Now  if  all  the  matter  of  (he  cylinder  ii-ere 
concentrated  in  the  point  of  oscillation  O^  its 
angular  velocity  about  the  point  of  suspension 
S  at  the  beginning  of  the  motion*  would  be  the  same  as  that  of 
the  cylinder  (306) ;  but  the  initial  velocity  oTa  body  at  O  would 
be  the  same  as  that  of  a  body  left  to  descend  freely }  hence,  if 
Oo,  Gg  be  indefinitely  small  arcs  describtd  by  the  centers  of 
oscillatimi  and  gravity  in  the  same  time,  their  perpendicular 
telocitics  (and  distances  described)  will  bo  as  the  arcs  Oo  and 
G^^  or  as  OS  and  GS ;  and  since  the  center  of  oscillation  (O) 
is  always  in  the  boriaontal  line  drawn  from  the  point  of  contact 
S  through  the  center  of  grayity  G^  the  vdocitiea  of  O  and  O 
will  have  the  same  coni^ant  ratio  in  all  stages  of  the  body's 
descenti .  but  the  absolute  space  descended  by  the  cylbder,  is 
the  line  described  by  iu  center  of  gravity ;  therefore^  as  SG  is 
to  SO9  so  is  the  perpendicular  descent  when  it  turns  round  its  ^ 
center  of  gravity,  to  the  space  it  would  describe  fredy  in  the 
same  time.  ^      / 

A  body  descends  Crom  rest  l6.ia>MlatIie  tet  seoobder  6me;  tkete- 
fae  80  fSO,  orte  S  t  f  u  ICI3 )  10.75^,  the  distance  wMch  the  cj^ 
Badcr  woM  (pi  in  IM  tisK  by  the  coMtaiK  wiwindlog  er  tN  stfhf « 


400  CSNTMI  or 

CtnL  %•  ThctcMtoaofthe  •triog 
tiM  cylinder.  For  concave  t  lupporl  ■ 
fnvity  G  ia  prevented  from  detccDding 
Mtjueady,  by  the  nalurc  of  the  lever, 
:  I  wtlglu  ituulocd  «t  O  :  wight  lui 
leniion  ii  coniUoti  for  ibe  point  O-gei 
out  ftcling  on  the  punt  S, 

Cerol.  9,  Hence  h  tppean  that  whi 
an  inclined  plapCj  the  space  it  detccnd 
the  apace  it  would  dcicribe  freely  in  tl 
plane  perfectly  imooth,  aa  GS  lo  OS 
gmerjie  their  niotiona  are  both  dimini. 
absolute  to  the  relative  granty  upon  the 
dciciibtd  will  therefore  retain  the  ume 
OS.  And  the  friction  on  the  plan^  tiai 
cylinder'a  motion,  «■  a  string  wound  fo 

Conh  8.  Since  the  progrcutve  m< 
uniformly  accelerated,  the  loUlion  abo 
*n  uniformly  accelerated  nolioni 

ScHOtiUM.  If  a  simple  pendului 
vibrate  together  in  nnall  am  by  thdr  i 
of  gravity,  and  the  OKillations  are  perfb 
the  length  of  the  pendulum  ia  the  dislto 
lalion  of  the  body  below  the  point  of 
pcndtdum  however,  ia  imaginary.  But 
or  ila  diatance  from  the  axis  of  lutpem 
by  counting  the  number  of  vibniioni 


Suppoae  by  a  good  chx:k  or  watch  a  I 
■  minute;  then  (31A),  41* :  60*  ::  30.1 
which  ia  the  diatance  of  the  center  of 
below  the  pmnt  o(  suspeoaion* 


DICtLtAT10N|  OraATIOK.  fcC.  4&t 

Id  »  csperinKnt  oi  thit  kind,  the  body  ihouU  dwayi  ikscribe 
nnall  vcif  and  be  suapendnl  fneXy,  ao  t|ia(  the  hut  farce  to' 
•ufficient  to  move  iu 

400.  Suppoie  S  h  h  Ihe  axis  tf  sitspentian  of  a  peniulMn 
SB,  comptted  aj  a  block  of  wood  TB  and  a  strtng  tar  ST) 
u_find  Ikt  veheily  of  a  butlel,  which  hting  dit(harg0i  agahil 
the  Heck  at  a  paint  P,  ihall  cauie  the  pendatumto  de$erU«  0 
gitea  are. 

Let  G,  R,  O,  be  Ihe  centen  oF  gravity,  gyratioti, 
and  Oicillatioo  of  the  pemtuluni]  and  piit  SR=a, 
$0  =  >,  SP  =  r,  the  weight  of  the  pcndu1um  =  m, 
thit  of  the  bultct  =  fl,  and  Jt  =  the  Telocity  of  the 
bullet  when  it  ttrikei  the  pcndulumi 

Conceive  the  whole  man  of  the  pendulum  to  be 
collected  bi  the  center  of  gyration  R|  then  (307)  the 
lime  motioa  would  be  generated  in  the  point  R  by 
the  itrokc  at  P  ai  tiw  pendulum  rcceiveB}  but  (3(|S, 
eenl.  i}^^  or^  it  the  man,  which  if  collected  in  P,  the 
(lendfllom  would  reeetve  the  tame  motion  at  before,  or  when  all 
iu.  matter  wat  tupposcd  to  be  in  R.    Hence  if  ■  and  -3-    are 

contidcred  at  t#o  nonelattic  hodietj  the  fonner  moving  with 
the  velocity  a:,  and  tlriking  the  latter  at  rcst>  we  thall  have 

(3M,  eor.  I)  itjr-J.  (h+^^\  or  ^-fZlt-m  **"  «'**'*y  »*  ^ 
with  which  ihe  pendulum  and  bullet  (at  one  matt)  begin  tbeif 
notion  together.  But  a  limple  pendulum  vibrating  In  «  given 
are  hat  the  tame  velocity  in  the  lowest  punt  of  that  arc  as  the 
vckxity  acqwrcd  by  •  beiry  body  in  ita  perpendicular  docenl 
throagh  the  verted  rine  of  the  are  {8M,  cctfoli  l)  t  and  kincv 
the  velodtiCt  aapdred  by  bodice  falling  freely  are  aa  the  Mpiar* 
roott  of  the  tpacea  deacended  (317),  iFv  =  the  verted  line  of 
the  HC  deteribed  by  the  center  of  Dscillation  O,  and  f  =  ll.ll 
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/#e/^  it  win  be  /i  L  /tr : :  ei :  0^  /  -  ;;?  tlM  vttociiy  of  O  «i  ibt 

ft      9^ 

lowestpoinl  of  the  trc^vibrttion;  nd  i  :  c  ;:  9^/*  :  -t-/<» 

the  velocity  of  ihe  point  of  imptct  P  when  the  penddum  begins 
to  movei  which  therefore  mutt  be  equal  to  the  .former  vdocitfi 


9( 


that  \H  -^/st,-:-!^,  whence  #=  (l-»-g)^Vit. 


the  velocity  of  the  bullet  when  it  ttriket  the  pendulum* 

Thii  is  called  the  Ballistic  Prndu1um»  contrived  by  that  eni. 
nent  mathematician  Mr.  Bcnj.  Robins,  for  the  purpose  of  deter* 
mining  nearly  the  iaiiial  velocities  of  shot.  We  shall  give  sa 
example  in  numbers  from  the  pendulum  described  in  his  Nc« 
Principles  of  Gunnery^  Prop.  8* 

• 

Let  SB  be  the  pendulum  in  a  vertical  potition*  O  tha 
center  of  oscillaiioni  sud  lU  tile  arc  ^bich  Bdeicribed  by 
the  force  of  the  stroke :  the  chord  Bl  of  this  ah:  was  met- 
•ured  by  meani  of  a  ribou,  one  end  of  which  was  Ciitened 
atB. 

SB  s=  7 1|  imhet,  length  of  the  pendulum. 

B^  s  17  J  iochii,  chord  of  the  arc  Bl. 

SOssCw'l  inchci«  center  of  usi  illation  ftom  the  t>n{nt  of  ftuipeniloo. 

The  chord  B^  U  a  uiran  proportional  between  2SB  and  the  verKd  line  Al 
(Ocom.art.flC.  vol.  I).  therelbfe;;^|^sftAB;  and  the  icctun  ZOo^  Sei 

being  similar^  ve  have  SB;SOt:  ^  i  -^^jp-aaOa    ^VCTil)' 

zs  hSJ038  ifichcSf  neariji  ^  aO  the  vvnied  sine  of  the  arc  Oo  described  by 
Ihe  center  of  oiciiUtion* 


Weight  of  the  pendulum  ••••.. .•••.. •••••••« ••.•••  56^/^.  ssm 

Weight  of  the  bulltft , ^ih.  s  » 

Center  of  oicillation  from  the  point  of  suspeniion...  C2|  inches  s^4 
Center  of  gravity  of  the  pendulum  S9  iftckct  from  the  lanie  poinl^ 
Whence  the  distance  of  the  center  of  gyration  as  ^(52  x  ^})  ss  a 

Pgiut  of  impact  }f  from  the  axis  of  sutpentioo 6C  imckes    ss  c 

l«i  19 /wfss  193.56  m......    St 

l.aa038^i|^     K» 


diciLiAfidNi  ctRATlQN>  Ic6< 


400 


*  'rl  X  •  (I W.56  X  1.10058) a: 20108  l»ilAei  or  tei6/eeip  the  tdodty 

o*.  J 

per  second,  with  which  Ihe  buHct  moved  when  H  struck  the  penditluni. 
Mr.  Robinsi  by  coroputhis  with  Ui%  telocity  of  the  pcndnlum  at  the  point 
of  im|iad,  instead  oC  the  velocity  at  the  cniier  of  oscillatidn,  brinp  out 
isn/reii  thil  nilsule  is  oolicul  by  Enter  in  his  comment  on  tlobins^i 

Gunnery.  x 

terd.  Since  in  the  unie  pemlutum.  antf  with  the  sirtie  ttcight  of  tMlt* 
all  the  quantities  in  tlie  expression  fori  are  cotistant,  except  tin:  verged  line 
9  whose  value  depends  on  tlie  lerfgth  of  the  chord  (BA)/tlif:rerore  the  velo» 
city  of  the  ball  is  dihxtly  aS  tlie  chord  of  Xht  arc  described  by  tlie  penduJutiU 

Scholium.  lit  (he  fdregolhg  tbnfcWoris  It  U  supposed 
that  the  petiduiutu  begins  its  motion  at  SB  by  the  Itrbke  of  the 
ball  vvith  the  same  velocity  as  it  acquires  in  falling  back  from 
the  positinh  ih  to  (be  perpehditfular  Sfi  by  its  own  ^^Ighl: 
this  would  be  ncactly  the  Case  did  the  bulltft  corfimunicate  all  ita 
fhotion  (o  the  peoduluiii  it  the  mditieni  of  ilifpact.  The  ball 
hotftcvert  contitlues  to  act  duririg  the  time  it  is  penetlvting  (he 
wood ;  ind  since  the  ni6tion  of  the  peiiduluiii  is  tireular^  and 
tlie  bullet  endeavburs  to  proce^  nearly  in  «  fi^ht  line,  its  ietiofl 
cm  the  pendtiltim  must  produee  a  shodc^  or  stresi  (m  the  axis : 
now  both  tlicse  cirtumstanees  may  affect  the  vetodty  deduced 
from  the  fule.  A  amill  tariation  Urill  alsd  rciillt  fiom  the  aiig* 
tnented  weight  of  the  pendultmi  by  the  ball,  but  this  Is  tdo  minute 
to  be  trf*  fontequcnte*  ^ 


-:?•• 
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Or  THE  STRENGTH  and  STRIUSS  oi  TIMBEIl. 


401.  Thb  bUtral  i/rm^M  efiquart^Timhir,  is  fnpar. 
lUaal  t0  Ut  ireaith  drawn  iaic  Ike  square  of  the  itptk. 


Let  PADH  represeut  a 
mticAl  Kctioa  of  «  bam  of 
limber  AH,  the  end  DH  be- 
ing filed  in  a  wat] ;  ind  con- 
ceive  this  Kction  to  be  com-  . 
posed  of  innumerable  parallel 
fibret  Ot  Ct  it>  «,  &c. 


Kc 


"UKK^ 


Mow  a  force  P  acting  pe'rpendicuUrly  at  the  ea^  AP  sufficient 
to  break  .the  beam  at  av  will  bend  ii  dnwnwards,  and  the  upper- 
most fibres  will  be  first  broken;  this  dour,  a  less  force  will 
bend  att  the  remaining  filrrcs,  but  tlie  fibre  c  it  tbe  next  that 
xt'ill  break  |  and  tlini  a  Ic^s  force  wnukl  break  the  following 
fibre  a ;  and  m  on :  condcqueittly  the  Oircos  juit  uifBcicnt  In 
break  the  fibres  in  succcbiion  will  diminiili  as  tlicir  number  or 
ibc  dtpib  (if  the  beam  i*  diiiitni>hcd ;  that  Is,  the  strength  of 
the  icoliui)  it  u  the  nuniU-rof  fibrii  lying  upou  one  auolJicr. 

Thcrefon:  hking  DH  as  the  C,r*l  or  grvalest  force,  and  calling 
a  fibre/,  the  tucctitivL-  forces  will  be  ripreKnted  by  the  infinite 

arilhmelical  sirlts  DH,  DH  ^/.  DH  -  ^,  UH  -3/".  ^c 

to  DH  —  Dl  I  or  0 :  but  tbe  number  of  Icniis,  is  DH,  and  there- 
fore the  sum  uf  the  series  will  he  (DH+a)ADH  or  jDH*. 
Hence  if  B  be  (lie  breadth  or  numbcr^uf  perpendicular  sectiooi 
in  the  beam,  its  strength  or  the  force  necessary  to  break  it,  wilt 
be  aa  iDH\B,  or  as  DH*.B,  because  the  wholes  are  propor- 
tional to  their  halves. 

CoTot.  1.  Hence  a  rectangular  beam  ii  stronger  with  the 
bioadcsl  tvit  \t:nv^i\  V\\)&vikea  that  tide  is  boriioatalf  in  tb« 
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proportion  of  the  depth  to  the  breadth.  For  let  D  the  broidett 
tide  be  the  depth*  and  It  the  breadth  (  then  the  strength  ii  it 
D^B  when  D  if  Tertieal,  and  at  J9*D  when  it  is  horisontal|  but 
D  and  B  have  the  samte  ratio  as  D^B  and  B'D. 

For  exampWy  tttppmc  the  depth  DH  ac  4  1iirhi^»  and  the  breadth  rs  1 1 
and  that  it  can  jiia  support  a  vright  at  ?wteooiS,  then  4*  x  1  t  eooik. 
t!  1*  X  4  t  150^6.  the  weight  it  votilJ  bear  were  DH  placed  horicoiital. 

OrcL  9*  And  the  strength  of  beams  of  the  same  depth  are 
as  their  breadths.  For  let  B  and  b  denote  the  breadths,  and  21 
the  common  depth,  then  ^fB  and  D*b  will  represent  tbt 
strengths,  which  expressions  are  as  B  and  i. 

Ccrol.  S.  Hence  also,  the  lateral  strengths  of  beams  whose 
sections  are  similari  will  be  as  the  cubes  of  their  breadths  or 
depths:  thus  if  D^Bf  and  d*b  denote  the  strengths,  then  the 

sides  being  proportional,  we  have  Di  Bi:  d  i  -^  zzb^  which 

substituted  for  f,  and  d^b  becomes  -^-}  now  D^B  and  -w- 
multiplied  by  D,  give  D^B  and  BJ ',  which  are  as  D^  and  d\ 

Corel.  4.    Also,  since  D*B  and  d^b  art  the  areaa  of  the 
sections  multiplied  by  the  depths;  therefore  the  strengths  of. 
beams  having  similar  sections,  will  be  as  their  areas  multiplied 
by  the  depths :  Or  as  the  cubes  of  the  depths,  when  those  depths 
Sft  homologous. 

IliuSt  if  a  C)'llndi!r  AH  nhfKe  diamttrr  DH  Is  4  inch^  can  Just  sustala     ^ 
s  force  at  PsSOO/.  then  a  cylinder  oi'  the^iame  mattsfial,  I  inch  in  dia* 
•leirr,  and  of  the  same  lengtlg  will  bear  only  le^^.-for  4' :  1'  xt  aoo  1 1^. 

409.  If  ihe  beam  AH  of  a  /^iven  lengthy  and  depths  when 

fUed  kerixaniattf  at  ihe  end  DH,  can  juit  supfari  a  given 

weight  P  ol  Me  0th§r  end  s  h  find  the  dimensiens  ef  a  iimilar 

Wtai  {ah)  efihi'Mama  maieriat^  ihM  will  braah  bjf  Ui  awn 

voighif  or  aalgjutt  sustain  itself. 

sot 


II 
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Soppoie  Ihr  beam  la  be  of  imirorm 
thsckiKifi  and  kt  H^zz  lU  wcighu 
TJien  wf  may  consider  the  end  DH  at 
the  fulcrum  of  4  lever  NU  foid  of 
gravity^  supporting  a  weight  at  N  equal 
to  P,  and  another  weight  r:  /Fat  M 
the  middle  of  NH  directly  under  the 
center  of  gravity  of  the  beam,  And  by  the  nature  of  the  irrcr, 
the  effort  of  the  weight  tF  to  bend  or  ba*ak  th^  lever  at  Dil, 
will  be  as  MH./K,  or  ^NH./r,  and  that  of  the  weight  P  m 
NH.P.  thcrefor|5  iNHJK+NH.P.  or  (i/f^+P;  NH  is  tlie 
'  whole  effort  J  or  stress  on  the  fulcrum  DH. 

But  since  thie  beams  are  similar,  their  weights  will  be  as  tlie 
cubes  of  the  lengths^   or  depths;   hence  DH'  :  dh^  ::  IF 

:  ^i^T^=  the  weight  of  the  beam  ah ;  and  DH  ;  NH  : ;  Jh 

:  -gjj-  Its  length}  therefore  -^jj^^  x  -T>,(-f;,P'  ^ 'Jim-  ' 
.]|  the  streu  of  the  beam  ah  on  the  end  or  fMlcruni  </A  :  dh. 

.  Now  the  strengths  of  the  beams  must  be  as  the  sin*ssci|  but 
the  strengths  are  as   DH'   and   dh^i    thcrcfbnr  DH*  :  dh* 

: :  (i /r+P) NH  :  ~^^,  h hence  ff^t  fF^9PiDH;dk 

the  depth  pf  the  beam ;  and  PH  iKHi:  dh  :  nk  its  length. 

Let  tli^  endt  of  All  be  squares  phe  tide  PU  s  1  (mcH^  ieogth  Nl| 
■B  I  foot,  lU  weight  s  .SM^  and  the  wrigbt  FsilOOib. 

.     then  IT:  ir^Si»::DH:^. 

or  .3:  J«f-SOO:t  Vt  }  iil^  fiti»  nearlv,  s^A;  md  ^3.14  X  2« 
te  $CI>€l/§€i,  Deafly,  the  length  iiA« 

CffTo'*'  Hrace,  If  it  lie  required  to  find  the  Wngth  of  a  tpar  having  lli«» 
uuie  depth  and  breadth  ai  A  lit  that  woukl  brc«ik  by  its  own  weight,  H 
is  the  length  ill  feet,  then  .3/=sthe  weight  in  il*.  and  i^  X  •3/  is  the  effort 
t^  Its  owiv weight ;  therefore  |/  X  -3/  -  (i  i^+ P)  VH  the  cflbrt  oi  AH  (to- 
gciber  with  the  weight  ^)  on  the  end  or  fulcrum  DH» 


«   '.* 


That  I«^l5/«ss ax^+ 100) X  lsslOO.15,  awl's  V" 
^§if  the  length  reciulrrd. 


I00,IS 


ss2t4a(€| 
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• 

Scholium.  From  these  computaiions  it  appears  that  in 
the  constniction  of  works,  &c.  it  is  possible  to  take  a  beam  of 
such  dimensions  thai  the  stress  by  its  own  weight,  may  exceed  itt 
»treng;th.  Machines  may  also  be  made  too  larg;e  to  be  useful, 
fur  the  less  are  stronger  in  proportion  to  their  bulk  than  the 
greater  when  the  dimensions  of  both  are  similar.  Thus  we  find 
iliat  small  animals  are  stronger  and  more  active  in  proportion  to 
their  weight  or  siae  than  large  ones. 

403.  li  isjcund  ly  exp^iment  thai  a  ipar  of  oak  (AH)  ais 
jiicA  square^  and  l/oci  In  length  (SH),  when  supported  hori* 
tentally  at  the  ends^  will  hear  about  670lb.  (u;)  suspended  at 
the  middle  (C)  be/ore  it  breaks  /  hence  it  is  required  to  find 
what  weight  a  piece  of  the  same  cak  will  bear^  which  is  Itf 
fiet  long^  t  afoot  deep^  and  i  of  afoot  broad^  the  weighi 
leing  also  suspended  at  the  middle  f 

\j^  the  depth  OS  a  ^t        depth  (  foot  s=  D,  Ak,|,,,        .,■■»,  ,^ 

bnadthOArs*,     breadth  J  foot  =s J?,  ^iP"  ^    '  J 

length    Sllss/.     (cngthlOfcftssI,        *  C[  IK 

required  weight  :i2ir. 


5: 


Tlicn  d^b  vitl  denote  the  hCenI  strength  pf  the  spar  ilH»  and  !>B  thsl 
of  tlie  other  piece.  And  since  each  prop  tustitns  a  weight  =  {w  acting  a| 
C,  if  C  vere  the  fulcnim,  and  a  force  7s  i  v  actrd  vertically  at  each  end 
A  and  II,  their  f ffbrtt  to  break  tlie  spar  would  be  the  tame  as  that  of  the 
weight  w  when  the  spar  is  supported  on  the  propt ;  bat  (by  pn>p«  of  the 
1*  m)  the  cfTort  of  >  is  {wx  {t.  and  "r  x  i^  that  of  ;r ;  and  since  tha 
two  pieces  just  support  the  weights,  tneir  strengths  monk  he  as  the  effoits 
or  the  greatest  floKcs  they  resist* 

that  is,  if'^  t  0*11  ti  iw  X  |i  I  ir  X  il» 

whence  iWL^tJ^Bmt.  andr«  S^miJ^^^L^^  m  $Mlb 

the  tmm^. 

*403.  If  Ihe  fpar  AH  (preceding  art.)  htak  wUh  Molbt 
suspended  al  C }  Mm  what  will  h  th«  length  o/nntthtr  piece 
efthe  same  tnei,  i  ^fiel  ifMrr*,  M«r  witt  nffm  17fl0lb, 
•iiU  middle  f 


4U 


•TRKHOIU  AND  | 


bum  the  e()Uatioii  dHITLts  i^Bwl,  me  fct 


■  s>i(/,  dtck 


4Mpp»rUd  Afiristnlally  at  lk»  tmdit  VJ. 
ptHded  at  Ihe  middUi  Ikam  what  icm, 
rf«sp,  and  10  imchet  wide,  tuttain  iu 
rM  em  tw9  propt  9/i«t  atuudtr. 

la tUi cuinpk isSfVj  ^t^ff  '— '•  "^ 

vkkh  lubrijluted  in  llie  cquitkn  Vss  -7uT 
t]iiircil  w«i|ht.  Aai  the  tame  eitualioa  or  the 
\fm  Ureiigthi  of  pi(«ini,  or  ban  of  ptctal  one  < 

403.  yrAe  £«ani  HD  i»a  poiiliM 
HO  ^  /oai/«J  with  a  u-eight  P  at  Me 
ptrpenditvhr  ta  HO}  <A»  Iht  ttr 
AH  X  P, 

For  auppow  the  honsontal  Hoe  HI 
be  conoecied  with  HD  at  H,  thea  fi 
nay  be  oooiidered  u  *  beodnl  lever  w 
the  force  P  «cu  perpemUculu  to  the  ti 
fon  BO,  «nd  thcKfora  (a39i  coiol, 
AH  X  i>  ii  the  effort  of  P  to  turn  tbcl 
about  ibc fulcrum  H> 

CotqI.  Hence  if  HO  u-crc  another 
endtf  H  and  d  and  of  the  tame  materi 
Ihe  two  beami  would  require  just  the  sa 
C  and  A  to  break  them* 

When  the  beama  are  large,  it  may  t 
Allowance  by  including  their  weight  tii  l 

400.  To  tut  the  jinngtit  tta»lHmg 
timltr  SPNG/rm  a  tylindrU  one. 


Let  the  circle  whose  diameter  is  SN  be  a 
section  of  the  cylinder.  Put  d  =  SN,  tlid  y 
q:  SP  the  breadth  of  the  beam ;  then  il*  —  y* 
n:  PN*  f he  square  of  the  depth :  and  since 
the  strength  is  as  the  breadth  into  the  square 
of  the  depth,  it  will  be  denoted  by  {iP-^jf^jf 
or  d^jf-^y^  which  is  to  be  the  greatest  possible^  or  a  iiiajrtffittfi(« 

.  Suppose  ED  an  absciss,  DO  the  corrc* 
fponding  ordinate  of  the  parabola  E0W| 
OA  a  Utigent  al  O,  OB  H  O A,  and  CB 
parallel  to  DO.  Then  because  AB  is  bisect- 
cd  in  Ot  the  rectangle  DR  is  a  maximum  or 
the  greatest  that  can  be  inscribed  in  the  parabola,  or  in  the  tri«» 
angle  CAB,  (945,  Corol.  8) ;  and  since  ED  s:  £A  {291$  corol.  9), 
snd  DC  rz  DA,  therefore  ED  =:  ^EC. 

If  the  absciss  ED  =  x,  ordinate  DO  =y^  p  =  the  parameter, . 
and  a  =  EC i  then  a— x  =  DC,  and  {a—x)]f  =  the  rectangle 

DR ;  but  pxzzy^  (by  prop^  of  the  parabola)  and  xzi^  which 
ibstituted  for  9t,  and  (a— 4r)y  will  be  /a — ^jH  •  1^^  ^he  pa» 

rimeter  /  =  i,  then  (a — ^  Jy  becomes  ay — y*  =  the  rcctan- 

gleDR}  but  when  p=rl,  thenx=y\  therefore  y*::-}«r,  that 
ii,  when  ay — y'  is  a  maximum,  y'^:±\a,  and  therefore  the ex<«' 
pression  d*y--y'  is  a  maximum  when  y*  =  -JiT,  or  SP=|SN% 
and  consequently  PN*  ==  ^SN'i  that  is,  SP  and  PN  are  in  the 
fame  ratio  as  the  side  of  a  square  and  its  diagonal.  Hence  this 
construction ;  Make  S V  =:  •(SN,  and  erect  the  perpendicular 
VP|  then  PS  is  the  breadth  of  4he  rectangular  end.  For  VP* 
=  SV  X  VN  =  iSN  X  |SN  =  *SN%  and  PS«  =  SV*4-VP* 
r:4SN>4*iSN'siSN^ 

CbrW.    BenaM  SV.VNsVPMhereioK  ftV.VN*-fVN« 
sPN*.    Alio  by  f&m.  tritiH^efl,  SN  :  SP  :t  SP :  SV»  whenc* ' 


lU 


4U  ITRSHOTB  AHb  aTBEll 

«^(SN.iV)ES^i  tod  the  natimum  SP.PN*= »..;.. ..j. 
V(SHJV)  (SV.VN4-VN>}»^(SN.SV.VN')  (SV+VK);  but  S\'-|-Vk 
U  gi«cD«  Iberefon  V'(SN.SV.Vt4']i  or  iit  iqutn  SN.SV,VN* 
ii  iIm  I  nuumum ;  6onieqiieotty  (becaau  SN  it  given)  S V.VN* 
is  »  naximuin  t  hence  when  i  given  line(SN)  U  divided  to,  ihtt. 
the  lolid  under  one  part  and  the  aquaie  of  the  oiber,  U  the 
greatest  poiiiblc,  the  leait  part  (SV)  will  be  hall'  the  other  (VNJ. 

AOl.  Suppose  a  weight  P  it  lupparltd  at  one  «»d  tfa  tetm 
EH  efa  ihen  depth  Eti  «r  DH>  ttie  other  end  SOH  ittug 
fixed  i*  a  wall;  to  find  the  fgure  of  the  heam  wkem  iii 
ttremglh  at  any  vertical  section  (lOR)  IJ  equal  to  the  ttrets  at 
that  section  t  Or  that  it  thalt  it  as  tiatte  to  break  at  am^  om 
place  as  at  another. 

Let  the  scciion  lOR  be  parallel  td  . 
the  end  SDH ;  then  (401,  coral.  9)  the 
'  itrcngthi  at  lOR  and  UDS,  arc  u  OR 
and  DS I  and  the  ttrcsi  at  lOR  and 
HDS,  u  EO  X  P  and  £0  X  P.  or  ai 
EO  and  ED^  but  the  strength  it  sup* 
ttkid'va  h^Vm\^''imiti»r't6^tl^^  ■ 

bdng'tiarallel  b  the  horlzto^  ■  •''■  '"■"«  ''  »P1«"»  'l""  an 

atti."^-..i-.  ■■^■.■:-':  ..]-  ■■'  Will  1.0  m'fEi.^ar)'  lo  produce  a  li« 

40e.  To  determine  thejtgure  of  the  team  »hen  fha  ireailk 
EN  or  SD  if  given. 

If  the  seclioni  lOR,  SDH  are  parallel, 
M  in  the  last  article,  the  strengtUi  or  strcuet 
'  at  iheie  section!  will  be  ai  10'  x  OR  and 
HD*  X  DS,  or  as  lO*  and  HD%  because 
OR  =  DS ;  but  the  sireite*  are  as  Nl  and 
NH,  that  is,  the  squares  of  lO  and  HD  are 
at  NI  and  NH,  and  therefore  NOD  is  the  curve  of  a. 
panbola  whose  axis  is  NH,  and  vertex  N. 


1^ 


Of  TlMBim. 

I 

409.  I^  AOBI  bi  a  veriicMl  tecHan  or  \m0  side  cf  a  team 
ef  Hmier  rf  m  given  headtk,  supporiei  horixontalfy  en  i^e 
props  Qi  A  and  B ;  tcjind  the  ^gnrt  of  the  ham  so  thai  its 
strength  shall  be  as  the  stress  when  a  given  weight  (P)  is  sus* 
fended  njf  where  htufeen  the  ends  A,  B. 

Sinoe  the  waght  P  it  support* 

cd  by  both  props,  we  have  (3S-I) 

IB  P 
AB  :  P  ::  IB  :  ^r^  =:  that  part 

lA  P 
lustaincd  by  A,  '^^''Tgr  ^€  other  part  susuined  by  B;  and 

IB  P 

therefore  lA  x  ■  .ji*  is  the  stress  at  lO  arising  from  the  weight 

-JW-,  and  IB  X  ^1    the  stress  from  the  other  waght,  and  the 

somofboth,  orlAx^-i-lB  X  ^=:  lA  X  IB  x^ 

is  the  whole  stress  at  lO ;  but  -j^  is  given,  therefore  the  stress 
every  where  is  as  the  rectangle  I A  X  IB* 


Now  the  beam  being  of  an  equal  breadth,  its  strength  will 

be  as  the  square  of  the  depth,  or  as  01* ;  but  the  strength  must 

be  as  the  stress,  that  is,  OP  is  as  lA  x  IB,  or  the  rectangle  of 

the  trnt)  abscisses,  is  as  the  square  of  the  corre$p<»nding  ordinate* 

Therefore  the  section  OIB  is  a  semidlipse,  (S07). 

• 
410*   If  the  learn  CD  when' resting  loose  en  the  props  A 

and  B  near  the  ends^  can  just  support  a  weight  Pat  the  mid* 

die.  it  will  tear  double  that  weight  when  the  ends  C,  D  are 

fjced  down  so  as  to  be  immoveaUe* 

When  the  ends  are  loose  on  the 
props,  each  bears  half  the  weight,  and 
the  beam  will  break  in  the  middle  I 
where  the^  stress  is  greatest*  Hence,  if 
the  soppoffts  A  and  B  were  removed^  and  the  beam  rested  on  a 
prop  al  O,  it  foBows  that  half  the  weight  P  suspended  at  each 
lU  3t| 
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RYOROSTATICI. 
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i 
t 


1 


of  die  poinu  A  tnd  B  would  alio  bicak  the  beam  it  the  uUde 
O,  that  iiy  the  prtssuie  on  the  fulcnim  O  when  the  hcaoi  broke, 
would  be  equal  to  the  weight  P.  Now  if  the  ends  C  and  D  aic 
fastened,  down,  and  the  weight  P  doubled,  eaeh  of  the  props  A 
and  B  will  t uppoit  half  the  weighty  or  a  weight  equal  lo  P^ 
therefore  double  the  weight  P  would  just  break  the  beam  at  A 
and  B  when  the  ends  are  fixed. 

Or  thus.  Wlien  the  ends  arc  fixed,  we  may  ccwiceive  foicet 
acting  at  C  and  D  sufficient  to  produce  an  equilibrium  on  the 
fulcra  A  and  B,  so  thai  CA  X  force  ai  C  -  AO  x  |P,  and 
DB  X  /orc€  a/  D  =  BO  X  |P,  and  hence  it  appears  ihan  an 
additional  weight  equal  to  P  will  be  necessary  to  produce  a  like 
eflccu 

Remark.  Pieces  of  wood  of  equal  dimensions,  cut  from  the 
same  beam  or  plank,  a:  e  found  lo  differ  in  stiength,  and  there* 
fore  computation:!  from  theory  seUom  agree  with  experiment* 

By  experiments  made  on  deal  spars  an  inch  square,  restini; 
loose  on  two  props  1  foot  asunder,  it  was  found  that  they  bote 
from  460  to  690/^.  at  the  middle  before  the)*  bmke.  Oak  spars 
from  6G0  to  970/^.  And  cast  iron  bars  from  730  to  990lt.  the 
bars  being  an  inch  square,  and  the  sup|x>rts  3  feet  apart. 


HYDROSTATICS. 


411.  Ir  a  iodj/  of  uniform  demiiy  of  the  same  specific  gra^* 
vitj/  as  waier,  or  whose  weight  is  equal  to  the  weight  of  ike 
same  hulk  ofwaier,  be  immersed  in  that  fluid ^  it  will  re$i  im 
any  position. 

For  when  the  specific  gravities  of  the  body  and  fluid  aic  et|ual» 
the  latter  is  pressed  by  the  former,  just  as  much  as  it  is  by  the 
like  bulk  of  water  when  it  fills  the  space  cxrupied  by  the  body. 
The  body  therefore  in  any  position  can  have  no  more  tendency 
to  rise  or  ^wk  than  the  water  itself. 


RYOItOSTATICS. 
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412.  ^  lein  heavier  than  the  fluid  will  sink  to  the  bottom. 
But  if  it  le  lighla  it  uHl  float  with  only  ir  part  imm'frsed. 


4 


n 


Let  AD  be  the  surface  of  the  water  in 
the  vessel  AC.  Then  if  the  body  GP 
be  heavier  than  the  fluid,  its  pressure  on 
the  water  underneath  is  greater  than  that 
of  an  equal  bulk  of  water,  or  the  resist- 
ance in  the  fluid  is  less  than  the  force  by 
which  the  body  endeavours  to  descend ;  and  since  the  parts  of 


— ..    -•    r  ■  -rTrr.xrjj 
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fluids  are  easily  moved  among  themselves, 
by  its  superior  grax-ity. 


the  body  will  sink 


But  when  the  specific  gravity  of  the  body  is  less  than  that 
of  the  ^-ater.  the  body  can  only  sink  till  the  weight  of  the  fluid 
displaced  is  equal  to  the  weight  of  the  bodV,  or  till  the  pressure 
and  resistance  are  equal.  Thus  if  GP  be  a  cube  of  wood  weigh* 
ing  300  ounces  avoirdupois,  and  the  side  OP  or  OG  a  foot,  it 
«i!l  sink  just  6  inches  in  spring  water,  which  weighs  1000 
tfffirrei  per  cubic  foot.  Hence  it  appears  that  fluids  prcs%  up* 
wards  as  well  as  downwards,  for  the  action  of  the  water  in  a 
vertical  direction  under  theb<Kly  GP  i.^  equal  to  the  compressing 
force  Of  pressure  of  the  body  downwards. 

If  the  weight  of  the  cube  mere  1000  ouncsSt  it  ivould  sink 
'tin  its  upper  surface  became  Ic^xl  with  the  surface  of  the  water, 
and  the  water  m*ould  exert  a  force  against  the  bottom  OP  equal 
to  the  weight  of  the  cube.  The  pressure  of  fluids  vertical])'  is 
therefore  the  same  as  in  the  direction  of  gravity  at  the  same 
depth;  hence  a  body  li(|,htcr  t1ian  the  fluid,  when  immersed, 
will  rise  till  it  floats  at  the  surface,  for  the  force  of  the  fluid 
i^nit  the  body  underneath  is  greater  than  its  weight  together 
iriih  that  of  the  cdumn  of  water  directly  over  it. 

• 

41 9«  Bodies  suspended  in  a  fluid  lose  as  much  weight  a$ 
ika  mrigki  of  the  fluid  displaced. 
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Thus  the  cube  GP  wbote  tide  U  m 
foot,  and  tttt  weight  =  1000  #iciic«St 
when  put  in  witer^  loses  all  its  weight, 
that  is,  it  will  re4uire  no  force  to  keep 
it  suspendiid  in  the  fluid,  because  it 
is  just  as  heavy  as  ihe  same  hulk  of 
water.  But  if  the  cube  were  of  brick 
(the  specific  gravity  being  double  that 


of  water)  its  weight  would  be  SOOO  aumies,  and  a 
:=  looo  ounets  in  the  scale  W  woukl  be  necessary  to  keep  ii 
from  sinking,  because  in  that  case  the  water  sustains  half  the 
weight  of  the  cube.  A  body  of  lead  of  the  same  dimensions  aa 
I13S3  0Uii€eSf  theafore  its  weight  would  be  I13SS — lOOO  or 
103S5  ounces  when  weighed  in  water.  But  a  cubic  fool  of  cotk 
which  weighs  only  840  ounces  would  require  a  wdght  on  the 
upper  side,  or  a  force  equivalent  to  1000  —  840  or  7flO  autues  to 
sink  it  even  with  the  surface  of  the  water* 


^   in  ' 


Carol.  Hence  ijo  determine  the  rpeclfic  gravity  of  a  body 
heavier  than  water ;  first  let  it  be  weighed  in  air,  after  the  usual 
method,  then  weigH  it  in  water  (which  may  be  done  by  sua* 
pending  it  from  th«:  balance  or  scales],  and  the  diflertncc  <if  the 
results  will  be  the  ivcight  of  water  equal  in  bulk  to  the  bod}*'; 
and  that  diCTercnce]  and  the  weight  of  the  body  in  air,  will  be 
the  specific  gravities  of  water  and  the  body :  for  the  specific 
gravities  of  bodies  arc  denoted  by  their  weights  when  the  mag* 
nitudes  are  t*qual. 

Thuk  ftuppoie  a  mas!  of  lead  to  weigh  2'26l  and  QO^t\  ounces,  m|)CCtivrlT. 
in  air,  and  in  water,  tbii  226  J — ?(K*i='iO  oumces  u  the  weight  of  a  volume 
of  water  equal  in  inagn  itude  to  the  lead ;  hence  the  spccitic  giavil  j  ol  water 
to  that  of  lead  U  as  CO  to  tCi  V,  or  as  1000  to  1 1323. 


Hence,  if  ^  ir  ijhe  absolute  weight  of  a  body, 
a 

s 


zz  its  weight  in  water. 
ts  specific  gravity; 
W  \^\^^  !Q^vUf  of  water« 


•rictric  oftAviTiiit  4«t 

Then  A^a  is  the  weight  of  t  tolaine  of  water  equal  ia 
nugnitude  to  the  body : 

And  ^— «  tAitw:  i^  =  s,  the  specific  grairity  of  the 
body  A. 

The  Tahie  of  w,  which  denotes  the  specific  gravity  of  water^ 
if  arbitrary.  In  some  Ubies  it  is  supposed  to  fie  I  •  Bnt  it  it 
much  more  conrenient  to  make  it  =:  IO(lO»  because  a  cubie  foot 
af  pure  water  weighs  looo  oiiacei  avoirdupois. 

411.  T^fini  lh$  spicific  gravity  qfa  hdy  (B)  tighierJUm 
water. 

Let  a  heavy  body  whose  weight  is  ^  be  attached  to  it|  so  that 
both  win  sink  together} 

tnd  jpnl  it  =:  the  weight  of  the  body  B, 
r  =  its  specific  gravity, 
c  =  the  weight  of  the  compound  in  m'ater# 
a  zz  the  weight  of  A  in  water. 
Iff  =:  the  specific  gravity  of  water : 

Then*  proceeding  as  in  the  last  corollary,  we  have 

€  —  a,  the  weight  of  the  lighter  body  B  in  water,  which^ 
in  this  case,  is  negative  because  a  is  greater  than  c. 
B  —  (c — a)  or  B+a  —  c^  the  weight  of  a  volume,  of 
water  equal  in  magnitude  to  the  body  B: 

And  B^a-^c  :  B  i:  w  i  ^       _»   :±r,  the  specific  gra* 
vityof#. 

Emunflg.  Snppoie  755  ounces  of  lesd  is  attached  to  a  block  of  dcil 
velghhig  S75  ounces,  and.ihai  the  vrigbt  of  the  whole  together  In  walsr  is 
40|oaacef.    What  h  the  tpcdfic  gravity  of  the  deal  f 

im5 1 I0S95 1: 155 1  ilS^oQDcei,  tlieiielgbtaf  thelead  iawalert 
IT  a  975       ;^  4IBs6SS} 

c  m  4e9(  w  s  1000. 


«M 
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Thb  Mukii  MMw/ tad  k  b  equal  la  bulk  to  1000  gnMflfv^ 
which  it  b  coai|iai«L   The  wood  Chatioio  wdght  150  ouum  per  oM^ 
fool. 


'>-.' 


415.  7^  weights  of  hdies  are  propwikmi  M  m/rfducH 
0/ iheir  masses  and  specific  graviiies.  '^ 


Thus  if  a  oust  of  lead  \f€  I  cubic  inclici|  ihea  ainct  a 
foot  or  1798  cubic  inches  weigh  11395  oimo^ 

we  bavcj  1798  :  11395  :t  i  :  ■  ,-^  ,  weight  of  the  meii* 

Or  if  d  r:  the  cubic  inchet  in  a  piece  of  detl^ 
Ihea  1798  s  S50ounces  iidi  — r  ita  weight  in  ouncAt    ' 

But  11395  and  550  denote  the  apecific  graviiiea  of  lead  iM 
deal :  and  1  isesl  and  SiOi  are  ia  the  same  n^  aa  -"Tr- 

,  SSOd 
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410.  To  determine  the  quaniiiia  t»  a  wuus  cempoumded  of 
two  ingndienis  when  its  wtighi^  mnd  the  specific  gravities  Off 
given. 

Let  A  and  B  denote  the  magnitudea  of  the  two  ingredienta» 
a  and  h  their  apecific  gravitiea^  reapcctively  2 
C  the  weight  of  the  compound^  or  the  weight  oiA+fit 

e  its  apecific  gravity : 

Then  by  the^last  article^  cut,  bB,  and  cJ-^cB.  will  denote,  or 
bo  proportional  to  the  weighta  of  ^,  B^^and  A+B,  rcapectively ; 

conaequently  oA+iB^cA't^cB 
or  aA'^cAzzcB'-^ bB. 

whence  A:  B  :i  c-^b  la—c,  that  ia^  the  magnitndea  ^  and  B 
areu  c—b  and  a  — c: 

'  And  therefore  the  wcighla  of  ^  and  B  will  be  aa  a(c^^i)  and 
bia^^c),  or  u  ac-^ab  and  ^i— ac: 


or   ac' 


aC' 


srKCirie  cuAvitttit  its 

(Icmieqoently  we  have  to  divide  the  ^'cight  C  into  two  parts 
vii^  the  propoition  of  tu^^Qb  to  mt-^nc; 

Therefoie 

,—bc :  C ::  cc-at :  ^^^^^.iht^xf^iotA. 
r— Jf  I  Cm  ai—ic  :  y"^^/    ^  the  weight  of  i>» 

Csamplem  Suppose  a  compoiiUon  of  Copper  and  Tin  to  ht  48A.  and  Ita 
fpcdfic  fiaTitj  8000;  what  It  the  qnantitj  of  each  metal,  the  specific  gra* 
vjtj  of  Copper  heing  9000,  and  that  of  lln  7390  > 

m  ss  9000  €  s  8000 

I  S3 7320  Css     49. 

And  ^^l-^s3l9|a.  the  weight  of  Copper.  CoMe«|iienti749—19) 
tt  QQ^ib.  the  weight  of  Tin« 

Coroi.  Heoce  we  can  find  the  specific  gravity  of  a  mast  com* 
pounded  of  two  ingredients  when  their  weights  and  specific  gra* 
vities  are  given.    For  suppose  Auti  Bto  denote  the  weights  of 

^and  B,  reipectively:  then  ^[jl^^  =  A.  whence t^j ^)j* 
=  Cf  the  specific  gravity  required. 

And  in  the  same  manner  a«  or  k,  may  be  found  when  the 

values  of  the  other  letters  are  given. 

# 

417*  Tp  fnd  ihi  specific  gravity  ofsjlnid.  Let  a  body 
whose  specific  gravity  is  known,  be  weighed*  both  in,  and  pat 
of  the  fluid,  then  the  specific  gravity  may  be  found  fhm  the 

expiession^j^rss  (Art.4lS,coroI.)  tnw:s  (4^fi£,whei« 

Mr  denotes  the  specific  gravity  of  the  fluid :  ' 


That  tappote  SSH.  S  mmm  of  lead  when  weighed  in  water.  It  SStk 
UaiMiff;  then  jlsSS^ff  ass  S5|i,aMl# SB  11325  the  tpecMc  gravity 
oTIead; 

p«(i:rflf  a  lOOC^  the  fffcilc  gravity  of  water. 


\.  ' 


HVM0tT4flM 


'f .   t 


f- 


irtigh  the  wm  body  in  boibt  and  w«  •hall  hairci    .  . 
At  die  loM  of  wdghi  in  oo(  fluid,  it  to  the  loit  in  the  oilier. 
So  !•  the  specific  fjMitf  of  the  former  fliiid«  Id  ihal  of  the 

olber; 

Thmlf  Sl^OMMMrbeUiekMiiawatcr,  and  97^^  mmmi  the  loil  b  rrcti- 
fed  ipiril of  wine,  Iheipecific  gnvitktof  the  ftuicU  are  at31^  and  27^ 
pr  at  loeo  to  tda  whkk  Uwrddre  it  the  specific  gravity  of  the  tpirh,  thai 
of  water  being  1000* 

Plalina  and  Gold  are  the  only  known  tubtlancet  that  will  tiok 
in  Quicktilver  or  Mercury :  but  itt  tpecific  gravity  may  be  deter, 
mined  by  putting  it  in  a  amaU  open  gitat  vessel  tutpendcd  from 
the  tctle,  and  weighing  it  in  water:  the  vctael  however,  must 
\^  firti  balanp^  in  watery 

418.  The  inatmment  tiaed  in  tbeae  experimenta  for  weighing, 
it  an  HydroUaiical  Balanc0^  which  however^  diflera  but  Uttlf 
in  the  conttruction  from  a  pair  of  tcalct.  But  for  compa/ing 
the  tpecific  gravitiet  of  fluidt  that  are  nearly  of  the  tanic  dentity, 
another  inttrument  hat  been  contrived^  called  the  Hydromeieu 
The  common  tort  contist  of  a  graduated  cylindric 
atem  AB  fixed  to  a  hollow  globe  of  copper  BC ; 
itt  weight  being  adjusted  tO|  that  it  may  twim 
in  the  fluid  with  part  of  the  atem  above  the  tur* 
face  SR.  When  thia  it  put  in  proof  tpiritt  (for 
example)  it  will  sink  to  a  particular  division  on 
the  atem ;  but  if  the  spirit  be  under  proof  or 
weaker  than  proof  apirit^  (aa  common  brandiet|  he.)  it  will 
not  aink  to  that  division;  on  the  contrary^  shotild  the  fluid  be 
rectified  spirit  of  wine,  the  hydrometer  will  deacend  to  a  divition 
on  the  atem  much  above  the  proof  point. 

Scholium.  The  specific  gravity  of  bodiea  however^  miust 
pecetsarily  vary  with  their  temperature^  for  moat  bodiea  expand 
by  heat,  but  are  contracted  again  in  cooling.  And  in  com* 
puling  the  specific  gravity  of  a  compound,  an  error  majr  ariac  in 
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eonseqomce  of  tome  unceruinty  in  itn  balk.    Thuf  a  pint  of 
s|ifriU  of  wine  ind  another  of  water  when  mixed  together  will 
be  leM  than  a  quart.    To  account  for  tbu  diminution,  or  pent*. 
fruiiom  nf  4im€»iiontf  it  haf  bce^i  supposed  iKat  the  conititueni 
particles  of  the  llaids  are  globular,  but  of  a  sixe  ibuch  less  in 
oile  tuid  than  in  the  other,  because  in  that  case,  a  considerable 
number  of  llie  less  particles  might  fall  into  the  spaces  between 
the  grrahrr  panicles  ia  the  operation  of  mixing.    Mr.  Ramsden/ 
in  1 709t  published  an  ioeount  of  a  new  instrument  called  the 
Balance  Hgdremeier,  bjr  which  he  coiild  determine  the  exact 
^tntitjr  of  spirit  and  of  water  in  any  compoimd  of  the  two^  its 
gpeciSc  gnr\ity,  ibt  diminution  in  the  rolume,  ftc«  fice«  M  any 
tempcratum.  ' 
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A  TaU$  y  Specific  Gravtttei. 


FiatitiS  •••••••••.  •••••M^M******  v«O0O 

^loe  Gold  .W«.«.  ••..^••.•.•.«.  I940Q 
Standard  Gold  ..•••••-..—...  11724 

Pore  Merriiry..—..^...  «...«•  t4000 
Conuaoa  Mapcuiy........^.^..  iBcoo 

Kine  Silver  ..........f.^**.....    I  in91 

Standard  Silver. ..m. ••••«-••••  10513 

Copper a^*.  ••••.. •Ai*.r.««»..##**    9vXi 

Copper  hil^pcace  .«..«..•••«».•    %y  1 5 

GuB  metal •« S7S4 

Cast  Iksiti - ••    SOCH) 

OtCCl«***»**a«****«.**««*.*aa*M  ••••  f  a<#V 

1^  feii|pitJjoti»*M  ••••««  ••••••••     7645 

CaitJrfio ^ ^^    74?5  1 

Tio^^ ^.....;...«....  ^J«e 

DiaiDood  .•*.-.— ^a..  M»«MM  asi7 
MafiAe  ••••^•••HMvi.aU  ••••.»«•  8700 
C.OQiiDoa  Gfcea  GiaM.«*  •  ••    9600 

Vmmnoti9bsut^,...*mmm^  t590 

Clay  •••.•mm..*.m4.*.m.......m  f UO 

Bricks  teas  9000 10 .««.....  9400 

CaaHMnSBrAMi«.M«M«M|«t  1904 


••• 


I  •••  •*•••••••  ••• 


••• 


Sulplier 

i3fy  ii{||iiuni  vitft.Mtt  ••••«.•«• 
I  ■!  ^oai  •••••••••• » »»..• — » w>— 

J)rj  Mahogaojr  ••«'..•- 

I>r}  Boxwood .M^.M.M. - 

Sea  Water  •••.- 

Sprhtg  Water  ••••••  .MM* #••••«■ 

HiMilled  Water  .^. 

Gunpowder  close  thakea  ••.. 
Vroui  Spirit^  {■  4he  Im-a 
^perttureoTSS*.....-  ...I 
urj  "aa— —••»*.>■— «»«»—«— 

Ice ^ 

ledUM  SpMU-oT  Wto...  ^ 

y^^^  f^eecB<..«.4»..»«^«»— .«» 

V  9ir  or  ijeai*««*.*.M***« 

WOffB  —  tmtM  ...  »m  >■>  •••.....•MS 

Air  la  a  sNan  msvS.«..».m..m 


1900 
1895 
1S10 
1790 
1.197 
195) 
1063 
1030 

hno. 

lOOlt 
993 
931 

ni 

900 
066 

800 

Ygo 
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4M  ,.   tYDBOITXTieW    ., 

The  numben  111  tfw  foregotng  tible  driMM  lb*  ipecnafAk 
i^to  «f  the  vnni  bodic»t  mdilMihe  irei|;ht«f  «  cubic  foM 
«f  tach  in  MUUM  avowdupofte.  Thu*  i  cubic  foot  af  comnuMi 
water  wci|^i  lOOO  tumei  or  ItViU. '  A  culiie  foot  of  cast  inm 
T4SI  Miatw,  tec.  ftc.  Hcnre  we  bave  a  rradjr  imthod  of  toA- 
■  Ing  the  RMgnitude  of  a  body  from  iti  wrigbt,  or  iIm  weight  fim 
Ita  tnapiitudei  u  in  the  following  examplea. 

1.    SuppdN  u  ItnrguUr  piocf  of  Oat  timUr  (o  «righ  I4{  buodici 

mifiit)  ^om  WMUj  cubic  bxt  doc*  ii  roniaiuf 

I4|H  liaa>lC31Ji.n3UI4«McM,lbt*vlf|h(,  «lik'k  AHiM  faj  in 
(tbe oiUKM pervubk  ImI)  gIvtiUI /.^(ubiufcd,  iba«WNr«-. 

f .    Wlttt  li  tiw  Wright  ef  «W  t4u«rt  fi-vt  of  ihttt  U-4  J,otu>\ui\ 

,',X  A^tU  •'•'<»(.  llietfaklMMi 
and  t(«  t  ^"^  ^  '  '*'^  f***!*  ^*'  ctwtcnli 
Thm,  uijMtt  U3S5  mmmti  9  I  SKSSamkw  Ibevrifbl,  «Udi  d> 

^    Vldcd  bj  10  |l«ca  3»!l,^  tbr  MMMT. 

9.    Wbat  b  the  dlaiuricr  oTa  oil  /rtw AiX  vbute  ««i|ht  ii  rff.t 
M*.  X  ieBil44fwnm( 

ThcBilfYSi  IT'-tfu.  II  l44iU.5121/M*(iwari]r,  lltreublrrontnbt 
.  And  .SaatJ  bring  ihc  conlrali  of  ■  ipbnr  wkac  dUmatrr  b  Ii  wc  Imk 
MS36  I  1'  :i  33.AI37  1  £4  iisfkri,  vny  MiiHy,  IhcMukinf  thcdMiuHn| 
ThdvAxc  Uk  diameter  uf  a  UA.  iiuo  tJuA  nay  be  ufctti  ai  i  laehn  mUhunt 
MBtibk  crrqii 

«.    TollBdtlicwd|hloralMdi»(rfufa|i*radbmelcf. 

Put  rfEstbedtaDKlcr  in  lucke*(  iben^sSM*  ia  Un  cubic  fsataati  h 

the  «ci||ht  in OUDCM,  of  tbr  ball  vboM dlanKinh di  heacc  irdsB IS  iKhM 
Ibc  w«lglil  will  be  <E>30  OHMM. 

ir  tLe  <iiainders3.G  or  3(  incAcf,  llw  ««|ht  ti  lOO.  er  lia  mnni^ 
■Mflyi  for  IS*  I U30 :  (3})*  I  leoi  wbkb  praportiao  ia  men  exact  thaa 
tliat  given  In  Ibe  Aritb.  wt.  in.  cxanp.  T. 

Ortbe  cube  oTlbe  diaimter  in  tehi^  BuhiiiM  br.3.4M  ^«a  the  ael^ 
lAMMtM.  Ai>dlflbc«eiglitiaMBHnbeBulliplicdb7tlw4cGiMl4fl4, 
the  cube  toot  of  the  product  will  be  (be  diandcr  ia  tetat. 


IfCCiriO   GRAVITIES,  4t7 

5.  Let  ABDC  be  the  profil  of  a  PoMiom 
tkntinf  in  water,  tbe  water  mark  being  OR. 
Fut  nsCD  tlie  external  length  at  bottom* 
r  =s  the  difference  of  CD  and  tbe  length  at  top 
AB,  ^ssSC  the  depth,  issPC  tbt  depth oC the  part  immerwd,  tsd^aa 
tbe  bnradth. 

Bf  ilmilar  trianglei.  d :  jr  (or  AS)  tt  #t  ^  a  OP,  whence  n  ^^bsOIU 

and  (n  ^  ^)  xssthe  area  of  the  trapetokl  OCDR,  therefore  ^fi4.^)i| 

b  tbe  cubic  contents  of  the  immetsed  pail*.   Suppose  the  dincMloM  are  fal 
inches,  and  let/s  1798,  /=  eQ{ih.  aw)irdupotee  the  weight  of  179$  cvMo 
inches  of  water,  and  9=s the  weight  (hi  poonds)  «f  tht  water  dhpiiced^  ^ 
or  tbe  weight  of  the  pontoon  together  wit^  tht  weight  H  Haiit  tksA. 

If  the  weight  V  be  giftn,  awA  the  deptb  tC  wyiied|  tht  •qntlOB  |>fH 


Let  the  outward  dimensioai  br 
ABasSlifcet, 

CD  18  17^  •MM*M««M  IByOo  in*  WBL  Hf 

SCs   92- -...a  g?  <N.  as  d;  deptl^ 

rsz   4} ^m   $9  in. 

breadth      8   4}  ^ •«•  a  57  fn.  a  It 

And  suppcMc  the  water  mark  OR  to  be  9  Inches  ftom  tbe  top^  or  PC 

Then  y  f-|-^f*sS3SSa.sv/the  wdght  (iodnding  the  pontoon) 
that  tinki  it  IS  inches. 

itgaiob  if  tbe  weight,  inclodbigthe  pontoon  smXMft.  an  v|  #batlstht 
depth  In  the  water, 

is^^^^^^^^slSjMktaPC,  the  depth  tequbid. 


Rence^  fsr  pontoons  of  tbe  above  dimensions,  the  cnprswons  willlieeomn 

494.7t-f*l«985j>asN 
And  y(%50)7l94*  11441)-- iqiatapa  < 

Thill  is^  nNdtlplj  the  depth  sunk  On  MUO  kj  494.Tt  lad  Ks  stpan  ^ 
IJIS^  andthtsnmnrthepiodnctslsthewclgMnrthtlonMpmlkonto 

f  ..^*.  •■»!?  '.  i  j      I  'Jl  I  'I 


4M  BIOkOIIATlc'l. 

AM  W  km  tht  diptk  «bM  the  «ri|hl  ObcIii^  ttt  p««taM)  )i  ^m. 
MiiltiH J  Um  wci^  iB  Ih.  hytlttdedMU  .5(071,  aM add  the  pMAtd  to 
I1M(.iJm«  lOTMiUfaclcdCninUwMiaan  motor  the  isiM^tMlhcdetAk 
rClalMAo. 

A  fostooa  of  the  aliovt  dimudoM  wdgb  »bool  KXUI. 

,  410.  If  a  hodf  it  ml  nit  wk*HjlMting  im  a^tiit  Ut  ttmler 
^  gnitUg  and  tht  center  ^gnvit}/  tflhejliiid  dhflaetd,  *n 
tw  the  tame  vtrtUal  iia«» 

.  SuppoM  tbc  body  to  &t  a  ^ob«  wlioie  center 

'b  C«  «nd  let  its  dcoiitr  be  uncqiut  w  that  O 

'  (inilcad  of  the  center  C)  U  iu  center  of  gn- 
mtjr  t  then  aioce  the  centte  of  gravity  of  lh« 
^id  diiiplaccd  or  Mgnwnt  SRBj  U  in  the  ver* 
tint  dianwter  VB,  the  center  of  pmeure  of 
the  fluid  upwud*  i*  in  that  vcnic^  Uoe*.  the  center  C  na* 
therefore  be  considered  ■•  the  point  upon  which  the  body  U 
Biupiindcd,  consequently  it  muil  move  round  ihit  point  till  the 
dianicier  AD  hecomet  veitica).  (379.  cerol.  |  uul  t).  And  the 
aaroe  nieittod  ol'  reasoning  will  apply  to  bodiea  of  my  foim. 

Corel,  lleacc  if  a  bod^  be  left  to  flual  in  a  fluid,  it  vjU  tum 
by  iti  own  gravity  till  the  heaviest  aide  ia  downward*. 

431.  Supfiote  HBOPGS  lole  alenied/niintl  crgtautoth. 
Ittiiing  a  fiuiit  and  <ipt»  al  loiA  tnds,  umd  CB  a  verlicot 
st<lien  through  tht  hu-til  paint  s  then  the  tut  fart$  m/  iAe 
J!uid,£0}fC  and  HH&Gtprett  tquallg  Mgaiul  that  uctttm. 

Tot  if  the  preiiure  of  BHSC  the    i\.,,.^\S JW 

laigeti  body  of  the  fluid  were  greauit, 

the  other  mutt  ascend  in  con*rt|ucBct 

of  that  luperior  force,  but  the  two  iar> 

facei  HS  aud  PO  will  alwaya  be  in  the 

■amc  horizontal  line'  HO  » hen  the  fluid  it  quleicenl,  whaleiir 

be  tbe  dLflereocc  in  the  dianiclera  HS  tad  PO  j  that  ii,  the  m- 


PRESSURE  Of    FLUIDS* 


in 


facet  are  constantly  at  the  same  vertical  hdght  above  the  lowest 
part  of  the  fluid  (B). 

* 

And  the  pressures  are  equal  in  oppoatte  directiont  at  tnj  other 
section  AC ;  for  the  pressure  of  the  volume  AOPC  upwards  at 
AC,  is  equal  to  that  of  AHSC  downwards,  otherwise  the  fluid 
would  not  rea  with  the  two  surfaces  HS,  PO  ia  the  same  hori« 
sontalline^ 

« 

ConL  U  Hence  water  conveyed  to  t  reservoir  by  metna  of 
a  pipe,  will  rise  to  Uie  vame  horisontal  kvd  as  the  spring  or 
head  from  which  it  is  supplied* 

Corel.  t«  The  pressure  of  fluids 
therefore,  on  f;qual  surfaces  alike  situ« 
ated,  is  the  same  at  equal  perpendi« 
cular  heights,  whatever  diflcrcnce  there 
may  be  in  the  quantities  of  the  incum* 

bent  fluid.  Thus  suppose  AB,  CD,  GH  are  three  vessels  of 
the  same  height  fllled  with  water,  then  if  the  bases  are  equal, 
each  base  will  sustain  a  weight  equal  to  thai  of  the  prism  of 
water  in  the  vessel  AB  whose  sides  are  perpendicular 

Corel.  3.    Hence  a  small  quantity  of 
fluid  may  be  made  to  float  or  rai^e  a  great 
u eight.    And  on  thia  principle  the  hydro* 
statical  paradox  is  constructed.     Thus 
AB  and  CD  are  two  boards  connected  at 
the  edges  by  leather  so  that  they  can  be 
moved  to,  and  from  one  another  lilce  the 
top  and  bottom  cif  a  pair  of  bellows :  TS  is  »  small  tube  open 
at  both  ends,  that  communicates  with  the  inside  between  the 
boards.    Now  when  water  is  poured  iifto  the  tube  at  the  top  T, 
the  board  or  top  AB  will  be  forced  upwards  by  the  pressure  of, 
the  flmd  agpdast  it  on  the  i  side,  if  all  the  joinings  are  water- . 
iSgM*    For  the  force  againat  the  board  AB  is  equal  to  the 
ircig^  of  a  prkm  of  water  whose  base  ia  AB  and  height  equal 
10  the  height  of  the  tube  TS,  and  conseqoenfly  it  would  raise 


4M  NYSROITATICI* 

■  weig|hl  pUecd  on  the  lo]>  «t  W  equal 
priun.ofSMater,  Tbu*  iuppc»e  AB  «iid 
Md«  bcbg  a  feet,  tod  the  kugth  of  the  tu 
=  M  cubic  fcvt  II  the  contcnu  of  the 
B  lioofk,  iu  w^ght.  Hence  if  the  ini 
tube  be  i  of  an  inch,  about  >  pint*  of  « 
top  T  will  be  sufficknt  to  raiie  AB  the  uii 
if  it  be  load<d  with  19  hundred  weight. 

4».  If  TBA  i»  a  Itnl  Jumntl,  §r 
Jiui4i,  and  HSRO  Me  har'ucnial  plant 
conlad,  thf  prtttun  tf  thit  daiier  Jluu 
tqual  19  that  oftla  other  in  TS, 

For  if  TS  and  AR  were  empty,  tfw  I 
HBO  would  leniain  quieK^eni,  becauM  ( 
tion«  (or  lurfacca)  HS  and  RO  are  in  id 
horisontal  plane ;  the  fluid*  in  TS  and  Al 
tbvrcfoK  pmi  equally  on  lltoie  lectioiu  i 
face*  when  they  are  in  equilibrio. 

Certl,  If  the  acclioni  HS  and  RO  ■ 
dicular  heights  HT  and  OA  will  be  reci] 
graviiiei  of  the  fluidi.  For  in  that  case  th 
HS  aiid  RO  are  prciMd  by  equal  wcig 
fluide  whoic  height*  are  HT  and  OA  i 
HS  and  RO  arc  equal,  the  apecific  gravi 
be  inversely  as  tlicir  heighti. 

433.  tet  a  cuticat  vesitl  (PO}  mhatt 
filled  U'ilk  water/  ihtH  Iht  freisurt  of  th 
tide  if  equal  to  ha{f  its  fresturt  «n  the  h 

Suppose  the  square  AD  to  be  one 
of  the  tides.    Produce  DB  till  BC 
=:  BA I   then  the  pressure  on  the 
bottom,  and  againti  one  aide,  will  be      «/ 
tf  tlic  square  AD  to  the  uiuigle    ^ 


•   , 


A.' 
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ADC. '  Per  Mfice  fluids  press  equally  in  til  directions,  «nd  that  ^ 
in  proponioh  to  their  depths,  an  indcfinilcly  small  column  AB  * 
i^UI  press  at  B  in  t^e  lioritontal  direction  BC  ^^th  the  same* 
force  as  upon  thi;  base  at  that  point  B,  therefore  if  the  pressure 
of  the  coKimn  on  the  base  be  denoted  by  the  depth  AB,  itp 
erjual  pressure'  in  the  horizontal  direction  BC  will  also  be  re- 
presented  by  BC ;  in  like  manner,  the  horizontal  pressure  of 
the  vertical  column  Ak  tvill  be  denoted  by  RS  which  is  equal  to* 
AR,  and  so  on :  consequently  all  the  BC,  RS,  &c.  together, 
xir  tlie  area  of  ^he  triangle  ABC  will  represent  the  whole  hori* 
contal  pressure  against  the  side  at  the  line  AB ;  and  AB  Ukeii 
BD  times  (or  the  area  ef  the  square  AD)  is  the  pressure  on  the 
line  BD|  but  the  pressure  on  the  whole  base  is  the  weighty 
or  content  of  the  containcJ  fluid,  or  AD  x  aide  of  the  base* 
(i::  AD  x  DQ);   and  the  pressure  on  either  side  =  triangle 
ABC  X  Side  of  the  base  (=r  ABC  x  AF) ;  that  is,  one  pressure 
IS  double  the  other,  because  the  scpiare  AD  :=  twice  the  triangle 
ABC. 

Ccrol.  i.  But  if  BG  finstead  of  BD)  be  any  fHhtr  breadth 
of  the  ?essel,  *the  pressure  on  the  side  BP  will  remain  the  same 
as  before ;  the  pressure  of  a  fluid  therefore,  against  any  tipright 
•orface,  is  equal  to  half  the  weight  of  a  prism  of  the  fluid  whose 
base  is  the  surface  pressed,  and  height  equal  to  the  perpendicular 
height  of  the  fluid. 

TIrat,  let  the  depth  of  the  cubical  rtm\  be  i/mT  ;  then  **^  x  M^i 

*  ^ 

s  S49  J/S.  the  pmsare  tgalnit  ane  side. 

Or  sii|>po9L*  the  gate  ur  lock  fupporlihg  wiler  in  a  cans!  to  he  ti^  fiei 
broad  and  tofict  deep,  and  «c  ka?e  '^  ^  |^^  X  '?  x  6?i  5=  d7500<5.  the 
prcsBBia  H  mstaim. 

CardL  f  •  Let  O  be  the  center  of  gravity  of  the  triangle 
ABCi  then  since  the  pressures  at  B,  R,  &c*  in  an  horitontal 
direction  aie  denoted  by  BC,  AS,  &c.  abd  the  whole  pressure 
againat  AB  hj  the  trisingle  ABCf  the  center  of  pressore  of  the 

inidagaittat  AB,  and  cent^pf  gravity  ^f  the  triangle  are  in  the 
eaoMt  horiiootal  liM Olf  becaiile  Ota  the  center  of  pressure tf 


»^  HTOaOITATiei. 

Iktirai,,!.,  •<Ml<ine.AI  =  jAB,  il»  oaun  oT  pmaut  iM 
*'"*  "^  ■'"  upHjl"  •i"f'C«  of  Ik*  aiiid  BPA  taucidc,  lU 

BG  -CD  .nd  GT  -  "  *  °'  '**  '*"8'"  °'^  **"  "•**• 

lh«  T  U  ,i.  center  of  pmit-rw^  '^  t^^^^H^'i  >l«  iid*  AD, 
«d  .  fc«.  :=  «43J,*.  acun«  perpe..'"™'"!^ '««'"«  *h«  •i*^ 
M  tbt  point  T,  would  ju«  wiUio  h  is  e^«"'''»n»  with  ihc  fluid 
if  Uwnde  wercft  looM  board. 

ScBOLiDu.  If  ASC  be  ibe  vcrucal  lectioo  of  i  bink  cf 
mil  npporting  ■  body  of  w«(cr,  tbc  thlckneit  it  bottom  muA 
c&ceed  the  bcighl  when  iu  spicific  gravity  and  that  of  tbv  fluid 
'  -arc  the  iime.  If  it  be  comiructed  uf  brick,  which  it  About 
twice  M  heavy  u  water,  the  brtadtb  «t  boltoui  ihould  ihcrefoic 
be  calber  more  than  half  llic  bci^^ht,  aupposing  it  lo  reaiit  by 
.It*  own  weight  oaly ;  for  if  the  fuundattoa  be  luok  below  the 
wtterfthe  brtadlh  may  be  lea*,  but  id  that  caie,  the  thickitca 
niut  tkpend  oo  its  titcpgth. 

Hence  in  computing  the  ihickneu  of  t  wall  (Art.  SM,  &c.J 
r^rd  ahould  be  h;id  to  the  contittence  of  the  body  it  ii  to  lup* 
port,  became  the  center  of  prtisurc  will  vary  with  ilt  tenacity. 
Thua  the  center  of  preimre  of  looie  earth  ia  an  horizontal  Ji. 
rectioo,  ii  utually  uken  a(  one  third  of  it<  depth,  bat  ia  a  fluid 
it  ia  at  two  Uiirdi. 

484.  tet  CVQG  le  the  pnfen^ieular  itctian  ^f  a  waU 

MUpparting  ajluid ;  lo  find  the  noturt  o/lht  turvt  VQC  »htm 
tht  strength  oflhe  wall  it  evtijf  uhere  as  ihtjwct  it  nulaiM, 
vr  ihat  u  thall  it  aquallg  Uahlt  to  Ireak  al  aU  defttu. 

Coaccive  any  dc|ilh  VP  to  be  divided 
ioto  innumerable  equal  parli  PO,  OL, 
&c.  Then  lincc  the  pressure  of  the  fluid 
^iiut  any  point  L  is  aa  Lhe  depib  VL, 
the  number  of  particlea  aciiug  by  their 
weight  against  the  w&ll  at  thdt  point, 
will  be  deitoieJ  hy  VL,  and  their  force  at 
1.  oa  the  lever  PL  (cgnsidering  P  ts  the 
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,  fttlenmi)  it  PLVL,  In  like  tninner  PO.VO  m-fll  denote  the 
force  at  O  of  the  particles  represented  by  VO,  and  so  on. 
Therefore  all  the  PL.VL+PO.VO+  &c,  will  be  the 
whole  force  tending  to  break  the  wall  at  P.  Hence*  if  VP  =  if, 
and  any  other  depth  VL  =  y,  then  all  the  PL.VL+PO.VO+ 
he.  wiU  be  denoted  by  all  the  (il— y)y  or  tfy-*Jf'}  now  (179) 

all  the  rfy-y'  is  =  ^^^.  which  (when  y  =  i  or  VP)  be- 

comes  ^  — ^  or  iy' ;  therefore  the  fercci  or  tendency  of  the 

fluid  to  break  the  wall  at  any  depth,  is  as  iy',  or  as  y '  the  cube 
of  the  depth. 

And  \(b  r:  the  breadth  of  tlie  wall,  and  «  =  LQ  its  tliick. 
ness  at  the  depth  y,  it  follows  from  Art.  401*  &c.  that  the 
strength  will  be  u  ix*  or  as  x*  (the  breadth  b  being  given)* 
that  is»  the  square  of  the  wall's  thickness  is  always  as  the  cube 
of  the  corresponding  depth  of  the  fluid ;  or  the  cubes  of  the 
ordinatcs  BD,  RG,  &c.  ^re  u  the  squares  of  the  abscissas  VB, 
VR,  &c.  This  curve  is  called  a  semicuHcal  parahh  t  V  in 
the  vertex,  and  VR  the  aiis. 

7 

The  thickness  of  the  walj  must  evidently  depend  on  its  strength 
or  tenacity.    L^  the  depth  VC  r:  Ip/eet,  thickness  at  bottom 
^21$  feet  =  CO, 

Then  10' :  5*  ::  6'  :  5.4,  and  the  square  root  of  5.4  is  9.IM 
feeit  nearly,  the  thickness  at  the  depth  of  e/eei^  &c. 

495.  If  the  side  AB  tfa  vessel  tontaining  ajtuidf  h  Mique 
to  the  hpriton^  the  pressure  it  sustahs,  is  equal  te  the  weight 
efa  ledy  rf  the  fluid  whose  ukagnituie  is  the  surface  AB  mtc/. 
tiplied  ly  the  perpendicular  distance  tf  iti  center  ^grauitg 
below  the  surface  ^thejluid. 


Jt9U  tu  t% 
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Suppoie  the  mrftce  AB  to  con* 
iitt  of  an  indcfiniie  number  of  mu 
nute  surfaccf  represented  by  S«  V, 
^  B,  &e,  that  luppiirt  the  ?eitical  co» 
lumns  PS^  RV»  &e,  then  the  foree 
or  preuure  on  S^  (or  content  of  the 
column  PS)  will  be  denoted  by  PS 
xS^  and  that  on  V  by  RV  x  V,  and  to  on;  but  all  theie  Ibrcei 
or  column!  together  make  up  the  content  of  the  incumbent  fluid* 

Now  if  we  consider  S^  V,  Sec*  as  a  number  or  system  of 
bodies^  it  follows  from  Art.  373,  cocol.  t»  that  the  aggregate 
S-i-V-4-  &c.  multiplied  by  (d)  the  distance  of  their  common 
•  center  of  gravity  from  the  plane  OGj  is  equal  to  the  sum  of  the 
products  of  those  bodies  drawn  into  their  respective  distances 
from  the  same  plane;  that  is,  AB  x  tf  s  PSxS«f  RV  X  V-f  &c« 
=  the  pressure  on  AB^  because  S4- V"|'  Sec.  =  the  surface  AB« 
And  the  same  method  of  reasoning  is  applicable  to  any  curve 
surface  whatever  that  supports  a  fluid. 

Let  AB  be  a  tquare  whote  tide  it  4  fiei,  and  the  depth  of  the  vfssH 
ss3y^'/,  then  (he  ctiiltr  of  gravity  of  the  turface  AB  is  1}  feet  Mow  the 
surface  OG  ;  aud  if  the  ttuid  l>e  uutcr,  16  X  4  X  6?i=:  15001^  the  pret- 
sure  oa  the  side  AB. 

And  if  a  hollow  sphere  be  filled  with  a  fluid;  then  as  the 
center  of  tlie  sphere  is  also  the  center  of  gravity  of  the  surface, 
iu  distance  from  the  highest  part  of  the  fluid  is  equal  to  the 
radius,  therefore  the  internal  surface  multiplied  by  the  radius  of 
the  sphere  =  the  pressure ;  that  is,  the  pres&ure  on  the  internal 
surface  r:  3  times  the  weight  of  the  contained  fluid;  u  in  the 
cubical  vessel,  Art.  4ii3. 


HYDRAULICS. 

496.  If  a  vessel  AC  be  full  of  water  ^  ihejtrsi  or  graaiesi 
velocity  with  which  it  issues  through  a  hole  at  the  bottom^  is 
equal  to  that  which  a  body  would  acquire  in  descending  freely 
from  rest  thrw^h  the  pcrpendi^nlar  height  AB. 
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Tliif  ippean  froin  €iperiment«  For  a 
heavy  body  projected  vertically  with  the 
velocity  it  acquired  in  descending  from  a 
given  height*  would  rise  to  that  same  heigh t, 
provided  the  motions  were  made  in  a  non- 
resisting  medium,  (317)}  and  when  the 
orifice  O  of  a  pipe  OB  inserted  at  the  bottom  is  horii onul,  and 
the  vessel  kept  ftill,  the  fluid  is  observed  to  spout  up  nearly  as 
high  u  the  surface  AP:  the  stream  ho^evert  or  jet  is  impeded 
by  the  resistance  of  the  air,  and  therefore  its  ascent  is  less  than 
it  would  be  in  vacuo. 


To  determine  the  velocity  from  theor)%  we  suppose  the  weight 
or  pressure  of  the  incumbent  column  of  water  to  generate  that 
velocity}  this  force  therefore  will  vary  as  the  perpendicular 
height  of  the  fluid's  surface  above  the  orifice  varies,  and  conse« 
quently  the  force  and  depth  increase  uniformly 
together,  like  the  bending  of  a  spring.  Thus 
kt  SG  be  a  spring  of  uniform  strength*  and 
suppose  that  l/i.  weight  when  laid  on  the  end 
at  S  will  bend  it  through  the  space  of  1  inch,  or 
from  O  to  P»  then  it  is  found  that  9U.  will  bend 
it  twice  that  space  (=:OR),  and  Sib.  three 
times  OP  or  three  bches  (r:  OD),  ai)d  so  on ; 
thertfore  the  space  through  which  the  spring 
is  bent  increases  uniformly  with  the  com- 
prening  force:  hence  the  velocity  of  the  water  may  be 
compared  with  tliat  of  a  bent  spring  when  suddenly  loosened. 
Let  the  spring  SG  be  compressed  into  the  space  BC,  and  a 
small  weight  B  atUched  to  the  end  or  top  B  when  it  is  disen- 
gaged, then  the  weight  is  an  uniformly  retarding  force,  and  the 
height  to  which  it  will  ascend  by.  the  force  of  the  spring  will  be 
as  the  square  of  the  initial  velocity,  as  in  bodies  when  projected 
upwards  (3I7)«  The  same  thing  however,  is  evident  without 
•uppoaittg  a  weight  at  the  end  B }  for  since  the  spring  is  com« 
piessadl  by  la  tmiformly  accumuhted  weight  or  force,  it  must 
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rrgtin  ill  unbent  position  by  a  motion  uniformly  reUrdcd.  The 
initial  velocilict  of  ih^  spring  tod  ciBucnt  water  aie  tbeiebfi 
analogous;  and  hence  the  velocity  pf  the  water  through  aa 
orifice  at  any  depth,  will  be  u  the  square  root  of  that  depth. 

It  is  not  infered  from  thia  determination  that  water  it  w 
elastic  fluid.  But  if  the  experiments  of  Mr.  Canton  are  C(m« 
elusive  (Philos,  Trans,  vol.  53,  54)  the  whole  maie  of  water 
belonging  to  our  globe  is  in  a  constant  state  of  compression  by 
the  weight  of  the  turrotuuling  atmosphere. 

But  the  greatest  velocity  of  tlie  water 
is  at  a  little  distance  from  the  orifice  BR« 
For  since  the  pressure  of  the  fluid  in  the 
vessel  is  in  all  directions,  it  is  observed 
that  the  cflluent  water  converges  after  it 
quits  the  hole,  so  that  when  the  orifice 
is  circular,  it  forms  the  frustum  of  a  cone  BRV.  .  Sir  I.  New« 
ton  found  that  the  area  of  the  section  at  V  (which  he  called  the 
vena  contracia)  is  to  that  of  tbe  orifice  BR  as  I  to  ^i  nearly, 
and  therefore  the  velocities  of  the  water  at  BR  and  V,  are  as  1  lo 
V^S.  Now  it  is  the  velocity  of  the  stream  at  V  which  is  equal 
to  that  acquired  by  the  descent  of  a  heavy  body  through  the 
whole  ht'ight  AB,  cooscqutntly  the  velocity  ai  the  orifice  BR 
will  be  nearly  the  same  as  a  body  would  acquire  in  dcKending 
through  half  that  height. 

Suppose  the  height  B.Vs  l2/c^=:i,  and  let  is=16/,>^/,  ts3?2«  and 

Vsi  the  vdocKy  at  V;  then  (.U7}r=sp  |^  -  ss  t/  4^r ^  v^  772 ;;:  S7.78, 

ht./tei,  the  velocity  per  second  at  V.    And  |/2  i  1  :!.S7.7S,  ace. :  \9.M^ 
Sec*  Jtei  ptr  ic'cun(l«  the  velocity  at  the  oritke  BR. 

437*  Let  ihe  depth  of  ih^  vessel  li  ls/ee/»  and  ihe  top  and 
loiiom  AP  and  BC  squares,  each  side  leing  A  feel,  iofndth^ 
iiffte  in  ivhiik  it  would  be  exhausted  through  a  circular  orifice 
in  the  hot  to  in  whose  diameter  zz^an  sncA,  supposing  it  filed 
with  water. 


SPOUTINO  Off    FLUIDS.  437 

Put  a  =  titt  of  the  orifice  in  Tcet,  bzz95  feet  the  iret  of  the 
top  or  ^ttom,  A  =  19  feet  the  depth,  and  s  =:  lOVr  f^^*  Then 
|/9iA  will  be  the  6rit  velocity  or  that  with  which  the  water 
quits  the  orifice  when  it  begins  to  run  out.  And  since  all 
borixontal  sections  of  the  vestel  are  equal,  it  is .  manifest  the 
turface  of  the  water  in  the  vessel  will  descend  with  an  uniformly 
retarded  velocity,  that  is,  the  velocities  will  form  an  infinite 
jirithmetical  progression  whose  first  term  is  v^SjA,  and  last  term 

=:  #  the  least  or  last  velocity,  hence  ^  ^  V^  T  ^^^  P^ 

second,  wDI  be  the  mean  velocity. 

Now  the  whole  length  df  the  cylinder  of  water  that  flows  through 
Mie  orifice  is  =  ^  fcetj  hence  /'^  2  I  sec. ::  ^  :  tyJiHt 

z:  89397  seconds,  neariy,  is  the  time  it  would  require  to  pass 
through  the  orifice  with  the  mean  velocity,  which  therefore  is 
the  time  of  exhaustion, 

CeroL  I.  And  if  i(  s  any  other  height  from  the  bottom,  the 
time  of  exhaustion  will  be  -  y^  — ;  therefore  the  time  of  emp« 

tying  any  depth  A— cT  from  the  top  is  ^  f/y^  —  Z^* 

CordL  9.  The  velocities  through  apertures  in  the  side  and 
bottom  are  the  same  at  equal  depths.  And  the  velocities  at  dif- 
ferent depths  are  as  the  square  rooU  of  those  depths. 

CcroL  3.  Hence  the  exhaustion  is  performed  in  a  less  time 
through  a  pipe  or  tube  inserted  in  the  bottom ;  for  its  lower  end 
becomes  the  aperture  in  that  case ;  and  since  the  distance  from 
the  surface  of  the  water  is  thereby  increased,  the  velocity  will 
also  be  increased.  1 

Scholium.  The  orifice  is  here  supposed  to  be  completely 
filled  by  the  effluent  water  during  the  time  of  exhmstioo)  that 
howeverj  is  not  always  the  case*    For  when  the  apehnre  is  krn 
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io  praportioo  lo  th*  liw  of  tbt  nud,  ibe  wrftet  of  ibc  wilfr, 
MOO  after  Uw  cncuition  eocnnwDeetf  ia  obtencd  to  mow  OB  d , 
Md«i  lomnk  ibe  eoliuoa  directly  ofer  tbo  orifice,  ud  thb  mo. 
ttoD  bccooKt  more  aw)  more  pereeptible  as  ibe  aur&ct  dwctadit 
ibe  water  therefore  meciii:^  id  diflcreni  dircctmui 
eddy  by  which  means  it  acquires  a  spiral  motion  in  i 
10  thfl  orifice,  and  the  circumjiccnt  water  joining 
In  the  whirl,  produces  a  fitnncl-ihipcd  vortex 
ABO  that  extendi  through  the  bottom  at  O,  the 
inaide  ABO  being  totally  void  of  water.  But  th« 
difference  in  the  prcuure  nf  the  air  above  and  be* 
low  the  itrcam  may  conduce  to  the  formation  of 
this  vortex :  fur  the  force  of  the  cfflueol  water  i\* 
minithes  the  prcuure  beneath,  on  which  accounl  the  iucumbcBt 
air  ftdlowing  the  stream,  finds  as  it  vtn  an  easier  passage  j  and 
thii  appears  the  more  probable,  because  ihe  velodty  of  the  water 
in  the  middle  of  the  effluent  column  ii  always  greater  than  thai 
towards  the  udes,  which  it  retarded  by  teoaciiy  and  frictioiu 

M*e  may  therefore  conclude  that  theory  and  cipeiiment  art 
most  likely  to  agree  when  the  orifice  is  small. 

486.  Skfpost  CC  the  horlzomtal  ptan;  and  RC  an  mjaigla 
vesifl  fiUtd  with  water  ;  to  find  the  distance  BH  to  k-AicA  it 
mill  tfwt  through  aa  *r\fice  O  in  Ihe  ui»  ^th$  vesitU 

We  consider  the  efflitent  water 
as  a  projectile  discharged  hori- 
BOQtally  atO  with  arelocity  equal 
IO  that  which  a  body  would  ae< 
quire  in^esceoding  freely  from 
reat through theheightRO.  And 
therefore  {337.  corol.  3, 4}  if  OS 
=  OR,   and  SP  (perpendicular      "*      "  ^  »- 

Io  RB)  =  sOS  =  aOR,  O  will  be  the  vn-tex,  S  Iba/ocw,  ai«l 
SP  the  setni'paramettr  of  Ibe  fanMa  OPH  described  hf  tb« 
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tuuing  ttrcaui.  Hence  by  prop,  of  the  parabola,  OS  (or  OR) 
:  SP»  (or  4  X  OR*) ::  QB  :  40R  x  OB=BH*  j  conicHuentljr 
t/(OR.OB)  =  BH  the  distance. 

Car0l.  I.  Let  E  be  any  other  aperture,  then  BG= 9 /(ERoEB)i 
therefore  the  disUncet  BH  and  QG  are  at  /(OR.OB)  and 
/(ER.EB).  And  if  BD  =  OR,  then  DB.DR  =:  OR.OB4 
benee  it  followi  that  BH  is  also  the  disUnce  to  which  tha 
water  would  reach  through  an  aperture  at  D ;  that  is,  the  hori« 
itontal  distances  are  equal  through  apertures  at  equal  distances 
from  the  top  and  bottom  of  the  vessel. 

• 

Corol.  9.  If  EB  =:  ER,  the  rectangle  ER.EB  is  a  maximum, 
and  consequently  9/(ER.EB)  =2  BG  is  also  the  greatest  possi* 
ble;  but  when  ER  =:  EB,  BG  is  =  RB,  therefore  the  greatest 
horisootal  distance  to  which  the  water  can  spout  is  equal  to  the 
hd^t  of  the  TesseU 

If  RBs  13  feet,  OR  and  DB  mh  a  4  feet,  tlicn  BH  =  V(^  X  9) 
s:  13  feet,  tuppodof  the  itmin  if  not  impeded  bj  the  rctittance  of  tb« 
air.  And  when  the  orifice  £  is  ctiuallj  distant  from  the  top  and  liottonit 
then  DO  ss  BR  s  15  feeU 

499.  Lei  TR  be  a  vessel  filled  with  waters  iojlnd  the 
quantity  thai  would  Jlew  eui  ihreugh  the  rectangular  aperture 
ABCO  in  a  given  time,  svpposing  the  vessel  to  he  kept  eon^ 
ttanilf  fulL 


^mrrrrrm 


Make  O  the  Tertex,  and  CB  the  ordinate 
to  the  axis  CO  of  the  paraboU  OIB,  and 
let  PI  be  any  other  ordinate. 

Since  |/OC  t  /OP  ::  veloe.  offuH  at 

BC  :  uelec.  ai  DP, 
And  /OG  s  /OP  t :  BC  :  IP|  by  prop,  of  the  parabdai      i 

Thcrefint  the  vdodties  of  the  elBoent  water  at  the  depths  OC 
and  OP  eie  ea  the  ordinates  BC  sind  IP«  Hencci  if  BC  and  DP 
art  the  perpoidictilar  sections  of  two  indefinitely  thin  horisontal 


i 


UTOKAUUCt* 

Itmiiis  of  the  UiuiDg  water,  the  qiuatiiiee  of  the  Usmna  Baw^ 
ing  out  in  the  Mine  Ume^  will  be  as  those  serous  drawn  into 
the  respecUve  vdocities,  oriis  BC  x  BC  and  DP  X  PI }  but  it  will 
amount  to  the  same  thing  if  ihe  issuing  section  is  denoted  by  the 
part  PI  and  its  constant  velocity  by  DP  or  its  equal  BC»  because 
PI  X  BC  =  DP  X  PI }  consequently  if  the  part  PI  (or  ordinate) 
were  to  iuue  with  the  velocity  of  the  fluid  at  the  bottom  PC,  the 
same  quantity  would  be  dischargtfd  in  the  same  time  as  when  the 
whole  DP  runs  out  with  its  real  velocity :  but  the  sum  of  all 
the  ordinates  or  Pl's^  &c.  together,  are  equal  to,  or  make  up 
the  surface  of  tlie  parabola  |  hence  if  the  water  ran  through  the 
parabolic  section  OIBC  only,  but  with  a  velocity  every  where 
equal  to  that  at  BC,  the  quantity  issuing  would  be  the  same  u 
that  which  flows  through  the  whole  aperture  ABCO* 

Put  s  =  1  &iV  feet,  and  let  the  dimensions  of  the  aperture  be 
also  in  feet  rthen  2/#0C  feet  is  the  velocity  per  second  whidi 
a  body  would  acquire  in  descending  freely  from  O  to  C,  or  the 
velocity  of  the  water  at  BC;  and  OC  X  BC  being,  the  area  of 
the  ai)erturc,  that  of  the  parabola  will  be  4OC  x  BC  (304); 
hence  -JOCxBCxSy^iOC  =:  the  cubic  feet  per  second,  the 
quantity  running  out. 

The  same  conclusion  howcvcrt  is  obtained' without  the  para* 
bola  by  finding  the  sum  of  all  the  velocities  from  0  at  the  top 
0«  to  8/iOC  or  2/#x  v^OC  at  the  bottom  C,  and  dividing  that 
sum  by  the  number  of  velocities,  for  the  mean  velocity;  thus, 
suppose  OC  to  be  divided  into  an  infinite  number  of  equalparu 
OP,  &c.  then  the  sum  of  the  infinite  progression  of  square 


fooU 


0""  X  OP*  +  &c.  •  ..OC,  will  be  i^f^-rt  or  iOC/OC 

(l7DJt  which  divided  by  OC  their  number,  givei  ||/OC,  there- 

fore  S^/i  X  i|/OC  is  the  mean  veloeity.  tliis  drawn  into  OC 

X  BC  the  area  of  the  aperture,  gives  fOC  xBCxs/iOC,  ai 

before. 


uetton  or  water. 


441 


Suppose  the  depth  OC=zS  feet/  breadth  BC  =:  9  feet ;  then 
fOC.BC.t/iOC  =:  33.3  cuUc  feet,  nearly,  the  quantity  that 
tuts  out  per  second. 

But  if  the  velocity  at  BC  is  supposed  to  be  equal  to  that  which 
ia  body  acqnh^  in  Tailing  through  ^OC,  then  ^C.BC./9iOC 
n  39.3  cubic  feet,  the  quantity  per  second.  This  lut  result  is 
probably  less  than  would  be  found  by  experiment:  and  on  ac* 
^  ^count  of  the  friction  against  the  sides  of  the  aperture,  and  the 
oblique  motion  of  the  particles  in  entering  it,  tec.  we  may  con* 
tlude  the  former,  or  33.3  feet,  to  be  greater. 

Corol,  Hence  for  the  quantity  that  runs  out  throtigh  an 
«perture  DBCP  not  reaching  to  the  top ;  find  what  would  be 
discharged  through  ABCO,  and  ADPO  separately,  thea  tba 
diflerencc  will  be  the  answer. 


430.  iuppose  AB  io  represent  part  ^f  a  river  mt  eanal 
'whose  breadth  is  unequal  s  then  the  velocitjf  of  the  water  at 
any  twe  places^  as  OP  and  QR«  will  ie  reciprocatfy  as  the 
transverse  $ections  of  the  stream  at  OP  and  QK. 

For  let  ji  and  a  represent  the  areas . 
of  the  sections  at  OP  and  QR,  and  v 
and  F  the  velocities  of  the  water  at 
those  sectiouSy  respectively}  thcn^t^ 
•nd  aV  will  denote  the  quantities  that  run  throngli  OP  and  QR 
in  the  ume  timet  but  those  quantities  are  equal,  ot  AvziaV^ 
that \t  V  I  V  xiu\  J.  And  the  velocities  in  a  pipe  are  found 
in  the  same  manner,  provided  the  water  fills  it  at  the  diflerent 
lections. 

But  eouM  we  obtain  the  velocity  of  the  water  at  the  surface, 
and  also  the  exact  dimensions  of  the  section  at  any  particulaf 
pliec  (OP),  that  data  would  not  be  sufficient  to  compute  the 
^^lantjty  of  fluid  that  flows  along  in  a  ginn  time :  for  fay  reason 
if  the  friction  at  the,  bottom  and  sides  of  the  canal,  the  nlodt}^ 

'    VPtf  tit  t  li 
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UmI  witcr  If  alwiyt  gftaleil  tt  the  turfiioe  tnd  middle  of  the 
•tremni.  The  IbHowiDg  method  however,  hu  heen  pmpoied 
for  delermioing  t  mean  velocity. 


T 
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Suppose  AC  is  the  section  of  t  river 
or  canal  in  which  the  water  runs  from 
8  towards  R.  And  let  TB  be  a  small 
uniform  rod  of  wood  loaded  in  tlie  in- 
aide  at  one  end  B  with  a  weight  suffi* 
cicnt  to  make  it  swim  with  a  pari  ST.  ahove  the  aurfiioe.  Now 
this  being  put  into  runniug  water^  the  greater  velocity  at  the 
surface  SR  will  make  it  incline  towards  the  direction  of  the 
stream,  and  consequently  when  it  has  acquired  an  equilibrium, 
it  must  float  along  in  an  oblique  posi^on  BRT,  but  the  upper 
part  will  move  slower  than  the  water  at  the  surface^  and  the 
lower  end  B  faster  than  the  stream  at  that  depth.;  and  hence  we 
may  conclude  th^t  the  mean  velocity  of  the  water  will  be  nearly 
the  same  as  the  velocity  of  the  rod. 

The  experiment  however,  should  be  tried  in  different  parts  of 
the  stream^  and  a  mean  taken  of  all  the  results. 


/ 


The  area  of  a  trans^-ersc  section  may  be  nearly  ascertained  by 
taking  a  mean  of  several  deptUs  at  equal  distances  across  tlie 
stream : 

TJiuft  lot   ABC  represent  the  irctUmi    x 
hrtiidth  at  top  AC  sTJ/jv/,  and  the  cieplht 
at  7  equidiiUnl  placit,  C,  2/j,  i7|,  2|J. 
*i\»  -tV  ^"**  '\\/^^»  respccilvcly;  then 

— — ^ ^  fl-f 

/c€t,  the  mean  depth,  uhich  multiplied  by  1\feH  the  iNnradtb  4I  lop^  ^vct 
i  j^l/rr/,  the  content  oi  tlie  section.    (Mcoiur*  Art,  SI  !)• 


Now  supptVing  the  mean  velocity  of  the  water  is  lound  to  be  ttfiti 
minute,  ww  shall  hate  15J^x  *?»=  iSlUJI  €¥6ic/tei,  ibe  quajOity  tbaS 

Aowt  along  iu  one  minute*  •  1 

The  resuU  found  in  tUU  manner  will  not^  perhaps,  be  muclk 


PNEUMATtCS. 


wide  of  the  truth  when  the  rclocitjr  of  the  witer  if  unifimn  for 
a  coofidertble  distance,  Bui  in  small  irregular  streami  and 
ri?uleti»  other  methods  must  be  adopted. 


Op  pneumatics. 

431.  Pneumatics  in  the  ancient  schoolsj  and  what  we  wi* 
deratand  by  Metaphyiics,  were  synonymous :  but  iii  the  niodem 
philosophy,  pneumatics  is  the  science  which  treats  of  the  weighty 
pressure,  elasticity»  Hcp  of  the  air. 

439.  The  atmosphere  or  mas$  ef  air  surrounding  the  gMop 
is  ajluid  that  presses  hy  its  weight  on  all  parte  ef  the  earth*e 
sttrface. 
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If  a  glass  tube  BT  about  a  yard  in  length,  1 1 V 

close  at  one  end  T»  be  filled  with  mercury 
and  the  open  end  B  stopped  with  the  finger 
while  it  is  immersed  in  a  bason  or  vessel 
AC  of  the  same  fluid,  then  on  removing 
the  finger  from  the  orifice  B,  the  mercury 
in  the  tube  will  descend  into  the  vessel  till 
the  weight  of  the  column  SH  is  equal  to 
the  weight  of  a  column  of  the  atmosphere 
of  the  same  diameter  but  whose  height  is 
equal  to  the  whole  height  of  the  atmosphere  above  the  earth's 
surface.  For  the  end  T  being  close  stopped  or  air.tigbt,  the 
empty  space  TH  is  a  vacuum,  consequently  there  is  no  pressure 
on  the  surface  of  the  mercury  at  H,  and  hence  the  colunm  HS 
is  a  counterbalance  to  the  weight  of  the  atmosphere  acting  on 
the  orifice  B  by  its  pressure  against  the  surface  of  the  fluid  in 
the  vessel :  this  also  appears  by  letting  in  the  air  at  the  k>p  Tf 
for  the  mercury  will  aU  sink  into  the  vessel }  it  is  therefore  kepi 
fuspended  in  the  lube  by  the  weight  or  pressure  of  the  «l«ii^«^ 
^herr.    Thie  it  called  the  TornctWism  tic^TaoAgD\\iM\'^^i^^ 

s  t  t 
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iIm  ratthematkim  and  pupil  of  GaltkO|  who  mde  thf 
diicofcrjr* 

The  kngth  of  tbe  colimm  SH  vari^  hem  aboat  9B  inches  iq 
SI*  Suppose  the  height  to  be  90i  inchei,  the  tube  upiform^ 
and  the  area  of  the  orifice  B  :;:  1  square  iqch^  then  the  cotumi^ 
of  mereury  SH  will  be  ttOr  cubio  inchei^  or  930  ounces ;  and 
therefore  in  a  mean  sute  of  (he  air  (pr  when  the  height  of  the 

column  SH  is  ^  "^^^  mches)  its  pressure  upon  every  squara 

inch  of  the  earth's  surface  is  nearly  1 5  po\inds.    So  if  the  ori« 
fice  at  T  were  stopped  with  the  palm  of  the  bands  n  prcssusf 
*  equal  to  1 5lb.  would  be  felt  on  the  back. 

But  the  tubes  commonly  used  ave  S3  or  34  inches  longi  an4 
tbe  internal  diameter  about  ^  of  an  inch;  they  are  sealed  her« 
snetically  at  the  end  T ;  anc|  to  tbe  upper  par(  HT  is  attacl\e4 
a  scale  of  a  inches  divided  into  lOths,  aud  subdivided  to  100ths» 
by  mcjins  of  a  sliding  vernier;  the  lowest  division  is  numbered 
SSj  and  the  highest  SI,  these  are  inches,  and  the  height  of  tbo 
mercury  in  the  tube  above  tbe  surface  of  the  mercury  in  tbf 
vessel  at  bottom  is  shown  at  all  times  in  inches  and  parts  of  ai^ 
inch.    The  tube  with  its  scale,  Sec.  when  fixed  in  a  framf  i^ 

called   a  ^AROXIETBR. 

In  fair  settled  weather  the  mercur)'  is  up  at  30  inches,  and 
sometimes  higher*  When  it  falls  to  S9f  a  change  is  usually  ex- 
pected. But  it  seldom  sinks  so  low  a|  S8  infheSi  except  iq 
very  stormy  wfsather. 

Mercury  is  about  14  times  heavier  than  water,  therefore  if 
the  fluid  in  the  tube  TB  and  vessel  AC  were  water,  the  height 
of  the  column  HS  would  be  2Qi  X  14  =r  413  inches,  or  about 
34  feet,  supposing  the  tpbe  long  enough,  which  is  the  reason 
that  the  piston  of  a  common  pump  for  raising  water  mutt  work 
in  the  barrel  or  cylinder  at  a  disunce  less  than  34  feet  from  tbo 
•urface  ot  iVit  >ii^Vti  'ui  the  well. 
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Bat  liectiifle  the  perpendicular  pressure  of  the  column  of  mer« 
cury  BH  and  that  of  the  column  of  air  on  the  whole  surface 
AD  are  in  equilibrioy  it  may  not  be  readily  conceived  why  the 
weights  of  the  tw*o  columns  are  unequsd.  Let  us  suppose  the 
tube  to  ht  lengthened,  but  bent  at  the  lower  end  so  that  its 
ori6ce  OR  ii  even  with  the  surface  of  the  mercury}  also,  let 
RV  be  the  cduron  of  air  having  OR  for  its  base,  and  height 
RV  equal  to  the  height  of  the  atmosphere ;  then  if  all  the  rner* 
cury  were  taken  out  of  the  Vessel  (that  in  the  bent  part  of  the 
tube  excepted)  it  is  evident  the  equilibrium  would  still  rcmaint 
and  therefore  the  wiights  df  the  columns  SH  and  RV  must  be 
equal.  For  if  the  columns  are  cylinders  of  equal  dianaelersy 
|hcir  weights  will  be  as  their  pressures^ 

Since  the  atmosphere  is  a  fluid  variable  in  weight,  it  follows 
t^at  botdies  of  unequal  specific  gravities  will  weigh  differently  in 
diflerent  states  of  the  air*  Thus  if  a  piece  of  wood  is  an  exact 
counterpoise  to  a  pound  of  lead  in  a  nice  pair  of  scales  when 
thp  mercury  in  fh.e  barometer  is  at  98  inches,  it  will  pot  weigh 
a  pound  when  the  mercury  stands  at  30  inches.  For  the  air  i$ 
more  dense  in  the  latter  case  by  about  tt  ^^^  >>>  ^he  former, 
therefore  the  lighter  body  or  that  whose  bulk  is  greatest,  will  lose 
more  weight  of  become  more  buoyant  than  the  heavier,'  and 
consjequcntly  the  lead  must  preponderate.  Hence  it  has  been 
9.Dgg^^  ^^^  advantage  may  be  taken  in  buying  and  selling 
gold  and  jewe)s  by  freigbing  themii^  particular  states  of  the 
frtather^ 

It  tppears  firom  iiuny  experiments  that  the  wjcight  of  a  cubic 
foot  of.  air  when  in  a  mean  sute  near  the  earth's  surface,  is  H 
pmices  avoirdujpoise,  very  nearly*    Hence  the  absolute  weight 
jpS  t  bodjr  il  wM  H  would  weigh  in  vacuq.  ^ 

439*  jfjf  lib  ^f  wa$  tfihi  smue  Jeusiip  at  all  aUUuie$  as  at 
Jka  •fifiA>  i«f/0Cf»  sis  height  wwld  h  Mwten  4  mii  0 
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Let  RV  itprcMot  the  boDUgetKoiu  c< 
wci^t  to  tbe  ocdumo  ttf  luercmy  SH  whi 
ittchct.  Tbcn  (4S9|  corot.)  the  h«ghu  1 
prociUy  u  the  ipwific  g;nvitiea  of  ur  m 
l\  :  UOUO  i:  SOi  :  844160  tuckei,  or  5.4 

-  the  columa  RV.  The  ipccific  gnviiiu  o 
ever,  will  vuy  if  the  temperature  variet  {■ 
when  ihe  mercury  id  the  lurumcter  •(« 
the  thcnaomeler  it  Si  degree*,  it  hu  bceo 
that  the  specific  gravitici  of  air,-  water,  an 
«a  l|,  1000,  and  isCoo;  bciice  vt  Hhall  h 
:  Siouuo  inchci,  or  s.360  miki,  the  hcigt 

.  Alnio^phere  whose  deotity  would  be  equal 
•the  earth's  surface,  and  weight  the  ume  i 
inos|>here. 

Or  taking  If-  for  the  specific  gnttty  pf  : 
or  3<S|I0  miles. 

431.  The  air  is  also  an  elattsejluid~ihi 
•r  exfanded. 

One  of  the  moti  simple  Insirtimepts  thi 
dastic,  and  eondcnsible,  is  a  boy*c  popg 
in  one  pellet  with  tbe  handle  or  ramrod. 
Ihe  whole  extent  of  tbe  barrel  is  condvn 
cUstic  force  is  sufficient  to  propel  ilie  otbe 
the  air-jTun  is  constructed,  only  ihf  air 
the  chambrr  or  barrel,  and  this  being  su<ld< 
of  a  trigger,  the  air  rushes  out  with  grckl 
bullet. 

4SS.  ttlun  air  U  €owfresitd,  ill  iemi 
firt  proportitnal  t»  the  weight  or/or^i  tk 

Let  ABCO  be  a  loog  crooked  glut  tube 
but  open  at  O  i  tbe  inleroal  duoKUra  of  tJ 
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being  equal.    Fill  the  lower  part  BC  carefully  so  1 1  p 

as  to  leave  the  air  in  B A  in  its  natural  sUte  but  U^ 

stop  its  communication  with  the  external  air. 
This  done,  pour  in  more  quicksilver  till  it  ascends 
fo  the  leg  BA  to  H  the  middle  point  between  B 
and  A ;  then  IG  the  height  of  the  me rcurj*  in  the 
other  leg  above  H  will  be  found  equal  to  the  height 
of  the  barometer  at  that  time. 

The  air  in  HA  therefore  is  condensed  into  half 
Hs  former  volume  by  the  weight  or  pressure  of  an  additional 
atmosphere  or  the  weight  of  the  column  of  mercury  IG  which 
is  equal  to  it ;  for  the  air  in  its  natural  state  was  pressed  by  the 
weight  of  the  incumbent  atmosphere  only,  but  now  the  eom* 
pressing  force  is  the  column  IG  together  with  that  of  the 
column  of  air  dirKtIy  over  it ;  consequently  the  density  is  dou* 
bled  by  a  double  pressure*  And  since  the  pressure  of  the 
tnercuty  and  the  action  of  the  air  are  equal  in  opposite  directions 
at  Hf  the  elastic  force  of  the  latter  is  increased  in  the  same  pro« 
portion  as  its  density* 

Again,  if  the  pressure  be  doubled  by  •pouring  in  a  sufficient 
quantity  of  mercury  at  D,  the  mercury  will  rise  to  O  the  middle 
of  HA,  and  condense  tlie  air  into  the  space  OA  or  (  of  BA* 
In  this  manner  it  is  found  that  the  density  is  directly  propor* 
tional  to  the  compressing  force. 

The  spaces  BA,  HA»  OA,  are  reciprocally  as  the  densities 
or  as  the  compressing  forces.  It  is  said  however,  that  after  air 
is  condensed  into  about  i  or  |  of  the  space  it  occupied  in  iti 
natural  state,  the  repulsive  or  elastic  force  increases  in  a  greater 
proportion  than  the  volume  diminishes. 

•  * 

CotoL  I.  Since  the  atmosphere  at  any  height  from  the  earth 
Is  pressed  by  the  weight  of  the  air  above  it,  the  greater  that 
hdjrht,  the  less  must  be  the  atr*s  density  |  thtis  it  is  mors  dense 
at  ^  foot  6f  ft  moimtain  than  at  the  topf  and  still  greater  at 
the  bottom  of  ft  deep  pit  thftti  at  the  eattVs  tutfi5st% 
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C0r0l.  9.  Tbe  lekstic  foict  oC  the'airboi^;  tciiial  to  dui 
liMroe  of  coniutMiou,  tod  (art.  493)  5.360  miles  or  340000 
kichcs^i^8333  feel  the  height  of  in  homogeneooi  Atmosphere 
whoie  pressure  would  be  equal  to  that  of  the  real  atmosphere^ 
we  shsil  have  (art«  496)^  v^(4  X  1<K^  ^  98333)  :z  1330 /eel^ 
the  velocity  per  second  with  which  commoQ  air  at  Ibo  earth's 
surfiiee  would  rush  into  a  vacuum* 

430.    .   Heai  expands,  and  cold  coni$Mie$  air% 

ThuS|  Let  a  bladder  with  a  little  air  in  it  be  tied  very  ciosr^ 
and  laid  before  the  fire;  then  as  the  inclosed  air. grows  warmi 
the  bladder  will  distend,  and  at  last  burst  if  the  heat  be  con* 
tinned.  But  when  the  bladder  is  removed  to  cool^  it  will  coo* 
tract  again  to  its  former  size«  The  elastic  force  of  the  air  is 
therefore  increased  by  heat,  and  diminished  by  cold* 

It  ii  also  found  that  all  fluids,  and  most  sdidi  expand  by  heatj 
and  contract  by  cold.  And  therefore  in  determining  specific 
gravitiesi  and  making  experimenU  with  the  barometer,  it  wid 
always  be  necessary  to  mark  tiie  temperatui«  as  shown  by  tliS 
Thkrmomktxr.  This  instrument  is  well  known* 
It  consists  of  a  glass  bulb  B  with  a  small  tube  ST  of 
the  same  material  fixed  in  a  frame ;  the  bulb  and  lower 
part  of  the  tube  are  usually  filled  with  mercury,  but 
the  upper  part  of  the  bore  should  be  a  perfect  vacuum  j  ' 
and  the  end  T  hermetically  sealed.  The  degrees  of 
temperature  are  shown  on  a  graduated  scale  in  the 
frame.  Thus,  when  it  just  begins  to  freeae,  the  sur- 
face of  the  mercury  in  the  tube  will  be  at  the  division 
numbered  SS,  which  therefore  is  called  the  freexing 
point.  But  when  the  weather  changes  to  warm,  the 
mercury  in  the  bulb  wiUexpand,  and  consequently  rise  in  the 
tube,  so  that  in  the  summer  it  is  sometimes  as  high  or  higher 
than  the  SOth.  division.  If  the  instrument  be  immersed  in 
boiling  water,  the  mercury  will  ascisnd  to  the  SI 2th.  division  or 
degree.    And  if  the  heat  be  suflicicut  to  boil  mercury,  it  will 


Si 
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>iie  to  BiM)  dcgreeit  provide  the  tube  be  long  enough.  This 
if  ttlled  FaAf-en Aetl's  Scale^  which  was  constructed  thus :  Having 
observed  where  the  tnercury  stood  in  the  tube  in  a  very  severe 
frost  in  Iceland, .  he  marked  that  point  with  c  for  the  lowest,  or 
the  beginning  of  his  divisions;  and  then  determined  the  other 
extreme  or  highest  point  of  his  scale  by  boiling  the  mercury: 
the  distance  between  those  extreme  points  he  divided  into  6oa 
equal  parts  or  degrees;  and  afterwards  observed  that  the  mer- 
cury in  the  tube  stood  at  the  99d.  division  of  his  scale  when 
water  Just  began  to  freeze,  t>r  snow  to  melt  $  and  that  it  roso 
to  the  €l2th«  by  the  lii^at  of  boiling  water.  It  is  found  how« 
ever,  that  the  heat  of  boiling  Water  encreasea  with  the  weight 
of  the  atmosphere  as  shewn  by  the  barometer* 

The Thermeimeters  in  eommon  use  contain  about  100  or  ISO 
tif  the  600  degrees.  But  for  particular  purposes  the  graduations 
Are  continued  downward  from  o ;  thus  triercury  is  congealed  by 
the  cold  at  40^  below  that  point  on  Fahrenheit's  scale.  The 
freesing  point  on  Reaumur's  Thermometer  is  4,  and  that  of 
boiling  water  80 ;  sometimes  however,  this  latter  point  is  num* 
bered  110*;  bence«  by  proportion,  the  diflerctit  thcrmomcteni 

are  easily  eompaa*d« 

» 

The  temperate  state  of  the  tir  in  En^and  is  reckoned  at  55% 
which  is  nearly  a  mean  between  freezing  and  summer  heat. 
And  to  this  degree  of  the  thermometer,  when  the  height 
of  the  barometer  is  80  inches,  the  table  of  specific  gravities 
(art.  419)  it  calculated. 

437*  The  expansions  oF  air,  water,  and  mercury,  answering 
to  one  degree  oil  Fahrenheit's  scale,  are  about  ^fn  riVn  8>^ 
YiW  ^  ^^'  bulks,  respecti^y.  . 

f  Bran  rod. ..»  rs  .OOOlfida'l    .   '  •  ^  .    . 
Eiptnnoti  <jr  J  Stediod =  .000070      «>f«'"«*»*y 

iiboi«r  ic«iif«i....  =  . 000074  rrtzT! 

(SoM^Mfod  S  .00004S«J  *^*'««»»* 
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438.  Ifwrtical  dUiancu  h  Ukemfitm  iht  isrikU  tur/aci 
in  ariihmiiicAl  ffQinssion.  the  corresponding  densiiUs  ffik$ 
nimosphero  will  dcartase  in  ggamtiricai  ff0gr$ui$ni  $up* 
posing  ih§Jorc9  of  gravity  consianU 

V 

Let  BT'reprcienI  a  cyliiidric  columo  of  iKe  at* 
motphere  perpendicularly  incumbent  upon  the  tur* 
face  of  the  rarth  at  B»  aiid  tuppoce  ihit  column  to 
be  divided  into  innumerable  thin  parts  or  lamins  of 
equal  heights  BC,  CD,  D£.  &c.  also  let  a,  h,  c, 
&c.  denote  their  densities  in  succession  from  B 
upwards ;  then  if  the  magnitude^  or  the  height,  of 
•each  lamina  be  represented  by  m^  their  weights 
will  be  proportional  to  m  x  a,  mx  t^  mxc^  &c« 
or  ma,  mi,  mc,  &c.  (considering  the  density  of 
each  as  uniform) ;  and  since  the  densities  are  aa  the  compreta* 
ing  forces  or  incumbent  weights^  the  densities  at  B^  C^  D«  tccv 
will  be  respectively  ^ 

as  ma+mi'¥mc+md.  See. 

mb'^mc+mJ,  &c« 

mc^-mJ,  &c« 


or  ua  +  ^-f-c+if,  &c. 

k+e+d,  tec. 

C'i'd,  tec. 

:  k  iC'^d,  &c.  by  division. 


Tbatis»  aia-^-k+c+d.&c.  : 
or,  a  :  4-f-c+J.  *^c.        x 

In  like  manner  we  get,  h  :  e-^d,  &c.  ::  c  :  i-t-#j  Sec. 

therefore  by  equality 
a  :  ^4-c-t-if»  &c. ::  b  I  e+d.  &c.  ::  c  :  d+e,  &c* 
but  ^4-c-f-if,  &c.  c+d.  Sec.  are  u  ^,  c,  &c. 
hence  a  i  b  i:  b  :  c  ::  c  i  J,  kc.    That is^  a,  b,  e,  &c.  are ia 
geometrical  progression. 

Hence  when  the  heights  are  in  arithmetical  progression  (the 
common  diflerence  of  the  terms  being  m)  the  corresponding 
densities  a,  b,  c,  &c.  will  decrease  in  geometrical  progression. 
Now  when  an  arithmetical  series  of  numbers  is  adapted  lo  a 
geometrical  one,  the  former  will  be  analogous  to  the  lugarithma 
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of  the  latter  (Arith.  155)^  it  therefore  follows  that  the  altitudes 
increase  as  the  logarithms  of  the  corresponding  densities  de- 
crease. Or  if  we  make  the  heights  beginning  at  the  surface  a 
descending  series,  the  two  progressions  will  decrease  together. 
Hence  any  height  (BE  for  example)  is  proportional  to  the  dif- 
ference of  the  logarithms  of  the  densities  at  B  and  EI,  or  to  the 
di&rence  of  the  logarithms  of  the  heights  of  the  mercury  in  the 
Urometer  at  B  and  E,  because  the  densities  are  measured  by 
Chose  heights.  This  howerer^  is  l>etter  expluned  by  means  of 
tht  LogariihmU  mrve  ; 

430.  Let  Vr  br  ail  IndeiSnlte  right  Kne  perpendi- 
cuhr  to  the  eaith't  tttiface  at  B,  and  suppose  the  densi* 
ties  at  B»  C,  D»  lee  to  be  reprvsenied  bj  the  lines  BA, 
CG,  DRy  ftc.  (pcqiendicular  to  BT),  then  a  line  through 
l)ie  extremities  A«  G«  K»  lee.  te  the  logartUimic  oinre. 
For  if  P^  fS),  D(Cf  Ac  are  equal,  the  abscissas  Pl^ 
FD»  PCf  |cjc«  are  in  ariihnsetical  progR'Ssion,  while  the 
oonespooding  orrlioatcs  (or  densities)  PQ.  £L»  DK»  Ire.  are  In  geometrical 
progresaion»  which  it  the  propert  j  of  a  logarithmic  cunre*  Thus  in  BriggA 
scaler  or  the  common  logarithms,  if  PQ»  £L»  DK,  lee  ^  1, 10^  100^  lie. 
tbea  PE,  PO,  Ice  pn  I,  S»  lee.  (the  logarithms  of  10,  I00»  Ire.)  And 
since  the  series  100,  10,  I,  /q.  Ire  maj  be  continued  (n  infin.  it  is  evident 
the  ctmre  can  never  meet  BT,  which  therefore  is  an  assjmptote. 

440*  in  this  tmrve  att  the  tHhtangenU  mr$  e^ua!. 
Let  K|  be  a  tangent  at  any  f^int  K,  KD  the  ordinate 
at  Jhat  |)Ofntf  then  l>l  Is  the  subtangent.  Suppo^ 
I)C,  CB  are  indrfinitely  inuill  but  equal  part^  of  (he 
axis;  draw  the  ordinatrs  CO,  BA,  and  let  GO  be  a 
tangent  at  G,  also  make  itK,  GS  perpemlicular  to 
CG,  BA.  Then  since  CG  is  a  mean  proportional  be» 
trneen  DK  and  BA,  we  have 

DK t CG :: CG : BA  t: (by  division)  CG--DK  (or BG)t BA— CG  (orSA), 

tboeiofe  DR  i  RO  n  CG  t  SA.  But  the  inde6nitely  small  aits  KG,  GA 
may  lie  roosidcfed  as  right  lines  coinciding  with  IK,  OG  at  ik^  points 
K.G,  fetpectivdy,  and  the  triangles  IKD^KGB;  OGfi^GAS  wUlbefc^ 
fgectively  similar,  wiienct 

pl:lK(lDK:RGtiC6i8A(bytbe(bnlicr|pfopoftion)nCOfSGt 

an  B 
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tbit  li»  Dl  I BK  li  CO  t  SO;  but  RKvSO.  ibcithn  DIaiqO,    Ud 

•lace  tbt  MiM  icikmiiig  will  bold  good  al  aaj  pobl  la  Ibo  fiinC|  al  |te 
•ttbUageuU  miul  be  cqiuL 


U 


ri! 
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MNB«n9 1,  MC,  ii|H»  tktlifariihm^e^  mmtbcrs^ordtHMifsCG^ 
hZl  GO,  ZX  tMgMiti Then  niUohg.  CO  t  atiiang.  HX  t>  MC  t  ikII. 

SnpfMMC  CD,  H\¥  are  indflbitrly  tmail,  but  pro- 
portional to  tbe  logariibmt  MC»  imH,  or  to  tbat  MC  i 
CD  n  mU  I IIW;  tnd  draw  DK.  wk  panlia  to QG. 
HZ;  and  KK,  QP  perpi^ndicuUr  to  C0»  IIZ;  tbeo 
CR  and  RG  nre  equal  to  IIP  and  PZ,  and  the  triangles 
RGK.  CGO;  rZQ«  HZX  being  respecilvelj  timilar, 
we  have 

CO  I RK  M  CG  t  no  1 1  HZ  I  pz  1 1  nx  t  Fa 

And  alternately,  CO  i  HX  1 1  RK  (or  CO)  i  FQ  (or  HW)  1 1  MC  x  mH. 

Tlie«e  constant  lubtaugentt  of  tbe  logarithipic  funrct  ara  called  tbt 
fMdkli  of  the  t)  items.  In  the  hyperbolic  logarithms  the  subtangeat  is  I, 
and  the  logarithm  of  10  is  9.30'.»685l,  now  I  being  the  logarithm  of  10  hs 
Pngg«*t  sc^le^  we  have  by  (he  last  proportion,  9.3036851  » 1 1 :  1  t  •4341M4t 
the  modulus  of  the  common  or  Rriggs's  logarithms.  Hence  if  |be  commoa 
logarithm  of  a  number  be  multiplii  J  by  2.30C585I,  or  divided  by  its  reci* 
procar.434;D448,  tlie  mult  is  the  hyperbolic  logarithm  of  that  number. 

449.  1/  m  mtmb€r  ha  very  mcMrfy  equai^o  \,  its  cacesf  tihov$  \  U  ioiia, 
fq^arilhm,  ct  I  to  the  sul tangent.    For  let  \VQ  =  I,  QX  a  tangent  at  Q» 
HZ  tltc  nuuiher  or  orilinate  at  a  small  distance  from  WQ«  and  WU  its 
logaritlnn;  then  the  arc  QZ  and  its  chord  will  be  nearly  equal,  and  the  tri- 
angle^ FqZ.  WXQ  siraiUr ;  whence  ¥Z  :  QP(ur  WU)  :s  WQ  :  WX. 

ft 

443.  Itt  HZ,  VN  is  my  two  orJinatet,  NO  perpendicular  to  HZ,  and 
ZX  a  tati^ent  at  Z ;  titcti  the  quaJriUhC  *r  space  il/N  V  ss  OZ  multipiied  by 
the  suhiMigent  liX.  For  tuppotc  \VQ  ii  parallel  to,  and  indclioitcly  near. 
HZ,  and  QP  perpendlcMlar  to  IIZ;  tlien  the  tri;:nglcs  HXZ,  FQZmay  be 
conbidcrtd  aitimiLr;  hence  HZ  i  IIX  ::  TZ  :  Ti),  and  HZ  FQ:bHX.FZ; 
but  \VQ  being  indefinitely  near  HZ,  the  rciUnglc  HZ.IQ  may  be  takes 
for  the  area  of  the  quadrilinear  H/QW,  conKHjucntly  HX.l**Z:=  the  area 
HZC^W ;  hence  if  we  conceive  the  ijuadrilincar  HZN  V  to  be  composed  of 
an  inhnite  number  of  elementary  4uadriliuear  spaces  HZQW,  Sec*  their 
areas  togeiher  will  be  HX  x  all  tlip  FZ,  but  ail  tbe  FZ  together  s  OZ. 
thertfjn:  the  c^uadriUoear  HZN  V  =  HX.OZ. 
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CoroL  Hence  the  ttifioitcly  kxig  space  contained  hj  the  ordinate  HZ^ 
tfftyroptote  IIT,  and  curvt?  ZNT  it  ss  the  tubtangent  HX  drawn  into  th« 
ordinate  HZ:  lor  ultimately  OZs  HZ. 

444.  Now  let  the  densities  of  the  air  at  the  earth's  surface  Ht 
and  heights  W,  V,  &c«  \ft  denoted  by  the  corresponding  ordi* 
nates  HZ,  WQ,  VN>  &c.  respectively  i  aleo  suppose  HV  =:  the 
height  of  an  uniform  atmosphere  (Art.  433},  and  complete  the 
parallelogram  VHZP;  then  the  pressure  on  the  surface  at  H 
will  be  proportional  to  the  sum  of  all  the  densities  or  (HZ 
X  suhtang.  HX)  the  area  of  the  in6nitely  long  logarithmic 
space  HTZ  which  is  composed  of  the  infinite  progression  of 
onlinatcs.  But  this  is  also  represented  by  the  parallelogram 
HV,  or  HV  X  density  HZ;  therefor^  HV  the  altitude  of  an 
uniform  atmosphere  is  the  subtangent  of  the  atmospheric  loga* 
rithmic;  and  if  ZX  be  a  ungent  at  Z,  the  points  V  and  X  will 
coincide. 

If  thertfore  HZ  be  the  density  at  the  surface  H,  and  WQ 

the  density  at  W  (which  suppose  to  be  the  top  of  a  high  mbun^^ 

tain,  for  example)  then  the  height  (HW)  will  be  proportional 

to  H  W  the  difierence  of  the  logarithms  of  HZ  and  WQ  :  But 

if  the  ciirre  were'lctually  constructed,  its  subtangent  would  be 

9JS\9/eet  (433)r  tiid  the  difierence  of  the  logarithms  adapted 

to  that  subungent  would  be  the  height  HW  in  feet;  therefore 

in  find  that  diflTerrnce  by  means  of  the  common  logarithms,  let 

D  and  il  be  the  densities  at  H  and  W,  then  log.  D  —  log.  d 

D  '   D 

zz  log.  of  ^ ;  hence  to  find  the  log.  of  ^  when  the  subtangt 

is  97819,  we  have  .43429448  :  C7819  ::  tog.  of  J  :  j^^j|^'|^^.. 

X  log.  — ,  Of  64036  X  log.  of  •^,  the  log.  ret|uircd,  or  the  height 

HW  in  ft€tf  when  the  temperature  shown  by  Fahrenheit's 
thermometer  is  33%  and  the  height  of  an  homoecneous  atmo« 
splierc  b  S78i9/eef«  answering  to  30  inche$  the  height  of  the 
mercury  in  the  barometer:  But  if  fi9|  inches  be  the  mean 
height  of  the  barometer^  we  shall  get  97333  feet  mstead  of 
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grsiffl  aiMl  uUaf  the'  nieaa  or  $7iB7  fctl  fbrdie  length  of 
the  fubtADgentt  gives  03581  xlog.  j  the  hdg^t  lo  fitet,  or 

'  10387  K  hg.  -J  the  heighu  in  fiithomt :  But  the  densities  (D,  i) 

are  measured  by  the  heighu  of  the  btromeler  at  the  pUces  of 
observation  H  and  W|  therefore  the  differtnoe  of  the  coninKNi 
logarithms  of  tho9e  heighu  x  10387  is  the  height  of  one  place 
above  the  other  in  fathoms  when  the  thermometer  is  at  33*. 
But  as  the  air  expands  about  xh  of  iu  bulk  by  1  degree  of 
Fahrenheit,  and  the  compressing  and  expanding  forces  equal, 
it  follows  that  the  result  or  height  must  be  corrected  by  adding 
the  433th.  part  of  itself  for  every  dcga^  which  the  temperature 
Is  above  33%  or  subtractings  when  the  temperature  is  below. 
The  factor  10387  howcvert  ii  usually  changed  |q  \0000,  and 

the  expression  for  the  height  given  thus^  \OOOOxlog.  'jr  (where 

H  and  h  are  the  height^  of  the  barometer)  which  is  found  by 

H 

reducing  the  temperature  from  33*:  ThuS|  let  i^hg.  t-j  then 

since  the  height  10387/=  10000/-f387/|  and  ~V''  ^^wers  tq 

1  decrree    we  have  i^?'-'  •  1     -387/  •  W  X  433  ^  18S7 

1  degree,  ue  have  -^^     .  l  ..  3871  .     ,333^-  -«4  j^^ 

degrees,  this  (neglecting  the  fraction)  when  taken  from  33*| 
leaves  31^  the  temperature  in  which  the  expression  ipdooxlojr, 

fr  gives  the  height  in  fathoms;  and  the  result  is  to  be  aug« 

mented  by  adding  its  433th.  part  for  every  degrte  that  the 
temperature  is  above  31*^;  but  diminished  by  subtractingt  whei) 
it  is  below. 

Exatnp,  1.  What  it  the  air't  dcntiiy  at  7  rotlct  abofe  the  earth's  wifaceF 

D 

T miles  =  6160  fathoms;  therefore  10000  x  log.  ^,  or  10000  {fog.D^^ 

Ic)|'.i/)s=6l60«  whence /0f.tf= ^^jgg ;  and  assuming  D  tbo 

density  at  the  earth's  surface  ss  I0»  its  log.  is  I,  which  gifcs  Ay.  4a.3S4Q 
the  hg.  of  S.42»  which  is  nearly  ^  of  10;  therefore  the  air  is  ahottt  4  timi) 
rarer  at  the  height  of  7  miles  than  at  the  surface  of  the  earth. 
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£un^  ^  Sqppoie  tlie  mcfttify  ia  the  batometcr  b  S9.74  inchci  Mgk 
•t  the  fool  qT  a  mountiio,  and  90.41  inches  at  the  tummlti  what  h  it* 
hdgM;  tfthe  neaa  temperature  he  50<»^ 

^  ».tl  It^.  1.473941 

96M  kg.  t>421768 

a        ' 

•J    Iflf.  0.051573       and  10000 X.05I573S515.79. 

_      .  * 

SO'— 3Pttl9»  lempefit«nahove31<»»  and  ^^  of  515.73 rs  29^3  add  * 

#  5 1 5,73 

Heifhta538.26/fa<l«f 

Computinf  hy  the  Ibraiihi  10587  X  Ay.  ^,  ivt  have  10587  x  •051573 
tB548. 

55^-.50»«5»temp.hetow55<»;  and  ^  of  546  ss  6.^8  mhtract 

548. 

tldght  83  539.79  fiik. 

Tbe  diffenaoe  W  tht  itMlte  arim  h  eotM^mce  of  nr^cctlng  t 


S.  If  the  heights  of  the  harometer  at  the  hottom*  andtopef  a 
hilly  are  99.37  and  98«59  inches^  iespectiYelj»  and  the  mean  tempiBlatwe 
tr I  what  b  the  heights 

;         99.37  lag.  1.467904 
96.59  kg.  1.421718 

u       

j^  i^.  0.043166    and  10000 X. 0431868431 .86. 

31««-96*s5«  temp,  helow  31*;  and  ^[j  of  131.86a    4.96  sabtract 

431.86 
Height    4g6.90  /M. 

445.  But  on  account  of  the  grett  diflerence  of  temperituit 
in  lovy  and  elerated  situations^  several  corrections  are  necessary 
to  make  the  results  from  barometrical  observatiooa  agree  with 
geometrical  meaauremcnt.  Before  M.  de  Luc  began  his  expe- 
riments with  the  barometerj»  a  metn  of  the  two  temperaturet 
shown  by  the  thermometer  attichcd  to  the  barometer^  and  the 
hdghta  of  the  mercorf  in  the  btrometer,  at  the  b^^tom  and 
top  of  a  hilli  were  thought  aufficieni  to  determine  its  bright. 
If.  de  Luc  howereff  bimd  that  an  idditioiial  or  detached  ther* 
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oiQiiieler  was  alto  ntoestary^  (tee  hit  RichitiUi  iur  U$  idoU^ 
jteaHomi  i$  tMm^ph§r$).  ind  tbU  bu  been  coofiroied  by  Uk^ 
aperiincnU  of  Gm.  Roy,  and  Sir  G.  Shuckbuigb.    Tbc  (br^ 
mills  for  tbe  bdgbt  fm  fttbomi)  accofdiog  lo  Ibe  two  lattcia 
obienrers  are  tbe  following: 


Geo.  Roy (10000/ qp  .408^)  X  (t  4*  (/*  3r)  %  UX»45). 

^  Sir  a  Shuckburgh.^  (lOOOd/  qp  .44iW)  x  (1 4*  (/^^^  k  .OU^ia). 

Wbere  / :?  tbe  difference  of  ibe  logaritbmt  of  ibe  btigbu  of  die 
barometer  al  ibc  two  f  uiiont, 

d  =:  the  difference  of  tbe  degrees  shown  by  Fahrenbeil's 
tbermometer  attached  to  the  barometer, 

y*=  the  mean  of  the  M'o  temperatures  shown  by  tbe  dc* 

tached  thermometer  exposed  for  a  few  minutes  to 

the  open  air  in  the  shade  at  the  two  stations. 

Tbe  sign  —  takes  place  when  the  attached  thermometer  is  bigb* 

•St  at  tbe  lower  statioot  and  tbe  sign  4*  when  it  is  tbe  lowest 

at  that  station. 


. 


EsMwp,    To  find  the  height  of  a  momitain  from  the  folk»viiig  observa* 
tk)iu  taken  at  the  (bot,  and  lummit :  *    >!    . 

.  attached        detached 

■«*'^"-  therm.  therm. 

Lower  italioD S9.8Ci 6tto li^ 

Higher  sUtk>a....M  QC.  i37 631^ ^,^  55* 

lochet. 
Baionu  S9 .  %6J..J^*  1 .  475 1 19    atUched  therm.  6%^    detac  thcr.  7 1* 

diir.  O.Uo7b6Jsl.  did*.    5aJ      mran  fiJss/ 

By  tht  am  tbrmula,  /-3r=3f,  and  l+(3l X  .002l5)«l.07Wi 

lOOOO/slOOOOx  .057863sS78 .63 
•46S^ss.i6$X5s9.J4  lubU.      ^34 

^^'^^  il6.29,  and  576J29X  1.07595  ss  €30  /atkomf, 

tbeheighl. 

In  compul\nithft  Mihl  Iiy  the  ibrmula  10000  x  /•/•  ?  (in  the  pttccd* 
U|  aiCicU)  «a  UVt  V\i%  v^Uk  NKcuys^V^x^  V^  ^^  ^N^M^^^9M6caaaalctcr  ( 
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an  J  iorred  the  btromder  liir  iKe  dWfemice  of  temperature  shown  bj  tlto 
Btlaclted  thermometer  t  1  htn,  tince  mercary  expan<tt  about  ^^c9  ^  '*< 
bulk  br  1  drgrre  of  the  tbermomcter,  ^^  of  <J6.I37»  or  .014  of  an  inrh 
win  be  the  rnrrectino  (br  5^  this  added  to  26.137  giret  26.151  Imbei  tlie 
corrected  height  where  it  wai  coldest* 


29.867  hig.  I.47SII9 
26.151  /'^.  1  4l74ltS 


6)^«-^raB32^  mean  temp,  above  3 1^. 


■rffta*^ 


dilT.  0.037(i3l 


32 


Then  10000  x  .057(01  B:576.dl,  and  576^31  +  T^fr  X  576.3laB6IS.T 
/M.  the  height.  • 

Ratnaden'a  engraved  Table  gives  the  height  z  S780  feet^  or 

621 1  fathoms.    This  Table  is  on  t  slip  of  paper  I  foot  long, 

.  tnd  about  $^  inches  wide  i  the  logarithmic  diflferences  from  ft$ 

to  31  inches  are  given  to  SOOths.  of  tn  inch,  and  the  corrections 

for  the  thermometers  at  both  stations  found  by  inspection. 

Remark.    In  determining  altitudes  by  the  barometer^  It  is 
bcil  lo  make  the  obKrvations  at  the  upper  and  louer  stations  at 
one  and  the  ume  time  as  nearly  js  can  be  t  but  great  care  must 
be  taken  that  the  two  barometers^  and  also  the  thermometers^ 
arc  alike;  that  is,  they  sliould  precisely  agree  mhcn  together  in 
all  states  of  the  air.    It  is  also  necessary  that  the  specific  gravity 
of  the  mercury  be  well  ascertaincd»  because  it  is  not  equally 
pure  tp  all  baromctrrs ;  which  is  the  principal  reason  why  dif* 
ferent  results  are  so  frequently  obtained  from  observations  made 
with  diflferent  barometers  at  the  same  stationa.    Other  cSrcum* 
stances  however*  not  generally  known^  may  oontribott  to  such 
disa^eement  t  IhnSt  Mr.  Ranisden  proved  by  etperiment  thai, 
the  quicksilver  in  binmeter  tubes  made  o^  diC^reol  ^orts  of 
^sa  win  be  suspend^  at  difTerenllieights. 

'  •      •  t*     •   »  ■       •    ■    ■ 
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Or  TUB  SYPHON  amd  PUMPS. 


440.  The  Syphon  is  a  Utni  tube  RHO 
for  drawing  off  liqiiora  t  one  leg  HR  is  utiu 
ally  made  longer  than,  the  oilier«  so  thai 
when  it  is  testing  on  the  side  of  a  vessdi  tbe 
outwaid  end  R  iails  lower  than  O  the  end 
immersed. 


To  use  the  sypbon»  fill  it  with  the  li<|iiorj  and  stop  both  ends 
while  the  end  O  is  ionnersed  in  the  vessd,  then  if  they  aaa 
opened^  the  fluid  will  continue  to  run  out  at  R  as  long  aa  thai 
end  Is  lower  than  the  surface  of  the  liquor  in  the  vessel^  pro* 
vided  the  end  O  be  kept  under  that  surfiM>s«  For  the  weight  of 
tbe  colunin  of  fluid  in  HR  is  greater  than  that  of  the  column 
in  the  other  legi  therefore  (considering  the  bend  at  H  as  the 
fulcrum)  the  former  column  roust  descend  |  and  the  efliuent 
stream  is  continued  by  the  constant  pressure  of  the  atmosphere 
on  the  surface  of  the  liquor  m  the  vessel,  which  makes  it  ascend 
in  the  leg  OH. 

If  the  vessel  coiiuin  water,  the  bent  part  of  the  syphon  (H) 
must  be  less  than  33  or  34  feet  from  the  water's  surface,  because 
that  is  the  greatest*  height  to  which  water  will  ascend  by  the 
pressure  of  the  atmosphere. 

447.  The commonivCKincVvuf.  This 
is  a  hollow  cylinder  or  barrel  TB  containing 
a  fixed  valve  V,  and  a  piston  P  moveable  up 
and  down  by  means  of  a  rod  R  fixed  to  a 
handle;  in  the  piston  is  another  valve,  and 
both  valves  open  upwards. 


To  work  the  pump.    Let  PA  be  that  part 
of  tbe  barttV  \f\  \v\\\v:\i  vVwt  ^x^vnia  moves,  and 

a  UppOlt  bo^  NlJLNtl  \^\^  1^»XVUk^>^\S3NX^\ 
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€nd  B  immersed  in  waten  Force  down  the  piston,  and  the  air 
beneath  will  open  itn  valve^  then  draw  it  up^  and  the  valve  shuts 
by  the  pressure  of  the  air  above,  by  which  means  the  column 
of  air  in  AP  is  lifted  up  or  drawn  out  of  the  barrel  |  now  the 
(r|uantity  of  air  which  occupied  PB  being  diminished^  the  air  in 
B  V  will  expand  and  open  the  valve  V  f  thus  the  internal  air  be^ 
comes  rarefied^  and  therefore  the  external  air  by  its  pressure  pvL 
the  surface  of  the  water  at  B  will  raise  it  a  little  in  the  barrel. 
Again,  force  down  the  piston,  and  the  air  in  PV  will  shut  the 
lower  valve,  but  open  the  upper  one,  then  by  lifting  the  piston 
another  quantity  of  air  is  expelled,  and  the  water  in  consequence 
rises  higher ;  thus  by  continuing  the  operation,  all  the  air  ia 
drawn  out  of  the  pump,  and  the  water  will  ascend  above  the 
valve  V  and  be  lifted  by  the  piston  till  it  runs  out  at  the  spout 
S.— Water  poured  into  the  top  of  the  pump  will  exclude  the 
external  air,  should  the  piston  nof.  fit  the  barrel  quite  close 
enough  to  be  air*tight« 

The  pressure  of  the  external  atmosphere  must  raise  the  water 
above  A,  which  therefore  cannot  be  more  than  about  39  or  33 
fi^et  from  the  surface  at  B* 


A 

I 

V 


448.  Forcing  Pump.  In  this  the 
piston  P,  which  is  without  a  valve,  works 
above  the  spout  S  where  a  valve  opens  out* 
wards.  To  expel  the  air  (the  valves  being 
shut)  force  down  the  piston,  suppose  to 
A,  end  a  quantity  of  air  equal  to  that  in 
PA  win  escape  at  S  by  forcing  open  the 
valve,  then  on  drawing  it  up  again  that 
valve  shuts  by  the  pressure  of  the  external 
airi  and  the  air  b  PV  being  thus  diminished,  the  valve  V  ia 
^penetl  by  4l|t  expansion  of  the  air  beneath  as  in  the .  other 
pnmp, .  Now  if  ^e  piston  be  again  forced  down,  the  lower 
^alve  win  ^lose  and  another  quantity  of  air  be  forced  out  at  S  f 
fnd  ainte  the  water  rises  in  the  barrel  every  time  the  piston  ia 
ilrawn  opt  it  wiU  finally  aacend  td  P  (if  PB  is  not  mora  thaa 

311  3 


■bout  Sfl  fcct)  mi  bt  fcmd  Ihnwgh  iht 
detccnt  of  tbc  puton.  On  tbii  principl*  tl 
guUiing  firca  k  conMnicted. 

]f  tbe  end  B  of  tbe  biml  be  doMd,  and 
•pen  in  tbe  coninty  i^rcGiionf,  or  ihit  at 
the  other  at  S  Inwarda,  it  becomei  a  e^mdi 
the  pition  P  '»  prewed  down  (uippoie  to  V) 
be  forced  into  VB  |  then  gn  lifting  tbe  |»« 
ahut  by  ihc  tpriog  of  the  incloacd  air,  ptd  i 
rush  in  at  S  and  fill  tbe  apace  VPi  and  by  d 
again,  aitalher  tjuanliiy  of  air  ia  fbmd  in, 
planner  tbe  air  in  VB  will  become  more  am 

449.  n«  Am  Pump.  Thit  is  a  macjtim 
contrived  for  drawing  the  air  out  of  a  veaiei 
which  in  rxpefimcnti,  i»  uiually  called  i)h 
rettiver.  The  principle  it  the  lame  a»  11 
the  vommon  ptimp ;  Thui,  TV  ii  a  barrd 
in  which  the  piiton  P  (with  a  valve  openini 
upward*)  worici  pcrfeclly  uir  light,  R  it  th 
^hi«  cominunicatM  inicmall)-  with  iht  barrel 
lube  OV,  and  at  V  is  a  valve  ibat  opeiii 
common  pump.  Nuw  when  the  fiiioti  ii 
and  ihrn  tirawn  up,  it  lifli  out  or  expel*  the 
immediately  filled  a^in  by  the  air  in  the  vi 
through  the  tube  OV ;  in  like  manner,  by 
ing  the  pi«ton,  another  quantity  of  air  ij  dr 
operation  be  continued,  the  air  iq  tbe  reccii 
cd  till  ita  clutic  tunx  it  too  weak  to  open  tj 

Hence  if  the  capacity  of  VP,  and  that 
lube  arc  given,  we  can  find  how  much  the  t 
uumbtr  ul  lift*  or  strokes  of  the  piiton  ihui 

Let  I  denote  the  air  in  PV^  Vpj  and 
that  io  PVf 


I     . 
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Tlicn  1—-  or  ^^—'  it  the  air  IcA  after  the  first  ttroket 
P  P 

and  liiice  the  itmainclert  are  auccessiv^ly  diminithed  by  tha 
pib.  party  we  have 

(er!)'_(e=!)-x!  =  (t^)*..rf^  *.„.».. 

that  if,  the  remainders  form  a  descending  geometrical  pr^^rea* 

aioQf  the  first  term  being  l^  and  common  ratio  ^^  and  there* 

P 


t-— - 1  ;  but  the  re« 

maindto  suceessirely  occupy  the  same  spacct  and  consequently 
the  densities  are  denoted  by  the  terms  of  the  series,     i 

Soppoie  the  capacity  of  the  tobe  Yd  and  recdrer  R  togettier  Is  eqotl  to 
lOthneithatorPV  the  part  d  tbe  barrel  hi  whkli  the  pitton  arorkt,  then 

FVb,V^^I>^^hole,  6r/s=ll,aiMiletfis50;  then  ^(Luiy  cs  ( j^j'* 

S5 .0085 18  the  density  oT  the  Inclaied  air  aAer  50  strokes  or  H At  of  the 
plitaii»  which  b  nearly  yf^  of  1  the  fint  density;  so  the  air  Is  raitM 
aboot  I  IT  tinies  by  50  lUokcs. 

430*  Should  it  tw  required  to  determine  how  many  strokes  would  be 
peccMsry  to  rsrefy  theair  a  proposed  number  of  timcib  let  rsathatnumbcr, 

then  the  demity  will  bt  i»  and  we  get  (trij*,.  1^  whence  «  x  Ay. 
ttzl^itg.  f«     Suppose  rtsm,  and  letpsll  (as  aboYe),  then  is 

^S^'  *  (taking  the  tedpiocalf)  nmf^miS  nearly,  the  num. 
^  of  stiokcs  bj  which  the  air  would  be  rarefied  $0  thno. 

But  a  complete  air  pomp  is  constructed  with  two  barrds  i  and 
^miihed  widi  various  appatatna  ton  cBfleient  at |itrimeota« 


C  *•»  } 


Or  TUB  RESISTANCE,  AMD  tbs  FORCE  or  fLUlDS. 
4AI,  fFk9M  a  Mjf  mmrtt  in  €  JaU  4t  r$st,  th»  nsittaMC* 

Jot  the  naiitanct  ia  erideatly  a*  the  v^opily  ft  0^  \^ 
drawn  into  the  number  oF  paniclet  ft  ilrUtetf  or  if  r  =  ibe  vdo. 
dty,  and  n  =  ibe  nomber  of  paniclet^  Uic  niiaunqc  wjU  be  sa 
■v;  but  the  number  of  particle*  auuek  in  ny  liow  ia  m  dw 
velocity,  therefore  aubttituting  v  hr  »  givea  v*,  tbal  ia,  |b«  re. 
•iilancc  ia  u  the  aquare  of  ttte  velocity.  An^  Hnc*  ictioo  and 
icactioa  are  equal,  the  force  of  a  fluid  muving  againat  »  bofly  at 
rcali  ia  u  the  aquare  of  iti  velocity. 

poroL  If  the  body  be  a  plane  moTing  perpendicutarly  ut  it* 
turface  p,  the  resistance  will  be  ai  fv\  For  the  rcaiiUnce-or 
reaction  of  the  fluid  agaiiut  an  indefinitely  anull  part  of  ihp 
plane  ii  ai  v*  or  I  X  v',  agaiiiit  double  that  part  at  9  x  v*,  &c, 
and  therefore  ag«n»  the  whole  plane  /,  ai  /  x  v*-  AIm  bc> 
cauK  the  number  of  pariicloi  iinick  in  any  time  it  pKKnr< 
tional  to  the  density  (d)  of  the  fluid,  the  reiUtanc*  will  be  n 
dXf>X9\  or  d^i»\ 

•153.  If  a  plan*  PL  nfv*  in  iha  iirect'uM  PR  w  oiliqutty 
mgaiittt  ajluidf  and  t  =  tine  o/LPR  tht  a»gU  ^  inetinulio^ 
{radlui  being  1),  then  tuppoting  Ihe  nstilance  Ja  a  perpen- 
dicular direction  lo  be  dpv*)  (at  in  the  lait  corol,],  /Ac  reiitU 
tuce  in  the  oblique  directien  it  dpu***. 


Make  LR  perpendicular  to  PR.  t;\T'""'^Ji3»as>QiT5j7 

Then  the  number  of  pariick-itiruclc  ,'-■'.      I^  Z^"*'^ 

by  the  plane  moving  in  the  perpen-  p '    o/    f—f^"^^^ 

dicular,  and  oblique  poiitioiii,  will  ;  /l^x  r     "    '  "-r^n 


be  at  PL  Vo  UV,  m  MtaiiUiVixV*. 


HtSllTANCt  or   PLUlDi.  469 

expretrfon  ef^*  when  reduced  in  thtt  proportion  become!  dpv^s  % 

for  I  :  «  : :  ipv^ :  ^cLi  or  dpv^s  %  therefore  supposing  LR  a 

pline  moving  perpendiculir  to  its  surCicej  the  resistance  would 
be  u  ipv^s:  Let  this,  resisunce  be  represented  by  PR,  and 
draw  RO  and  OB  perpendicular  to  PL  and  PR,  respectively  | 
then  since  the  resistance  perpendicular  to  LR  is  to  the  resist- 
ance in  the  direction  RO^  as  radius  to  the  sifie  of  the  angle 
LRO  (rrLPR)  the  inclination  of  RO  to  RL  (319,  enrol.  4) 

we  hateraif.:  PR  ::  fia.OPR  :  RO,  or  t  :  i  ::  ^^:  ^l!}^ 

consequently  RO  will  represent  the  resistance  or  the  reaction 
of  the  fluid  in  a  direction  perpendicular  to  the  plane  PL}  and 
hence  by  the  resolution  of  forces,  RB  and  BO  will  respective^ 
be  the  leaistances  in  the  direction  cf,  and  perpendicolar  to  the 

planers  notion,  whence  I  :  -^-^  (or  OR) : :  t  (or  sin.  BOR) 

I  -^ —  or  dpp*s\  (or  RB),  the  resistance  to  the  plane  in  the 
directum  of  its  motion. 

C^roL  !•  Hence  the  resistances  to  LR  and  LP  in  the  direc« 
tioa  RP»  are  tt  the  square  of  radius  to  the  square  of  the  si/ia 

•fLPH,ferl-w«:«iJejli:^'. 

CvroL  f  •  Let  c  =  casitte  of  ij  or  itii#  of  the  angle  BROf 
then  1 :  Wj^'V ::  c  :  dpvVc  or  BO,  the  resistance  to  the  plane 
in  the  direction  BO  or  perpendicular  to  the  direction  of  its  mo- 
tion) this  lesistanoe  therefore  varies  as  s%  or  as  (1*— c^Jc, 
becanae  /•  =  I*— c*. 

m 

Hence  we  may  determine  what  will  be  the  most  advantageous 
angle  the  rudder  of  a  ship  can  make  with  her  way  to  bring  her 
round,  Let  LP  represent  the  top  of  the  rodder,  and  LA  or 
PR  the  direction  in  which  the  vessel  LA  moves )  then  the  fe« 
•istanoe  to  tlie  rudder  b  a  direction  at  right  anglet  to  LA  or  PR, 
that  b,  in  tin  direetioii  BO,  arast  be  the  greatest  possible,  or 


ftBllSTANCS  AND  tORCl 


(l«-tf')csl^^S  ^mMJcimmm.  which  (AiLMMjvilt  be  when 

c^  s  •^  t  whcnMrs  4/1  s  .57733  the  miural  CMtMoT  M*4V 

s:  LPR  the  anglQ  which  the  rudder  oiiist  make  with  the  thip'a 
way  to. produce  the  greitcft  effect  in  turning  hen 

And  in  the  lawe  manner  it  ii  found  that  the  wind  blowing 
in  the  direciioa  of  Ihc  aiit  of  a  windmillj  will  have  the  grealtii 
cflecl  to  turn  the  sails  al  the  beginning  of  the  motiooj  when  it 
strikes  them  in  an  angle  of  34^  44'. 

45  s.  Ifajluid  moving  wiih  a  giv§n  vilociif  p,  mci  againtt 

m  piano  in  a  perpendicular  iireciian^  ike  real  or  ai$elui0^ 

foirce  en  ike  plane  is  equal  ie  ike  weight  oj  a  eetumn  of  ike 

Jluid  whose  base  is  the  piane^  ani  height  equal  to  the  height 

^through  which  a  heavy  hody  must  descend  from  rest  iy  its  own 

gravity  to  acquire  the  velocity  v. 

This  is  manifest  from  art^  426 :  for  the  weight  or  pressure  of 
such  a  column  of  the  fluid  will  generate  the  vekxity  v ;  the  fluid 
therefore  moving  with  that  velocity  must  act  with  a  force  equal 
to  the  weight  or  pressure  which  generates  it.  And  if  the  plane 
be  urged  with  the  velocity  v  against  the  fluid  at  tea,  tlie  re* 
sistance  will  be  equal  to  that  force  of  the  moving  fluidi  because 
action  and  reaction  are  equal. 

Thus  tuppoM  waiter  to  move  at  the  rste  of  10  feet  (srv)  per  iccoihI 

agabst  a  pliiue  lurfjcc  (/)  1  6x)l  »(|uare,  and  let  da  62yk.  the  wci||it  of 

a  cubic  foot  of  watrr»  aud  is  16/^  feet;  tlieo  r-  feci  i«  thf  altitude  due 
to  the  velocity  Vg  or  the  height  of  the  coIiimD«  ^  Its  cubic  cootcnts,  and 

the  weight  or  force  =  ^  ^^2iJUJL}22  a- 97^.  nearly,  the  Ibcce  of 

the  water  againtt  the  pl;iur»  or  tlie  resistance  to  the  plane  If  it  moved  pci^ 
pendicular  to  its  surface  through  tlie  water  at  rest 

Tbiil  fotct  ot  mviVsxv^  v^  v\\t.  moving  plane  is  not  called  the 
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height,  iti  momctitufn,  with  the  tame  vdodtyi  willrtry  as  iff 
iveigtit,  bcnce  the  greater  that  weight,  the  leN  will  be  the  reurd- 
iog  forcet  we  therefore  divide  the  reiii titig  force  by  the  weight  of 
the  body  reaistedi  and  the  quotient  it  the  retarding  force*    So  if « 

W  s  the  weight  of  the  body  whote  plane  fiiceitp,  then  ■   P*^ 


4SW 


denote  the  retarding  force,  the  motWe  or  retitting  force 


being 


• 


w 

4# 


C&roL  If  the  plane  be  inclined  to  the  direction  of  itt  motion 
in  an  angle  whpte  sine  =r  s;  then  (459)  by  diminishing-*-^     ' 
in  the  triplicate  ritio  of  radius  to  the  sine  of  mclination  $,  we 
*  gd    f       or  f\![,'  the  resistance  to  the  plane  in  the  diree* 
tion  of  itt  motioOf 

454.  If  a  righi  cone  CVP  move  against  ajlniiainsi  wiih 

fis  vertex  foremost  in  the  direction  of  the  axis  BV,  the  resist  m 

cure,  to  the  resistance  oj  a  cylinder  having  an  equal  base  CPf 

'and  moving  i^bo  in  the  direction  of  its  axis^  wilt  be  as  PB* 

io  PV*.     • 

■■       ' '' ,    •  ■      ■ ' '. 

For  the  tame  quantity  of  fluid  it  ttruck 
by  the  cone  tnd  cylinder,  and  every  part  of 
the  oohf*t  tiant  turface  it  inclined  to  BV, 
the  direction  of  itt  motioni  in  the  angle 
BVP|  therefore  (452,  coroU  1.)  theresbt* 
ancet  will  be  u  the  tquare  of  the  liiit  of  BVP  to  the  tqoare  of 
r,  thatii,MpB*toPV*. 


>. 


455.  fFhen  H  sphere  and  cylinder  of  equal  diameters  move 
Ig  a  fluid  wtik  ike  iame  vetoeiiy  in  the  direction  ff  Ike  axee^ 
ihi  r$eUtance  fe  Ae  ifhere  i$  hut  half  the  resisianci  Io  the 
tflinder.    .    .  *  .    -  . 

iroiflu  to 


4te 
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La  DA  bt  the  diamcur  of  Ihd 
•pbert  and  the  cylinder  QA|  and  CV 
or  SR  at  rigbl  angkt  lo  OA9  the  di« 
rectioo  of  motion.  Make  LP  a  ian» 
geni  to  the  circle  DVA  at  P,  and 
from  the  cenicn  C  draw  CP,  and  tho 
angles  LPR^  PCS  are  equal*  1  ben 
since  the  tangent  LP  and  surface  of 
the  sphere  are  struck  in  the  same  direction  RPS  at  the  point  Ft 
the  rv«istauce  to  the  sphere  at  that  point*  to  the  resistance  at  tho 
point  %S  on  the  face  of  the  cylinder«  will  be  as  iht  square  of  tho 
fine  of  the  angle  LPilJor  SCPj,  to  the  square  of  radius,  or 
(making  CP  raJiui)  as  SP*  to  CP*  (45«|  eorol.  I.)*  Le^  CV 
denote  the  rcsiitimce  to  any  point  S  on  the  face  of  the  cylindera 

then  CP*  or  CV* :  SPM 1  CV  t  ^  the  lesisUnce  t6  the  cor^ 

Tcsponding  point  P  on  the  sphere,  being  a  third  proportional  to 
CV  and  the  line  SP.    On  DA  describe  the  paraboU  OVA 

SP* 
about  the  axis  CV,  then  ^n  =  SO  i 

For  let  01  be  perpendicular  to  VC  | 
Then  I2fl8)  VC  :  VI  i :  CA« :  IO\ 

and  VC-VI(=SO):VC::CA«-IO>;CAV=VC*)  by  division! 
Bat  CA«— 10»^(CA+10)(C A--U))si>b  X  > A s^P,  b)  prop.  oT IIm; drcls^ 

whence  SO  :  VC  ::  SP*  :  Vc\  or  |^  =  SO :  tberefbre  iho 

Iciciif  of  the  third  proportionals  SO,  &c.  or  resistancea  to  tbo 
semicircular  arc  DVA,  is  ihe  parabola  DVOA*  }io^  if  Unea 
equal  to  C V  are  drawn  parallel  to  CV  from  every  point  oa  the 
end  or  base  of  the  cylindiTi  ihiir  sum  together  will  denote  the 
resistance  to  the  cylinder,  and  the  corresponding  third  propor* 
tionab  on  the  same  points,  the  resistance  to  the  sphere  |  but 
the  aggregate  sum  of  the  former  liiKS  constitute  a  cylinder  BA 
whose  length  or  height  is  CV,  and  all  the  hitter  a  paraboloid  of 
thi.  ^ame  base  and  hciglit,  which  in  that  case  is  equal  to  half  the 
cylinder  (305 'i  consequently  the  rcsiiitance  to  the  sphere  is  h\^\ 
halt  thai  lo  Avt  ^^XvuAct, 
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dorol.  Hcnie  if  p  =  the  tret  of  the  grett  drcle  of  the  sphere 
or  base  of  thecylindery  v  =:  the  Telocity,  t  :p  18Vt  f^U  ^nd 
4  =:  the  deasily  or  the  tpecific  grtVity  of  the  6tiid  %  then  (451) 

the  reMsttnce  to  the  cyfuider  will  be  -^  tnd  thti  to  the 

*  •  ^  .    '     • 


.>>■■ 


.*  s 


'  /I|m/^fttpjp09e  tn'  1821.  irort*shot  to  b?  discharprtd  with  • 
Telij^  of  1500  fcet  |ier  lecond,  we  htve  p  s  .138320  of  a 
foot,  hetrljri  dsi  H  oiiincet  =  iVt'^*  ^he  weight  of  a  cubic 

foot  of  tir.  and  V  :=  1500:  then  -f  ^-    r=  185  lb.  the  resisttnce 
'     ^  8f 

tothebtll.  f 

*  ■  *  1 

'*  But  the  tir  rushes  into  empty  space  with  t  velocity  not  greater 
than  between  1300  tnd  1400  feet  per  second  (435|  corol.  S.), 
the  btil  theitfore  moving  tt  the  rate  of  I  mmj  tnust  leaire  a 
vacuum)  or  the  air  will  cea!K*  to  act  by  its  pressure  on  the  ball 
behind  during  a  aljort  space  of  time#  and  con^quentlyi  in  ad* 
dition  to  the  above  ftsult,  the  ball  will  be  resisted  by  the  weight 
;  of  a  column  of  the  air  having  a  circular  base  whose  diameter 
is  that  of  the  ball.  The  area  of  this  circle  is  19.948  inches, 
nearlyi  andallomng  15  lb.  avoirdupois  for  the  pressure  of  the 
atmosphere  upon  every  square  inch  (432),  we  get  19.9-I8X  15 
zz  909  lb*  which  added  to  189  tb.  gives  4 84  U.  theresisUnce^ 
evcloiKt  of  the  resistance  arising  in  consequence  of  the  air's 
being  condensed  in  iront  by  the  rapid  motion  of  the  ball.  And 
hence  it  is  found  that  the  horii ontal  ranges  a^e  not  increased  hf 
discharging  balls  with  initial  velocities  beyond  a  certain  limiu 


.-  /"•? 


;>  The  theory  of  ReilstancM  however,  and  experiment  givere^ 
suits  considerably  diflerent.  See  Dr.  Hutton's  Mathematical 
and  Philos.  Dictiooaryt  vol.  %,  p.  365,  lie. 


• .  •. 


458.. !>/  0  Stream  o/  wmfer  wovlng  in  (he  ^iredhn  WR, 
wUh  c  vtloatf  s  V|  f Mf n  ar  ufider$hol  whtel  whon  tintrt 

sot 
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UCtthtuifw:s  tkt  vehcitg  ^  lk0  paUttt  ^r  $Mt$^ 
BO.  &c.  md«  =  M<  amwalNai  •/  M«  leAwl,  •  wiff  M^ 
M /'f^— ii/>  X  V,  w  M  a  iT— v^*  X  V- 

Since  the  water  tnd  floaM  . 
move  with  the  retpectiva  velp* 
cttiet  ¥  tud  v,  the  funncr  will 
itrikfl  the  latter  with  the  rcla> 
live  vekxity  ^  —  v,  or  the 
iupingent  veloeiljr  of  the  water 
upon  the  floiti  i«  the  lame  u 
it  wnuld  be  if  thcjr  were  at 
Kit  and  ihe  water  moved  with 
the  velocity  K—  v,  and  henoe 
if  the  waur  ilrilce  tlie  floaU  iierpcndicular  lo  their  auifacefj  lu 
force  (4it)  will  be  ai  {V—  »(', 

But  the  abidule  force  of  the  water  oioviiig  with  tht  velocity 
V—  « ii  e()ual  to  the  weight  of  a  cdumo  of  the  fluid  haviDg  a 
bate  eqtui  to  the  nir&ce  of  a  palkt  or  float,  and  whoie  height 
ii  equal  to  the  height  through  which  a  heavy  body  must  deaccod 
by  gravity  to  acquire  that  velocity  (433),  thia  weight  may  there, 
fore  be  repietentcd  by  the  forcr  \y — vj\  whence  it  followa 
that  the  momentum  of  tbe  wheel  will  be  directly  proporiioiul 
to  that  vraigbt  or  force  drawa  into  the  velocity  v,  or  to 
(*'— »)•  X  V, 

In  eitimatiiig  the  force  of  the  tireani  upon  the  floats,  we 
take  a  c<dunm  of  the  fluid  wboac  bote  is  ciiuil  to  ilie  kurfucc  uf 
one  float  only,  because  the  section  of  ilii;  impinging  itreain 
which  is  perpendicular  to  tbe  direction  ofitt  motion  is  cqiuJ  tu ' 
that  surface. 

Ctitol,  1.  Hence  if  the  velocity  of  tbe  itream  be  ^Ten,  wc  can 
detcnnine  that  ai  the  wheel  when  its  effect  is  ilie  greatest  possible 
in  a  given  timej  for  in  that  case  (K  — v)'  x  v  must  be  a 
tatxuuum  f  but  (-(Ufi,  corol.  l)*  (f'—  v|*  K  ^  >'  *  niajcimum 


rotCB  or  rLuiDi* 


469 


when  V  =  i(r-.  v),  hence  v  =  i^  that  !••  the  velocity  of 
the  wheel  ^  f  the  velocity  of  the  stream. 

CoroL  9.  And  since  the  whole  force  of  the  inipingcnt  water* 
is  to  its  force  on  the  float^j,  as  K*  to  {V—  v)%  or  as  T*  to 
(|K)%  that  is,  asf  to  J,  therefore  the  resistance  of  the  wheel, 
mcluding  friction,  &c,  when  its  effect  is  a  maximum,  will  be  f 
of  the  resistance  which  would  be  just  sufficient  to  counteract 
6r  balance  the  whole  force  of  the  water. 

ScHOtiUM.  The  above  conclusion  is  deduced  by  Maclaurin* 
Atwood,  and  other  writers  who  have  considered  the  subject. 
But  it  appears  from  experiments  made  by  Mr.  Smcaton*  that 
the  maximum  eifect  of  a  water-wheel  is  when  its  velocity,  in* 
atcad  of  being  i,  is  nearly  equal  to  i  the  velocity  of  the  fluid. 
This  disagreement  it  seems,  induced  a  writer  (Mr.  W.  Waring) 
in  the  3d.  vol.  of  the  Transactions  of  the  American  Philo^phical 
Society,  to  reject  the  preceding  theory  as  fallacious,  and  adopt 
another  founded  on  the  following  principle,  namely,  *'  that 
while  the  stream  is  invariable,  whatever  be  the  velocity  of  the 
wheel,  the  same  number  of  particles  or  quantity  of  the  fluid, 
must  strike  it  some  where  or  other  in  a  given  time*' ;  and  hence 
it  is  mfered  that  the  force  of  tlie  stream  upon  the  wheel  is  in 
the  ''  simple  direct  proportion  of  the  relative  velocity**;  hence 
(retaining  the  above  notation),  the  momentum  of  the  wheel  will 
be  as  [F — v)  vi  now  if  f^  be  a  quantity  or  line  divided  into 
two  parts  F—  V  and  v  so^  that  their  rectangle  (F—  v)  v  is  a 
maximum,  it  fbllows  from  art.  *  «9p,  that  the  two  parts  are 
equal,  or  V  z  i^,  that  is,  the  velocity  of  the  wheel  =  ^  that 
of  the  fluid.    Which  is  Mr.  Waring*!  conclusion. 

Let  the  circnmference  described  by  the  floats  be  30  feet,  the 
iromber  of  floau  =:  30,  and  the  surftce  of  each  t:  i  foot 
square}  also  suppose  the  velocity  of  the  stream  :=:  SI  feet  per 
ieoond,  and  that  of  the  wheel  s:  I  foot}  then  the  quantity  of 
water  that  ttrikei  a  float  or  floats  in  one  aeconl  oC  tlm^  V\VVVsi% 
JOcvMo  Aef •    ' 


410  mUllTAMCI  AMD 

Agih)  if  «•  cooecit*  Uie  wbed  lo  aunt  nand  «BCe  in  t 
Mcoadi  Iha  ■HMioB  of  ihe  mkub  win  ^  I  ^  fat,  and  thtt 
<if  ^  tou  I  faot  in  '^  of  t  •ceond,  ind  the  tjnti^lit^  of  fluid 
that  itrikct  I  float  la  that  time  »  l-fy—  I  or  A  of  a  cubic 
loot  ^  now  when  the  knmt  float  BO  n  pcrpendienlar  to  the 
direclbn  of  the  ■trem.  fiiur  other  floats  aic  partly  in  the  watcrj 
kt  ui  tiowcTCTt  Buppoie  that  the  whole  tocfacea  of  i  floau  an 
■truck  at  tlie  aame  tioie,  then  Ihequantlly  of  fluid  that  atrikci 
I  Sou  in  every  revolution  will  be  7^  x  4  of  a  cubic  foot,  which 
multiplied  by  M  the  number  of  floata  givca  only  4  cubic  feet 
Ihe  quantity  of  fluid  impinging  on  all  the  Aoau  in  oue  second 
of  time  or  during  a  rcvoluiion  of  ihe  wheel  t  the  difiercace  of 
'  the  two  remit!  ii  fiO  cubic  feet  t  it  therefore  appean,  that  the 
number  of  panicles  or  quantity  of  fluid  which  slnketin  a  ^ven 
lime  will  depend  on  the  relative  velocity  |  and  consequently  Mr. 
Waring's  principle  (quoted  above)  mutt  be  errooeoui.  This  ia 
also  cvklcnt  from  the  following  coruidcralicKi,  that  the  velocity 
of  a  body,  after  being  struck  by  running  water,  may  becoma 
equal  to  that  of  the  stream,  in  which  case  iha  body  floats  with- 
out being  struck  by  the  fluid. 

By  increasing  the  number  of  pallets  00  Ihe  wheel,  the 
number  constantly  moving  in  the  water  will  alio  be  increaicd, 
but  it  docs  not  follow  that  more  surface  would  be  struck,  or 
the  velocity  of  the  wheel  thereby  accelerated ;  for  the  number 
of  floats  upon  a  wheel  of  any  diameur  may  be  augmented 
till  its  motion  in  consequence  becomes  actually  diminished* 

Dut  in  computing  the  velocity  of  the  wheel  according  to  iha 
common  theory,  we  estimate  the  force  of  the  waiertoogreat  by 
supposing  the  floats  are  constantly  struck  perpendicular  to  their 
■urfaces,  for  tlie  direct  impact,  which  can  only  take  place  upon 
a  fli>3l  when  in  the  positicin  BO,  is  niumciilary.  The  pariiclci 
of  water  are  also  conceived  to  act  in  succCision  without  impe. 
dimeni,  hut  it  is  not  easy  to  comprehend  how  that  can  actually 
take  place,  because  the  panicles  in  immediate  contact  with  tht 
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floits  have  not  foom  to  escape  before  ihejr  are  ttnick  by  Ihoie 
which  follow :  the  force  of  the  ttreatn  therefore  leemt  to  be  com* 
pounded  of  pret sure  aud  percuMion.  Now  these  drcuinstanoet 
all  tend  to  shw  (whati  Mr.  Sineatcei*s  experbnents  piovt) 
that  the  actual  foree  of  •  Stream  upon  a  watcr«wbed  is  lest 
than  that  deduced  (rom  the  common  theory.— We  hate  not 
consideied  the  eflect  of  friction^  beqmsa  ao  fOMal  inle  ku 
yet  been  devised  for  that  pnrpoitt 
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ADDITIONAL  EXAMPLES 


»• 


IV 


Tn  APrUCATION  or  ALGEBRA,  CONIC  SBCflONS^ 
MECHANICS,  UYDHOSTATICS,  fto. 


I.  GiviM  the  area  of  a  rccUngle  =  a,  and  dit  ratio  of  tha 
•   rfdca  u  flo  to  o  I  to  find  the  sides^ 

.  t.  If  a  itetangle  be  iofcribcd  in  a  drcio  wboia  dianettr  s^i 
[  what  aif  the  tidca  when  ihcy  have  the  ratio  of  tn  to  n  ? 


•  •         •  ^  9  ' 

1  ^w.  rf/jji^T?*  •»*  ^^snr^' 


9.  If  the  tide  of  a  square  be  dcnoud  by  h  ^^^  ^  ^^  length 
of  that  line«  drawn  from  the  middle  of  one  of  its  ride«»  whieh 
divide!  the  area  into  two  parts  having  the  proportion  of  •  to  I  ? 

Jm.  is  ^lOf 

4.  What  it  the  length  of  a  lino  drawn  from  an  angle  of  a 
reetangie  whose  sides  are  S  and  s  tha  divides  thf  area  in(o  tw% 
parts  having  tlie  ratio  of  9  to  1  ? 

a.  If  the  eircumference  of  a  eircle  and  the  perimeter  of  a 
square  are  equali  which  contaiiu  the  greatest  area } 

Am.  The  circle  is  to  the  square  as  1 6  to  19.3003 7,  nearly. 

£•  If  a  sphere  and  cube  have  equal  surfaces,  which  has  tbo 
greatest  cubic  content  ? 

Ans.  The  sphere  to  the  cube  as  y^0  to  ^d«14139  &c« 
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r.  If  the  three  perpendiculars  let  fall  from  t  point  within  «a 
equif aterti  triangle  upon  the  tidef » are  denoted  by  a^i^ci  what 
is  the  side  of  the  triangle  ? 

-      «4  +  «ft +1? 
yS 

8.  What  plane  triangle  is  that,  tlie  natural  tangents  of  whose 
angles  are  whole  numbers  ? 

t 

9«  Given  the  base  of  a  triangle  =:  j,  the  angle  opposite  the 
base,  and  the  right  line  drawn  from  that  aiq^e  to  bisect  the 
base  zitt  to  find  the  perpendicular. 

Ans.  -J  —  it. 

10.  If  the  base  and  perpendicular  of  a  triangle  are  denoted 
by  k  and  p ;  what  is  the  side  of  that  inscribed  squareK({ne  side 
of  which  coincides  with  the  base  ? 

Ms.  j^. 

1 1.  If  the  sides  of  a  triangle  are  98»  «5,  and  1 7  ;  what  is  the 
side  of  its  greatest  inscribed  square  ? 

jfns.  lOrW* 

19.  If  the  ,baM  and  sides  of  a  triangle  are  denoted  by  b,  5« 
and  I ;  then  what  are  the  expressions  for  the  perpendicular, 
and  scgmentsi  of  the  base  ? 

jMs.Tcrp.  s/v — 3 — H  9j. — : — 4J1 ;• 

Greater  segm.  s:  j^ .    Less  =:  > — -^, 

11.  Having  observed  the  elevation  of  a  disUot  object,  I  ad* 
tanced  00  yards  directly  towards  it  on  a  level  grouiui,  and  then 
observed  the  elevation  to  be  the  complement  of  the  fbrroer  to 
i  ri^t  angle }  advancing  M  yards  stip  nearer^  the  elevatiw^ 

If 
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DOW  tppcued  to  be  Juit  duulle  lUc  (tr»u    Hvaci  Uic  belnht  of 
Uw  object  !•  Kquitwl  f 

i       14.  If  ihe  radius  of  »  circle  be  10,  whit  are  the  siilea  of  aii 
ioKribtid  triangle  when  they  have  the  propurti'JO  of  t,  S,  and  4  i 

Amu  9-(l934 
14.i337 
1<).3640 

15.  If  r  =  the  radiu*  of  i  circle,  what  are  Uie  (idea  of  the 
regular  uiKribcd  trigun,  iciragont  pentagon,  heugno,  octagon, 

'  and  duodec.;^ou  ? 

jtn$.  Trignn     r/s,  Octigon       f /(«—/«). 

Teiragtm  r/a.  Occa)^       '(iv^i-j)' 

rcnUgon  r/()ll— j/3].  Duiidb-vagour/^tf— ^3j, 
Hexagon  r. 

16.  If  (he  aide  ofa  rrgidar  trig<ni,  Iclnigon,  pcntigun,  hcxa. 
gon,  oi-tagtni,  decagon,  antl  duuJi.ca^i)  be  denoted  by  j,  ilie 
rxpretiions  for  ihcir  trcu  are 

Trigoii      t*  ^  A-  Octagon        #'(8-+-  ^  *1. 

TttrigoHj'.  DvL-agiiu        *»^(i^:_|.^i.'^'. 

remagttn*V(K+/VV)'     Duodccagon  t*{0+/2rj. 
lltAigoni'/V* 
Ittquircd  the  invettigatioini  ? 

17.  Lei  (he  linear  tide  or  aidi:  of  a  face  of  a  tclranlron,  htx- 
aedron,  wlacilron,  d^tdecacdron,  tiid  ieusaciJjon  (ilie  i  regular 
biiJici  orii'lid*],  be  diiiuttJ  by  i\  tlani  the  esprcitiuiM  fm 
their  cubic  conlenl*  will  bo 

IVlraixIroii      'Vii*-  u^,„„^„„    ,V— "iViiH^. 
Ilcxacdron       f'.  '  li 

Ocuedroi*       iVi-      KoucdroB       ,,    >l7i-H/eM3A 

7a 

N.  Bl  T  r  TclrjEdnm  hai  1  ftiuilalrrjIltJanfulir  bcci. 
i]i^x>e  Jron  or  t  ub«,  C  njual  «iuan;  factt. 
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O  -fricditm,  %  i!«|tiat  fqtiilatrr.il  trinnpiular  faccf. 
Hixlfraetlnm*  19  equal  regular  pent anj^iihrlWccf* 
TcoRactlmny  'ii>  cf|nal  e(|tii1atenil  triangular  facet* 
•Thfsc  sotidf  can  be  inwrtbcd  in  «  sphere. 

18.  If  the  length^  breadth,  and  depth  of  a  rectangular  para1« 
IclDpipcd  arc  denoted  hy  /,  tp  and  d ;  what  it  the  diameter  of  it9 
circumscribing  iphere? 

19*  If  the  perimeter  of  a  triangle  be  denoted  by  p|  and  the 
three  perpendiculari  let  fill  from  the  angles  upon  the  opposite 
fides  by  a,  h^  and  c ;  what  are  the  expressions  for  the  sides  ? 

J  P^/*  P^^c  pic 

ZO.  In  any  trnpesium,  the  sum  of  the  squares  of  the  two 
diagonals  is  cqiul  to  twice  the  sum  of  the  sifuares  of  the  t^*o 
lines  joining  the  middle  points  of  the  opposite  sides  of  the  tra« 
pcziuni.    Ilc({uired  the  demonstration  ? 

81.  Having  the  base  of  a  triangle  =:  h^  the  perpendicular 
upon  that  side  =  p,  and  the  rectangle  of  the  other  two  sides 
=  r ;  to  find  the  angle  opposite  the  base. 

Ans.  -^±  the  ffaff/ra/iiite  of  the  reqttiredanglei(radiiii  being  !}• 

ce.  Let  the  base  of  a  triangle  =:  b^  the  tangent  of  the  oppo* 
site  angle  =  t%  and  the  perpendicular  let  fall  from  that  angle 
upon  the  base  =:  p  J  to  find  the  segments  of  the  base  made  by 
that  perpendicular. 

1!3.  If  ii»  h^  and  c  denote  the  sidc^  of  a  triangtc,  what  is  the 
radius  of  its  Inscribed  circle  ? 

Anu  /»-«M*-^M*--^),,>.lK«.Jt  -  4  Uietumof  ihe 
three  sidet* 

3Pa 


4T« 


AOBITlONAt  tXAUftf* 


.1' 

I 

•I.. 

4/ 


S 


m 


94.  Given  the  biic  and  verticil  •nglt.of  t  trian^i  to  Sud 
the  locus  of  the  centre  of  the  inicribcd  circle* 

jtm.  The  arc  of  a  circle* 

95.  If  the  hypothenuie  of  a  rig)it*u^cd  triangle  =  A,  and 
the  radius  of  its  inKribcd  circle  =  r;  what  are  the  sides  ? 

Ans.  iA+r4-%/(i*»— Af— f*),  andiA+r— •(iA»— Ar-ri). 

fid.  Iff  =s  the  radius  of  three  equal  circles  m  contact  with 
each  other  i  what  are  the  radii  of  the  two  circles  described  to 
touch  them  internally  and  extqjmally  7 

jtfii.  2r^i  —  f,  and  «r^i  +  r« 

97*  If  r  =  the  rectangle  made  by  two  lines,  and  i(  r:  the 
difference  of  their  squares :  what  are  those  lines  ? 

^«i.  •(•(r"H-ii*)  +  id.,and  •(•(r«  +  K)-ii). 

96«  Let  the  perimeter  of  a  right  angled  triangle  =:  ^9  and  its 
area  :za  ;  to  find  tlie  base  and  perpendicular. 

99*  If  the  perimeter  of  a  rectangle  :=  p,  and  its  diagonal 
s  if ;  what  are  the  sides  ? 

Ms.  ifdii  v/(8rf*  —  p  •). 

SO.  If  5  and  s  denote  the  segments  of  the  base  made  by  a  per« 
pendicular  let  fall  from  the  vertical  angle  of  a  triangle,  and  r  = 
the  rectangle  under  the  two  sides  containing  that  angle;  what  is 
the  per|ieudicular  ? 


-"••  (^R^?^'-^')  ■ 


91.  If  the  three  perpendiculars  let  fall  from  the  angles  of  a 
plane  triangle  upon  the  opposite  sides,  are  denoted  by  11,  t^ 
and  c;  what  are  the  sidei  ? 
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3f«  If  the  three  lines  drawn  from  the  angles  of  t  plane  tri« 
angle  to  bisect  the  opposite  sides,  be  denoted  by  d,  ip  and  c ; 
then  what  are  the  expressions  for  the  sides  of  the  triangle  I 


J#iif.|/l«t*+«c»-.a*),||/(«a*+«c«-**).&i|/(9a«+«**— €•). 

$$•  To  divide  an  angle  whose  sine  and  cosine  are  denoted  by 
landc  (the  radius  being  I,)  into  two  parts  suchi  that  their 
sines  may  have  the  given  ratio  of  m  to  ii« 

^-  ^{i-»-+'{mdi€fir)  ^'^ot^i  and  ^(,.„.^„.:fccii)*)* 
iine  of  greater.  Where  the  sign  <f  takes  place  when  the  propose 
ed  angle  is  acntej  but  —  when  it  is  obtuie. 

94.  If  the  hypothentise  oT  a  right  angled  triangle  =  A  | 
what  are  the  other  sides  when  the  area  is  the  greatest  possible  ? 

^n$.  Each  side  =  A^^f. 

95.  What  are  the  sides  6(  the  greatest  rectangle  that  can  be 
inscribed  in  a  semicircle^  the  radius  of  the  circle  being  denoted 
by  r? 

jtns.  r^\,  andr%^2. 

36*  What  is  the  area  of  that  right  angled  triangle  whose  basci 
perpendicular,  and  hypothenuse  are  denoted  by  x%  «*',  and  x''| 
respectively? 

jins.  I  .ol^iKlS,  nearly. 

37*  Given  the  area  of  a  triangle  r:  196,  the  sum  of  the  three 
sides  =:  34,  and  the  sum  of  their  squares  =  lOIO.  Required 
thendes? 

\Ans.  13,  89,  and  91. 

98.  In  4  sides  of  a  regular  pentagon  traced  out  for  a  fortifi. 
cation,  stand  4  objects  which  are  found  to  be  at  the  angular 
points  of  a  square ;  now  if  the  side  of  the  pentagon  be  1 80  fathomsi 
what  is  the  side  of  that  square  ? 

Ans.  190.89  ycM« 


J 


«;• 


•AOOltlONAt  gXAMfLtf. 


)?■■ 
1.1 


J 


39*  A  lead  ball  i  inches  iu  diameter  it  to  be  cast  into  l^a 
other  ban«  whoie  diameters  are  ia  the  giYcii  ratio  of  m  to  »• 
Required  those  diameters. 

dm  da 


jImS. 


i^and 


(ai*  i-  is»)^*        (ai*  +  »*)* 

40,  A  square  piece  of  ground  whose  side  z  SO  jrsrds  ia  to 
be  surrounded  by  a  ditch  dug  6  feet  deep,  and  it  Is  necessary 
that  the  earth  thrown  out  should  be  sufficient  to  raise  the  interi- 
or surface  4  firet  higher  than  the  present  leircl ;  now  what 
must  be  the  breadth  of  the  ditch  at  bottom,  supposing  it  tlic- 
.same  all  round,  when  the  slope  on  each  side  is  45\  and  the 
inner  slope  continued  up  to  the  new  made  surface  ? 

41  •  To  determine  the  height  of  a  hill  we  obser\'ed  the  deva* 
tions  of  an  object  on  its  summit  at  three  stations  A,  B,  and  C, 
in  the  same  horizoiital  right  line,  and  found  them  to  be  e^  4S'ji 
S^39'h  ^1^^  i"-!?',  rcspeciivcly  ;  the  distance  from  A  to  B  wai 
900  yardtf,  and  tliat  from  B  to  C  7^0  yards.  Hence  the  height 
i»  required  ? 

*  ^tns.  171  yflrJi,  r.early, 

42.  Three  detachments  of  foot  having  orders  to  occupy  a 
certain  post,  begin  their  march  from  three  towns»  A»  B,  and  C^ 
at  6  o'cloe*k  in  the  morning ;  the  detachment  from  A  march 
4  miles  per  houri  that  from  B  march  3  miles  per  hour^  ai^d 
the  other  from  C  march  2  miles  per  hour,  and  they  all  arrive 
ut  the  place  ofdesiination  exactly  s^i  the' same  lime,  which 
was  between  10  ami  11  o'cliK-k  ;  now  the  distance  from  A  to 
B  was  1 .)  miles,  fnnn  B  to  C  8  miles»  and  from  A  to  C  20  luiks. 
Hence  the  di:>taucc.s  from  the  post  to  the  three  towns  arc  required, 

Jn$.  1 7.0838  mi/ei  from  A. 
13.36-13  from  B. 

B.Sisg  from  C. 


/ 
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43.  In  tht  course  of  a  survey,  at  a  station  on  the  top  of  a  hill^ 
^-e  took  the  depressions  of  three  objects.  A,  B;  and  C,  tvhich 
were  nearly  on  the  same  horizontal  level,  and  found  them  to  be 
4**  b^t  4^  30'|,  7"  1 3'i J  respectively  ;  now  th^  disUnce  from 
A  to  D  was  4  miles,  from  B  to  C  3}  miles,  and  from  C  to  A 
3  miles.    Hence  the  perpendicular  height  of  the  hill  is  required  ? 

jins*  399  yards^  nearly. 

41.  If  the  aaesof  an  ellipse  be  So  and  80;  what  are  the 
Jcngths  of  two  conjugate  diameters,  the  longest  of  which  makes 
Au  angle  of  ro"*  with  the  transverse  axis  7 

jIhs.  «8.78«1,  and  79«1737» 

45.  Let  the  axes  of  an  ellipse  be  6oand  100  indies }  to  find 

the  radius  of  a  circle  described  to  touch  the  curve  when  its  centre 

i%  in  the  transverse  axis  at  tlie  distance  cf  10  inches  from  that 

of  the  cllip*$e. 

jIhs.  S7«493i3  &b.  inchfis, 

40.  Let  VO  be  the  axis  of  any  conic 
fectiQnVRP,  F  the  focus,  and  FR.OP,  two 
firdinates  at  right  angles  to  VO |  then 

JP  =:  VF  4--^ ^ y-i •    Ecquirod 

the  investitration  ? 


47«  If  the  axes  of  an  dlipHc  be  80  and  Co  yards  t  what  are 
Ibe  areas  of  the  two  segiucnts  into  which  it  is  divided  by  a  line 
drawn  parallel  to  the  conjugate  axis  at  the  distance  of  I  o  yards 
from  the  centn;? 

Ms.  1C91.27  tnd  9178.03  yards,  nearly, 

4S.  If  the  base  of  a  triangle  be  given,  and  also  the  sum  of 
the  squares  of  the  other  two  sides ;  what  is  the  locus  of  014 
vertex  of  the  trian^e  t 

j4ns.  The  arc  of  4  circle, 
49*  lo  ■  triangloi  if  the  base,  and  the  difference  of  the  o{Ob«^ 


4m 


ikOOITIOM Alk  StAMfUat 


3j 


»   . 


two  tide^y  am givn I  whii  la  ite  lociuof  ite  vtrinP 

^«««  ADhypeffbola. 

50,  La  the  base»  tnd  the  diflfeitnce  of  the  Ifvotagfet  at  the 
base  of  a  triangle^  be  given  j  lequired  the  hems  of  the  vertical 
aogle  in  that  case  ? 

Jtns  An  hyperbola* 

51.  Suppose  a  person,  the  height  of  whose  eye  is  a  feet  6 
inches,  while  standing  on  a  level  floor,  holds  a  0  H*  iron  shot 
in  his  hand  so,  that  its  centre  is  15  inches  from  the  eye,  and  .4 
feeto  inches  from  the  floor  j  noi|r  how  much  of  the  floor's  sur« 
face  is  hid  by  the  shot  from  the  eye  j  the  shot's  diameter  being 
4  inches  ? 

jfns.  B.96SAA/e€i  square. 

59.  A  heavy  body  was  observed  to  descend  freely  from  rest, 
by  its  own  gravity,  from  the  top  of  a  tower  to  the  bottom  in4i 
seconds  of  time ;  required  the  tower's  height  ? 

aa.  From  what  height  must  a  heavy  body  descend  by  its  own 
weight  to  acquire  a  velocity  of  1000  feet  per  second,  supposing 
the  air  to  be  without  resistance  ?         ' 

jtns.   I562bfeei. 

54.  Suppose  t  heavy  body  to  fiill  from  the  height  of  a  mile 
'  above  the  earth's  surface,  with  what  velocity  would  it  strike  the 

ground,  and  what  would  be  the  time  of  descent  ? 

Ans.  Velocity  =  58e.8yef/ per  second. 
Time      :=  18.13  sec.  nearly, 

55.  If  a  heavy  body  descend  •}  of  the  whole  distance  fallen  in 
the  last  second  of  time ;  at  what  height  did  it  commence  iu 
motion  ? 

Jsis.  477*0  fesi,  nearly,    i 
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i6.  If  A  ball  with  t  Telocity  of  1000  feet  per  secondf  entert 
k  block  of  wood  to  the  depth  of  10  incheSt  what  will  be  the  ve«  * 
loeitjr  of  the  ball  when  the  penetration  is  16  inches^  supposing 
the  reaistmce  of  the  wood  to  be  uniform  ) 

jtns.  \M5jeei  per  second. 

57.  A  quiescent  body  C  is  strucic  at  the  same  instant  of  time 
by  two  other  bodies  A  and  B  with  forces  that  would  separately  . 
carry  it  forward  in  the  directions  AC  and  BC  at  the  rate  of  15 
And  10  feet  per  second,,  respectively  ;  required  the  Telocity  and 
direction  of  C  after  the  impacti  if  the  directions  of  A  md  B 
form  an  angle  at  C  of  70"?  ? 

A9U  Velocity  =  W.J  feet  per  second. 

Direction     27*  I  f  with  that  of  ^,  or  42«  58'}  with  the  direction  of  ^. 

58*  Let  the  directions  of  ^  and  B,  and  the  force  of  A  con* 
linue  as  before,  and  suppose  after  the  impact  that  C  movea  with 
n  Telocity  of  80  feet  per  second ;  required  its  direction^  and  the 
Telocity  which  B  would  communicate  alone  ? 

Ans.  Direction  S8^  i'\  with  that  of  Bf  or  41^  5^{  with  A. 
Velocity  which  B  would  produce  alone  ::  91*86  feet 
ptr  second. 

.  50.  If  the  Telocities  communicated  to  C  by  ^  and  B  when 
acting  separately,  and  together,  are  respectiTely  an  d,  4,  and  8 1 
what  is  the  angle  formed  by  the  two  directions  in  which  A  and 
J  more  when  they  act  togdher ) 

Ani.  148*rt. 

N.  B.  In  thk  and  the  two  preceding  examples,  the  bodies  are  siip* 
'    pos6d  tn  be  gYobolar,  and  the  points  of  impact  In  the  lines  Joining 
tbeceatm.. 

60.  SappoM  the  weight  C^  arf.  SfiOf  oorot.  I,  to  be  90'/A.  wbat 
•R  the  tttriooiof  theconlt  AB,OB,  and  BC,  or  the  fbitc*  witk 
whkh  thejr  *i«  Mfctched  r 

Aw.  4%,%%wii.«ft>^*- 


1^•&•  II. 


»% 


01.  Let  ■  ring  of  meul  weighing  Bl>.  iliJc  ficdy  on  f  Mriag 
5  fvet  long  wIkmc  toil*  tre  fiwlincd  to  iwo  t«cki  J  fUt  aMinto  i^ 
a  IUk  nuking  an  angl«  wiih  Uie  hurixun  of  43*  i  |o  find  iba 
feiruta  or  force  oo  cich  lack  when  ilw  ring  rvtii  tu  cijiutibro* 
Ms.  *A\itt.  on  cftch  tide. 

09.  SuppoK  the  end*  of  *  ihnid  10  ftcl  long  be  Unatti  la 
tvul^iintbe  tune  liuiiiontul  Hue,  ii  the  di<tanceof  C  iceti 
t.  itcre  muH  tyo  weight*,  ihc  one  3,  and  the  other  5  uuncet,  ht 
C.  ted  to  the  ibreMl,  m  m  lu  bang  «i  rcii  in  the  time  horizontal 
1! ::  It  the  diiiince  of  thn:e  int  from  the  levtl  of  the  lacks  )     . 

../mi.  At  S.U79.  ind  9.393 /»!  from  Ihc  cndsof  the  thread. 

RS.  Suppooe  I  Ittb.  ihot  moving  with  a  velocity  of  1000  feci 
;-  .  «ccoiid,  10  meet  anoilKT  of  Qll:  whu<cnuilii>n  inin  oppo- 
.  '--u  iltrvction  it  at  (lie  rale  of  Itiuo  feel  per  second]  what  ii  ihi 
\  I'iociiy  aficr  congreu,  if  tlw  ball*  «r«  non.clsilio  t 

Jut.  y,j/f»t  per  lecood. 

Ol.  With  what  vel'iclly  niii«t  a  C  U:  .ihot  hiert  auotlier  of 
:  iv,  ihat  ii  nioviug  al  tliu  raic  of  4fM  feel  per  Kcond,  to  ai 
t  iiWio|i  it;  the  ball*  biing  non-elattic,  andt^e  ttroke  io  ib« 
t..  cciiou  of  Ihc  ccoirea  } 

Ans,  l600/eet  per  recood. 

a.  A  body  at  Kit,  but  not  fixed,  tihai  itruck  by  a  muikct 
\  '\-t  weighing  I  ounce,  n:ovcd  with  a  velocity  .of  6lcet  per 
- .  .iiid  I  DOW  if  the  body  weighed  10  lb.  what  wai  the  vdodiy 

.   :lie  bullet  i 

....s.  gGQ/eet  per  •econd,  if  the  bullet  and  body  were  ooo'elaaiic. 

'il.  With  what  velocity  will  a  38  pounder' recoil  when  dii- 
I  r;r(.i-*d  horizontally,  if  Ihc  guii  and  cirriage  lugcibfcr  are  81 
/..iJu'd  weight,  and  the  iuiiiil  velocity  of  ihc  ball  =  ISOO/eaf 
, ,  •  vv'ConJ  ol  time  i 

^Mt.  03  mcAm  per  frooud,  nearly. 
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07*  Rfqniftd  ihe  ratio  of  thf  ina«sr«  of  two  clastic  balls  j4 
and  Bf  to  that  A  striking  B  tt'rest  shall  loiie  |  of  its  Ytlocity  ? 

jins.  As  7  to  1. 

■ 

08.  Suppose  two  cannon  shot»  one  18  7^.  the  other  19/^. 
when  moving  in  the  same  pldnci  to  strike  one  another  in  an   - 
•ngfc  of  80*  with  the  reiipecti?e  velocities  of  600  and  1000  feit 
per  aecood;  requiiired  the  velocities  and  directions  after  the  inw 
piiclf  if  the  balls  f/e.non.<Ia5tic. 

wfjil«  Velocity  of  the  greater  shot  61 5yre/ per  second. 

k       *.         '  of  the  less  7(^8.. 

Change  in  the  direction  of  the  greater  shot  38*  18'i. 

in  the  less  M*45t« 

,    N«B,  Tbetsni^nt  to(!irlviiha*l<attlicpointorimpactif  luppoferl 
to  bh(*ct  the  given  angle  80^. 

« 

09*  tf  a  cannon  ball  be  dii^charged  from  the  top  of  a  tott'ir 
80  feet  high,  with  an  initial  velocity  of  1500  fvet  per  second,  at 
what  distnnce  froni  the  tower  will  it  strike  tlie  ground,  the  eU^*  - 
tion  of  the  piece  above  the  horizontal  line  being  CO*  b\  and  il  c 
sir  supposed  16  be  without  nsiHiancc? 

^   ^  'Ans.  4  5 135 /re/. 

.     -    •  ♦  * 

70*  Required  the  elevation  of  a  mortar  to  hit  an  objett  distai't 
7333  feet  on  a  plane  depressed  1 1^ ;  the  greatest  hurizonlal  ran(.r«\ 
being  8190  feet? 

Aitu  03^  2:;'t,  or  15*  30^1. 

71.  If  the  horiiontal  range  of  a  shell  be  fiOOO  feet  when  pr^« 
jcoted  at  an  elevation  of  30P ;  what  is  the  time  of  flight,  and  tl.c 
greatest  height  to  which  the  shell  ascends  7        . 

Ans.  Heights  JSiJ/e^f.    Time  =  %\sec. 

78*  If  thi|  ihnpttiis  be  4000  fectf  what  must  be  the  elevation 
of  a  moftar  to  hit  an  object  is  hose  distance  o«i  \Wt  Watwscc^ 
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ri.  A  ihdl  be'iDf  Uuowu  from  a  mortar  i(  an  cktatiM  ff 
H^a  tbe  RpoTt  of  iu  Tall  on  Uk  borisonul  plam  w«a  heard  at    , 
Iha  mortar  juat  M  •Moodi  after  Uw  eipMoo.    Hence  iha  raoga- 
U  lequiicd  ?  .       .  ' 

^jia.  «09S/Mtf. 

74.  Tbe  random  of  a  piece  on  the  pbne  of  ibe'horisoa  «idr^ 
^j        a  given  charge  of  powder  •..  an  clevalioil  of  aof  Itoog  ISOQ 
yaidti  to  find  the  efevailon  when  planted  at  44  yards  above  tb« 
levd  of  the  boriaon,  to  that  the  baU  may  fall  M.tbe  greatcil  di«« . 
lance  pouible. 

^^  jImm.  44*  IT*!. 

■  71.  A  ahcll  diicharged  at  ao  elevation  of  43*  tiruck  an  abject 
AO  yardft  above  the  horisoni  required  the  dittaiK*  of  ibe  object 
from  the  mortar,  the  borifootal  range  of  the  ihcll  being  ffooa 
yards. 

^a«.  700^  or  1900  j/arJu     , 

76.  A  tower  built  on  level  ground  i«  fiS  feet  high,  DOW  at 
wbal  distance  niunt  I  stand  with  a  muiket  to  hit  ao  otyect  on  the 
top  with  tbe  greatest  force,  the  muBkci  bting  held  A  (cet  above 
the  ground  ? 

Aift.  At  6a  feet  from  the  tower. 

77.  In  wbal  linie  would  a  heavy  body  descending  frcefy  on  a 
plane  inclined  to  the  hnriron  in  an  angle  of  40*  acquire  a  n:l»> 
city  of  lOO  feel  per  secwtd  ? 

jimt*  4.B37  tecitnds. 

78.  A  body  deucuding  freely  by  its  own  weight  on  an  ioclincd 
plane  whose  length  u  4B4  feet,  descends  in  fi-ct'  in  the  Usl  se- 
cond of  time  I  required  the  ploue'a  inclination  to  tbe  horiaun  } 

Am.  34"  V\. 

70>  A  cylinder  was  observed  to  r»U  dotra  a  plane  400  feet 
long  in  10  seconds  of  time;  required  the  plane's  inclination  to 
tbe  boriaoo,  the  cylinder  having  dcKcnded  by  its  own  gravity  9   . 
^8«.  8*  Sl'^, 
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80.  If  OM  end  of  t  beam  SO  firet  long  be  6  feci  higher  than 
the  other  endi  what  force  acting  in  direction  of  the  beam  would 
keep  a  weight  of  one  ton  laid  upon  it  from  sliding  down,  suppot« 
ing  the  friction  between  the  weight  and  beam  it  fk\\\t\  to  half, 
the  necetMry  force  ? 

'  ^ns.  A  force  equal  lo  3  hundred  weight* 

.  » 

81*  If  a  man  can  draw  a  weight  of  64  lb.  up  the  aide  of  a 

perpendicular  wall  10  feet  high,  what  weight  will  he  be  able  to 

ruie  along  a  plitok  90  feet  long  laid  aslope  from  the  top  of  the 

wall,  the  resistance  from  (liction  on  the  plank  being  equal  to  ^  of 

^  the  weight  io  raised  ? 

Ans.  \96lb. 


< 


6S.  Two  pfainet  HV  atid  OV  whose  lengths  are  4  and  8  feet^ 
respectively,  meet  at  V  above  the  horizontal  line  HO,  and  two  ' 
weights  jt  and  B  connected  by  a  string  passing  over  a  pulley  at 
Vf  are  in  equilibrio  on  the  planes  i  now  the  prcs«iure  of  A  upon 
the  phine  HV  is  double  that  of  B  against  0V«  Hence  tbo 
height  of  V  above  the  horizon  HO  is  required  ? 

68#  Suppose  two  weights,  one  of  6,  the  other  of  9  pounds,  to 
be  suspended  upon  a  pin  by  means  of  a  string,  to  determine  bow 
far  the  greater  will  descend,  and  the  other  ascend  in  1  second  of 
time,  neglecting  the  friction  on  the  pin. 

84.  If  a  pendulum  vibrating  in  an  arc  of  94*  be  40  inches  long, 
what  is  its  vebdty  at  the  bwest  point,  supposing  a  body  descenda 
(eel  in  the  first  second  of  time  ? 


Ans.  1 1.68  iMches  per  seconds 

63«  If  the  distance  from  the  point  of  suspension  to  the  centra 
of  ofcillatioa  of  a  pendulum  h%  8  inches,  how  many.vibratioiia 
win  it  perform  in  a  minute,  in  the  latitude  of  London  ? 

Am^  911  xiwmKv 
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M.  What  motl  bt  the  length  of  a  pcnduluiii  to  vibrate  cnly 
40  timet  ia  a  minote  ? 

e7f  If  a  alcoder  onifomi  rod  4  feet  iu  length,  be  luspended  a 
one  endj  and  made  to  vibrate  ia  imall  arcit  bow  many  tiiBPi 
wUl  it  oiciUate  in  a  minute  ? 

Jims.  M.36  nearly. 

88.  What  weight  can  a  man  raiie  with  a  handspike  or  iron  . 
erow  8  feet  long,  if  the  fulcrum  or  prop  ia  5  inches  from  one 
endj  and  he  presses  with  a  force  equal  to  IM 1^*  at  the  other  i   4 

^mi.  9730  U. 

89*  If  one  arm  of  a  steeUyard  is  8  inches,  what  must  be  the 
length  of  the  other  tliat  a  counterpoise  of  10  lb.  may  be  sufficient* 
to  weigh  a  hundred  weight,  supposing  the  weight  of  the  initni* 
meat  itself  is  not  considered  in  the  account  ? 

« 

jtni.  33.0  inches^ 

90.  The  cylinder  or  axle  over  a  common  draw-well  is  3  incbea 
in  diameter,  the  rope  i  of  an  inch  in  diameter,  and  the  handle 
describes  a  circle  30  inches  in  diameter;  now  what  weight  can  a 
man  draw  up  who  acts  with  a  force  equal  to  40  lb  f 

jttis.  390  lb. 

91*  Which  is  drawn  with  the  least  force  on  a  rough  uneven 
road,  a  carriage  having  whceU  of  3  feet  in  diameter,  or  one  with 
wheels  that  are  5  feet  in  diameter  ?  «  ' 

jIms.  The  advantage  in  favour  of  the  gtcater  wheels  is  as  3  to  3« 

99«  If  the  screw  of  a  press  be  turned  with  a  lever  7  feet  long, 
and  the  threads  of  the  screw  are  1  inch  asunder;  what  is  the 
force  of  the  press  when  the  power  at  the  end  of  the  lever  is  =: 
100  lb.  supposing  the  screw  to  act  without  friction  ? 

Jn$.  39779 /^ 
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*  93«  A  tntn  with  t  combination  of  pulliei  raises  a  hea7y  body 
H  inches  at  every  pull  which  draws  the  rope  36  inches;  now 
what  is  the  weight  of  the  body  if  he  pulls  with  a  force  equal 
to  80  lb  J 

Ms.  ignlb. 

•■■.-        * 

■  '■■  .    • 

94.  A  barrel  of  gunpowder  weighed  81  lb.  in  one  scale,  but 

when  put  into  the  opposite  scale,  it  was  found  to  Weigh  only 

T8  lb.  I2i  Of.    Hence  the  true  weight  is  required  ? 

Ant.  70  lb.  14  oz. 

m 

OS*  Three  inches  from  one  end  of  a  cylindrical  pole  is  hung  a 
weight  of  30  lb.  the  po)e  is  8  feet  long,  and  weighs  10  lb.  now 
how  far  from  that  end  must  I  place  the  pole  on  my  shoulder  to 
carry  the  weight  with  the  most  ease? 

« 

jirtt.  \4i  inches 0 

06.  What  must  be  the  length  of  a  cylinder,  the  diameter  of 
whose  base  is  a  yard,  so  that  it  may  just  stand  by  its  own  weight    . 
on  sloping  ground  which  rises  1  yard  in  10  7 

jins.  ^99  yards. 

97«  To  find  the  centre  of  gravity  of  a  quadrangular  boaid  of 
tmifbrm  thicknesSf  two  adjacent  sides  being  1 J  inches  each,  the 
other  two  14  inches  each,  and  the  shortest  diagonal  =  |$  inches* 

;    ji»t.  13.8397  inches  from  the  sharpest  comer* 

98.  A  beam  of  ttmber^do  feet  long  is  to  be  supported  in  an    * 
horisontfl  position  by  t^-o  props  ;•  the  ends  of  the  beam  are 

'  squares  whose  sides  are  9,  and  3  feet,  respectively ;  now  if  one 
prop  stands  4  feet  from  the  greatest  end,  at  what  distant  from  the 
less  end  must  the  other  be  to  bear  an  equal  weight  ? 

Ms.  tafeet.  • 

99.  To  determine  the  weight  of  a  .tapering  beam  of  tvmV^^ 
•0  feet  long,  we  found  that  it  rested  in  an  horiiontal  ^mccxtsoL^s^ 
apmp  or  fiskrum  18  feet  from  the  lessend^  bm^bftv^ 
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of  the  Imuh  was  btougbt  over  llM.prop.ii  rrquiral  iht  vtigbl  ol 
A  sua,  which  was  900  lb.  at  the  lest  md  to  >cfp  U  in  equilibrio* 
Hcoce  the  Wright  ii  rcqMired  ) 

Ami.  MOO  Ik. 

100.  The  weight  of  a  ladder  90  feet  long  is  70  /!•  and  iti  oe^ 
Ire  of  gravity  1 1  feet  from  the  leM  end ;  now  what  weight  will  a 
nan  sustain  in  raising  this  Udder  when  be  pushes  directly  against 
it  at  the  distance  of  7  feet  frum  the  greater  eadj  and  his  hands  art 
5  feet  above  the  ground  ? 

jIms.  63  lb.  nearly. 

101.  If  the  quantity  of  matter  in  the  moon,  be  tq  that  of  the 
earth,  as  1  to  39j  and  tlie  distance  of  their  centres  940000  miles  | 
where  is  their  common  centre  of  gravity } 

Ans.  6000  flRi7ti  from  the  earth's  centre. 

109.  Supposing  the  iota  as  in  the  last  questioni  to  find  tba 
distance  from  the  moon  in  the  line  joining  the  centres^  where  a 
body  would  be  equally  attracted  by  the  earth  and  moon;  the 
force  of  attraction  in  bodies  being  directly  as  the  quantities  of 
matter,  and  inversely  as  the  squares  of  the  distances  from  the 
centres. 


Ant. 


940000 

I4-/39 


=  33 196fflRt/f#,  nearly. 


103.  If  4wo  firesi  one  giving  4  times  the  heat  of  the  other,  are 
6  yards  asunder;  where  must  I  stand  dinrctly  between  them  to 
be  heated  on  both  sides  alike ;  the  heat  being  inversely  as  the 
square  of  the  distance  ? 

Ans.  9  yards  from  the  less  fire,  or  4  from  the  greater. 

iai«  To  what  height  above  the  earth's  surface  should  a  body 
be  carried  to  lose  jV  ^f  i^  weight ;  the  earth's  radius  beiug 
39/0  miles,  and  the  force  of  gravity  inversely  as  the  square  of 
tlie  distance  from  its  centre  ? 

•  91 4|  miUs. 
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105*  How  far  beneath  the  surface  should  the  body  be  to  lose 
^  of  its  weight,  the  force  of  gravity,  in  that  case,  being  directly 
w  the  distance  from  the  centre  ? 

Ans.  307  miles. 

106.  If  a  tine  =  /,  be  drawn  from  a  point  P  to  the  centre  of 
a  circle  whose  diameter  =  d^  and  they  revoire  together  about  the 
point  Py  the  circle,  moving  perpendicular  to  its  plane,  will  gcne« 
nte  «  ring  (Uke  the  ring  of  an  anchor) ;  required  its  solid  content } 

Ans.  Let  c  z:  3.1416,  then  \lc^d^  =  the  content. 

107*  Suppose  the  point  P  to  be  at  the  eircumfcrence  of  tha 
circle,  or  let  the  circle  revohre  about  a  tangent  to  its  circumfer^ 
ence  as.a  fiied  axis,  then  what  is  the  content  of  the  generated 
ioUd? 

Anu  \edK 

108.  Let  a  semicircle  revolve  about  the  tangent  parallel  to  itf 
diameter ;  required  the  content  of  the  solid  in  that  case. 

Ans.  rf»  [{c^  —  \c). 

109*  If  t  tpar  of  wood  9  inches  broad,  and  \  an  inch  thick, 
will  bear  30  U.  with  its  broadest  side  borisontal)  what  would  it 
support  when  that  side  is  vertical  ? 

Am.  900  Ih. 

1 10.  A  spar  of  oak  when  resting  on  its  ends  in  an  horisontal 
positioo  will  bear  900  /{*•  at  a  certain  point  |  now  what  weight 
will  it  support  (at  the  ^ame  point)  when  it  is  inclined  to  th« 
liorisoD  in  an  angle  of  60' ? 

Ans.  AOOlb.' 

UK  Let.  4IIS.  the  magnitude  of  a  mau  or  ingredient,  and  A 

::  its  weight. 
h  =  the  magnitude  of  another  ingredient,  jB  s  itg 

weight 
«  s  the  magnitudeof  any  mixtttit  ormiil  of  both^ 

andM  =  its  wei|^t: 

yfOLntu  %%. 
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^  '»J£^.  .»!  t^=«iJ  win  b.  *.  ^«i, 

inagoituflef  of  thd  iogredienu  in  Ibe  compouod.  Required  ibt 
invcttigatioo  ? 

119.  If  •  rr  the  cubic  feci  in  a  mast  of  mcUl  whose  fpecific; 
gravity  or  the  number  of  ounces  in  a  cubic  fool  ^  w^  the  spe« 
cific  gravity  of  wood  =:  d|  and  the  specific  gravity  of  water  =  sv  | 

then  (^  "-  ^')  *  -.  ihe  cubic  feet  of  wood  that  will  just  float  the 

meUl.  For  example,  17U«187  cubic  feet  of  deal  will  float  a  cast* 
iron  cannon  of  59  hundred  weighty  in  fresh  water*  Required 
^  investigation  ? 

lis.  How  many  empty  51  gallon  casks  (beer  meuure)  when 
immersed  in  sea  water,  would  float  a  brass  cannon  weighing  18 
hundred  weighty  supposing  the  essks  are  water-tight^  made  of 
oak^  and  the  weight  of  each  zz  bOlb} 

Ans.  3.916,  or  3  fifty- four  gallon  casks^  and  another  thai 
holds  about  1 1  gallons. 

1 U.  If  4  /^.  of  fine  silver,  6  U.  of  copper,  and  0  Ih*  ot  tin,  are 
melted  togctlier,  what  is  the  specific  gravity  of  the  composion  ? 

115.  If  tlie  weight  of  a  shell  1 9i  inches  in  diameter,  be  196  tf« 
what  is  its  thickness  ? 

Ans.  9.09  inckis. 

116.  If  a  sphere  of  wood  9  inches  in  diameter  sinks,  by  its 
own  gravity,  6  inches  in  fresh  water  {  what  is  its  weight,  and 
specific  gravity  ?     - 

Ans.  Weight  10  U.  3.6  ounces^ 
Specific  gravity  74 1  • 

117.  To  what  depth  would  a  globe  of  elm,  whose  diameter  is 
10  inches,  sink  by  its  own  weight  in  fresh  water  ? 

Ans.  5.6707  inches. 
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118.  Suppose  the  puCwaid  dimensions  oft  pontoon  are 
Length  tt  top  =  «6  >  j.^^  Breadth  =  «i  >  ^^^ 

at  bottom  =:  S3)      *  Depth  =  94)       '      ' 

What  weight  will  sink  it  9  feet  in  fresh  water  ?   . 

Ans.  6190  lb.  including  the  weight  of  the  pontoon. 

1 19.  If  a'cube  of  wood  floating  in  sea  water,  be  |  wet.  and 
it  sinks  fy  of  an  inch  deeper  in  fresh  water ;  what  is  its  mag- 
nttude.  and  specific  gravity  ? 

jtns.  Side  of  the  cube  =  13^  inches. 
Specific  gravity  s:  n9\» 

190.  It  has  been  found  by  experiment  that  the  mean  specific 
gravity  of  human  bodies  when  alive,  is  about  891  (that  of  fresh 
water  bang  lOOO) ;  hence  it  is  required  to  determine  how  many 
pounds  of  cork  would  be  suflicient  to  float  a  person  weighing 
180  U.  with  only  |  of  h\f  body  in  water  t 

Ans.  9  li* 


19U  Suppose  a  spherical  balloon  S7  feet  in  diam^Hr  can  just 
raise  000  lb.  including  thfc  balloon  and  its  apparatus ;  now  if 
that  weight  (OOO  lb.)  be  of  the  same  specific  gravity  as  water, 
and  the  specific  gravity  of  common  air  =  1| ;  it  is  required  to 
determine  the  specific  gravity  of  the  inclosed  ga$  or  .inflammable 
•ir? 

Am.  iVVv  nearly,  or  about  4  j  times  lighter  than  common  ain 

199*  If  the  diameter  of  a  cylindrical  vessel  be  90  inches ;  re« 
quired  its  depth,  thnt  when  filled  with  a  fluid,  the  pressure  on 
the  bottom  and  sides  may  be  equal  to  each  other  ? 

Ans.  10  imhes. 

199.  In  what  time  would  a  ditch  whose  breadth  at  top  =:  |6 
feet,  at  bottom  8  feet,  depth  =:  0  feet,  and  length  iz  lOO  )anls^ 
be  filled  with  water  through  a  rectangnlai  opening  1  fool  dcep^ 
Ittid  9  fed  wtde^  cot  in  the  bank  of  a  river)  the  top  of  the  ctil  or 

in  9 
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opening  being  on  a  level  wiih  die  turiiice  of  the  wetel  lA  the 
rirer> 

114*  To  find  the  wii)!e  force  of  ])/ater  moving  wilh  o  vdooitf 
=:  riv  of  a  foot  |)cr  fecond  of  tinie,  against  a  rectangular  flood* . 
gate  itanding  perpendicubr  to.tbe  horiaon,  wboae  breadth  =  I9t 
and  depth  s  0  fcet« . 

Am.  lasQartH'^* 

195.  Suppose  a  mutlcet  barrel  i  of  an  inch  in  the  bore  to  con* 
tain  water,  and  let  the  water  be  forced  down  by  means  of  a  sponge 
at  the  end  of  the  ramrod  wilh  a  pressure  zzSOU.  now  (neglecting 
the  resistance  of  the  air)  with  what  velocity  will  the  water  issue 
through  the  touch  hole^  if  the  sponge  be  air-tight^  and  the  velo* 
city  of  issuing  water  equal  to  that  acquired  by  the  free  descent  of 
a  heavy  body  through  the  whole  distance  from  the  surface  to  tho 
aperture.  *     • 

jins.  1 1 5feei  per  second* 

.    ISG.  If  an  empty  common  glass  bottle  be  corked  and  sunk  in 
the  sea  60  fathoms  deep ;  with  what  foicc  is  the  cork  pressed  by:-  ** 
the  water  if  the  mouth  of  the  bottle  be  j  of  an  inch  in  diameter? 

jIns.  go^U. 

iqj.  A  glass  cylindrical  vessel  whose  depth  =:  9  feet^  was 
sunk  in  the  ocean  with  the  open  end  downwards  till  the  water 
rose  81  inches  within  the  vessel;  hence  the  depth  to  which  it 
was  sunk  is  required,  supposing  the  pressure  of  the  atmosphere 
to  be  14i  /i*  on  a  square  inch  ? 

-198.  If  a  man  can  push  with  a  force  =:  100  U.  how  far  will 
he  be  able  to  introduce  a  sponge  into  a  piece  of  ordnance  whose 
length  is  7  feet,  and  calibre  4  inches,  when  the  barometer  stands 
at  30  inches ;  the  vent  or  touch-holc  being  stopped,  and  the 
iponge  without  windage  ? 

Afis.  fipf  JiirAeia  nearly. 
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lf9.  If  a  dmng  bell  in  the  form  of  a  cone,  htfiiig  the  inter- 
nal  diameter  of  itB  bate  =  8  fect»  and  perpendicular  height  = 
If  feet,  be  sunk  in  the  tea  to  the  depth  of  Id  fathoms ;  to  what 
height  will  the  water  rise  in  the  inside,  and  how  much  is  the  in- 
closed air  condensed;  the  f^ressure  of. the  atmosphere  being 
I4|  U.  onu  square  inch  f 

*  Am.  ifeeif  ascent  of  the  water. 

Density  of  the  internal  air,  to  that  at  the  earth*a 
.  iurfaceas  3}  to  I* 


ISO.  According  to  Humboldt,  the  height  of  the  mountain 
Chimborafo  one  of  the  Cordilleras  in  South  America^  is  10600 
French  or  80889  English  feet;  now  how  much  rarer  is  the  air 
at  the  top  of  the  mountain  than  at  the  bottomi  supposing  the 
height  of  the  barometer  at  the  latter  situation  to  be  30  inchety 
and  the  specific  gravities  of  air  and  quicksilver^  If  and  13600, 
respectively  ? 

Jns.  Nearly  f /^  times  rarer. 

131.  To  what  height  would  the  balloon  in  Examp.  l9l 
ascend,  if  the  attached  weight  and  balloon  together  (exclusive 
of  the  inclosed  goi)  were  only  500  U.  supposing  the  barometer 
atood  at  30  inches,  and  the  specific  gravity  of  mercury  13600? 

jtns.  3B05/eei. 

189.  If  a  conical  frustum,  the  diameter  of  whose  base  is  9 
feet,  and  height  9i  feet,  move  in  a  fluid  in  the  direction  of  iti 
axis  with  the  least  end  foremost,  to  find  the  diameter  of  that  end 
when  Iht  ttsistance  is  the  leut  possible. 

Am*  6  incheu 
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£^ra/a  in  Vd.  II. 


Fag$  10|  f.  4»  for  l«  r«  Ijt.    * 

79t  eiannp.  8^  for  9^  r,  9% 

14^  for  «•  jft  ind  «  r.  #»y^  and  s» 

l«  for  19  r«  15  the  vilue  of  JB» 


Oil 

110. 

I94t  If  18,  for  •—  1  fw  ,   ., 

•  5,  Simp,  equal,  for  ^(—  -5  )i^»  ^(' 


SOS,  cxamp 

«13,  /.  9,  for  S  r.  IH. 


-  ««•]. 


tl7,  examp.  l,  for  (9l00i)*  r.  (8100^)^. 
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^^   10  6 
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